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A transcendental approach
to injectivity theorem for log canonical pairs

SHIN-ICHI MATSUMURA

Abstract. We study a transcendental approach to the cohomology groups of
adjoint bundles of log canonical pairs, aiming to establish an analytic theory for
log canonical singularities. As a result, in the case of purely log terminal pairs,
we give an analytic proof for the injectivity theorem originally proved by Hodge
theory. Our method is based on the theory of harmonic integrals and the L2
method for the 3-equation, and it enables us to generalize the injectivity theorem
to the complex analytic setting.

Mathematics Subject Classification (2010): 32J25 (primary); 14F17, STH30
(secondary).

1. Introduction

The following result is a generalization of Kollar’s injectivity theorem [21] to log
canonical pairs (Ic, for short), whose proof heavily depends on Hodge theory (see
[1, 2, 8, 11 Section 6, 13, 15]). In [7], Enoki gave an analytic proof for Kollar’s
injectivity theorem (the special case of D = 0 in Theorem 1.1) under the weaker
assumption that F is a semi-positive line bundle on a compact K#hler manifold X.
Therefore, in the same direction as Enoki, it is natural to ask whether we can give
an analytic proof for Theorem 1.1 in the complex analytic setting. This question
(Conjecture 1.2) was posed in [17]. In this paper, we affirmatively solve Conjecture
1.2 in the case of purely log terminal pairs (plt, for short), by developing an analytic
approach to lc singularities instead of Hodge theory, which depends on the theory
of harmonic integrals and the L2-method for the d-equation.

Theorem 1.1. Let D be a simple normal crossing divisor on a smooth projective
variety X and F be a semi-ample line bundle on X. Let s be a (holomorphic)
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section of a positive multiple F™ such that the zero locus s~'(0) contains no lc
centers of the Ilc pair (X, D). Then, the multiplication map induced by the tensor
product with s,

HIX,Kx®@D®F) 25 HI(X,Kx ® D ® F"1)
is injective for every q. Here K x denotes the canonical bundle of X .

Conjecture 1.2 ([17, Conjecture 2.21], cf. [14, Problem 1.8]). Let D be a simple
normal crossing divisor on a compact Kahler manifold X and F be a semi-positive
line bundle on X (that is, it admits a smooth Hermitian metric with semi-positive
curvature). Let s be a section of a positive multiple F”* such that the zero locus
s~1(0) contains no lc centers of the Ic pair (X, D). Then we obtain the same con-
clusion as in Theorem 1.1.

For a simple normal crossing divisor D on a complex manifold X with the irre-
ducible decomposition D = ) ;; D;, an irreducible component of D;; N --- N
D;, (# ¢) is called an Ic center of the pair (X, D). Note that we interchangeably
use the words “(Cartier) divisors”, “(holomorphic) line bundles”, and “invertible
sheaves” throughout this paper.

The following theorem, which is one of the main results of this paper, gives an

affirmative answer for Conjecture 1.2 in the case of plf pairs.

Theorem 1.3 (Main theorem). Let D be a simple normal crossing divisor on a
compact Kihler manifold X . Let F (respectively M) be a (holomorphic) line bun-
dle on X with a smooth Hermitian metric hr (respectively hyy) such that

V=104,,(M) > 0 and /=1(®,(F) —tO®p,,(M)) > 0 for some t > 0.

We assume that the pair (X, D) is a plt pair. Let s be a section of M such that the
zero locus s~1(0) contains no lc centers of the lc pair (X, D). Then, the multipli-
cation map induced by the tensor product with s,

HYX,Kx®D®F) <> HI(X.Kx ® D® F ® M)
is injective for every q.

Corollary 1.4. Under the same situation as in Conjecture 1.2, we assume that the
pair (X, D) is a plt pair. Then, the same conclusion as in Conjecture 1.2 holds. In
particular, Conjecture 1.2 is affirmatively solved for a plt pair (X, D).

Theorem 1.3 can be reduced to the following theorem. In this reduction step, we
use the assumption that (X, D) is a plt pair. However, we emphasize that we do
not need this assumption in Theorem 1.5. The proof of Theorem 1.5 provides an
analytic method to study Ic singularities. (See [3,20] for another approach.)
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Theorem 1.5 (Key result). Let D be a simple normal crossing divisor on a com-
pact Kdahler manifold X. Let F (respectively M) be a (holomorphic) line bundle
on X with a smooth Hermitian metric hr (respectively hyy) satisfying the same
assumptions as in Theorem 1.3. We consider the map

Qp: HI(X,Kx®F) — HI(X,Kx®DQ®F)

induced by the natural inclusion Ox < Ox (D). Then, the multiplication map on
the image Im @ p induced by the tensor product with s

mdp —= & HIX,Kx @ D® F @ M)

is injective for every q.

