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ABSTRACT. We investigate the dynamics of continued fractions and explore the ergodic behaviour of the
products of mixed partial quotients in continued fractions of real numbers. For any function ® : N — [2, +00)
and any integer d > 1, we determine the Lebesgue measure and Hausdorff dimension of the set of real numbers
for which the product of partial quotients in arithmetic progressions satisfy an(z)aon () - - - agn(z) > ®(n) for
infinitely many positive integers n.

Our findings shed light on the size of the set of exceptions to Bourgain’s (1988) and Host and Kra’s (2005)
theorems concerning the convergence of multiple ergodic averages for Gauss dynamical systems. By exploring
the Hausdorff dimension of these sets, we gain valuable insights into the behaviour of such exceptions. Overall,
our research contributes to a deeper understanding of the dynamics of continued fractions and their connection

to the convergence properties of ergodic averages in Gauss dynamical systems.

1. INTRODUCTION

Let (X,B,u,T) be a measure preserving dynamical system, where B is a Borel o-algebra over X, pu is
a probability measure and T : X — X is an invertible transformation which preserves the measure. A

fundamental problem in ergodic theory is to understand whether the ergodic average

N-1

N Z [T (2))

n=0
converges everywhere or almost everywhere for any function f from some class of functions. This question is
answered by the famous Birkhoff ergodic theorem, which states that the above average converges pointwise

for p-almost every x € X for any f € LY(X, u).

A new impulse for studying ergodic averages was given by Furstenberg when he provided a new proof of
Szemerédi Theorem by using ergodic theoretic methods affirming the existence of arithmetic sequences of
arbitrary length amongst sets of integers with positive density, see [12]. The multiple recurrence theorem is

stated as follows:

Theorem 1.1 (Furstenberg, 1977). Let (X,B,u,T) be a measure preserving dynamical system such that
w(A) >0 for any A C X. Then for any d € N, we have

N-1
. . 1 —-n —2n —dn
(1.1) l}ggofﬁ g_ou(AﬂT ANT?"AN---NT~""A) > 0.

Afterwards, many authors have studied extensions of classical ergodic theorems on ‘non-conventional’ er-

godic averages. Bourgain in [7] provided the following extension to Birkhoff’s theorem.
1



2 MUMTAZ HUSSAIN AND NIKITA SHULGA

Theorem 1.2 (Bourgain, 1988). Let (X,B,u,T) be a measure preserving dynamical system, and let f €
LP(X,u) for any 1 <p < co. Let P € Z[n| be a polynomial with integer coefficients. Then the averages

N-1

i)

n:O

converge pointwise for p-almost every x € X.

Furstenberg’s proof was also a starting point for studying the convergence of multiple ergodic averages.
To be more precise, for any bounded measurable functions fi,..., f4, we want to know whether the multiple

ergodic averages

N-1
1
N 2 T @) fa (T (@)
n=0
converges everywhere (or almost everywhere) in the L? norm. Host and Kra [14] proved the following result.

Theorem 1.3 (Host-Kra, 2005). Let (X,B,u,T) be a measure preserving dynamical system, d an integer,

and fi,..., fq be bounded measurable functions on X. Then the averages

12) Z T (@) o T2 (@) -« fal T (1))
converges almost surely in L(u) as n — oo.

Note that, by taking f; = --- = fq = I4 and integrating (1.2) over A we get that the lim inf in Furstenberg’s
theorem is a limit. For a selection of results in this direction, readers may refer to publications such as
[9, 11, 14, 26]. Bergelson and Leibman [3] proved that the exponents, n,2n, ... appearing in the Furstenberg

theorem can be replaced by integer polynomials.

In this paper, we focus on the Gauss dynamical system of continued fractions and as a consequence of our
main theorem, we find the Hausdorff dimension of the set associated with Bourgain and Host-Kra’s theorems

for this system.

It is well-known that every irrational number x € [0, 1) can be uniquely expanded into an infinite continued

fraction
1
T =
) 1
a () + ———
1 ( a9 (x) + e
More specifically, we write = [a; (z),aq (z),...] for the continued fraction expansion of z, where a; (z) =

|1/z] and a, (z) = a; (T™* (x)) for n > 2 are called the partial quotients of z. From here and on, by T'(z)
we denote the Gauss map T : [0,1] — [0, 1] defined by T'(0) = 0 and

1)1 |3| ez

x x
The finite truncation p, (x) /¢, (x) = [a1 (x),...,a, (z)] is called nth convergent of x.
Let e/(®*) = fi(x) = a;y(x) for any i > 1. Note that the function a;(z) ¢ L' ([0,1], £), so, for instance, we

cannot directly apply Birkhoff’s theorem. However, we can deal with this by considering ‘truncated’ functions

(1.3) har(x) = { gl(x) i ?Ez; i ﬁ; for M =1,2,...,
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applying Birkhoff’s theorem to them and then taking a limit at M — co. We refer the reader to [25] for more
details. For this choice of f(z) and the Gauss dynamical system, we study metrical properties of sets, in which

products of partial quotients with indices in arithmetic progression, grow at a certain rate.

To formally define our setup, let ® : N — [2,+00) be a positive function, for which we define

log @ log log ®
(1.4) logB:hminfL(n)7 logb:]jmjnfw.

n—oo n n—0o0 n

Fix d > 1 and define the set
Ag (D) ::{x €10,1) : ap(z) - - ana(x) > ®(n) for infinitely many n € N}.

Note that when d = 1, the classical Borel-Bernstein theorem (1912) states that the Lebesgue measure of the
set

A () :={z €10,1) : an(z) > ®(n) for infinitely many n € N}
is either zero or one depending upon the convergence or divergence of the series > ®(n)~' respectively.
Taking ®(n) = nlogn, one can conclude that for almost all x € [0,1), with respect to Lebesgue measure,
an(z) > nlogn holds for infinitely many n € N. This implies that the law of large numbers does not hold,
that is

. 1
(1.5) lim N Z an(x) = 00

N —oc0
n<N

for almost all . Khintchine [22] showed that a weak law of large number holds for a suitable normalising
sequence, that is, >, a;(z)/nlogn converges to 1/log2 with respect to the Lebesgue measure. Philipp [29]
proved that there is no reasonably regular function ¢ : N — R, such that Y. | a;(z)/¢(n) almost everywhere
converges to a finite nonzero constant. However, Diamond and Vaaler [8] showed that the strong law of large
numbers with the normalising sequence n logn holds if the largest partial quotient ag(z) is trimmed from the
sum. The method of deleting some number of maximal terms from Birkhoff sum to obtain strong laws of
large numbers is called trimming. The first result using trimming in the dynamical systems context is the
aforementioned result by Diamond and Vaaler, which was later generalised to other contexts. For example,
Aaronson and Nakada [1] gave strong laws of large numbers under light trimming (that is, deleting a finite
number of terms) for sufficiently fast ¢-mixing random variables. For other applications, see [20, 21] for
intermediate trimming (that is, deleting infinitely many terms, while the number of terms deleted should be
o(n) compared with the length n of Birkhoff sum) applied to subshifts of finite type or [5] for generalisation
on other types of continued fractions.

Note that the divergence of (1.5) implies the divergence of product of partial quotients, that is,

lim % Z an(2)agn () -+ - agn(z) = 0.

N—o0
n<N

iy ai(®)azi(z)-aqi(x)
such that o)
to a certain finite limit (in the spirit of the weak or strong law of large numbers stated above). However, these

Hence the natural question is to find a normalising sequence ¢(n) converges

can be proved by following the methods presented in [15]. Nonetheless, as a consequence of the Lebesgue

measure dichotomy statement below, one can ascertain that
an () a2 () - - - agn(z) > nlog?(n)

holds for infinitely many n. Thus, any x € A4 (P) is an exception to Theorems 1.2 and 1.3. Hence the natural
question is to quantify this set. Our first result provides the Lebesgue measure of this set, depending on the
function ®(n).



