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1 Introduction

We deal with the best constant m,, 44(C) in inequalities of the type

mpan(C) [Pl ds < [l Val s e CE(e). (1)
C C
where C C R is a cone, that is a dilation-invariant open set, p > 1, a,b € R and z = (x,y) is the
variable in R? = R?~* x R¥. Inequality (1.1) includes the well known case of purely spherical weights;
for this reason we assume that 1 < k < d and a # 0.
Our starting motivation arose from the growing interest, inspired by [1], in differential operators
of the form

Lu = —div(|y|*A(z)Vu) . (1.2)

Indeed, in case p = 2, the right hand side in (1.1) is the quadratic form associated to the differential
operator £, where A(z) = |z|7®Z,. Starting with the seminal paper [5], large efforts have been spent
to investigate degenerate/singular operators including (1.2) (see for instance [2, 3] and references

therein). We refer also to the papers [13, 14, 16] by Susanna Terracini and collaborators. With respect



to [13] (even solutions), and [14] (odd solutions), the relevant cones are R? and R4 = R4 x (0, 00),

respectively.

Remark 1 IfC is the union of two disjoint cones Cy,Ca, then my 4 (C) = min{my, 4. 4(C1), myp.0.5(C2)}.

Thus it would be enough to consider connected cones.

In dealing with (1.1), one is forced to assume that the weights involved are locally integrable on the
cone C. This leads us to distinguish different situations, depending on the position of C with respect

to the singular set
20 = {y = 0}

More precisely, the cone C = R? needs k +a > 0 and d +a > p + b; if C € R?\ {0} then we have to

require that
CCRI\%y, or k+a>0. (1.3)
In any case, a special role is played by the real constant

d+a p+b
p p

pza’b = (1'4)

We start with a simple result, that deals with the two largest cones (here, 0, stands for the radial

derivative).
Theorem 1 Let k+ a > 0. Then the inequality

!Hp,a,b!p/!yI“IZ\prU\psz/ly!“IZIbl@»ulpdz (1.5)
R4 R4

holds for any u € C°(R4\ {0}), with a sharp constant in the left hand side.
In particular, myqp(R?\ {0}) = [H, q.0/P-

Ifd+a > p+b, then (1.5) holds for any u € CZ(R?), and my 4 ,(R?) = Hza,b.

Theorem 1 implies that the Hardy inequality (with mixed weights) in R\ {0} holds with a positive
constant if and only if d4+a # p+b. From the proof, see Section 3, it is evident that the corresponding

best constant is not achieved on any reasonable function space.



We point out a remarkable case. It is well known that

k —
(Mp)p/\yw—muw dz < / ly|*[VulP dz  for any u € C°(RY), (1.6)
Rd Rd

provided that a > p — k, which is needed for the local integrability of the weight in the left-hand
side. Notice that in the threshold case a = p — k, the constant in (1.6) vanishes. In contrast, a Hardy

inequality involving mixed weights holds, as pointed out in the next statement.
Corollary 1 Letd > k. Then

d—k
(=) / ly[PH | Plul? dz < / PHVulP dz  for any u € CX(RY).
b Rd Rd

The constant in the left hand side can not be improved.
From now on we deal with general cones C C R?. We start with the superdegenerate case (cf. [16]).
Theorem 2 Let C C R\ {0}. Ifk+a > p, then myqp(C\ To) = mypap(C). In particular,
Mp,ap(RT\ Do) = [yl

The next result is already known in case of purely spherical weights [11, Section 6]; see also [15]
for related issues in case p = 2. Here we denote by II the restriction of the orthogonal projection

IT: R* x R¥ — {0} x R* to the unit sphere S?~1.
Theorem 3 Let C satisfy (1.3) and put we = ST NC. Then my45(C) = M, ap(we), where

/ Lo |*(| Vol + B2, o]?) b do
we

Mpap(we) =  inf
recsyee) | mopiglrao
we

Under the assumption (1.3), we can define the following weighted Sobolev spaces:

S1) Dé’p(C; ly|*|z|~bdz) is the completion of C2°(C) with respect to the norm

—b —
lullP = / L= (Val? + 2] Plul?) dz
C
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S2) WO1 P(we; [llo|*do) is the completion of C2°(we) with respect to the norm

lell? = / Mo ([Voipl? + |ol?) do.

we

The best constant M,, 4 (wc) is attained in Wol’p(wc; |Ilo|*do), due to the compactness of the
embedding Wol’p(wc; [Ilo|do) — LP(we;|lo|®do) given by Corollary 3 in Section 2. In contrast, the

next result holds.
Theorem 4 Let C satisfy (1.3). The infimum my ,(C) is not achieved on Dé’p(C; y|?2|~bdz).