The main idea of the proof of Theorem 1.5 is as follows: when we study kawamata
log terminal singularities (k/¢, for short), multiplier ideal sheaves (which can be
seen as a “non-klt” ideal) play an important role. Since multiplier ideals can be
analytically described by the L2-integrability of holomorphic functions, we can
obtain various injectivity theorems for klt singularities by using the L?-method (for
example see [12,14,18,19,25-30]). However we can not (at least directly) apply
the L2-method for lc pairs since Ic singularities are worse than klt singularities.
This is one of the difficulties of Conjecture 1.2. To overcome this difficulty, in the
proof of Theorem 1.3, we approximate Ic singularities with klt singularities and we
carefully estimate the order of divergence of suitable L?-norms (that is, how far
from klt singularities). In this step, we need a refinement (Theorem 1.6) of the hard
Lefschetz theorem with multiplier ideals proved in [6], which is independently of
interest.

Theorem 1.6. Let w be a Kdihler form on a compact Kihler manifold X and (G, h)
be a singular Hermitian line bundle with semi-positive curvature. Assume that the
singular Hermitian metric h is smooth on a non-empty Zariski open set in X. Then,
for a harmonic G-valued (n, q)-form u € HZ:Z)(G) with respect to h and w, we
have

sue HO(X, Q% 1® G®I(h),

where x is the Hodge star operator with respect to w.

This paper is organized as follows: in Section 2, we summarize the fundamental
results needed later. We give a proof of Theorem 1.6 (respectively Theorem 1.5,
Theorem 1.3) in Subsection 3.1 (respectively Subsection 3.2, Subsection 3.3). In
Subsection 3.4, we discuss open problems related to the contents of this paper.

Conjecture 1.2 was recently proved in the two-dimensional case using Theo-
rem 1.3 after this paper had been accepted (see [24]).
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2. Preliminaries

2.1. Singularities of pairs and multiplier ideal sheaves

We treat only log smooth pairs in this paper, and thus we shortly recall the notion
of singularities for log smooth pairs (see [22] for more details).

Definition 2.1. Let (X, D) be a log smooth pair (that is, a pair of a smooth variety
X and an effective Q-divisor D on X with simple normal crossing support). Let
D = )" b; D; be the irreducible decomposition.

e The pair (X, D) is plt if and only if | D] is a sum of disjoint prime divisors;
e The pair (X, D) is Icif and only if b; < 1 for every i.

Here | D] denotes the divisor defined by the round-downs of the coefficients of D.

We give the definition and an example of multiplier ideal sheaves (see [5] for sin-
gular Hermitian metrics and curvatures).

Definition 2.2 (Multiplier ideal sheaves). Let G be a (holomorphic) line bundle
on a complex manifold X and s be a singular Hermitian metric on G such that
V/—10,(G) > y for some smooth (1, 1)-form y on X. Then the multiplier ideal
sheaf I (h) of h is defined to be

Z(h)(B) :={f € Ox(B) | Ifle™® € Li,.(B)}

loc

for every open set B C X, where ¢ is a local weight of A.

Example 2.3. For an effective divisor D on a complex manifold X, let g be a
smooth Hermitian metric on the line bundle D and ¢ be the natural section of the
effective divisor D. Then the singular Hermitian metric #p on the line bundle D
can be defined by

1 2 -2
go::ilog(ltlg) and hp :=ge "’:W,

where |t|¢ is the point-wise norm of 7 with respect to g (see Subsection 2.2). Note
that the singular Hermitian metric s p does not depend on the choice of g. Then it
is easy to see that Z(hp) = Ox(—|D]) when the support of D is normal crossing.