4 MUMTAZ HUSSAIN AND NIKITA SHULGA

Theorem 1.4. Let & : N — [2,400) be a positive function. Then, the Lebesgue measure of the set Ag (®) is
given by

0 if 2_:1 710'@:(15’(”) < o0;

L(Ag(®)) =

. X log?!? P(n) _
1 if Zl gth = Q.

Note that if ®(n) < 1 for infinitely many n, then the set Ag(®) has full Lebesgue measure, but the
corresponding series may converge. To see this, one can take a function ®(n) = 1. As the partial quotients
are integer numbers, the set Ayz(®) is unchanged if we change ® by [®]. This is why we can assume that
d(n) > 2.

Note that for rapidly increasing ® the Lebesgue measure of the set Ay(®) is zero. Hence, it is pertinent to

discern between sets of Lebesgue measure zero where the Hausdorff dimension serves as a suitable measure.

Theorem 1.5. Let ® be as in Theorem 1.4, for which we define quantities (1.4). Then

1 if B=1;
dimg, Ay (@) = { M(B) i 1< B <oo;
o if B=o,
where A\q(B) is a continuous decreasing function, such that limp_,y Aa(B) = 1, limp_ o0 Aa(B) = 3. This

means that the Hausdorff dimension continuously changes with respect to the values of B and b.
The function Aq(B) is equal to the following expression in terms of the pressure function.
Ai(B) :=inf {s: P (=slog|T"(x)| — ga(s)log B) < 0},

where gn(s) is given by the iterative relation

Sgn-1(8)
1.6 s)=s, §) = .
(16) D) =5 guls) = gl
Here and throughout 7”(x) denotes the derivative of the Gauss map T'(x), and P represents the pressure
function defined in the Subsection 2.1. We prove the continuity and limit properties of A\;(B) in the same
subsection. The dimensional number \;(B) can also be expressed as a limit of solutions of some equations, as
shown in Proposition 2.15 below. For more details on the function g,(s), including an explicit (non-iterative)

formula, see Section 2.

We also compare the Hausdorff dimension of the set Ag(®) with the dimension of the well-studied set of

large products of consecutive partial quotients

d
(1.7) Dq(®) = {x €[0,1): Hanﬂ-(x) > ®(n) for infinitely many n € N} .
i=1

We prove that in the most interesting case of 1 < B < oo, the Hausdorff dimension of Ayz(®) is larger than
the Hausdorff dimension of D4(®) when d > 2. For details, see Section 2.2.

It is worth stating that the consideration of products of partial quotients arose from Kleinbock and Wadleigh
paper [24] in which it was shown that considering the growth of the product of consecutive partial quotients

gives information about the set of Dirichlet non-improvable numbers. Since then there have been several works
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in considering the sets of real numbers for which the product of (finite) consecutive partial quotients growing
at a rate given by any positive function. We refer the reader to [2, 6, 17, 18, 19, 24, 27] for a selection of

results in this direction.

The most challenging part of the proof is in establishing the lower bound of the Hausdorff dimension for
Theorem 1.5 in the case 1 < B < oo. For all other cases, the proofs are relatively easier. In proving the lower

bound in this case, we will employ the Mass distribution principle. To do this, we

e Define a good subset of Ay (®) in terms of union of fundamental intervals;

Calculate the lengths of fundamental cylinders and gaps between them;

Define (and calculate) the probability measure supported on a suitable subset (Cantor subset) of A4 ()

in terms of the diameter of the fundamental intervals and calculate the Hoélder exponent;

Calculate the Holder exponent for an arbitrary ball;

Apply the mass distribution principle to calculate the lower bound of the Hausdorff dimension.

In contrast to the consecutive partial quotient consideration, where authors have considered the growth of d
consecutive partial quotients, in our setting we deal with the product of d partial quotients each arising from
the arithmetic progression. This leads to significant complications in constructing a suitable Cantor subset,
as we will need to introduce and optimise a number of parameters. This raises some difficulties in distributing

the mass over fundamental cylinders, which we overcome in the course of the proof.

Acknowledgements The research of Mumtaz Hussain and Nikita Shulga is supported by the Australian
Research Council Discovery Project (200100994). Most of this work was carried out when Mumtaz and Nikita
visited Dzmitry Badziahin at the University of Sydney. We are grateful for the support and hospitality of the
Sydney Mathematical Research Institute (SMRI). We thank Professor Baowei Wang and Bixuan Li for useful
discussions. Finally, we thank an anonymous referee for the careful reading of the manuscript, and several

useful comments that have increased the readability and clarity of proofs, and simplified the exposition of the

paper.
2. PRELIMINARIES

In this section, we shall give some basic properties about continued fractions which we will use later.

Recall that the nth convergents of x is defined as

p"(x)—a T an (x
s = @) e @)

For simplicity, we will denote p,, = p,, (a1,...,an), Gn = ¢n (a1,...,a,) when there is no ambiguity. The rule
for the formation of the convergents is as follows, for any k£ > 2 we have
Dk = QkPk—1 + Pk—2,
(2.1)
Gk = akqr—1 + Qr—2,
where po =0,p1 =1and ¢ =1,¢1 = a1.
For n > 1 and any (aq,...,a,) € N* where a; € N, 1 < ¢ < n, we define a cylinder of order n, denoted by
I, (a,...,ay) as

I, (a1,...,a,) :={x €[0,1): a1 (x) = a1,...,an () = an}.

We have the following standard facts about cylinders.
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Proposition 2.1 ([23]). For any n > 1 and (a1,...,a,) € N”, pi,qi are defined recursively by (2.1) where
0 <k <n, we have

[pn Pn + pn1) e
—_ if n is even,
(2.2) L (a1,... an) =4 Lin ot -t
Pn +DPn—1 DPn . .
———— —| ifn is odd.
dn + dn—1 Qn
Therefore, the length of a cylinder is given by
1
(2.3) |1, (a1,...,a,)] =

dn (QTL + Qn—l) -
For a better estimation, we need the following results. For any n > 1 and (aq,...,a,) € N, we have

Lemma 2.2 ([23]). For any 1 <k <mn, we have

(2.4) ak+1§ gn (a1, ...,ap) <ap il
2 Gn-1(G1, ..., Qk—1,0k41,---,0pn)
Lemma 2.3 ([23]). For any k > 1, we have
25) Gtk (A1y ey Oy Qa1 e ooy Qntk) > Qn (@1, 0n) - Qi (Qrg1y v oy Gpke)
Gtk (A1y ooy Oy g1y e ey Qntk) < 2¢n (G1, ooy an) Gk (Gpg1,y ooy Apak) -

For any n > 1, since p,_1¢n — Pndn—1 = (—1)", combined with a simple calculation, we get the bound
(2.6) qn > 2(n=1/2
We will also use a trivial bound

(27) al"'anSQnS(a1+1)"'(a7z+l)-

Next, we introduce the mass distribution principle, which is useful in calculating the lower bound of the

Hausdorfl dimension.

Proposition 2.4 ([10]). Let E C [0,1) be a Borel set and p be a measure with p(E) > 0, suppose that for

some s > 0, there is a constant ¢ > 0 such that for any x € [0, 1)
(2.8) p (B (z,r)) < er®,

where B (x,r) denotes an open ball centred at x and radius r, then dimpg E > s.