Theorem 3 shows, in particular, that my, 4 4(C) > |Hp q[P (notice that for k4 a > 0, this evidently
follows from Theorem 1) and that equality might occur, compare with Theorem 2. It is natural to
look for conditions that guarantee the validity of the strict inequality.

Since My, 4 p(we) is achieved, we can easily infer conditions to have that
Mp,a,b(C) > [Hp,apl". (1.7)
Consider for instance the following situations:

i) Yo does not intersect we. Then |IIo|* is bounded and bounded away from 0, so we are in fact
in the case a = 0. We have that the inequality (1.7) holds if the set S9~!\ wc is not p-negligible

in S~!, which means that the corresponding p-capacity is positive, see [9, Theorem 14.1.2].

1) k+a < kp. Take ¢ € [1,p) such that g(k + a) < kp (recall that k + a can be negative). Then
(1.7) holds if the set S¥~!\ w¢ is not g-negligible in S9!, as VVO1 P(we; |To|%do) is embedded into
VVO1 “(we) by Holder inequality.

Larger exponents a are included in the next statement.

Theorem 5 Let k+a > kp. If k = 1, assume in addition that C C RY = {y > 0} (otherwise,
Theorem 2 and Remark 1 can be applied). Then (1.7) holds provided that dwe \ X is not p -negligible

in S41,



It not easy to calculate my, q4(wc) for general cones and exponents. If a = 0 then Theorem 3 gives

[ (1%l + B el
mQ’O’b(C) = inf e

sehiuc) / o[2do
we

where A1 (we) is the first eigenvalue of the Laplace-Beltrami operator on we with Dirichlet boundary

= A1 (we) + [Hao/?,

conditions.

For the cone R?\ ¥ we have the following result (here s+ = max{s, 0}).
Theorem 6 Let p =2. Then mgq(R?\ So) > |Houp|? if and only if k + a < 2. More precisely,
ma2,0(R\ o) = (d = k)(2 = (k +a))* + [Hoap[*.

In case k = 1, the singular set ¥y = {y = 0} is a hyperplane which disconnects R?. Thus from

Theorems 2, 6 we immediately obtain the next statement.

Corollary 2 Let k =1.
i) Ifa>p—1, then myqp(RL) = |Hp o575 otherwise, myqp(RE) > [Hp qp/P-
i) If p=2, then moqp(RL) = (d — 1)(1 — a)* + |Hop|? for any a € R.

In the Caffarelli-Silvestre [1] setting we have d =n+1,a =1—2s € (—1,1) and b = 0. In case

n > 2s (which is a restriction only if n = 1), the equality

[l v

— 25\ 2
. f Rn+1 _ (n )
m 9

o0 +1 _ _
ueCCv;Hgn ) / ’y‘l 23|Z| 2]u|2dz
Rn+1

(see for instance [6, Lemma 2.4], [10, formula (11)]), follows via Corollary 2 as well. On the half space

]R?FH we have

/ 12| Vu?dz
R+ n 4+ 2s

2
inf " + :( 5 )
uw€CP R 1-2s,1—-21,,12
S [l s
+




Notice that no restriction on s in case n = 1 is needed.

The paper is organized as follows. The preliminary Section 2 is mostly devoted to the properties of
the weighted Sobolev space VVO1 P(w; |lo|*do). The proofs of the theorems stated above are collected

in Section 3.

Notation. We denote by II both the orthogonal projection II : RY — {0} x R¥, and its restriction to the unit
sphere S, So, if r > 0,0 € S¥~! are the spherical coordinates of z = (z,y) € R¥™% x R, then |y| = r|llo|.
For R > 0 we denote by Bp the ball of radius R about the origin.

Through the paper, any positive constant whose value is not important is denoted by c. It may take different

values at different places. To indicate that a constant depends on some parameters we list them in parentheses.

2 Preliminaries

We start by pointing out the local integrability properties of the weights involved.
Lemma 1 Let a,3 € R. Then
i) |y|?|z|77 € LL (R2\ {0}) if and only if k +a > 0;
i) |Io|® € LY(S*1) if and only if k 4+ a > 0;
iii) |y|?|z| 7" € LL . (R?) if and only if k+a >0 and d+a > .