2.2. L2-spaces and differential operators

From now on, throughout Section 2, let X be a (not necessarily compact) complex
manifold of dimension n and G be a (holomorphic) line bundle on X. Further let
w be a positive (1, 1)-form on X and % be a singular Hermitian metric on G. We
always assume that the curvature V—10,(G) of h satisfies /—10,(G) > y for
some smooth (1, 1)-form y.
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For G-valued (p, g)-forms u and v, the notation (u, v), , denotes the point-
wise inner product with respect to 4 and w, and (u, v}, ,, denotes the inner product
defined by

(s VY = f (U, V) Vi,
X

where dV, is the volume form defined by dV,, := w"/n!. The L?-space of G-
valued (p, g)-forms with respect to 4 and w is defined by

LG (Gnw =L,

) ) (X’ G)h,w

= {u|u is a G-valued (p, g)-form with ||ul|5,, < oo}.

Then the maximal closed extension of the 3-operator determines a densely defined

closed operator EE L(p2)q Gnw — L(p2)q + (G)h,» with the domain

Domd = {u € L5 (Gno | 0u € LT (Ghh.o.

Strictly speaking, the closed operator 3 depends on 4 and w since the domain and
the range depend on them, but we often omit the subscript (for example, we simply
write 9,4, as d). In general, we have the orthogonal decomposition

(2) (G)h w = Ima () HZ G)® Img;,w’

where 5; 18 the Hilbert space adjoint of 9, the subspace Im 9 (respectively Im 5; w)

is the range of 3 (respectively 5; »), and the subspace HZ:Z)(G) is the set of har-
monic forms with respect to 4 and w, that is,

Myl (G) == {u € L3 (G)n.w|9u =0 and ), ,u = 0}.

For example, see [5, (1.2) Theorem] for the above orthogonal decomposition.
When 4 is smooth on X, the Chern connection D = D¢, ;) can be determined
by the holomorphic structure of G and the smooth Hermitian metric /4, which can
be written as D = D;l + 9 with the (1, 0)-connection D;Z and the 5-0perator. The
maximal closed extension of the (1, 0)-connection D;l is also a densely defined

closed operator Dh Lé)q (Ghw — Lf;)rl’q (G)n,w»> whose domain is

+1,
Dom D), := {u € L (G| Dy € Liy T (Ghno)-

We consider the Hodge star operator * with respect to @
* =%, : CHUG) — Co "1 (G),

where C£7(G) is the set of smooth G-valued ( p, q)-forms on X. By the definition,
we have (1, v) o dV, = u A Hxv and *xu = (=1)de84y where H is a local func-

tion representing A. In this paper, the notations D;* and 5; ., denote the Hilbert
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space adjoint of Dj and 3. If w is complete, the Hilbert space adjoint coincides
with the maximal closed extension of the formal adjoint (for example, see [4, (8.2)
Lemmal])). In particular, when w is complete, we have

= o
Dy,=—%0d% and 9,,=—%D'p,x*.

The following proposition is obtained from the Bochner-Kodaira-Nakano identity
and the density lemma (for example see [6] and [4, (1.2) Theorem]).

Proposition 2.4. Under the same situation as in the first part of Subsection 2.2, we
assume that o is a complete Kdhler form and h is smooth on X. Then we have the
following identity:

(3., ] = [0, D]+ [V=T04(6), A

where A, is the adjoint operator of the wedge product w A e, and [e, e] is the
graded bracket defined by [A, B] = A — (—1)degAdeg B g
Moreover, for every u € Dom d N Dom 52@ - L‘(Dz’)q (G)n,w, we have

[3ully o+ 13wl = 1 D5l + 107l + (VTORG At ),

For the proof of our results, it is important to use special characteristics of canonical
bundles (differential (n, g)-forms). By the following lemma, we can compare the
norms of (n, g)-forms and (p, 0)-forms with respect to different positive (1, 1)-
forms. Lemma 2.5 is obtained from straightforward computations, and thus we
omit the proof.

Lemma 2.5. Let w and @ be positive (1, 1)-forms such that w < w. Then we have
the following:

There exists C > 0 such that |a A b|, < Cla|y|b|y for differential forms a, b;
The inequality |a|L% < |a|620 holds for a differential form a;

The inequality |a |L% dVy < |a|L20 dV,, holds for an (n, q)-form a;

The inequality |Cl|% dVy > Iali dV,, holds for a (p, 0)-form a;

The equality Ialc% dVy = |a|fu dV,, holds for an (n, 0)-form a.