Let £ be the Gauss measure on [0,1] defined by

w(A)

for any Lebesgue measurable set A. The Gauss measure p is T-invariant and equivalent to Lebesgue measure

1 1

=—— | —d
log2 J4 1+« *

L. The following exponentially mixing property of Gauss measure is well known (see [4] or [29]).

Lemma 2.5. There exists a constant 0 < p < 1 such that
2 (Im(ah az, ..., am) N TﬁminB)) =K (Im(ala az, ..., GJM)) /‘L(B)(]' + O(pn))

for any m > 1,n > 0, any m-th cylinder I,,(a1,as,...,a,) and any Borel set B, where the implied constant

in O(p™) is absolute.

Using Lemma 2.5 and Schmidt’s orthogonal method [30], we have the following statement.
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Lemma 2.6. For all k> 1 let C,, C N? and P, = Uas,....aa)ec, La- Then

0 i3 u(P) < oo
K ({95 €[0,1): Tk(x) € P, forim. n € N}) = k=1

(o]
1 if > p(Pr) = oo
k=1
Using the fact that Gauss measure p is equivalent to Lebesgue measure £, we get
Corollary 2.7. Suppose that P,,n > 1 are as in Lemma 2.6. Then

L{ze€]0,1) : T"(z) € P, for im. n € N})

is null or full according to whether the series > .. | L(P,) converges or not.

We also need the following technical lemma, which helps us to choose a suitable set of parameters to construct

the Cantor subset. Consider a non-decreasing sequence of real numbers 1 < a3 < ... < ag_1 < ag=B.

Proposition 2.8. With the notation as above, we have

-

1
(29) _ooswmin{art (@ ey) o (el B )
SO>S —1>

1
} © Bydls)’

where 2 < k < d—1 and the supremum is attained when all the terms are equal.

Proof. The proof is quite similar with the Proposition 2.13 in [16]. When d = 2, this problem is simplified to

. — l1—s _s
sup mln{als,af( 'B 2}.
1<a1<B

1
. —5 . . 5(1—s
1 1
AS a function of « s Ozl s is decreasing and 0112( )

is increasing, so the supremum is attained when both the
terms are equal. Furthermore, it is equal to B~92(5). Now assume that the claim holds for d = £. Then we

prove it for d = ¢ + 1 as,

1 1
: —5 1—s  —s\7 1-s —s8\ T+1
sup mm{al ,...,(azflaZ ) 7(aZ -B ) }
1<an<...<ay<B
1 1
= sup sup min {min{al_s,..., (aé:fae_s)l}, (a}_s .B_S)Z 1}

1<ap<B (ag,ey0p—1): 1< <...<a,<B

1 1
= sup min { sup min {afs, cee (a}:fa[s) ¢ } , (aé*‘q . B_s) et } .

1<y <B (a1,..;ap-1):1<on <...<ay<B

By induction, the following supremum

1
: —s 1-s,_ —s\¢
sup mln{a1 7"'7(0‘4710‘@ ) },
(a1,ap-1):1<an <...<ap<B

ge(s)

is attained when all terms are equal to «, . Then, as a function of ay, we obtain that the supremum is

1
attained when two terms o, 9¢(%) and (ay™* - B™*) ™7 are equal. From this we get
= 34175+(f11)92(5)’

and so the supremum is equal to azg"'(s) = B~ 9e+1(5), O
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From the previous proposition, we have defined a sequence (aq,...,a4—1), for which the supremum is
attained and we let ag = B. For this choice of a’s, denote A; = oy, 4; = a;/a;—1 for any i > 2. Hence we

can also extract the values of A;, as a = A1 --- A, 1 < k < d— 1. Note that by definition of ay we have

(2.10) Ay---Ag=B.

We have the following properties of the sequence (41,...,A4) defined above.

Proposition 2.9. For anyn > 1 and s > 1/2, the sequence (A1,...,Aq) from the definition above satisfies:
e Forany 1 <k <d, one has

(2.11) Ay Ay = ATRALTS (A A

o A specific expression of Ay for any 1 < k <d is

1 1 (1-s\"
(2.12) log Ay = <2—s—1 g < . > )logAl,

which implies A1 < Ay < ... < Ay.

Proof. As minimum in Proposition 2.8 is attained when all of the terms are equal, using (2.10) we get that

for any 1 < j < d—1 one has

Jj—1 J
1, (Z@s —1)log A; + slog Aj> = j% (Z(?s —1)log 4; + slog Aj+1> = slog A;.

J\i= i=1

This implies

1_
(2.13) log Aj 1 =1logA; + 5 log A;,

s
or
(2.14) As = AJALC
Multiplying equations above for j = 1,2,...,k — 1, one obtains (2.11) immediately. By iterating (2.13) one
can easily obtain (2.12). O
In particular, for a sequence of parameters (Aq,..., A4) chosen above, we get

()

(2.15) Ay = B*

We will use this identity throughout the proof.

For a better understanding of the Hausdorff dimension of our set, we provide some useful properties of the

function g, (s).

Lemma 2.10. For any fited n > 1, g,(s) is a continuous, strictly increasing function on [0,1], and differen-
tiable on (0,1).

Proof. Recall that from the iterative definition (1.6),

8gn—1(s)
R =)
we have ¢,,(0) = 0 and ¢, (1) = 1/n. Note that g, (s) is a rational function for any n > 1. We will prove all the
properties by induction which are trivially true for g;(s) = s. Suppose that the conclusion is true for n — 1.
Then we have

l—s+gn-1>21—5+9,-1(00)=1—-5>0
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for s € [0,1) and we also have

1—s4+gn(s)=gn(1)=1/n>0
for s = 1. This means that the denominator of the rational function g, (s) is always positive, and hence non-zero
on [0,1]. This implies that g,(s) is continuous on [0, 1] and differentiable in (0,1). We can also write
o (s) = nga_1(8) + gn-1(s) + s(1 — s)gp,_1(s)

(1—=s4+ngn-1(5))?

for s € (0,1). Since we know that ¢,—1(s) > ¢,—1(0) = 0 and g¢/,_;(s) > 0 for any s € (0,1), we have that
gr(s) > 0 for any s € (0,1). O

Next, we provide an explicit expression for the iterative function g, (s).

Proposition 2.11. For any n > 1 we have g,(0) = 0,9,(1) = 1/n, and for any 0 < s < 1 we have

. n(n+1) ifs =1/2,
(2.16) (s)
o S IS

Proof. From the previous lemma we know that the value at s = 0 and s = 1 is a corollary of the iterative

definition
SGn— 1( )

1—s+ngn_1(s)

g1(s) = s, gnls) =

This definition also implies
1 n 1-—s 1

Gn(8) s Tgn,l(s)'

Nowifs:%,wehave
1 o+ 1
= N _—
gn(1/2) gn-1(1/2)
1
=M+ +2.24 ——
91(1/2)
=+ 42242
=n(n+1).
If s # 1/2, then we have'
1 n 1-s 1
gn(s) s s gnals)
n 1s<n1 1-s 1 >
s s s $  gn-2(5)

(1;s> ‘1+Z(1—s>
(1—s)" "+ (2n+1)s"+! —(
(28 — 1)2

n+1)s"

O

1\We are thankful to an anonymous referee for suggesting the last expression in this formula which is more compact than what

we originally had.
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From the explicit formula for 1/2 < s < 1, we easily get
Corollary 2.12. For alln > 1 and any s € (1/2,1) we have

n+1(8) < gn(s) <s < 1.