Proof. Evidently, |y|%z|® € L _(R?\ {0}) if and only if |y|* € LL (R¥), that is, k 4+ a > 0. Since

loc loc

R
/|y[“|z|_6d2:/7“d+“_6_1dr / |Ilo|* do
Br 0 §d—1

for any R > 0, then i7) and #i7) readily follow. O

The main results in this section deal with the weighted Sobolev spaces WO1 P(w; |llo|*do) for w C

S%1 open, under the assumption
wNg=0 ifk+a<0. (2.1)

Since |o|* € Li (w), the space Wol’p(w; |Ilo|®do) is plainly defined, accordingly with S2) in the

loc
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Lemma 2 Let w satisfy (2.1). If S™™' Ny ¢ @, then there exist t > 0 depending only on a,k and p,
and c(w) > 0 such that

Tlo|2[@lP do < c(w)gt/\naam@yp do (2.2)

wN{|llo|<e} w

for any ¢ € Wol’p(w; |Ilo|%do) and any e > 0.

Proof. We can assume that the south pole e = (—1,0...,0) does not belong to @.

Let P: R = R9-1=k x RF — S9=1\ {e} C R? be the inverse of the stereographic projection from
e. More explicitly,

2
P&y) = (u—Lugipy) €871 C RXRTEN XRY - ully) = T

(the variable £ has to be omitted if k =d — 1).

Let Q := P~!(w). Then Q C R¥! is open and bounded. Moreover, if k +a < 0 then QN = 0
because w N X = 0 by (2.1).

Next, for ¢ € CX(w) we put ¢ := o P € C°(Q). Since p = pu(&,y) is bounded and bounded

away from 0 on €2, we have that there exist ¢ > 1, R > 0 depending only on w such that

/ Mo | Vo dor = / pe Py TP dedy > ¢! / VP dedy
w 9] Q

/ Mo || |Pdo < / pie e\ gpdedy < / |G Pdedy.
wN{|Io|<e} QN{|y|<Re} QN{|y|<Re}

The conclusion of the proof follows via the Hardy-Maz’ya inequalities in [9, Chapter 2].
Let k+a > 0. We fix any 0 < t < min{k + a,p} and use

/ o BP dedy < () / PGP dedy,
Rdfl Rdfl

to estimate

|4l dedy < ce' / B dedy < ce! / [PV EP dedy < cet / 19V IP dedy.
Qn{ly|<Re} Rd—1 Rd—1 Q

Thus (2.2) is proved in this case, thanks to (2.3).



If k4+a <0 we use

[ i ey < () [ otV dedy
Rd-1 Rd-1

to get

|| dedy < ce? / [P dedy < ce?
d—1

/ IV aP dedy,
QN{|y|<Re} R d-1

R

and (2.2) again follows. The proof is complete.

Lemma 3 Let w satisfy (2.1). If SNy ¢ @, then

/\Ha\a]cp\p do < c/ Mol |VygP do for any @ € WP (u; |TTo]*do)

w w

and the embedding W&’p(w; [Ilo|*do) — LP(w; |Ilo|*do) is compact.

Proof. Trivially, inequality (2.4) follows from (2.2), by choosing ¢ = 1.

(2.4)

The embedding operator Wol’p(w; |Io|*do) — LP(w N {|Ilo| > e};|o|*do) is compact by the

Rellich theorem. Lemma 2 shows that the operator T/VO1 P(w; [lo|*do) < LP(w;|llo|*do) can be

approximated in norm by compact operators. Thus it is compact itself.

Corollary 3 i) The embedding I/VOLP(S”Z*1 \ Xo; [Tlo|*do) — LP(S4; |Tlo|%do) is compact;

i) If k+a > 0, the embedding WP (S?=1; |Tlo|%do) < LP(S?~L; |llo|*do) is compact.

0

Proof. Take a point e € S¥71 N ¥y and a cut-off function n € C°(S?1\ {e}) such that n = 1 in a

neighborhood of —e. The operators

ene, o (1—n)p, Wy P (S S; [To|%do) — LP(ST1; [Tlo|*do)

are compact by Lemma 3, which proves 7). For ii) repeat the same argument.



