A SIGNED COUNT OF 2-TORSION POINTS ON REAL
ABELIAN VARIETIES

MARIO KUMMER

ABSTRACT. We prove that a natural signed count of the 2-torsion points on
a real principally polarized abelian variety A always equals to 29 where g is
the dimension of A. When A is the Jacobian of a real curve we derive signed
counts of real odd theta characteristics. These can be interpreted in terms of
the extrinsic geometry of contact hyperplanes to the canonical embedding of
the curve. We also formulate a conjectural generalization to arbitrary fields in
terms of Al-enumerative geometry.

1. INTRODUCTION

Enumerative geometry classically counts the number of solutions to geometric
questions over the complex numbers or, more generally, over an algebraically closed
field. While over C the number of solutions usually is constant for generic instances
of the problem, the number of real solutions to a problem posed over R can vary.
One approach to deal with this phenomenon is to attach to each solution an in-
strinsic sign +1 such that the sum of these signs over all real solutions does not
depend on the specific instance of the enumerative problem anymore. Ideally, such
a signed count gives a sharp lower bound on the total number of real solutions. In
order to illustrate this principle consider the problem of counting lines on a smooth
cubic hypersurface in projective three-space. While over C the answer is always 27
[Cay09], there are real smooth cubic surfaces containing 3, 7, 15 or 27 real lines
[Sch53]. However, Segre [Seg42] introduced an instrinsic way to attach a sign +1
to each real line on a given real cubic surface in way that the sum of these signs
always equals to three. Note that this result implies in particular that there must
always be at least three lines. As there actually are real smooth cubic surfaces with
only three real lines, this is a sharp lower bound. These results where recently gen-
eralized and popularized in [FK13] and [OT14]. In this article, we introduce such a
signed count for the number of real 2-torsion points on a principally polarized real
abelian variety and we prove that it always equals to 29 where g is the dimension
of the abelian variety (Theorem [4.2]). This is the smallest number of real 2-torsion
points a real abelian variety of dimension g can have. While previously signed
counts are mostly realized as the Euler number of a well chosen vector bundle on
a parameter space of the enumerative problem, we prove our signed count in situs
on the abelian variety. To that end we introduce for every m € N and every field k
a bilinear pairing on A,, (k) x A, (k) valued in k> /(k>)™, where AV is the abelian
variety dual to the abelian A over k and A,,(k) the group of k-rational m-torsion
points (Section [3). In the case m = 2 and k = R we can identify R* /(R*)? with
{£1} and the sign attached to a real 2-torsion point is then given by the pairing of
the point with its image under the principal polarization. By applying these results
to the Jacobian variety of a real curve and the principal polarization given by a
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theta divisor (Section [5)), we also derive a signed count of real odd theta character-
istics (Theorem . This in turn implies signed counts of contact hyperplanes
to canonically embedded curves where the signs can be interpreted in terms of the
extrinsic geometry of the canonical curves (Theorem and its corollaries). In
particular, Corollary generalizes a signed count of bitangents to plane quartic
curves from [LV21]. The concept of a signed count can be generalized to arbi-
trary fields k as pioneered in [Lev20l [KW21] where the count takes its value in
the Grothendieck-Witt group GW (k) of k. In Section [§] we formulate a conjectural
generalization of our signed count to this context and prove it in a few special cases.

1.1. Conventions. If k is a field we denote its algebraic closure by k. If K is a field
extension of k and X is a scheme over k, we denote by X (K) the set of K-rational
points of X. The base change of X to K is denoted by Xx. A variety over k is a
separated scheme of finite type over k which is geometrically integral.

2. PRELIMINARIES ON ABELIAN VARIETIES

In this section we recall some facts on abelian varieties. We mostly stick to the
notation from [Mil86a]. Let A be an abelian variety of dimension g over the field
k. For any natural number m € N not divisible by char(k) the morphism A — A
defined by multiplication by m is étale of degree m?29 [Mil86a, Theorem 8.2]. We
denote by A, the fiber over the natural element under this morphism, i.e. A,,
is the scheme of m-torsion points. We denote by AV the dual abelian variety, see
[Mil864l, §9, §10].

2.1. The Weil pairing. Let K/k be a field extension, let m € N a natural number
not divisible by char(k) and g, (K) C K* the group of mth roots of unity in K.
There is a natural bilinear pairing

em: An(K) x AV (K) = pm(K)

called the Weil pairing. If K is algebraically closed, then e,, is a perfect pairing.
The Weil pairing e, has several equivalent descriptions, see e.g. [Mil86al §16].
We will use the following one (see [Lan83, VI, §4, Theorem 12] for a proof that it
agrees with the more standard definition given in [Mil86al, §16]). Let a € A,,(K)
and o’ € AY (K) C Pic(Ak). Let a’ be represented by the divisor D on Ay and
assume that the support of D neither contains @ nor 0. Since AVY = A [Mil86a),
§9], we can also consider a as an element of Pic(A);) represented by a divisor D’
on A}, whose support neither contains a’ nor 0. There are rational functions f on
Ak and f" on A}, such that div(f) =m - D and div(f’) = m - D’. Then one has

f(0) - f(a)
1 em(a,a) = 2t~
. )= 50y )
If K/k is a Galois extension and o € Gal(K/k), then o(en,(a,a’)) = e (o(a),o(a’)).
If \: A — AV is a polarization, see [Mil86al, §13], then the induced bilinear form

Ap(K) X A (K) = pm (K), (a,a") = ep(a, A(a"))
is skew-symmetric [Mil86al, Proposition 16.6].

€ fim(K).

3. ANOTHER PAIRING ON m-TORSION POINTS

We fix m € N which is not divisible by the characteristic of the field k. We let
A be an abelian variety of dimension g over k. The goal of this section is to define
a bilinear pairing on A,, (k) x Ay, (k) which shares several properties with the Weil
pairing e,,. However, its target will be the cokernel k> /(k*)™ rather than the
kernel i, (k) of the mth power map k* — k*.
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Let a € Ap(k) and @’ € AY,(k). Let a’ € Pic(A) be represented by a divisor
D on A whose support neither contains a nor 0. Since a’ is m-torsion, there is a
rational function f on A such that div(f) =m - D. We define

f(a)
b (a,a’) = e k> /(k*)™.
(a,0) 1= G5 € /()
This is well-defined since the rational function f~ obtained from another choice D
of a divisor representing a’ would be of the form f = f-h™ where div(h) = D’ — D.
It follows directly from the construction that b, is linear in the second factor:

Lemma 3.1. For all a € A, (k) and a},dy € A, (k) we have
bm(a,a} + ab) = by (a,al) - by(a,ay).
By carrying out the same construction for AV instead of A, we obtain a pairing
b, AV (k) x Ay (k) — k%) (B7)™

since A = (AY)Y. The two pairings b,, and b, are related via the Weil pairing.
Indeed, let a € A, (k) and a’ € AY, (k). Let a’ be represented by a divisor D
on A whose support neither contains a nor 0. Similarly, let D’ be a divisor on A
representing a and whose support neither contains b nor 0. Let f and f’ be rational

functions on A and A respectively such that div(f) =m- D and div(f’) =m- D"
Then we have
f(a) f'(a’)