Proof. Using the formula from Proposition 2.11 we can show that

1 1
(2.17) < :
gn(s) = gn41(s)
The second inequality is a consequence of g1 (s) = s and (2.17). O

2.1. Pressure Function. Consider a sub-system (X 4,7T) of system ([0,1),7), define
XA= {xe [0,1) : an (z) € A, for all n > 1},
where A C N is finite or infinite. We give the pressure function which is restricted to system (X 4,7). Given

any real function ¢ : [0,1) — R, define

1
(218) PA(Ta d)) = hm — log Z Sup 6Sn¢([a1,...,an+m])’
n—oo N (@1,0ern ) EAP reX A

where S,,¢ denotes the ergodic sum ¢(x)+---+¢(T" 1x). In case when A = N, we denote P(T, ¢) by Px(T, ¢).
We will use the notation of nth variation of ¢ to explain the existence of limit (2.18), let
Var,(9) := sup {6(2) — 6(w)| : (@) = I, (1) }.
In [28], authors have given a proposition to guarantee the existence of this limit.
Proposition 2.13 ([28]). Let ¢ : [0,1) — R be a real function with Vary (¢) < oo and Vary, (¢) — 0 as

n — oo. Then the limit defining PA(T, ¢) exists and the value of P4o(T,®) remains the same even without
taking supremum over x € X 4 in (2.18).

The next proposition states that the pressure function has a continuity property when the system ([0, 1), 7T)
is approximated by its sub-system (X 4, 7).

Proposition 2.14 ([13]). Let ¢ : [0,1) — R be a real function with Var; (¢) < oo and Var, (¢) — 0 as
n — 0o. We have
Py (T, ¢) = sup {PA (T, ) : A is a finite subset ofN}.

Let us specify the potential function ¢ := ¢4 in our case. Let
¢a(x) = —slog|T"(z)| — ga(s)log B.
For any d > 1, we denote

Ai(B, A) :=inf{s > 0: P4 (—slog|T'(x)| — ga(s) log B) < 0},

1
=1 > : <
)\d(B7A7 ’I’L) inf { s = 0 Z ca q%S ((],17 . ,an) Bgd(s)n - !
A1,...,0n

If A is a finite subset of N, we can see that series is equal to 1 when s = \;(B, A, n) or that pressure is equal to
0 when s = A\y4(B,.A). For simplicity, when A = N, we denote \;(B,.A) by A\y(B) and A\4(B,.A,n) by \g(B,n).
For some integer M € N, when A = {1,2,..., M}, we denote A\q(B, M,n) by \g(B, M) .

It is clear that ¢ satisfies the variation condition. By Proposition 2.14, one has
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Proposition 2.15. For any M € N, we have

lim Ag(B,n) = Aa(B), lm A\g(B, M,n) = \g(B,M), lim A\g(B,M) = \a(B).

n— 00 n— 00 M—o00

The following proposition states the continuity and asymptotic properties of A\;(B). The proof of this is
similar to Lemma 2.6 in [31]. We provide it for completeness.

Proposition 2.16. As a function of B € (1,00), Ag(B) is continuous and decreasing. Moreover,

gy A =1 i dalB) =5

In particular, we have A¢(B) >

N =

Proof. First, let us show limp_,1 A\y(B) = 1. For a fixed ¢ > 0, take
By = 25 > 1.

As clearly A\g(B) < 1, we can show that for all 1 < B < By, we have A\;(B,n) > 1 —2¢. To get this, we see
that for any n > 2

: P
> __ 4
gq(1—2¢ 1-2¢ =— 2 (1—2e)n
a1,...,0n (qu%Tﬁ a1,eesn anQd(l )
gne 9€ n
> =
- Z Qn(Qn + qn_l)Bgd(l—Qs)n (Bgd(1—2s)> > 1’
ay,y...,0n
where we used (2.3) and (2.6).
Second, we prove limp_,o, Ag(B) = % First, notice that
1 1 & 1)
> = 00,
al;a" (qTZLBdi(l/Q)n)l/Q (Bd(d+1) ]; k + 1)

where we used (2.7) and Proposition 2.11. This implies that Aq(B,n) > 1/2 for any n > 1 and B > 1. Now
for any € > 0, take

o\ 70
Bo = Z Llt2e < 0.
=1

Then for any B > By we have

1 (1/2+¢) = 1\ By \ "9 (/2)
—-n g —
Z = B Z Llt2e | <B> <1
k=1

i 9q(1/2+e) 1/24e =
1yee5Qn q%B 1/2+¢

where we used (2.7).

Finally, we show that A4(B) is a continuous function. Fix n > 2. Tt is clear that Ay(B,n) is a monotonically
decreasing function with respect to B. For any € > 0, consider By, such that 1 < By < B < By 4+ ¢. We have

1 < 1 1
Z qi()\d(B,n)-‘r%s)Bgd(/\d(B,n)+2E)n — 92¢e(n—1) Z q%AJ(B,n)Bgd(/\d(B,n))n

a1,...,an

_ 1 B gd()\d(B,n))n< 1 B\" 1 . c n .
= 92¢(n—1) BT) = 92e(n—1) E) <4e(n—1) +§0 <

Here we used (2.6), Corollary 2.12 and the inequality 1+ z < e”.
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This means that Ay(B,n) is uniformly continuous with respect to B, which is sufficient to have continuity
of the limit function A\y(B). O

2.2. Comparison with other dimensional numbers. There is a well-known result about the Hausdorff

dimension of a set with large consecutive partial quotients. Consider the set

d
Dy(P) = {x €[0,1): Hanﬂ»(gc) > ®(n) for infinitely many n € N} .

i=1

The following statement was proven is [16].

Theorem 2.17 (Huang-Wu-Xu, 2020). Let ® : N — [2,00). Suppose

log @ log log ®
(2.19) log B = lim inf log ®(n) 4 log b = lim inf loglog 2(n)
n— 00 n n— 00 n

Then,

1 if B=1;

dimy Dg(P) = § 04(B) := inf{s : P(T, — fa(s)log B — slog|T’|) <0} if 1< B < oc;
1 —
1+b 1 = 00,

where f4(s) is given by the following iterative formula:

sfr(s)
s) =s, )= ———~——for k>1.
fi(s) Jrt1(s) T >
Note that in both D4(®) and Ay(P), we have a product of d partial quotients. So it is natural to compare
their dimensions. We can prove that in the case 1 < B < oo the dimension of the set of numbers with large
partial quotients in arithmetic progressions is larger than the dimension of the set of continued fractions with

large products of consecutive partial quotients.

To do this, first note that we can write down an explicit formula for f, similarly to the Proposition 2.11.

Proposition 2.18. For any n > 1 we have f,(0) =0, f,(1) =1 and for any 0 < s < 1 we have
o if s =1/2,

2n

(2.20) fnl(s) =
sT@s=l)pg £ 1),

sm—(1—s)™

Now using explicit formulae (2.16) and (2.20), as an easy exercise one can show that for a fixed n, the

function
wn(s) = 24
gn(s)
is a continuous strictly increasing function of s on [0,1]. In particular, this means that for 1/2 < s < 1, we
have
1
n(s) 2 wn(1/2) = 1=,
SO
n+1
(2.21) Fnls) = —5—=9n(s)

onl/2<s<1.
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Now, remember that the dimensional numbers are decreasing with respect to B, which by inequality (2.21)
implies that
Aa(B) > 04(B)
for d > 2.
Further, note that (2.21) also implies an estimate valid for all d > 1 to be
Aa(B) > 04(BT1/2),

This means that in the case of consecutive partial quotients, we can increase B to B(4t1)/2 without surpassing

the dimension of A4(B).

3. PROOF OF THEOREM 1.5 WHEN ®(n) = B"

In this section, we prove the Hausdorff dimension of the set under consideration. We split the case into two
parts: the upper bound of the Hausdorff dimension and the lower bound. Here we deal with the case when
®(n) = B™. For simplicity, denote Aq(B) := Ag(B™). We deal with a general function ®(n) in Section 4.

In the proofs below we will adapt the following convention. If an object or a function depends on a
sequence of variables of length n with indices being consecutive integers, say from 1 to n, then we will drop
the dependence from the notation. This convention applies to ¢, (a1, ..., an), In(a1,...,an), Jn(a1,...,a,) or
gn(ai,...,ay), instead of which we will simply write ¢y, I,,, J,, and g, respectively. Note that the lower index n
shows the length of the sequence of variables. Also, if an object depends on variables with consecutive indices

starting from a number different from 1, we specify the starting index, for example

qN(a3) = qN(ag, . 7aN+2).