2.3. De Rham-Weil isomorphisms

In this subsection, we explain facts on the De Rham-Weil isomorphism from the
d-cohomology to the Cech cohomology. The contents in this subsection may be
known for specialists, but we will summarize them for the reader’s convenience.
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Let w be a Kéhler form on a compact Kéhler manifold X and £ be a singular
Hermitian metric on a (holomorphic) line bundle G such that /—10,(G) > —w.
Further let Z be a proper subvariety on X and let @ be a Kéhler form on the Zariski
open set Y := X \ Z with the following properties:

B)w>wonY =X\ Z;
(C) For every point p in X, there exists a “bounded” function ® on an open neigh-
borhood of p in X such that @ = +/—199®.

As explained in Subsection 2.2, for the L2-space of G-valued (1, ¢)-forms on Y
with respect to 4 and @

(2) (G)h o —L(z) Y,Gno= {ulu is a G-valued (n, g¢)-form with||u|| 5.5 <oo},

we have the orthogonal decomposition

(2) (G)hw—Ima@th(G)QBImahw

The following proposition is proved by the observation on the De Rham-Weil iso-
morphism (for example see [25, Proposition 5.8] for the precise proof.)

Proposition 2.6 (cf. [25, Proposition 5.8]). Consider the same situation as above.
That is, we consider a Kdihler form o on a compact Kihler manifold X, a singular
Hermitian metric h on a (holomorphic) line bundle G such that V—=10,(G) > —w,
and a Kéihler form @ on a Zariski open set Y with properties (B), (C). Then the

ranges Imd and Im 5;5 are closed subspaces in L?z’)q (G- In particular, we
have the orthogonal decomposition

L (G =1md & H,L(G) @ Im 3, 5.

We fix a finite open cover U := {B;};c; of X by sufficiently small Stein open sets
B;. We consider the set of g-cochains CY(U, Kx ® G ® Z(h)) with coefficients in
Kx ® G ® Z(h) calculated by U/ and the coboundary operator

§:CI1U,Kx @G RZ(h) — CIT\U, Kx ® G RZL(h)).

Then we have the isomorphism

Keré
Im$é

since the open cover U is a Stein cover. By using suitable local solutions of the
d-equation, we can construct the De Rham-Weil isomorphism

of C/U,Kx ® GRZI(Hh)) = HI(X,Kx ® G®ZL(h)),

——  Ker rd ng = Keré
fh,w- Im5 of L(z) (G)h,w —_— Ims

of C!/U, Kx @ G ® Z(h)).

Then, by the construction of f; 5 (for example see [25, Proposition 5.5]), we can
easily check the following proposition:
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Proposition 2.7. Consider the same situation as in Proposition 2.6.

(1) The following diagram is commutative:

H1(X,Kx ® G ® L(h)) == H1(X, Kx ® G ® Z(h))

ETM ETfh—ﬁ

Ker d ng Ji Ker d nq
ﬁ OfL(2) (G)h'w mg OfL(z) (G)h,w,

where ji is the map induced by the natural map L?z’;] Ghpw — L?z’;’(G)h,a;

(2) Let h' be a singular Hermitian metric on G such that /—10y/(G) > —w and
h' > h. Then the following diagram is commutative:

H9(X,Kx ® G®TI(h')) —— HI(X,Kx ® G @ I(h))

szhcw %Tﬁa

Ker d " ) Ker d "
—— of LGy ——— ——= of L"; 1 (G,
Im3 f (2)( )h , Im3 f (2)( )h,w

where jp is the map induced by the natural map L?Z’;] Gn.z — L’ég Gns
and j is the map induced by Z(h") — Z(h).

Remark 2.8. By property (B) and the third claim of Lemma 2.5, we have |lu||; 5 <
llut||n,e» for an arbitrary G-valued (n, g)-form u. Therefore the natural map j; is
well-defined. In the same way, we can easily check that j, is well-defined from
Nullna < lulln s

2.4. Weak convergence in Hilbert spaces

In this subsection, we summarize Lemma 2.9 and Lemma 2.10. See [18, Section 2]
for the proof.

Lemma 2.9. Let L be a closed subspace in a Hilbert space H. Then L is closed
with respect to the weak topology of H, that is, if a sequence {wy}72 | in L weakly
converges to w, then the weak limit w belongs to L.

Lemma 2.10. Let ¢ : H| — Hj be a bounded operator (continuous linear map)
between Hilbert spaces Hy and Hy. If {wi )2 | weakly converges to w in Hy, then
{p(wi) )72 weakly converges to p(w) in Hs.
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3. Proof of the main results

3.1. Proof of Theorem 1.6

In this subsection, we prove Theorem 1.6. To this end, we first show the following
proposition.