2 =en(a,a)-

) 70 = ) T
by the definition of the Weil pairing e,, that we gave in Equation . In particular,
Equation implies the identity

(3) bm(a,a’) = epn(a,a’) - bl (d',a)

m

where we consider both sides as elements of £*/(k*)™. The following theorem

summarizes the properties of the pairing b,,.
Theorem 3.2. The pairing
b A (k) x AY (k) — K/ (B7)™
satisfies the following for all a,ay,as € Ap, (k) and o, a},ay € AY, (k):
(1) bm(a,ay + ay) = b (a, a1) - b(a, a5);
(i) by(a1 + az,a’) = by (a1, d) - by(ag,d);
(iii) by (a,a’) = en(a,a’) - b, (a’,a) where e, is the Weil pairing.
Proof. (i) is Lemma [3.1] and (iii) was observed in Equation (3). Then (ii) follows
from (2), (i¢4) and the bilinearity of the Weil pairing:
b (ai + az,a’) = em(ar + ag,a’) - b, (a’,a1 + az)
=em(ar,a’) b, (a,a1) enlaz,a’) b, (a' as)
= by (ar,a’) - by(az,d’). O

The pairing b, is also compatible with principal polarizations.

Lemma 3.3. Let \: A — AV a principal polarization and ay,as € A, (k). Then
bm(al, )\(CLQ)) = b;n()\(al), CLQ).

Proof. Let t: A — (AY)Y the canonical isomorphism and D’ a divisor on A that
represents t(ag) whose support does not contain 0 or A(a;). The homomorphism
A: A — AY induces a homomorphism AV: (AY)Y — AY which corresponds to
the pull back of degree zero line bundles on AY to A via A. Thus AV (:(az)) is
represented by D := A\~1(D’). Since ) is a polarization, we have A = A" o . Thus
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A az) = AV (i(ag)) is represented by the divisor D. Let f be a rational function on
A such that div(f) = m-D = m-A"1(D’) and let u: AV — A the inverse of \.

Then we have
fla) _ (fop)(Mar))

F0) — (fom(0)
The left-hand side is by, (a1, A(ag)) by definition. Because div(f o u) = m - D', the
right-hand side is b/, (A(a1), az). O

Corollary 3.4. Let \: A — AV a principal polarization and ay,as € A, (k). Then
bm (a1, A(az2)) = em(a1, AM(a2)) - by (az, AMay)).

Proof. We have by, (a2, A(a1)) = b, (A(az2),a1) by Lemma [3.3] and
em(a1, Naz)) - by, (Maz), a1) = b (a1, A(az))

by Theorem iii). O

For the rest of the section we focus on the case m = 2.

Definition 3.5. Let A\: A — AV a principal polarization. We define
q2: Az(k) = KX /(E™)?, a — by(a, Ma)).

Proposition 3.6. Let A\: A — AV a principal polarization. For all ay,as € Aa(k)
we have gz2(ay + az) = ez(ay, A(az2)) - g2(a1) - g2(az).

Proof. We have by (i) and (ii) in Theorem
q2(a1 + az) = q2(a1) - q2(az) - ba(ar, AM(az)) - ba2(az, A(a1)).
Using Corollary [3.4] we now obtain:

q2(a1)-q2(a2)-b2(a1, A(az))-ba(az, Ma1)) = ga(a1)-qa(az)-e2(ar, A(az))-ba(az, A(ar))?.
This implies the claim. O

Example 3.7. Consider the elliptic curve (E, O) defined over Q by

=2 — .

The three nontrivial 2-torsion points of E are P, = (—1,0), P» = (0,0) and P; =
(1,0). We consider the standard principal polarization A that sends a point P to
the divisor class of P—0O. A basis of F5(Q) considered as vector space over the field
of two elements is given by P, P». With respect to this basis the bilinear forms
ba(—, A\(—)) and ea(—, A(—)) are represented by the following two matrices:

2 -1 1 -1
<1 1) and (1 1 ) .
The entries of the left matrix are considered to be square classes and the entries of

the right matrix are from us(Q) = {£1}. Finally, we have ¢2(P1) = 2, g2(P2) = —1
and q2(P3) = 2.

3.1. Jacobians of curves. Let X be a smooth projective geometrically irreducible
curve of genus g over k with P € X (k). Let J be the Jacobian variety of X.
As a reference for the basic definitions and statements used in the following, we
recommend [Mil86b]. We denote by X () the nth symmetric product of X and we
identify elements of X (™ with effective divisors of degree n on X. The morphism

7: X9 — J D [D— gP]

is surjective and birational. The image of X9~ — X D — P + D composed
with 7 is a divisor © on J called the theta divisor. The map

(4) AiJ = JY, am [t — O]
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is a principal polarization. Here t,: J — J is translation by a. The goal of this
subsection is to describe the pairing b,,(—, A(—)) solely in terms of the curve X. To
this end let aq,as € Jp, (k). Let a; be represented by a divisor Dy = ?:1(Qi —P)

with @; € X (k) which is invariant under the action of the absolute Galois group
of k. Similarly, let as be represented by the divisor Dy = >0, (B; — A;) with

AiaBi EX(k)\{Panaan}

Lemma 3.8. The element A(as) € Pic(J) is represented by the divisor

r

Dyi= 3 (th 0,0~ th_5,0)

i=1
on J.

Proof. This follows from the theorem of the square [Mil86al, Theorem 6.7]:

T

[Z(t;fAie - t*PfBie)] = [tgle(PfAi)G) - t;lle(PfBi)G)]

i=1
= [tgle(Bi—Ai)@ - 6]
= [th,0 -6l

The last expression equals to A(az) since Dy represents as. O

Let f be a rational function on X such that div(f) = mD,. Let f the rational
function on X9 defined by Py + ...+ Py f(Py)--- f(P,). Its divisor equals to
(>0, Sp, — Sa,) where Sg :={D € X9 | D —Q > 0}. The image of Sg under
7 is the divisor tp_,0 = {[D] € J | D+ gP — @ > 0}. Via 7 we can consider f
as rational function on J and its divisor is then precisely —mDy. We further have

flar) = f(Q1)--- f(Q,) and f(0) = f(P)9. We therefore obtain
fP)?
F(@Q1) - F(Qy)

We spend the rest of the section making this description independent of the
choice of P. For this we need to set up some notation.

(5) bm (a1, A(az)) = € kX (k)™

Definition 3.9. Let g a nonzero rational function on X and D = > np - P a
divisor such that div(g) and D have disjoint supports. Then we define

g(D) = [[o(P)" € k.

Note that if deg(D) = 0, then g(D) only depends on div(g) (rather than on g)
because multiplying g with a nonzero scalar does not affect g(D) in this case. The
central ingredient for what follows is Weil’s reciprocity law, see for example [Sil09,
Ex. 2.11].

Theorem 3.10 (Weil reciprocity). Let g1, ga nonzero rational functions on X such
that div(gy) and div(ge) have disjoint supports. Then g1(div(ge)) = g1(div(gz)).