3.1. The upper bound. Let 1 < g < B. Consider a set

d—1
BTL
Gq(8,B) := {aj €[0,1): H ain(z) < B™, agn(x) > W for infinitely many n € N} .
i=1 i=1 Qin\T

Then
Ay(B) € Ag—1(B) U Ga(B, B),

and therefore, since Hausdorff measure and dimension is additive, we have

(31) dlmq.[ Ad(B) < 1 %lEB max{dimy Adfl(ﬂ), dlmH Gd(ﬂ, B)}
<B=
Let
Jian—1:= U Lan.
aan (@2 =t o
Then

d—1
| Jan—1| < Hie1 ainle) am(x)'
Bnqgnfl
We will also make use of the two following facts. First, for a fixed € > 0, there exists Ny € N such that for all

n > Ny, we have

(log ﬁn)d—l (log Bn)d—l e
A= = - =P

Next, we have a following useful statement.
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Lemma 3.1 ([16], Lemma 4.2). Let 8 > 1. For any integer k > 1,0 < s < 1, we have

1 * (log M)kt
(32) 3 ( ) < LB T g,

PRI a _
1<an - aptrp—1<B" " ntk—1

Using Lemma 3.1 and the inequality above it, we can proceed with the following estimate on Hausdroff
measure of the set G4(8, B).

H(Ga(B, B)) < 2 (Hi_l am(m))

n a2
B Qin—1

X

1 1 "
Z_lTl Z (rldl> an

a1, man—y In= an - a(d—1)n <P i=1 %in
d—1 ¢

log B™)" 7 L 1—s 1 1
= ( d i | B 4= Z 2s Bns

( h ) a1yeeyap_g 01

d
1 1
= Bnaﬂn(lfs) .
z q721S—1 B’I’Lé

ay,...,0n—1

Thus, due to the arbitrariness of € > 0, we have

dimy G4(B3, B) < inf{s: P(—slog|T'(z)| + ! ; i log 8 — glogB) < 0} =: s4(8, B).
By induction we also have
(3.3) dimy Ag—1(B) = inf {s : P(—slog|T"(z)| — ga—1(s)log B) < 0} =: ta—1(B).

The pressure function P(T,¢) is increasing with respect to the potential 1, so sq(8, B) is increasing and
ta—1(B) is decreasing with respect to S. This means that the infimum in (3.1) is attained at the value S for

which we have the equality

1—s
d

—slog|I"| + —log B — ~log B = ~slog |I'| — ga_1(s)log 3

= log = log B.

S
1—5+4dga—1(s)

Now substituting the expression for log 8 into the definition (3.3) of t4—1(8), we get the following upper bound
of the Hausdorff dimension of A4(B).

dimy A4(B) < inf {s : P(—slog|T'(z)| — l—zg—idlg(;)l(s)log B) < O}

=inf{s: P(=slog|T'(x)| — ga(s)log B) < 0} = A\4(B),

where we used the recursive definition of g4(s).
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3.2. The lower bound. We choose a rapidly increasing sequence of integers {fj}r>1, fixed integers M and
N, define ng =0,n — 1 =N, mp = dny + 1 4+ N for any k£ > 1 such that

(3.4) lim rp = oo and ngy1 —my — 1 < 2N,
k—o0
Consider a following subset of E:
En = {z €10,1) : AT < ay, (z) < 2475, ADF < ag,,, (x) < 2A8%, .. AT < gy, (z) < 247,
Ump+1(x) =+ =ap,,—1(x) =2 for all k > 1,1 < ay, () < M for other cases },
where (A1, ..., Aq)k>1 is a sequence for which the minimum in (2.8) is attained.
3.2.1. Structure of Eps. In this subsection, we will study set Fj; in symbolic space which is defined as follows.

Let

D, = { (a1, yan) € N" AT <y, < 2475, AR* < agy, < 2A45%,.. AT < ag, < 2A%

dny?
Amy+1 = " = Gmin{ngs, 1,0} = 2 forall £ > 1,1 < a, < M for other cases }
and
n=0
Write Ip = [0, 1]. For any n > 1 and (a4, ...,a,) € Dy, we call I, = I, (a1, ..., ay) a basic interval of order n
and
(3.5) Jn=dn (a1, an) = | Iy
Ant1
a fundamental interval of order n, where the union in (3.5) is taken over all a,, 41 such that (a1,...,an, ant41) € Dng1.

It is clear that

(3.6) Ey =) U

n>1(a1,...,an)ED,

3.2.2. Lengths of fundamental intervals. In this subsection, we calculate the lengths of fundamental intervals

while splitting them into several distinct cases, which we will use later.
(1) When n = jng — 1 for any k > 1 and 1 < j < d, we have

Jjn,—1 = U Ijn,.

n n
ATk <a;n, <247k

Therefore we get

J | APF +1
jng—1] = n n
e ((2Ajk + 1) Gjnk—1 T ank*Q) (Aijjnkfl + anka)
and hence
1 1
3.7 s < |Jjn,—1| < :
( ) 23A?kq32'nk—l | o ‘ A;qu?nk_l
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(2) When my <n < ngyq — 2 for any k > 1, we have
Jn :In+1 (a17...,amk72,...72).

where the number of partial quotients that are equal to 2 is n — my + 1. Therefore,
1
(2¢n + Gn—1)(3¢n + @n—1)

|Jn| =

and

1 1 1 1

< < < <
(3.8) 24(n7mk)+5q72nk,71 - 25(]% = |Jn| > 22(]% - 22(nfmk)+2qr2mC

-1

(3) For other cases, one has

= I

1<an41<M
Therefore,
] = M
" ((M + 1) dn + Qn—l) (q” + Qn—l)
and
1 1
63 a
3.2.3. Gaps in Epr. For a given a fundamental interval J,, (aq,...,a,), where (a1,...,a,) € D,, we estimate

the gap between J,, and its adjacent fundamental intervals of the same order n. Without loss of generality,
we assume n is even. Let ¢, = ¢!, (a1,...,a,) and g" = ¢" (ay,...,a,) are defined respectively as the left and

the right minimum distance between J,, and its adjacent fundamental intervals at each side. Write
gn =min {g;, 97} .

Since n is even, we note that g, = g;. In addition, we only consider the case of J,, and its right adjacent

fundamental intervals of order n are all in I,,_1, otherwise consider their parents fundamental interval.

(1) When n = jnp — 1 for any k > 1 and 1 < j < d, one will see that g, is larger than the distance between
the right endpoint of I;,, ((117 ey Gjng—1, A;“‘) and the right endpoint of I;,, —1. Thus

gn > Pink—1 1 Pjnp—2 A?kpjnr1 + Djnp—2 < 1
n —_ » iy .
(3_10) Qjn—1 T Qjny,—2 A;'lkank—l + Qjng,—2 4A?kq]2'nk71
1
> L1l by (37)

(2) When my <n < mngy1 —1 for any k > 1, one has g, is larger than the distance between the right endpoint
of I,11 (a1, ...,an,2) and the right endpoint of I,,. Thus

e 2pn 4 Pn1 > 1

o 2
(3.11) ;ln + gn—1 2qn, + qn-1 6qz
> 210l by (389)

(3) For other cases, by assumption, g7, is just the distance between the right endpoint of I,, and the left
endpoint of I,41 (a1,...,a, + 1, M).