Proposition 3.1. Let w be a Kdihler form on a compact Kdhler manifold X and
(G, h) be a singular Hermitian line bundle with semi-positive curvature. Let @ be
a Kadhler form on a non-empty Zariski open set Y with the following properties:

B)w>wonY;
(C) For every point p € X, there exists a bo_unded function ® on an open neigh-
borhood of p in X such that @ = /—130®.

Then, we have {u, w), , = 0 for any u € Hh 4 (G)and w € L(z) (G)h,w such that
welmd C L(z) (Gn.z-

Proof. Note that we have w € Kerd C L(z) (G)j.» by the assumption w € Imd C

?z)q(G)h,w. It follows that 9w = 0 on X from dw = 0 on Y and lwlhe < 00
(see [4, (7.3) Lemma, Chapter VIII[]). By applying Proposition 2.6 for w, we obtain
the orthogonal decomposition

L3 (G D Kerd =1Imd & H,, L (G).
By this orthogonal decomposition, w can be decomposed as follows:
w = w; + wy forsome w; € Imd and w; € Hh w(G) in L(z) Gn.w-
We will show that w; is actually zero by the assumption w € Imd C L?ﬁ;] (Gn.-
Then we obtain the conclusion (u, w), , = 0 since we have
{u, whp, = Gu, w2)p o =0byu € M2 (G) and wy € Imd C LG (G oo
To prove that wy = 0, we consider the following composite map:

Ker d j Ker d
¢ Hy0(G) = 1= of L3/ (Gho = T—= of L3 Oz,
where ji is the map induced by the natural map L(Z) Gnw — L @) (G)h,a. The
map ¢ is a (well-defined) isomorphism by Proposition 2.6 and Proposition 2.7. It
follows that

wi € (Imd in LG (Gno) € (M3 in L (Gnz)

from the third claim of Lemma 2.5 and property (B) of w. Hence w2 = W — W
also belongs to Imd C L(z) (G)h,z by the assumption w € Imd C L(z) Gz In
particular, this implies that ¢ (w2) = 0. We obtain wy = 0 since the map ¢ is an
isomorphism. O

In the remander of this subsection, we prove Theorem 1.6.
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Proof of Theorem 1.6. Let Y be a non-empty Zariski open set in X such that £ is
smooth on Y. We first take a complete Kéhler form @ on Y with the following
properties:

e  is a complete Kihler form on Y;

e w>wonY;

e For every point p € X, there exists a bounded function ® on an open neighbor-
hood of p in X such that w = /—199®.

See [12, Section 3] for the construction of @. For the Kihler form ws on Y defined
by

ws = w + 8w for § > 0,
it is easy to check the following properties:

(A) w;s is a complete Kahler form on Y for every § > O;

(B) ws, > ws; > wonY foré, > 8; > 0;

(C) For every point p € X, there exists a bounded function 5 on an open neigh-
borhood of p in X such that ws = +/—199®s5.

Note that we can apply Proposition 2.4 for ws thanks to property (A). In the proof
of Theorem 1.6, we will omit the subscription /4 of the norm, the L2-space, and so
on. For example, we will use the notation

o llo =1l o 1@ las = ® s a0d L5 (G = L5 (Gpay.
It follows that
lullws < llulle < o0 (3.1)

from Lemma 2.5 and property (B). In particular u belongs to L'&’)q (G)y; for every
6 > 0. By the orthogonal decomposition (see Proposition 3.1)

L3 (G)wy =1md & HEI(G) ©ImD,,,,
the G-valued (n, g)-form u can be decomposed as follows:
u = ws +us for some ws € Imd and us € Hy,(G) in L) (G-

The strategy of the proof is the following: in the first step, we check that u; weakly
converges to some u in suitable L2-spaces. In the second step, we show that the
limit ug actually coincides with u by Proposition 3.1. In the third step, we prove
that xsus € H(X, Q’;(_q ® G ®Z(h)) by the theory of harmonic integrals and *gus
converges to xug = *u, where *; (respectively ) is the Hodge star operator with
respect to ws (respectively w).