Theorem 3.11. Let aj,as € J, (k) represented by divisors Dy, Dy on X with
disjoint supports and \ : J — JV the principal polarization defined in Equation
by the choice of ©. Let f be a rational function on X such that div(f) = mDs.
Then

bi(a1,N(az)) = f(=D1) € k™ /(k*)™.
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Proof. By Equation it suffices to show that the class of f(D;) in k*/(k*)™
does not depend on D; but only on its class modulo linear equivalence. Thus let g
a nonzero rational function on X and consider

f(Dy+div(g)) = f(D1)- f(div(g))
= f(D1)-g(div(f))
= f(D1)-g9(D2)™

where the second equation follows from Weil reciprocity. O

Example 3.12. Consider the hyperelliptic curve X defined over Q by
5
v =@ =9
i=0
Let J its Jacobian and \: J — JV the principal polarization defined by a theta
divisor. For i =0,...,5 let P; = (4,0). The 15 nontrivial 2-torsion points of J are
a;; = P; — Py for 0 <4 < j < 5. On these points the Weil pairing can be easily
described as
ealaij, Man)) = (_1)\{1‘71'}0{1@71}\.

Using Theorem one further computes that go(ag1) = 5, go(ag2) = —10,
g2(ap3) = 10, g2(aps) = —5 and g¢a(ags) = 1. Finally, for 0 < i < j < 5 we
have

q2(aij) = q2(ao; + aoj) = —q2(aoi)g2(ao;)
by Proposition [3.6]

4. REAL ABELIAN VARIETIES

4.1. Preliminaries. We now turn to abelian varieties over R. We first recall some
basic properties of real abelian varieties from |[GHS81]. Let A be an abelian variety
of dimension g over R. By abuse of notation, we denote the abelian group A(C)
also by A. We denote by A°(R) the connected component of A(R) which contains
the neutral element. We further denote AJ(R) = A3(R)N A°(R). The group A°(R)
is isomorphic to (R/Z)?. We let A : A — AV a principal polarization. The map
(6) p2(C) = p2(R) = {1} — R*/(R*)?
sending +1 to its square class is an isomorphism and we identify both sides with
the additive group Zg = 7Z/27. The Weil pairing defines a symplectic bilinear form
(a1, a2) := ea(a1, Maz)) € Zs
on Aj for which AY(R) is a maximal isotropic subspace. Thus we can extend a basis
v1,...,v, of AY(R) by some w1, ..., w, to a symplectic basis of As. This choice of
basis identifies As with Z%g in such a way that writing a = (‘ZL;) with a,,a; € Z§
for a € Z37, we have (a,c) = al,c; — ale, for a,c € Z57.

4.2. A signed count of 2-torsion points. With this preparation, we are ready
to prove a signed count of the real 2-torsion points on a principally polarized real
abelian variety.

Lemma 4.1. The bilinear form
As(R) x A3(R) = Za, (a1, a2) — ba(a1, Maz))
is trivial on AJ(R) x Az(R).
Proof. Let A(az) be represented by a divisor D on A and f a rational function on

A such that div(f) = 2D and f(0) = 1. The rational function f has constant sign
on A°(R) since div(f) = 2D and this sign is positive since f(0) = 1. O
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Recall the definition g2(a) = ba(a, A(a)) for a € A2(R). We regard g2(a) as an
element of {#1} via Equation (6). The sum over all g2(a) only depends on g:

Theorem 4.2. For every principally polarized abelian variety A of dimension g
over R we have the following equality in Z:

Z q2(a) = 29.

a€Az(R)

Proof. By Lemma the sum of all ga(a) with a € AJ(R) equals to 29. For any
0 # ¢ € Z§ denote
Ve={a€ Az |a;=c}.

The set A2(R)\ A(R) is contained in the disjoint union of all V,. for 0 # ¢ € Z3. Fix
some 0 # ¢ € Z3 and let b € Z§ a unit vector such that c¢'b = 1. Let 0 # d € AJ(R)
with d,, = b (and d; = 0). The 2-element subgroup generated by d acts on V... Each
orbit {a +md | m € Zy}, a € V., has length 2. Since d € A(R), ecither the entire
orbit is contained in A(R) or it is disjoint from A(R). In the former case we have

g2(a +d) = ga(a) - g2(d) - (=1)!*¥ = —g5(a)
where the first equality follows from Proposition and the second by
(a,d) = al d; — ald, = c'b =1 € Zs.

Thus each orbit consists of one element a’ with ¢2(a’) = 1 and one element a” with
g2(a”) = —1. This proves the claim. O

Remark 4.3. Theorem remains valid when replacing R by an arbitrary real
closed field R. The analogues over R for the properties of real abelian varieties that
we used in the proof can be found in the appendix of [CTS96].

Example 4.4. Consider the elliptic curve E defined by
1
y' = 3@ +3)(=" +1),
It is depicted in Figure [1] on the left. Besides the neutral element O at infinity,
this curve has one more real 2-torsion point @ = (—3,0). We consider the standard
principal polarization that sends a point P to the divisor class of P—0O. We clearly
2

have g2(0) = +1. Letting f = £41 we have that § div(f) is linearly equivalent to
@ — O. Thus we can compute g2(Q) as the sign of

Q) _ 1

o)y 9
This is consistent with Theorem as

Z ¢2(a) = q2(0) +@2(Q) =1+1=2=29

a€E(R)

Example 4.5. Consider the elliptic curve E defined by

1

y? = gm(x —1)(x + 3).

It is depicted in Figure [1| on the right. Besides the neutral element O at infinity,
this curve has three more real 2-torsion points @1 = (—3,0), Q2 = (0,0) and
Q3 = (1,0). We consider the standard principal polarization that sends a point P
to the divisor class of P — O. We clearly have ¢2(O) = +1. Letting f = £=1 we
have that %div( f) is linearly equivalent to @1 — O. Thus we can compute g2(Q1)
as the sign of

f(@) _ 4

fo) 3
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Similarly, one computes that ¢2(Q2) = —1 and ¢2(Q3) = +1. This is consistent
with Theorem [£2] as

> @) = 2(0) + ¢2(Q1) + 02(Q2) + q2(Qs) =1+1—-1+1=2=29,
a€E(R)s

O

FIGURE 1. The two elliptic curves from Example [£.4] and Exam-
ple and their non-trivial torsion points. 2-torsion points a
with ¢2(a) = +1 are marked red while 2-torsion points a with
g2(a) = —1 are marked blue.

Example 4.6. Let J be the Jacobian variety of a smooth real curve of genus two
together with the principal polarization defined by the theta divisor. Its Kummer
surface is the quotient of J by the involution a — —a. It can be embedded as a
nodal surface X of degree four in P3. Its 16 singularities correspond to the 2-torsion
points of J as these are the fixed points of the involution. Given a real nontrivial
2-torsion point a of J we can read off ¢3(a) from the geometry of the Kummer
surface X. Namely, there are exactly two real hyperplanes H; and H, that each
contain six nodes of X, two of which are the ones corresponding to 0 and a. Then
q2(a) is +1 if and only if each connected component of RP? \ (H; U Hy) contains
an even number of real singularities of X. Figure [2] displays a Kummer surface all
of whose 16 nodes are real. Ten nodes correspond to a positive 2-torsion point and
the remaining six to a negative one. Since 10 — 6 = 4 = 29, this is consistent with
Theorem 2

4.3. A geometric interpretation of b,. We want to give a more topological
interpretation of the pairing bs. The results from this subsection are not needed
for the further progress of the paper.