G = (M+1)pn+(M+2)pn—1_pn+pn—1 1
TMAD) g+ (M+2)gur gntguor  10Mg2

(3.12)

1
> — 9).
> Soqp el by (3.9)
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3.2.4. The mass distribution of Ep;. We define a measure p supported on Ej;. The mass on fundamental
intervals of order ng, 2ng, . . ., dni depends on the total number of possible values of a,, , asn, ;- - -, @dn, for any
k > 1. For intervals of order n with my +1 < n < ngy; — 1 for any k > 1, the mass is same as their parents
fundamental interval. As for other intervals, we define uniform distribution and use consistency of measure.

More specifically, given any integers N, M large enough, denote

1
u= Z q2SBgd(s)N
(a1 G,N)E{l 2., }N

For any s < A¢(B,M,n), one has u > 1. Let ny — 1 = ¢, N for any k > 1, where ny = 0. We define mass

by induction.

(1) For any (ai,...,a;n) € Din and 1 < i < {4, let

1 1
H )Bgd(s)

U qN atN+1

(2) For any (a1,...,ajn,) € Djn, and 1 < j < d, let

fll

H w11

A; .y OU 9% (i—l)n1+tN+1)

1

Bga(s)N
(3) For any (a1,...,ajn,—1) € Djp,—1 and 1 < j < d, let
e (Jjny—1) = A (Jjny ) -

(4) For any 1 < j < d, when n = jny +iN where 1 <i < {q, for any (a1,...,a,) € Dy, let

1
1(Jjny4in) - .
( Jjni+i Jn1 H} u qN a]n1+tN+1) Bgd(s)N

When n = dn; 4+ iN for some 1 < i < ry, for any (ay,...,a,) € Dy, let

1
J, w(J, — .
( dn1+1N dn1 H} u qN adnl +tN+1) Bgd(s)N

(5) For any my +1<n <ng—1and (a1,...,a,) € Dy, let

M(Jn) = M(Jml )-

(6) For other cases, when n # jny + iN for any 0 < j < d, 0 < i < ¢; and n ¢ [m1 + 1,ny — 1], there is a
unique integer i such that jnq + (i — 1)N < n < jn; +iN, for any (ai,...,a,) € D,, let

p(Jn) < p(Jjny+(i—1)N)-

When n # dny +iN for any 0 < ¢ < rq, there is a unique integer ¢ such that dny+ (i —1)N < n < dny+iN,
for any (ai,...,a,) € Dy, let

1(Jn) < p(Jan, +(i-1)N)-

As for the measure of other fundamental intervals, we adopt induction. Assume the mass on fundamental
intervals of the order n < nj — 1 has been defined, then
(7) For some k > 2, for any (a1,...,a;jn,) € Djp, and any 1 < j <d, let

fkl

1 (i) = p(Jny—1) Ank H e H .

u qN a(i—l)nk+tN+1) Bga(s)N
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(8) For some k > 2, for any (a1,...,ajn,—1) € Djn,—1 and any 1 < j < d, let

12 (Jj’ﬂkfl) = A;Lk:u (J]nk) .

(9) For some k£ > 2 and some 1 < j < d, when n = jny +iN for some 1 <i <, for any (a1,...,a,) € Dy,
let
1 (J; H 1
n zN n -
Jjnk+ J k P ou qN ajnk+tN+1)Bgd(s)N
When n = dny, + il for some 1 < i < Tk for any (ala .. .,an) S Dna let
i 1
(Jdnk-HN Jdnk H

adnk+tN+1) Boa(s)N

(10) For some k > 2, for any my +1 <n < ngy1 — 1 and (ay,...,a,) € Dy, let

M(Jn) = M(Jmk)-

(11) For other cases, when n # jng +iN forany k > 1,0<j <d,0<i </l and n ¢ [my+ 1, ng1 — 1], there
is a unique integer ¢ such that jng + (i — 1)N < n < jng + iN, for any (a1,...,a,) € Dy, let

1(Jn) < (T jny4Gi-1)N)-

When n # dng+iN for any 0 < i < rg, there is a unique integer ¢ such that dng+(i—1)N < n < dnp+iN,
for any (a1,...,a,) € Dy, let

/u’(Jn) < /~L(J(ink+(i—1)N)~

3.2.5. Estimation of (J,). We compare the mass with the length of fundamental interval and we will fre-

quently use the properties (2.4) — (2.6) of convergents in the process.

(1) When n = iN, for some 1 < i < {1, we have

) <
N
! tl_[o(ﬁvs (arn+1) Bgd(S)N

<2207V (by (2.6))
(3.13) q?ﬁz

1\**
S -
(Q?N)

< |Iinl’"F  (by (3.9)).
(2) When n = ¢;N =nq — 1, As in the (3.13), we have

£1—1 ]
Jn—1) <
" ! ,E) (]12\/:g (agny1) BN
1 s 1
2(41-1)
= " <q72L _1> Btiga(s)N (by (2.5))
1 STN 1
< (q2 ) BloaN (similar with (3.13)).
ni—1

s— %
1

S( n9d<)> '
qn1 1B
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Thus, using (3.7) we conclude that
s_2
(3.14) p(Jny 1) < |y a7V
(3) When n = jn; for any fixed 1 < j < d, we get the following estimation.

1

S A L R (a(im1yny 4tN41) BN

2

1 J 1 Y
< — (similar to case (2))
(Ar---Aj)" Bitm=Dgals) H <q7211—1 (a¢ )n1+1)>

i=1 -1

J TN
_ 1 H 1
AT AU (4 452 BitmDgats) L <Q?L1_1 (a(il)m+1)> ’

where the last equality is hold by (2.11). Notice that

q < 2(2] 1)+J . n1 Hin 1 z 1 n1+1)
Thus,
1 1
(3.15) | Jjny | >
Iml=6261-2( A, )2 ll_ll @2 1 (ai-1yn+1)

From (2.15) we see that Al_SjA;fsngd(s) = A;™* > 1. Therefore,

Bisals) I 1 o
,U(J'Tl) < sn
am (A - ..Aj)z ' H (qill (a(i—l)n1+1)>

=1

2

STN
) ) 1 1
< BI9a(s)[965—2 s—& I | )
— [ ] [626-7_2] (Al . 2n1 2 )

i= lqnl 1(a(l 1)n1+1

So we come to
(3.16) 1 (Jjn,) < |y |77
(4) When n = jny — 1 for 1 < j < d, we note that

3 AN 2 3
[imi| o 24 Gna 1 2

[ Tjni—1l = @, Al
We know that
M (Jjnlfl) = A;M/J' (Jjn1)
3.17 n s—2
o T { f— -
A;snleg —s)ny (A, - "Aj) S Bj(n1—1)ga(s) i1 \dny—1 (a(i—l)n1+1)

sn

19

Multiply the right hand side by % and note that A;1+SA1_ s Ajl-_sngd(s) = 1. Therefore, proceeding

as in the previous case, we come to

(3.18) 1 (Jjny—1) < |Jjny | ¥
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(5) When n = jn; +iN for some 1 < j < d and 1 <i < {1, we have

i—1

1
n zN < S Y Iin
R E}q?\r (@jny+en+1) BIa(IN (Jina)
s—2 S_%
(319) N qizN(ajnl—&-l) Q?nl

o\
<| =
Qini+iN

_ 2
L NTjny+in "V

(6) When n = dny + N for some 1 < ¢ < ry, we have

i—1

p (Jan,+in) < i
) tl:[)q?\fs adn1+tN+1)Bgd( s)N 1(Jan, )
s—3L 5_%
) (-
(320) - q?N(adnl—‘,—l) qznl

2

1\
< | =
Qin, +iN
2

< N Jany +in|TF

(7) When my +1 <n < ng — 1, we have
w(Jn) = (I, )-

Note that
|i]}:il| < 94N+5 o114 qi > 24N2+5N’
when n; is large enough. Thus, one concludes that
(3.21) p(Tn) < | Jnl™™ ™