We first check that us has a a suitable weak limit by the following proposition.
Since we use Cantor’s diagonal argument in the proof of Proposition 3.2, we need
to handle only a countable sequence {8'}5/~¢.
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Proposition 3.2. For a countable sequence {8'}s/~ converging to zero, there exist
a subsequence {(SU}S‘;I of {8}s=0 and ug € L'&;I (G)y, with the following properties:

e Forevery§' > 0,as 8, goes to0,
us, converges to ug with respect to the weak topology in L'(E’)q (G)awys

L4 ||u0||w = ”u”w

Proof. For a given 8’ > 0, the sequence {us}s>s~0 is bounded in L’(%] (G)uwy - In-
deed, for 8’ > § > 0, we obtain

luslloy < llusllow; < llulloy < llullo < oo. (3.2)

The first inequality follows from Lemma 2.5 and wg > ws, the second inequality
follows since ug is the orthogonal projection of u in Lzlz’)q(G)wa, and the third in-
equality follows from inequality (3.1). Hence there exists a subsequence {§,}°
of {6}s-0 such that us, weakly converges to some ug s in L'Zz’?(G)ws,, which may
depend on §’. We can choose a suitable subsequence independent of 8’ by Can-
tor’s diagonal argument, and thus we can assume that this subsequence {8,}7° , is
independent of §'.

Now we show that the weak limit uq g is also independent of 8. For any
81 > &7, the natural inclusion L'Zz’;i(G)w52 — L?é)q (G)wal is a bounded opera-
tor (continuous linear map) by Lemma 2.5 and ws, > ws,. By Lemma 2.10,
we can see that us, weakly converges to ug s, not only in L?z’)q (G)a,82 but also in

Lg;z (G)“’Bl . Therefore it follows that ug 5, = ug,s, since us, weakly converges to
uo,s, in L?z’;] (G)ay, and the weak limit is uniquely determined.
Finally we estimate the L2-norm of the weak limit uq. Fatou’s lemma yields

2 2 L. 2 T 2
ol = [ tuof} Ve < timint [ ol Ve, =timint ol

On the other hand, it is easy to see that

luollwy < lgljlirolflluaullwy < lgvn_lgfllual,llwsu < llully < oo.

The first inequality follows from lower semi-continuity with respect to the weak
convergence, the second inequality follows from Lemma 2.5 and ws, < wg, the
third inequality follows from inequality (3.2). Therefore we obtain the desired in-
equality [|uoll < Ili]lo- O

For simplicity, we use the same notation {us}s-¢ for the subsequence {us,}s,~0
chosen in Proposition 3.2. The following proposition is obtained from Proposi-
tion 3.1.
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Proposition 3.3. The weak limit ugy coincides with u.

Proof. We fix §p > 0 in the proof of Proposition 3.3. By Lemma 2.5, we can see
that

Imd in L) (G)w, CIma in L] (G) oy,

for an arbitrary § with §o > § > 0. Hence, it follows that
u—us=wselmain L:’Z’;] (G)wa0

from the construction of us and ws. The subspace Imd is closed not only with
respect to the L?-topology but also with respect to the weak topology (see Proposi-
tion 2.6 and Lemma 2.9). By taking the weak limit, we can conclude that

. . . n,q
wo i=U— Uy = vg-_)lg)m ws € Imd in L(z) (G)wéo'

Since the Kéhler form ws, on Y satisfies properties (B) and (C), we have {u, wo),, =
0 by Proposition 3.1, where wy is the weak limit of ws = u — us. Hence we obtain
||u0||5) = ||u||(20 + ||w0||2). This is a contradiction to the inequality |luglle, < ||u|le
in Proposition 3.2 if wy is not zero. Therefore wy is actually zero. We obtain the
desired conclusion u = uy. L

From now on, we consider the Hodge star operator s with respect to ws and
the G-valued (n — g, 0)-form *xsus. Note that xsus is a G-valued (n — g, 0)-form on
Y (not X) since the Kihler form w; is defined only on Y. However, by the following
proposition, we can regard *sus as a holomorphic G-valued (n — g, 0)-form on X.

Proposition 3.4. The G-valued (n — ¢, 0)-form xsus can be extended to a holo-
morphic G-valued (n — q, 0)-form on X (that is, d *s us = 0 on X). Moreover we
have

s usllo < llulle < oo.

In particular, we have xsus € H*(X, Qy 1 ® G ® Z(h)).