Let a € A3(R) and o’ € AY(R). Let L the line bundle on A corresponding to a’
and fix an isomorphism ¢: L ® L — O4. One can associate an unramified double
cover ¢: A — A with v as follows. The multiplication defined on @4 & L by

(7) (a,8)-(bt):=(a-b+Y(s®t),a-t+b-s)

for sections a,b of O4 and sections s,t of L equips O4 @ L with the structure of
an O4-algebra. Then A is given by Spec(O4 @ L). The preimage of a real point
p € A(R) under f either consists of two real points or a pair of non-real complex
conjugate points.

Proposition 4.7. We have ba(a,a’) = 0 € Zs if and only if p~*(a) has the same
number of real points as ¢~1(0).
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FI1GURE 2. The Kummer surface of a real curve of genus two whose
real part has three connected components. All of its 16 singularities
are real. Nodes that correspond to a nontrivial 2-torsion point a
with g2(a) = 41 are marked red while nodes that correspond to a
nontrivial 2-torsion point a with ¢2(a) = —1 are marked blue. The
node which corresponds to the neutral element is marked black.

Proof. Let D a divisor corresponding to L such that 0 and a are not in the support
of D. For every nonempty open subset U of A we can identify L(U) with the
set of rational functions g on A for which the restriction of div(g) + D to U is
effective. Then there is a rational function f on A with div(f) = 2D such that the
isomorphism ¢ is given by 1(g1 ®g2) = ##. Let p € A(R) not in the support of D.
Then, for a sufficiently small open affine neighbourhood U of p, the O4(U)-module
L(U) is generated by the element 1. Thus by Equation the O4(U)-algebra

O ;(¢71(U)) is generated by (0,1) and we have
1
f )

(07 1) ) (Ov 1) = ( O)'

Therefore, we have that

oxe Wy = 0aw) [\/7]

as O4(U)-algebras. In particular, the point p has a real preimage under ¢ if and

only if f(p) > 0. Thus ¢~ !(a) has the same number of real points as ¢ ~1(0) if and

only if % > 0 which implies the claim by the definition of bs. 0

We will see another interpretation of by in Section |8.2
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5. JACOBIANS OF REAL CURVES

Now let X be a smooth projective geometrically irreducible curve of genus g
over R with X(R) # § and let J be its Jacobian which comes with a principal
polarization A : J — JV given by the theta divisor. Let Xp,..., X, the connected
components of X (R). Then J(R) = ZJ** by [GHSI] Proposition 3.2]. Further let
Gal(C/R) = {1, 0}. Finally, we denote a(X) =1 if X(C) \ X(R) is connected and
a(X) = 0 otherwise.

Let ¢ € Jo(R) represented by a divisor D on X. Then there is a rational function
f on X such that div(f) = 2D which is nonnegative on X,. Such f has constant
sign on every X; and we let sg;(c) € Zy such that this sign equals (—1)%:(9). This
defines a group homomorphism

sg: Jo(R) = Z5, ¢ = (sg1(¢), - -, s8,(c))-

Note that sgy(c) = 0 for every ¢ € J3(R). Now let ¢ € Pic(X), represented by a
divisor D =} pcx np - P on X. It follows from [GH81, Lemma 4.1] that for each
1, the parity of c on X, i.e. the residue class

par;(c) := Z np € Zs
PeX;
does not depend on the representing divisor D. We write
par(c) = (par, (0), ..., par, (¢)) € Z3.
Note that pary(c) is determined by par(c) and the degree of ¢. For instance if
¢ € J(R) = Pic’(X), then we have pary(c) = >.;_, par;(c). The kernel of the
group homomorphism par: Jo(R) — Z3 is J§(R) [GHSIL proof of Proposition 3.2].
Combining these two maps we obtain the homomorphism

(sg,par) : J2(R) — Z3 © Z5.

Lemma 5.1. The homomorphism (sg, par) is surjective. Its kernel has dimension
g — s as Zy-vector space.

Proof. Surjectivity was shown in [GM77, §5]. The statement on the kernel then
follows from J,(R) = Z37°. O

Our pairing bs can also be expressed in terms of par and sg.

Proposition 5.2. For every aj,as € Jo(R) we have

ba(a1, AMaz)) = Zpari(al) -sg;(az) € Zy.
i=1

Proof. Let ay, as represented by divisors D1, Do on X with disjoint supports. Let
f be a rational function on X such that div(f) = 2Dy. Then by Theorem we
can compute by(ai, A(az)) as the square class of fo(—D1). Let Dy =) poynyp - P.
Then fo(—D;) has the same square class as

I e =11 II £
)

PeX (R i=0 PeX;

The square class of [ pe , f2(P)"* is nontrivial if and only if 5 . np is odd and
f2 has negative sign on X;. Since this is equivalent to par;(a;) - sg;(az) = 1, the
claim follows. O

The Weil pairing defines a symplectic bilinear form

Jo X Joy — Zg, (al,a2> = 62(@1,)\(&2)).
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In the following we will construct a specific symplectic basis of Js. By Lemma [5.1
we can choose some elements vy, ...,vs,w1,...,ws € Jo(R) that are mapped by
(sg, par) to the standard basis of Z§ @ Z3 and a basis ve11, ..., v, of ker(sg, par).

Lemma 5.3. The basis vi,...,vg,w1,...,ws of Jo(R) satisfies (v;,w;) = &;5,
(vi,v;) =0 and (w;,w;) =0 foralli=1,...,gand j=1,...,s.

Proof. By Proposition we have ba(v;, A(w;)) = &;; and ba(w;, A(v;)) = 0 for all
i,j. Theorem [3.2(iii) thus implies that (v;,w;) = d;;. Similarly ba(v;, A(vj)) = 0
and by (w;, A(w,;)) = 0 implies (v;,v;) = 0 and (w;, w;) = 0 for all ¢, 5. O

Theorem 5.4. There is a symplectic basis vy,...,vg, W1,...,wy of Jo with the
following properties.
(i) v1,...,94,W1,...,Wws is a basis of Jo(R).
(ii) sg;(vi) = dij and par;(v;) =0 for alli=1,...,g and j =1,...,s.
(ii) sg;(w;) =0 and par;(w;) = &;; for alli,j=1,...,s.
(iv) The representing matriz of o: Jo — Jo with respect to this basis is of the form

Iy H
0 I,

where 14 is the g X g identity matriz and H is a block matrix

0 0
m= (o )

of rank g—s. Here H' is the (g — s) X (g — s) identity matriz if a(X) =1 and

. . L 1\ .
H' is a block diagonal matriz with blocks (1) 0) if a(X) =0.
Proof. By the preceding lemma we can complete vy, ..., vq, w1, . .., w, to a symplec-
tic basis v1,...,vq, w1,...,wy of Jo. By construction this basis satisfies (z)—(4it).
Because o: Jo — Jy preserves the symplectic form and fixes v1, ..., v, w1,. .., ws,

its representing matrix with respect to our chosen basis is of the form

I, H
0 I,

where I, is the g x g identity matrix and H is a block matrix

0 0
“= (o )

of rank ¢ — s and H' is symmetric. As in [GH81), Proposition 4.4] we can bring
H' into the desired form by a change of coordinates on wgy1,...,w, and the cor-
responding change of coordinates on vs41,...,vq, [l

6. REAL THETA CHARACTERISTICS

Let X be a smooth projective geometrically irreducible curve of genus g over
R with X(R) # 0 and let J be its Jacobian. Again let Gal(C/R) = {1,5}. Fur-
ther let Xj,..., X the connected components of X (R). We fix a symplectic basis

Vi, ...,Vg,W1,..., Wy of Jo as in Theorem [5.4 Every c € J> can be written as
g g
c= Z a;v; + Zbiwi
i=1 i=1
and we define ¢, := (a1,...,a4)" € Z§ and ¢; := (by,...,by)" € Z3.