(8) When n # jng +iN for any 0 < j <d, 0 <i < /¢ and n ¢ [m1 + 1,n2 — 1], there is a unique integer i
such that jn; + (1 — 1)N < n < jny +iN, we observe that

| Jnl 1%m+<z )N
| Jjni+(i—1)N | 6 a
1 1 2
~6 <2n_jn1_(i_1)Najn1+(i1)N+1 o an)

1/ 1 1\V
> — | —— .
= 6 \4M2

1(Jn) < p(Jjny 4+ (i—1)N)

Thus, one has

<|Jjmir—vn| ¥
(3.22) N s—2
<6 (4M7) 7 [ oW

S_i

< ||
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With the same method, when n # dny + iN for any 0 < i < rq, there is a unique integer i such that
dny + (i — 1)N < n < dn; + iN, one has

(3.23) (Jn) < "N
(9) When n = ng — 1, we have

1 Jng—1) = ()

’r‘k,171

X _
AP <qN(ad7lk \+tN41) BIes )N) 1;[ i

g 1
. (T,
=1 =0 <qJ2\f(ajnk1+tN+1)Bgd(s)N) i)

k—1 d—1 1 Ty —1 1
< am | BoaIN
. ] =0 qN (adnb+tN+1)

b=1 \j=1
d—18,—1 1 ) e
T -1
j=1 t=0 4% (@jny ren 1) BN "
k—1 [d—1
< L . 92(rp—1) 1
N b=1 j=1 A_"]lb q?rfd,fdnbfl(a’dnb"rl)Bgd(s)TbN

2

d—1 s 2
H( ) (75)
i=1 475 1 (ajn, 1) BIa()taN Gy 1

1
BIa(s) Xy my—2np+1

923,71 (re—1)+2 32521 (¢ —1)(np—1)

d—1 1

2s
qmd dny—1 adnb—i-l) anfl(a(j+1)nb+1)

EI

: (2)
A sdnbA (1-s nd(Al Ad)2snb Q3,1_1 ’

where the last inequality holds by (2.11). Notice that

k—1 k—1d—1
2d(k—1)+d(k—1 n n
qni—1 S 2 ( )+ ). H Alb : A b H qnb+1—dnb 1 adnb—i-l H H dny—1 ajnb+1)
b=1 b=1 j=0
k—1 k—1 k—1d-1
2d(k—1)4+d(k—1)+2N n n
< g2k RN L TTApe - AT - TT dmy—dng—1(@ang1) - TT 11 ame-1(@5mp41)
b=1 b=1 b=1 j=0
and
1

| Jnp—1| > ——
" SA?kqikq

k—1

S 1 H 1
- 3. 26d(k71)A71Lk et (Al .. Ad)an
k—1d—1

l:Iq : A ey @2, 1(@n,+1)

mpy—dnp— 1(adnb+1 b=1 j— anb 1 a]nb-l-l
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gd(s)

Combining everything together and using the fact that Ay = B~ , we have

(3.24) 1(Tn—1) < [T [P

(10) When n = jng for any k > 2 and 1 < j < d, we have

£ —1

1
/’L n ANk n : N(Jn 71)
J k A K H zk H) qN CL(Z 1)nk+tN+1) Bga(s)N k
< 1 1
> A;sjnkAgl—s)nk (Al . ~~Aj)25”k B(ng—1)ga(s)(—1)
(i) ()
=1 an 1(@ing+1) A?qu%k_1 '
Notice that -
j—
Gimy, < 22(J71)+1+JA7111¢ . A;Lk H an—l(amk—i-l) 1
=1
and
1 1 1 1
|Jn ‘ - 2 * .
e 6 Jan 6-261-2 (A )2 }_[1 qik 1(@ing+1) q%k—l

Using (2.15) and AjlfsAf > 1 we come to
5120
(3.25) (Tjny) < [Jjns| :
(11) When n = jng — 1 for any k > 2 and 1 < j < d, we have

M(Jjnkfl) An ( J’ﬂk)

Notice that

|Jjnk| < 2: .
| Jjny—1] = AL
and
.u(‘]j”k—l) Ank ( J”k)
ATk Jj—1 s—
B S— (i)
AI—SJnkA;PS)nk(Al...Aj)zsnk Bns— 19@(8 i=1) };[1 a2, 1 (ing,41)

1 .
<A?kq72;k—1> '

Combined with (2.15) and A5 > 1, one has

120

(326) /J'(Jjnkfl) < |Jjnk 1|S_T'

(12) When n = jny + iN for some 1 < j < d and 1 < i < £, we have

1
ng+1 : Jn
J Kt N H a]nk+tN+1)Bgd(s)N :LL( J k)

120

(3.27) o1 ( 1 )S‘ﬁ 1\ F
B Bgd(é)ZN q2N (a,]nk“rl) qJan

130

< |Jjnk+2N|g_7

S



METRICAL PROPERTIES OF FINITE PRODUCT OF PARTIAL QUOTIENTS IN ARITHMETIC PROGRESSIONS 23

(13) When n = dny +iN for any 1 < i < ry, we have
i—1

1
1(Jany+in) <
e g 4% (Qdn,+tn+1)

(3.28) 1 ( 1 )‘N 1\
< — - N2
= Bga(s)iN qi2N (adnk+1) qunk

_130
L N Jdng+in|"T N

Boawn ~HJan)

(14) When mg + 1 <n < mngy1 — 1, we have
M(Jn) = N(Jmk>-

Note that
||
| T

when ny is large enough. Thus, one concludes that

2
S 24N+5 and qi 2 24N +5N’

130
STN

(3.29) 1(Jn) < |Jnl

(15) When n # jngi +iN forany k > 1,0 < j < d, 0 < i <l and n ¢ [my + 1,np41 — 1], there is a unique
integer 4 such that jng + (i — 1)N < n < jng +iN, we observe that

Unl o 1Gmes-y
| Jimti—1yn| — 6 qr
1 1 2
~6 <2n_(i_1)N_jnkajnk+(i1)N+1 s an)
()
— 6 \ 4M?2 '

Then, we have

120
STN

1 (Jn) <t (Jjnprim)n) < | Tinpsi—nn]|

120

(3.30) .
<6- (4M2)V 11,7 < [T (by (3.28) and (3.9)).
With the same method, when n # dnyg + iV for any 0 < i < i, there is a unique integer ¢ such that
dng + (i —1)N <n < dny + iN, one has

130

(3.31) w(Jn) < [Jn 77N

In a word, for any n > 1, we conclude

130

(3.32) p(Jn) < [Jpl"7 N
3.2.6. Estimation of (B (x,r)). We consider the measure of a general ball B(x,r) with € Ej; and r small.
Let n be the integer such that

gn+1 S r< In-
By the definition of g,, it is clear that B (x,r) can only intersect one fundamental interval of order n, which

is J,.