3 Proofs

Proof of Theorem 1. Notice that |[[To|* € L' (S 1), see Lemma 1. Let u € C°(R%). If d+a < p+b
assume in addition that u € C(R%\ {0}).
We use the classical Hardy inequality for functions of one variable, which holds with a sharp and

not achieved constant, see [7, Theorem 330], to estimate

[ee] o0
/V“““Wamw@pmzu%ww/ﬂ“*w*mwwwm
0 0

for any o € S¢~1. It follows that

N
[l o dz = [ ot do [ @) o)l ar
Rd gd—1 0
N
> Wyl [ Mol do [+ 00 uro) P dr = By 0P Iyl e dz
Sd-1 0 R4
which concludes the proof. O

Proof of Theorem 2. Clearly myq4(C \ Xo) > mpq4(C). To prove the opposite inequality fix any
nontrivial function v € C°(C). Our aim is to suitably approximate u by a sequence of functions
in C(C\ ¥p). We take a function n € C*°(R) such that n = 1 on (—o0,1], 7 = 0 on [2,00) and
Inllco < 1. For any integer h > 1 we put

—logy
unte.0) = n( Y uga ),
Then up € C(C \ Xo), up, — u pointwise and
un(z,y) =0 if [yl <e, un(e,y) = u(z,y) if [y > e

We claim that
[t dz = [ lyplel ol s + 0,1
C C

(3.1)
/Iylalz_bIVUhldeZ/IyI‘IIZI_bIVUI”dZ+0h(1)
C C
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as h — oo. The first limit in (3.1) plainly follows by Lebesgue’s theorem. To prove the second one, it

suffices to show that

In = / y|*|2| | Vunl? dz = on(1) Sni=RITF x {7 < Jy| < e}
Sh

Let 6 € (0,1) be such that supp(u) C {§ < |z| < §~'}. Since

u(z, )|

Vup(z,y)| < (Voo —7—7—
[Vun(z,y)| <[Vl n

+ |Vu(z,y)| on Sp,
we can estimate

(prU) / Tk+“*p*1dr + Oh(l) = Oh(l)'

Sh e2h

In <y [ WPl P de + (1) <

In conclusion, we have

/ 11 VP d= / 12| Vul? dz

mpab(C\Eo + op(1).

/ [P P d= / 11| uf? d

Since u € Cg°(C) was arbitrarily chosen, the inequality my, 4.5(C \ Xo) < My o5(C) follows. The proof

of Theorem 2 is complete. O

Remark 2 The same argument shows that Wol’p(w \ Xo; [lo|*do) = Wol’p(w; |Illo|*do) for any open
w C S 1 provided that k 4+ a > p.

Proof of Theorem 3. We have to compare the infima

JRERE [ (o + 2ol o
we

m(C) = inf < - . Mwe)= | inf ,
% /c 111> Pl dz oW P (ogile|2de) Mo || |? do
we

where H := H,, . is given by (1.4) (in this proof we omit the indexes p, a,b).

10



Thanks to Theorem 2, we can assume that the following stronger hypothesis hold:
CCcRI\%y, or 0<k+a<np. (3.2)

In the first case, the weight |y|?|z|~? is bounded and bounded away from zero on any compact set
in C. If 0 < k4 a < p then |y|* belongs to the Muckenhoupt class A,. It follows that the weighted
space WIP(C: [y|*|z|Pdz) < LL (C) is well defined (see for instance [8, Subsection 1.9], where the

loc loc

notation H\"P(Q; w(z)dz) is used). In addition, thanks to [8, Theorems 3.51, 3.66] we have that any

loc

nonnegative and nontrivial function u € VVI})S (C; |y|%|2|~tdz) satisfying

—div(|y|*|2| 7" [Vul[f~?Vu) >0 inC (3.3)

is lower semicontinuous and positive in C.

The best constant M (wc) is attained by a function ¢ € I/VO1 P(we; [Tlo|*do), due to the compactness
of embedding VVO1 P(we; Mo |*do) — LP(we; |To|%do) given by Corollary 3. By a standard argument,
® can not change sign in we. Thus, we can assume that ® is nonnegative.

We use spherical coordinates to define
U(ro) = r H®(0) (3.4)
for r > 0 and o € we. Since
IVU? = (0,U)% + r?|V,U[* = v 2 (H2®? + |V, )%,
we have that U € VV&’?(C; ly|*|z|~bdz). Moreover, for any fixed v € C>°(C) it holds that

VU - Vo = 0,Udw + 1 *V,U - Vov = r~ T (— HOro,v + V, @ - V,0)

Notice that d +a — b= p(H+ 1), see (1.4). We have

/|y|“|z]_b|VU|p_2VU-Vvdz
C

p—2
= /da/yna|a(H2<I>2 +|V,@%) 2 (-H®r" 00 + 71V, - V,0) dr

we 0
o
—2
B /THldT/ To|® (H28? + |V, 8[?) 7 (H2v + V,® - V,0) do,
0 we

11



where we used integration by parts and then Fubini’s theorem.