Recall that a quadratic form with polarity (—,—) (here (a,b) = ea(a, A(b)) as in
the previous section) on Js is a map q: Jo — Zy such that

q(ar + az) = q(a1) + q(a2) + (a1, az)
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for all a1, ay € Jo. We denote by Q(Jz2) the set of all quadratic forms with polarity
(—,—) on Js.

Definition 6.1. By a theta characteristic on X we mean a line bundle L on X¢ such
that L ® L is isomorphic to the canonical line bundle on X. A theta characteristic
is called even or odd according to the parity of the dimension of its space of global
sections. We say that L is a real theta characteristic if it arises as base change from
a line bundle on X. This is equivalent to being fixed under o.

As a reference for the following statements on theta characteristics we recom-
mend [Dol12, Chapter 5]. For every theta-characteristic v € Pic(X¢) the map
Qi Jy = T, a > h%(a+v) + 1O (v)

is a quadratic form with polarity (—, —). Moreover, the map v + ¢, is a bijection.
If v is a theta characteristic and a € Js, then a4 v is a again a theta characteristic
and we have for all ¢ € Js:

(8) Gatv(c) = qu(c) + (a; ).

A theta characteristic v is even resp. odd if and only if arf(g,) = O resp. arf(q,) = 1.

Here arf(-) denotes the Arf invariant of a nonsingular quadratic form over the field

Zs, see [Knu91l §1V.4]. The theta characteristic v is real if and only if ¢, = ¢, o 0.
A specific element of Q(J3) is the following

t
q0: JQ—)ZQ,C'—)CU'CZ.

We denote the theta characteristic corresponding to qg by 79. Note that by Propo-
sition 5.2 and Theorem [5.4] we have go(c) = g2(c) for all ¢ € J5(R). For every a € J;
we denote g, := ¢q+4n,- Then Equation translates to
(9) qa(c) = qo(c) + {a, ).
The map Jo — Q(Jz2), a — ¢, is a bijection and one has arf(g,) = go(a). In
particular, the theta characteristic ng is even.
Lemma 6.2. We have

qdo ©0 = {gn
where h =37 v; if a(X) =1 and h =0 if a(X) = 0.

Proof. For ¢ € J, we have that o(c) is given in coordinates
(6 2)G)-(30")
0 I ] q
where H is the matrix from Theorem (iv). Therefore, we have
o(o(c)) = qo(c) + cjHey.
By our definition of h, we have ¢f H¢; = (h, ¢). This implies by Equation @
40(0(e)) = ao(c) + () = an(c). O

Corollary 6.3. For every a € Jo we have g, © 0 = qs(a)+n where h is defined as
in Lemma[G.2

Proof. For ¢ € J, we have

qa(0(c)) = qo(o(¢)) + (@, 0(c)) = qn(c) + {o(a), c)

Here the first equality is Equation @D and the second is Lemma together with
the fact that complex conjugation is self-adjoint with respect to the Weil pairing.
Then Equation implies the claim. (I
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Corollary 6.4. For all ¢ € Js, the theta characteristic ¢+ ng is real if and only if
the last g — s entries of ¢; are equal to a(X). In particular, the theta characteristic
no is real if and only if a(X) = 0.

Proof. By Corollary the theta characteristic ¢ 4 7 is real if and only if
c=o(c)+h

where h is defined as in Lemma [6.2] Expressed in the coordinates of our chosen
symplectic basis v1,...,vq4, w1, ..., wy of J2, this means

e\ (I H Cy n hay
Cy o 0 Ig Cy hl ’
Since h; is zero, this reduces to
He + hy, =0.

Now the claim follows from the description of H in Theorem O

Definition 6.5 ([Kne76]). A rational differential w # 0 on X is called definite if w
has even order at all real points. It is called strictly definite if it has no real poles
or zeros. Two definite differentials w and w’ are equivalent if w’' = & f - w for some
real rational function f that is nonnegative on X (R) (wherever it is defined). A
semi-orientation on X is an equivalence class [w] of definite differentials on X.

Remark 6.6. There are exactly 2° different semi-orientations on X and each one
contains a strictly definite differential by [Kne76, p.63]. A strictly definite differen-
tial defines a volume form on X (R) and thus defines an orientation in the classical
sense. Therefore, a semi-orientation is an equivalence class of orientations modulo
global reversion and vice versa. The complex semi-orientation is the equivalence
class of the orientation on X (R) induced by an orientation of one of the connected
components of X (C) \ X(R) modulo global reversion.

Definition 6.7. If v is a real theta characteristic of X represented by a divisor
D, then 2D is the divisor of a definite differential w. The semi-orientation [w] does
not depend on the representing divisor D. We say that [w] is induced by v and we
write [v] := [w].

Remark 6.8. It was pointed out in [Vin93, Proof of Proposition 4.2] that if w
is a regular definite differential, then [w] is not the complex semi-orientation. In
particular, the complex semi-orientation is not induced by any real odd theta char-
acteristic.

Theorem 6.9. Let a(X) = 1. Let Q be a semi-orientation on X and e € Z§. There
are ezactly 297571 even and 29751 odd real theta characteristics v on X such that
[V] = Q and par(v) = e.

Proof. By Corollary [6.4] the set of real theta characteristics corresponds to the set
of all ¢, such that the last g — s entries of ¢; are equal to 1. Since we chose our
basis according to Theorem there are uy, us € Z3 such that the set of real theta
characteristics v on X such that [v] = Q and par(v) = e corresponds to the set of
all g. where

(i) the first s entries of ¢, are equal to uq,

(ii) the first s entries of ¢; are equal to us, and

(iii) the last g — s entries of ¢; are each equal to 1.
Thus there are in total 297° such real theta characteristics. Finally, such a theta
characteristic is even if and only if the sum of the last g — s entries of ¢, is equal to
ufuy. Thus there are 297571 such real even theta characteristics. The remaining
ones are odd which implies the claim. O
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Definition 6.10. Let Q2,5 two semi-orientations on X. Let wy,ws rational dif-
ferentials that induce Q1,5 such that wy = f - w; for a rational function f which
is nonnegative on Xy. For j = 0,...,s we say that Q; and Qo agree (differ) on
X, if f is nonnegative (nonpositive) on X;. In particular, by definition, any two
semi-orientations agree on Xj.

Theorem 6.11. Let a(X) = 0. Let Q be a semi-orientation on X and € € Z§. Let
n the number of indices i € {1,...,s} such that both e, = 0 and Q differs from the
complex semi-orientation on X;. There are exactly 297° real theta characteristics
v on X such that [v] = Q and par(v) = e. These are all odd resp. even depending
on whether n is odd or even.