(1) When n = jng — 1 for any k£ > 1 and 1 < j < d, considering whether the radius of the ball sometimes is

larger than the length of basic interval of order jnj or not, we divide this proof into two parts.
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(i) When r < |y, |, the ball B (z,r) can intersect at most four basic intervals of order jny, which is
Ijnk (al, sy Qgng, — 1), Ijnk (al, RN ,ajnk), Ijnk (al, sy Qgny + 1) and Ijnk (0,17 sy Qgng, + 2) Then
by (3.32) and (3.10)

230

(3'33) H (B (x,r)) < 4# (Jjnk) <4 ‘Jjnk|57iNO <40 ‘gjnk|57% <40rfT N

(ii) When r > |ILj,,|, by calculating the number of intersections between the ball and fundamental

intervals of order jny, we obtain the mass of the ball. Note that

1 N 1 > 1
Qjny, (ank +ank—1) B 2qg2'nk N 32A?kqg2'nk71

|Ijnk| =

b

so we estimate that the number of fundamental interval of order n, contained in Jj,, —1 that the ball

B (z,r) intersects is at most
2r - 32477, +2<64rATR g, .
Thus, by (3.32)
14 (B (l‘, 7“)) < min {/’6 (Jjnk—l) ) 64TA?kq,72’nk—1:u (Jjnk)}

. n 1
<u (Jjnkfl) min {17 64rAjqu2nk1M}
J

_1s0
(3.34) L Njn—1|”™ N mln{1,64rqj2.nk71}
§_ 130
]. N 2 S—%
< Z . (647"ank_1)
Ik —
<Pt

(2) When my < n < ngy1 — 2 for any k& > 1, consider r > |I,,;1]|, by calculating the number of intersections

between the ball and fundamental intervals of order n + 1, we obtain the mass of the ball. Note that

1 _ !
Gnt1 (G + qn) — 12¢2°

|In+1| =

so we estimate the number of fundamental interval of order n + 1 contained in J,, that the ball B (z,r)

intersects is at most
2 2
2r - 12q;, + 2 < 24rq,,.
Thus, by (3.32)

p (B (z,r)) <min{pu(Jn), 24rqip (Jusr)}
< p(Jn)min {1,24rq> }

< |Jn|87% min {1, 24rq }
1\ %

s_ 130
< <2> (247"q,21) N
q7L
130

<Lr®TN

(3.35)
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1
(3) When n # jni — 1 for any k > 1, we know that 1 < a, < M for any n > 1 and |J,,| < —
q

and (3.12), we have

s— 130
p(B(2,r) < p(Jn) < |Jul™ 7

130 130

STN S—N
2 2
n anrl

< UM | T[T N

3 s—130
< 240M |gn+1| N
< 240035 R

By Proposition 2.4, we conclude that
. 130
dimg Ep > s — N

Letting N — oo and then M — oo implies that

4. COMPLETING THE PROOF FOR GENERAL FUNCTION

n

. Then by (3.32)

In this section we focus on the dimension of Ay (®) for a general function ®(n). First, we introduce a result

we will use later. More details about this result can be found in Liiczak [12].
Lemma 4.1. For any b,c > 1, sets
{x €10,1): ay (x) > & for infinitely many n}

and
{x €[0,1) : an (x) > " for sufficiently large n}
share the same Hausdorff dimension 1/ (b+ 1).

Now we are ready to prove Theorem 1.5 that we split into several parts.

(1) For the case B = 1, we observe that

Ag (@)D {m €10,1) : ay (x) > ® (n) for infinitely many n € N}.

By the result of Wang and Wu [3], we obtain that dimg A4 (®) = 1.

(2) For the case 1 < B < o0, for any 0 < ¢ < B — 1 we have ® (n) > (B — )" when n is large enough. Thus,

we have

d
Ay (D) C {x €[0,1): Ham (x) > (B —¢)" for infinitely many n € N}.
i=1

On the other hand, one can choose a sparse integer sequence {n;};>1, such that for all j we have

O (n;) < (B+¢e)™ .

Then similar to Section 3.2 we will prove the lower bound by constructing and analysing set, analogous to

the set £y from the lower bound section. The only difference is that here we are given the sequence n; as

oppose to the lower bound proof, where we have chosen the sequence on our own. So in general we cannot

guarantee that ng — 1 is a multiple of N. However, we can express ng = N + 1, where 0 < rp < N.

Afterwards, we restrict partial quotients in blocks of the length N to be from the set {1,..., M} and we
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set partial quotients in positions corresponding to the remainder 7 to be equal to 2.

The rigorous proof of the lower bound for this set can be carried out from Section 3.2 with no more

changes. Now one can conclude

)\d(B + E) < dimpg Agq (@) < )\d<B — E).

Letting € — 0, we obtain dimyg Ay (P) = Aa(B).

(3) For the case B = 0o, we consider the following three cases.

(i)

For 1 < b < oo, for any € > 0 we have ® (n) > e(*==)" for sufficiently large n. We observe that

H a'm > e(b 2

implies that there exists 1 < < d such that a;, (z) > e®~9)"/? for any 2 € A4 (®). We note that

b=9)"/d > ((b=2¢)"
Thus, we obtain an upper bound of Ag (P).
Ag (@) C {x €0,1) : ay, (x) > 2" for infinitely many n € N}.
Therefore, by Lemma 4.1 we have

. < -
dlmHAd(q)) < 1+b—26

By the arbitrary of € > 0, we have

dimyg Ay (<I>) < %

As for the lower bound, we observe that for any ¢ > 0, we have ® (n) < e(®*®)" for infinitely many
n. Let

g= {n :®(n) < e(b"’a)n}.

Then we have

Ag(®)D {m €1[0,1) Ham ) > e®*9)" for infinitely many n € Q}

D {x €10,1) : ajp (x) > e(bJrE)m, 1 <4 < d, for infinitely many n € N}
Q{OUG[Oal)ia () > et fOrallnEN}
Thus, by the arbitrary of € > 0 we have

di Ag (@) = ——

impr Aa (@) = -

by Lemma 4.1.

For b = 1, the proof of the lower bound is same as the case 1 < b < oo, but in the end we take b = 1.

This implies that dimg Ay (®) > 1/2. As for the upper bound, we note that B = oo, so we have
log ®
0g® () _ 100 B,
n

for a sufficiently large By > 0. This implies ® (n) > B} holds for sufficiently large n. Then, we have

Ay (@) C {a: €[0,1) Ham ) > BY for infinitely many n € N}
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Thus
dimH Ad (CI)) S )\d(Bl)
Letting B; — oo and recalling Proposition 2.16, we obtain the desired result.
(iii) For b = oo, for a sufficiently large By > 0, we have

loglog @ (n)
n

> log Bs.
Thus @ (n) > eB2 holds for sufficiently large n. Then similarly to the case (i) we have
Ay (@) C {x €[0,1) : an; (z) > B/ oy infinitely many n € N}

for some 1 < ¢ < d. This implies that

1
Sy P —0
(BY jai) +1

dimpg Ay (‘I)) <

as By — o0.

5. PROOF OF THEOREM 1.4

For each n > 1 consider the set

Agn-1(®) ={z €10,1) : a1(@)ant1(2) - a@-1)n+1 = 2(n)}.

It is clear that z € Ag(®) if and only if 7" (z) € Agp—1(®P) for infinitely many n > 1. Thus by Lemmas 2.5

and 2.6, it suffices to see whether the Lebesgue measure the series ) L(Ag,(®P)) is convergent or not. We

get
1
L(Aan-1(P)) = > P R
A1, Q(d—1)n41:01 " A(d—1)n4+1>P(n) Aa-1yn+1
= > :
- 2 2 2 2 2
1y mg 01O 1ymg1 > P () a’lQn—l(a‘Q)a’n+l Qn—l(a(d72)n+2)a(d—1)n+1
d
1 1
- Z e Z a2aZ a2
atyees@n_1 1 a1-a(g—1yn4+1>®(n) 1¥n+1 (d=1)n+1
= X :
- 202 . ...q2 ’
a1 g 2®(n) A10n 41 g 1)n+1
d
In the last line, we used the fact that the term (Eal a1 q21 ) is at least 1/2¢ and at most 2¢. Note that
se@n—1 q2_)

as d is finite, omitting this factor will not change the convergence.
Finally, from the proof of Theorem 1.5 in [16] we know that
Z ﬁ 1 — O -1 (I)(n)
2 o
(a1,a2...,aq)€ENd:ay---ag>®(n) k=1 A (TL)

where the implied constant depends only on d.

This means that
= 1
E L(Agn( =0 — E og () = 0.

n=1

Application of Corollary 2.7 ﬁnlshes the proof.
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