Since ¢ achieves M(w¢), we infer that

/|y‘ |Z’ b|VU|p QVU V’UdZ— wc / H- 1dT/|HO'|a‘I)p1fUdo'
0

we

:/\/l(wc)/rpH 1dT/|HO’| U~ lvdo = M(we /|y[ |27 PUP v dz
0

we

We proved that U is a nonnegative local solution to
—div([y[*|2| " [VulP~>Vu) = M(we) [y|*|2] "7 [uf?u inC, (3.5)
in the sense that

/|y|a|z]_b|VU|p_2VU-Vv dz = M(wc)/\y|“\z|_b_pUp_lvdz (3.6)

for any v € C°(C). Since U € WEP(C; Jy|*|z|~bdz), then (3.6) holds for any v € Dé’p(C; ly|?|z|~dz)

loc

with compact support.

To prove the inequality M(we) < m(C) fix v € C(C). Since U € WP (C; |y|*|z|0dz) solves (3.3),

loc

then U is bounded away from zero on the support of v. It follows that Ul ~P|v|P € Dé’p(C; y|?|2|~bdz),

hence it can be used as test function in (3.6). We infer the equality

/ [ VTPV V(U P o) dz = M(we) / [P of? d. (3.7)

To handle the first integral in (3.7) we notice that
VU - V(U PP) = pUP(VU - Vo) |u|P~20 — (p — 1)U P|VU|?|vP.

Thus
. _ VU Jo]yp-1 VU [o]\?
p—2 . 1=p|,|P) < | _(p— < P
VUPAVU V0 p) < p(Bp ) el = (- 1) (S ) < Vel

by the elementary Young inequality p|s|P~t|t| < [t|P + (p — 1)|s|P. Thus we conclude that

/ Il VP dz > M(we) / 11|07 [ol? d.
C C

12



Since v was arbitrarily chosen in C¢°(C), we proved that M(we¢) < m(C).

To prove the opposite inequality we adopt a standard strategy. Consider the sequence
us(r,o) = r 1H0d(0) on Cy,
where we have set Cy =CN By, C_ =C )\ By. Clearly, us € Dé’p(C; ly|*|2|~*dz) and moreover

2
/ 112 P ugl? dz = / 112 usl? d= + / oIkl sl dz = / To*[BP do.  (3.8)
C Cy C_ we

1

It is easy to see that |Vug| = r—H 149 [(H F0)202 + |VJCI>|2} ? on Cy, from which one easily infer

P
2

1 P
/ oIl Vsl dz = / Mo |*{ [(H — 6)20% + [V, ®[2] ¥ + [(H + 6)20? + |V, 8[| ¥ } do
C we

ya
2

= ;S(/\Haw[H?q)M IV, ®[%] da+0(52))
we

as 0 — 0. Since ¢ achieves M(w¢), we infer that

2
[l s 2 = 2 (M) [ 1ole(@p do + 0@))
c

we

Taking into account the definition of m(C) and (3.8), we see that
JEROE
< C

B / 1] P s P d
C

which concludes the proof. ([

m(C) = M(we) +O(6°),

Proof of Theorem 4. As in the proof of Theorem 3 we omit the indexes p, a, b.

If m(C) = 0 the result is trivial, as nonzero constant functions are not in Dé’p (C; ly|®|z|~bdz). Thus,
let m(C) > 0.

Arguing as in the proof of Theorem 3, we can assume that (3.2) is satisfied. Let U(ro) = r~H®(0)
be the function in (3.4). We already proved that U € VVli)f (C; ly|*|z|~bdz) is a lower semicontinuous

and positive local solution to

—div (Jy|*]2 " [VulP~?Vu) = m(C) [y|*[z|"*"P [ul’*u inC, (3.9)

13



compare with (3.5) and recall that m(C) = M(w¢). From (3.9) we infer that U is locally bounded
outside o by [12], therefore it is of class C1“ on C \ %¢ by [4, 17].