Proof. Recall that 7 is the theta characteristic corresponding to the quadratic form
qo- We have already seen that 79 is real and even. Let 0y the semi-orientation
induced by 19 and 7 = par(ny) € Z5. By Corollary the set of real theta
characteristics corresponds to the set of all ¢, such that the last g — s entries of ¢
are equal to 0. Let u; € ZJ be the vector whose iths entry is 0 if and only if
agrees with Qo on X;. Similarly, let us = ¢ — 7 € ZJ. Since we chose our basis
according to Theorem the set of real theta characteristics ¥ on X such that
[v] = Q and par(v) = € corresponds to the set of all ¢. where

(i) the first s entries of ¢, are equal to uy,
(ii) the first s entries of ¢; are equal to us, and
(iii) the last g — s entries of ¢; are each equal to 0.

Thus there are 297° such real theta characteristics. These are all even or odd
depending on whether ufus is zero or one. The case u; = 0 implies in particular
that there is no real odd theta characteristic which induces Q. By Remark [6.§] the
complex semi-orientation is not induced by a real odd theta characteristic. Thus
Qg, being the only semi-orientation not induced by a real odd theta characteristic,
must be the complex semi-orientation. Similarly, the case uy = 0 implies that there
is no odd real theta characteristic v with par(v) = 7. It was shown in [GHS8Il p.169]
that this implies 7 = (1,...,1). This shows that u{us is zero resp. one if and only
if n is even resp. odd. O

The proof of Theorem has shown:

Corollary 6.12. If a(X) = 0, then the theta characteristic 1y corresponding to qo
induces the complex semi-orientation and par(ng) = (1,...,1).

6.1. Totally real theta characteristics. There has been recent interest in totally
real theta characteristics.

Definition 6.13. A theta characteristic v on X is called totally real if v = [P} +
...+ P,_4] for some P; € X(R).

The results from the previous section can be used to reprove the bounds from
[Kumn19].

Corollary 6.14.

(i) Let s = g — 2 and a(X) = 1. Each semi-orientation is induced by at least 2
totally real odd theta characteristics. In total, there are at least 2971 totally
real odd theta characteristics.

(i) Let s = g — 1. Each semi-orientation is induced by at least g totally real odd
theta characteristics. In total, there are at least g - 2971 totally real odd theta
characteristics.

(iii) Let X be an M-curve, i.e. s =g. Then there are at least w 2971 totally
real odd theta characteristics.
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Proof. Let s = g — 2 and a(X) = 1. By Theorem every semi-orientation
is induced by 2 odd real theta characteristics that have odd degree on all g — 1
components of X (R). Such theta characteristics are totally real. This proves (7).

Let s = g — 1 which implies a(X) = 1. By Theorem every semi-orientation is
induced by one odd real theta characteristic which has odd degree on some chosen
g — 1 components of X (R). Such theta characteristics are totally real and there are
g possibilities of choosing g — 1 out of g components. This proves (7).

Let s = g which implies a(X) = 0. For each choice of g — 1 components of X (R)
there are 297! real odd theta characteristics that have odd degree precisely on these
components by Theorem [6.11 (]

We can summarize the three cases of the preceding corollary as follows.

Corollary 6.15. If g < s+ a(X) + 1, then there are at least

s+1 _99-1
g—1

totally real odd theta characteristics.

Trivial upper bounds on the number of totally real odd theta characteristics
are simply given by the number of real odd theta characteristics. It is not known
whether these upper and lower bounds are sharp.

Question 6.16. Are there curves of any possible type (g, s,a) such that all of its
real odd theta characteristics are totally real?

Question 6.17. If g < s+ a(X) + 1, are there curves of type (g,s,a) such that

exactly (;i) 2971 of its real odd theta characteristics are totally real?

Question 6.18. If g > s+ a(X) + 1, are there curves of type (g,s,a) such that
none of its real odd theta characteristics are totally real?

There exists evidence for a positive answer to all of these questions when g < 4,
see [KRSNS18, [HKSS18, [Kum19).

6.2. Signed counts of real odd theta characteristics. In the spirit of Theo-
rem we can also derive some signed counts for real odd theta characteristics
which only depend on the genus g of X.

Lemma 6.19. Let v be a real theta characteristic on X. If a(X) = 0, then we
assume that v does not induce the complex semi-orientation. There are exactly 297"
elements a € J3(R) such that a + v is a real odd theta characteristic.

Proof. Let ¢ € Jy such that ¢. = q,. Our assumptions imply that ¢; € Z§ is not
the zero vector. For a € Jo the condition a € J9(R) translates to a; = 0 and a + v
being odd to

1= arf(qare) = (a+e)ep & alep =1+ e

Since ¢; # 0, there are exactly 297! such a. O

Theorem 6.20. Let v a real theta characteristic on X. If a(X) = 0, then we
assume that v does not induce the compler semi-orientation. Then

-1
> g2(n—v)=27".
n real odd theta characteristic

Proof. Let ¢ € Js such that ¢. = ¢q,, i.e. ¢ =v — 1. Our assumptions imply that
¢; € Z§ is not the zero vector. We have

{n — v | n real odd theta characteristic} = {b € J2(R) | arf(gp4.) = 1} =: T.
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Indeed, let n a theta characteristic and b =  — v. Since v is real, we have that 7 is
real if and only if b is real. Further 7 is odd if and only if arf(g,) = 1 and we have
Gy = Qb+c since n = b+ c+ ny. Thus we have to show that

S ga(b) =297

beT.
Since ga(b) = 1 for b € JI(R) it suffices by Lemma m to group the elements of
T. \ JY(R) into disjoint pairs {b,b'} with q2(b) = —q2(b’). We proceed as in the
proof of Theorem The set T, \ JI(R) is a disjoint union of sets

T.a=1{b€ o(R) | b =d, (cy, +b,)"(c; +d) =1}

where d € Z5\{0}. For every such d there exists a0 # f € JI(R) with fi-(¢;+d) =0
and f! -d = 1 because ¢; # 0. The 2-element group {0, f} then acts on 7,4 by
addition. Each orbit {b,b+ f} has length two and since f € J(R), either both its
elements are real or none is. In the former case we have

@b+ ) =q2b) - q2(f) - (=D = gy(b) - (=1)e! = —ga(b).
This proves the claim. O

Since no real odd theta characteristic induces the complex semi-orientation, we
obtain:

Corollary 6.21. Let v a real odd theta characteristic on X. Then

Z qg(n—y):2g*1.

n real odd theta characteristic

We give an interpretation of these signed counts in the next section.

7. CONTACT HYPERPLANES TO CANONICAL CURVES

In this section let X C P9~! always denote a non-hyperelliptic smooth geomet-
rically irreducible projective real curve of genus g > 3 with X(R) # 0 embedded
via its canonical embedding. As in the previous section let J be its Jacobian and
Xo,...,Xs the connected components of X (R). In this situation odd theta char-
acteristics can be interpreted as contact hyperplanes to X.

Definition 7.1. A contact hyperplane of X is a hyperplane which interesects X at
every intersection point with even multiplicity.

In the following we assume that X has only finitely many contact hyperplanes.
This condition can be phrased in terms of theta characteristics as follows.

Lemma 7.2. The canonically embedded curve X has only finitely many contact
hyperplanes if and only if h°(v) € {0,1} for every theta characteristic v of X. This
condition is true for a general curve of genus g > 3. In this case there is a natural
bijection between (real) odd theta characteristics and (real) contact hyperplanes.

Proof. The genericity statement is given by [TiB87, Theorem 2.17]. Because X is
embedded via the complete canonical linear system, hyperplanes are in bijection
with effective canonical divisors. Hence contact hyperplanes are in bijection with
effective divisors D such that 2D is canonical, i.e. effective divisors whose associated
line bundle is a theta characteristic. Let v be a theta characteristic. If h°(v) = 0,
then there is no effective divisor corresponding to v. If h%(v) = 1, then there is
a unique effective divisor corresponding to v, and if h°(v) > 1, then there are
infinitely many effective divisors corresponding to v. Finally, because X (R) # 0,
every real line bundle on X is represented by a conjugation invariant divisor [GHSI]
Proposition 2.2]. This proves all of our claims. U
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By the preceding lemma Theorem [6.20] gives a signed count of real contact hyper-
planes which we will now interpret in terms of the extrinsic geometry of X C P9~1.

Definition 7.3. A rational function f on X is called definite if it has even order
at all real points. Such f has constant sign on X; for i = 0,...,s and we define
sg;(f) € Zs such that f has sign (—1)*%:(/) on X;. Letting div(f) = > pey np - P
we further define par;(f) :== > pcx, " € Za fori=0,...,s.

Remark 7.4. If div(f) = 2D and ¢ € J2(R) is the 2-torsion point represented by
D, then we have sg,(c) = sgy(f) +sg,;(f) and par;(f) = par,;(c) for i =0,...,s.

Definition 7.5. A weak contact hyperplane of X is a real hyperplane which intere-
sects X (R) at every intersection point with even multiplicity.

Remark 7.6. Let Hq, Hy be two different weak contact hyperplanes of X. Then
RPI~1\ (H; U Hy) has two connected components and each X; is contained in the
closure of one such connected component.

When we count contact points of a (weak) contact hyperplane H with certain
properties, we always count with multiplicities: If H interesects X in a point P
with multiplicity 2k, we count P as k-fold contact point of H with X.

Definition 7.7. Let Hy, H> be two different weak contact hyperplanes of X and
let A be the connected component of RPY~!\ (H; U Hy) whose closure does not
contain Xy. Let n be the number of real contact points to H; and Hs that lie on
a connected component of X (R) which is contained in the euclidean closure of A.
We define the type of the pair of weak contact hyperplanes H; and Hs as

Typey, (Hi, Hy) = (—1)".
If Hy = Hy, then we let Typey, (Hi, Hz) = 1.

FI1GURE 3. The red lines are two weak contact hyperplanes of a
genus three curve canonically embedded as a plane quartic. If X

is one of the upper two ovals, then of the type of this pair of lines
is —1 and otherwise +1.
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Lemma 7.8. Let Hy, Hy be two different weak contact hyperplanes of X cut out by
linear forms Ly and Lo. Letting f = L—; we have Typey, (Hy, Ha) = (—1)" where

n=seo(f) Y par(F) + 3 seilf) - pary(f) € Zo.

=0 1=0

If the total number of real contact points to Hy and Hs is even, then

n*ngZ -par,;(f) € Zs.

1=0

Proof. Let f = (—=1)*0(f) . f. Then sg,(f) = 1 if X; is contained in the euclidean
closure of A and sg;( f) = 0 otherwise. Thus the number of real contact points to
H; and H, that lie on a connected component of X (R) which is contained in the
euclidean closure of A equals

modulo 2. Now the first claim follows since sg;(f) = sgo(f) + sg;(f). If the total
number of real contact points to Hy and Hj is even, then > >, par;(f) = 0 which
shows the second claim. O

Theorem 7.9. Let H,, a weak contact hyperplane. Then

Z Typex, (H, Ho) =291

H real contact hyperplane

Proof. Let Lo a linear form that cuts out the hyperplane H,. Since X is canon-
ically embedded, we can think L., as a regular definite differential on X. We
let Q = [Lo] the corresponding semi-orientation. If a(X) = 0, then  is not
the complex semi-orientation by Remark By Theorem and Theorem [6.11
there is a (possibly even) real theta characteristic ¥ on X such that [v] = Q and
par,(v) is congruent modulo 2 to the number of contact points of Hy on X; for
i =1,...,5. We claim that for every real contact hyperplane H of X we have
TypeX0 (H, Hy) = ¢q2(n — v) where n is the real odd theta characteristic corre-
sponding to H. This will imply the statement by Theorem [6.20

Let Lg be a rational differential on X whose divisor is 2Dy where Dy is a divisor
representing v. After replacing Ly by —Lg if necessary, there is a nonnegative
rational function g on X such that Ly = ¢ - L since [Lg] = [Loo]. By our choice
of v, we have par;(g) =0 fori =1,...,s. Let H be cut out by the linear form L.
After replacing L by —L if necessary, we can assume that L is nonnegative on
Xo. Then by Lemma.we have Typey, (H, Hy) = (—1)" where

- L L
n = ;Sgi ([/(X;)parl <Loo>
S (oL g o
= 2 gi | 9 Lo par; \ g Lo
= z\s:s £ ar £
- : g LO par; LO

= ngz - par; (1 — v)

= Q2(7I —v).



A SIGNED COUNT OF 2-TORSION POINTS 19

Here the third equality holds because ¢ is nonnegative on X (R) and par;(g) = 0
for i = 1,...,s. The fourth equality follows from Remark [7.4] and the last one is
Proposition [5.2] O

Remark 7.10. If in the situation of Definition the total number of real contact
points to H; and Hy is even, then Typey, (H1, Hz) does not depend on the choice
of Xo and we write Type(H, Ha) := Typex, (Hi, Hz). This is for instance the case
when both H; and H> are contact hyperplanes: There are g — 1 contact points to
each of the H; and thus there are in total 2(g — 1) contact points to H; and Ho.
Since non-real contact points come in complex conjugate pairs, the total number
of real contact points to H; and Hs is even.

FIGURE 4. The blue lines are bitangents of a genus three curve
canonically embedded as a plane quartic. The type of this pair of
lines is —1, independent of the choice of Xj.

Corollary 7.11. Fiz a real contact hyperplane Hy of X. Then
Z Type(H, Hy) = 2971

H real contact hyperplane

Another special case of interest arises from fixing a real hyperplane H,, which
does not interesect X in real points. By definition H, is a weak contact hyperplane.
This corresponds to the choice of an affine chart of real projective space in which
X (R) is compact. We identify RI~1 = RP9~1 \ H,,. If H is another weak contact
hyperplane of X and A the connected component of R~ \ H whose closure does
not contain Xy, then

Typex, (H, He) = (=1)"
where n be the number of real contact points to H that lie on a connected compo-
nent of X (R) which is contained in the euclidean closure of A.