By contradiction, assume that u € Dy”(C; |y|*|z|~bdz) achieves m(C). Up to a change of sign,  is
nonnegative and is a weak solution to (3.9). Thus, just as U, the function u is positive on C and of
class C1® outside the singular set .

Take a domain A, compactly contained in C \ ¥y. The main step in the proof consists in showing

that the open sets
[Vl

S

U
are empty. This easily implies that there exists a constant A > 0 such that u = AU on A. Since A

Ay={z€A| Vu-VU < |Vu||VU|} , Agz{zeA]

was arbitrarily chosen, the constant A does not depend on A. Thus w is proportional to U on C \ ¥,
which is impossible as U ¢ Dy?(C; |y|*|z|~bdz).
To show that the sets A1, A2 are empty we refine the calculations in the proof of Theorem 3. Take

a sequence of nonnegative functions u; € C2°(C) such that up — w in Dé’p(C; ly|*|2|~bdz). We have

m(C) [ 1ol Pur dz = m(@) [ lyl*lel 7 uf x4 0n(1)
c C

al - _of VU -Vuy ,_ VU|?ub
S/Iy\ 2|V z(pUTlhui 1—(p—1)‘Uph)dz+oh(1). (3.10)
C

Now, as h — oo we have

- L /|VU||Vu| VU-Vuy
v [l vop (R - ) vt
Ay
a— o |VU[|Vup| = VU - Vu,
—p [ Iyl vU g 2V dz 4 on(1).
Ay

Notice that the nonnegative constant v is positive if and only if A; has positive measure. From (3.10)

it follows that

m(C) / ly]]| > PP d2
C

_ VU|up\P—1 VU|up\P
< [t () 19 - 0 (Y -+ ont),
C

14



Next, as h — oo we have

by = / ’y|ayz‘—b(|vu|p - 1)(|Vg\u>p —P(Wg'u)plNuDdZ
Az

|VU|uh)p B p( VU |up,

:/wmw%WWW+@—U(zf ) vz +on(1).
Az

Thanks to Young’s inequality, we have that o > 0 if and only if A, has positive measure.

We proved that

m(c)/|y\a|szp uP dz < / ly|%2| 70|V [P dz — (11 + o) + op(1),
C C

and letting h — oo we infer that

m(C) [ ol 7w dz < [ lylel v ds (a4 )
C C

=mw/mwﬂﬂww—m+w»
C

as u achieves m(C). This implies that vy, = v9 = 0, which is equivalent to say that the sets A;, Ay are

empty, as claimed. O

Proof of Theorem 5. We can find an open geodesic ball By C S?~! such that By N X = () and the
set By N Owe is not p-negligible in the sphere.
By [9, Theorem 14.1.2] and since |IIo| is bounded and bounded away from 0 on By, we have that

/wwwSc&@/ﬁwvaww
Be By

for any ¢ € C§°(we; |Ho|*do).
By density, we infer that W& P(we; |Uo|%do) does not contain constant functions, which is enough,

thanks to Theorem 3 and since the best constant M, , ;(we) is attained in WO1 P(we; Mo |do). O
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Proof of Theorem 6. By Theorem 2, mgﬂ’b(}Rd \ Xo) = H% ap if k+a > 2. Thus we can assume

k+ a < 2. In view of Theorem 3, we have

/ Lo ||V, |2 do
. d—1
maqp(RT\ So) =H3 ,, + min =

(3.11)
pewy 2 (53— 1\8g;|lle|2do) / ’H0|a‘90’2 do
gd-1

p#0
Since the embedding W&’Z(Sd_l \ Xo; [TIo|%do) — L?(S*!; |Ilo|%do) is compact, see Corollary 3, the

minimum in (3.11) is the first eigenvalue A; of the problem

—divy(|TIo|*V,p) = A|[Io|%  in ST\ 3
(|Ho| ) = Ao| \ (3.12)
p € Wy (ST1\ o; [Tlo|*do).

By known facts, A1 is simple and the corresponding eigenfunction ¢ is the only nonnegative one. By

direct computations based on the remarks above, one can check that
p1(0) = Mo~ Xy = (d— k)2 - (k+a)).

In fact, if we write |y| = rcos(f), |z| = rsin(f), 0 < 6§ < §, then for ¢ depending only on 6, problem

(3.12) is rewritten as follows:
—(cos* T 1(0) sin? (0 pg)g = A cos®(0) sin?F (). (3.13)

So, it is evident that ¢ = cos>~¢~*() satisfies (3.13) with A = Ay, which concludes the proof. O
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