Corollary 7.12. Let Hy, a real hyperplane which does not interesect X in real
points. Then

Typex, (H, Hy) = 29-1,

H real contact hyperplane
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FIGURE 5. In this affine chart the type of the displayed bitangents
is +1 (left) and —1 (right), independent of the choice of Xj.

i

FI1GURE 6. Both figures display a genus four curve canonically em-
bedded as a space sextic. The orange oval is X. In this affine chart
the type of the displayed tritangent planes is +1 (left) and —1
(right).

If the genus of X is odd and H is a contact hyperplane, then Typey (H, Hs)
does not depend on the choice of Xy by Remark The case g = 3 of the
following corollary is precisely [LV21, Theorem 1].

Corollary 7.13. Let g be odd and let Hy a Teal hyperplane which does not intere-
sect X in real points. Then

Type(H, Hy,) = 2971,

H real contact hyperplane

8. A CONJECTURAL ARITHMETIC COUNT

In this section let k always denote a field with char(k) # 2.

8.1. The A'-degree. We recall some preliminaries from A'-enumerative geometry,
mostly following the exposition of [PW21], §8]. Recall that the Grothendieck—Witt
group GW (k) of k is the Grothendieck group of the monoid of isometry classes of
nonsingular quadratic spaces with addition given by orthogonal sum. The element
of GW(k) defined by the quadratic form

k—k, x— azx?
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for a € k* is denoted by (a). We consider k* /(k*)? as a subset of GW (k) via the
injection that sends the square class of a € k* to (a). For a finite separable field
extension K/k there is a natural group homomorphism

Trg/i: GW(K) — GW(k)
defined by composing a quadratic form V' — K on a K-vector space V by the field
trace trgp: K — k.

Definition 8.1 (Def. 7 in [PW21]). Let f: X — Y be a finite surjective morphism
of non-singular k-varieties. A relative orientation of f is an isomorphism

L® L — s#om(det Ty, f*det Ty)

where L is a line bundle on X and Ty resp. Ty is the tangent bundle on X and Y
respectively.

Let f: X — Y be a finite surjective morphism of non-singular K-varieties, rel-
atively orientated by the isomorphism v¢: L ® L — J#om(det Tx, f*det Ty ). Let
x € X a closed point outside the ramification locus of f such that x(z)/k is sepa-
rable and let y = f(x) € Y. We consider the induced map on tangent spaces

T, f: T, X — Ty Y ®:<,(y) KJ(CU)

After choosing bases that are compatible in the sense that the corresponding ele-
ment of the fiber of s#om(det Tx, f*det Ty) at z is the image of a square under
v [PW2I] Def. 8], we take the determinant J, f of T, f. It is straight-forward to
check that the class (J, f) € GW(k(z)) does not depend on the chosen compatible
bases. Then one defines the local Al-degree of f at x with respect to the relative
orientation 1 as

degh (f, 1) := Try(z)/r(y)(Jz f) € GW (K (y)).

In our notation we keep track of the relative orientation because later on we will

consider the degree of the same morphism with respect to different relative orien-

tations.

8.2. Definition of b, in terms of the A'-degree. We consider the identity map
id: A — A.

A relative orientation of id is an isomorphism ¥ : L ® L — O 4 for some 2-torsion
line bundle L on A. Such an isomorphism is given by a rational function f on A
such that div(f) = 2D where D is a divisor whose class corresponds to the line
bundle L. The local degree of id at a closed point © € A not in the support of D
with respect to this relative orientation is then just given by

degy (id,¢) = (f(2)) € GW(k(2)).
We say that a relative orientation
V: L@ L— Oy

is induced by a’ € AY (k) if L is the line bundle corresponding to a’ and further
deggi (id, ) = (1). 1If two relative orientations v and v’ are induced by a’, then
deg® (id, 1)) = deg® (id, ) at all closed points a € A and we write

degh’ (id,a') = degl' (id, ¢).
With this notation, for all a € As(k) and o’ € AY(k), we have
deg‘g1 (id,a’) = ba(a,a’).
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8.3. A conjectural arithmetic count. We make the following conjecture.

Conjecture 8.2. Let A be an abelian variety of dimension g over a field k of
char(k) # 2. Let A\: A — AV a principal polarization. Then we have

1
Z Tryoa)/k(degly (idw(ay, Aa))) = 2971+ ((29 4+ 1) - (1) + (29 — 1) - (—1))
a€As
where id, () denotes the base-change of id: A — A to k(a).

We conclude this section by proving the conjecture in a few special cases.
Proposition 8.3. Conjecture[8.3 is true when g = 1.

Proof. Let (E,0) be an elliptic curve in Weierstrass normal form

y* = ()
where p is a monic polynomial of degree three. The principal polarization A of
E sends a point a to the divisor class of a — 0. Let 21, 22,23 € k the zeros of p.
The non-trivial 2-torsion points of E(k) are given by a; = (z;,0) for ¢ = 1,2,3.
Further, if {i,7,k} = {1,2,3} and z € k with z # z;, then the rational function
f= (z—z;)(z—2k)

(z—2)?

a; — 0. Thus we can compute degﬁ}; (idy(a,)> Alas)) as the square class of

is defined over k(z;) = (a;) and % div(f) is linearly equivalent to

(2i — 2j)(zi — 2) 1
G- (2 — 2j) (2 — 21) = P (=) = 7
where p’ is the derivative of p. Letting R = k[z]/(p) we thus have that
1 .
> Tregayn(degh (duay, Aa)))
0#a€ A2

equals the isometry class of the quadratic form

f2
R — E, f’—)tI‘A/k (p/) .

By [Ser79, Lemma II1.6.2] this is 2(1) + (—1). Since the local degree at 0 is (1) by
definition, this implies the claim. U

Lemma 8.4. Let A be a principally polarized abelian variety of dimension g over
a field k of char(k) # 2. Assume that all 2-torsion points of A are k-rational. Then

[I e@=E0""" er /)2
a€As (k)
Proof. By Proposition we have for all ¢1,..., ¢, € Aa(k) that

Qe+ ... +cn) = H ea(ci,cj) - HCI2(01) € k*/(k*)*.
=1

1<i<j<n

Let ai,...,aq,b1,...,b, be a symplectic basis of A(k). Then:

I @@= [ ™ (HQQ(ai)HQ2(bi)>

a€As (k) SClg], TClg] i€S i€T
where [g] = {1,...,9}. Each g¢2(a;) and each qa(b;) appears 22971 times in the
product which is an even number. Thus the product equals
H (_1)IS|~IT\_
SClgl,TClg]

The number of subsets of [g] with an odd number of elements is 2971 which implies
the claim. 0
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Corollary 8.5. Let A be a principally polarized abelian variety of dimension g over
a field k of char(k) # 2. Assume that all 2-torsion points of A are k-rational. If
every binary form over k is universal, then Conjecture[8.9 is true for A.

Proof. By [Lam05, Theorem I1.3.5] two quadratic forms over k are isometric if they
have the same dimension and determinant. The determinants of both sides in the
equality in Conjecture [B.2] agree by Lemma [8:4] O

Remark 8.6. The assumption in Corollary that every binary form over k is
universal is for example satisfied by every finite field and every nonreal field of
transcendence degree 1 over a real closed field [Lam05, Example XI1.6.2].

Acknowledgements. 1 would like to thank Philip Dittmann for pointing me
towards Weil’s reciprocity law.
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