Proof. Let sus = Y_; fsdzy be a local expression in terms of a local coordi-
nate (21, z2, - - -, Zn), Where J is an ordered multi-index with degree (n — g). We
will show that every coefficient f; is holomorphic on Y and can be extended to a
holomorphic function on X .

Since ws is a complete Kahler form on Y, we can apply Proposition 2.4 to us.
Proposition 2 4 yields

0 = [[dusll2, + I33usl2, = I D5 usl?, + <<\/—1®h(G)Aa)5u8a Ma»w . (33
]
The first equality follows since u is harmonic with respect to ws. Here Dg" denotes

the Hilbert space adjoint of the (1, 0)-part of the Chern connection D, = Dj + El
and A denotes the adjoint operator of the wedge product ws A e.



A TRANSCENDENTAL APPROACH TO INJECTIVITY THEOREM 323

The second term of the right hand side is non-negative by the assumption
v/—10,(G) > 0, and thus the first term and the second term must be zero. In
particular we obtain |D§*us|,; = 0. The Hilbert space adjoint coincides with the
formal adjoint since ws is complete (see, for example, [4, (3.2) Theorem in Chap-
ter VII]). Hence we have D§f = — x; 9x;s. It follows that 0 = | D5 uslws =
| — g0 %5 Uslws = |9 %5 us lws since the Hodge star operator *;s preserves the point-
wise norm | e |4,. Therefore the G-valued (n — g, 0)-form *su; is d-closed on Y,
that is, the coefficient f; is a holomorphic function on Y.

Now we show that the L2-norm of the coefficient f; with respect to / is uni-
formly bounded (that is, [ | f; |% dV, < C for some C > 0). The key point here is
the following inequality:

s usllo < Il *5 usllw; = llusllos < llullo < oo 34
The first inequality follows from the fourth claim of Lemma 2.5 and w < ws, the
second inequality follows since *s preserves the point-wise norm | e |4, , the third
inequality follows from inequality (3.2). On the other hand, there is a constant C’
(independent of §) such that | f J|}2l < (| x5 u(;lg). Indeed, by the first claim of
Lemma 2.5, we can easily check that

| frlninf (Idzy Adzj AdZlw) < |frdzg Andzj Az, ,
= ] *5 U /\dzj/\dﬁ}h,w

< C"| %5 uslosup (ldz; A dZlw)

for some positive constant C” (independent of §), where J is the complementary
index of J. By combining with inequality (3.4), we obtain

/Mﬁdmscwﬂmﬁsdwﬁ.

Therefore, by the Riemann extension theorem, the coefficient f; can be extended
as a holomorphic function. O

We put fs := *xsus and consider a local expression fs = xsus = ZJ Js.udzy
again. By the proof of Proposition 3.4, we can see that the L2-norm of the coef-
ficient f5 s is uniformly bounded with respect to §. Hence, by Montel’s theorem,
there exists a subsequence {8\1}311 of {§}s>0 such that f5 = x5 us, uniformly con-
verges to some fj, that is, the local sup-norm sup | f5,.;7 — fo,s| converges to zero,
where fo, ; is the coefficient of fo = >, fo,sdz;. Then the L?-norm Il f5, — folln.ew
also converges to zero (for example see [25, Lemma 5.2]). In particular, the limit
fo satisfies fo € HO(X, Q';(_q ® G ® Z(h)). For simplicity we use the same nota-
tion {fs}s~o for this subsequence. Then we show that uy (which is the weak limit
obtained in Proposition 3.2) coincides with (—1)"19 x f;.
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Proposition 3.5. The weak limit ug coincides with (—1)""4 x fy. In particular, we
can see that u = (—1)"*9 x fo by Proposition 3.3.

Proof. For a contradiction, we assume that ug # (—1)"19 % fy in L'(Zz’)q (G sy -
Since the smooth G-valued (n, g)-forms with compact support in Y is dense in
L?é)q (Gawy there exists a smooth G-valued (n, ¢)-form n with compact support in

Y such that {uo, ’7»603/ £ ((=1)"T9 % fy, 77»605/' Since ug weakly converges to ug in

L?é)q (Gawy We have (ug, 77»0)6/ = limg_,0 {us, n))%/. On the other hgnd, it .follows
that *; fs uniformly converges * fo on every relatively compact set in Y since f;
uniformly converges fo and ws uniformly converges w on every relative compact
set in Y. Indeed, it is sufficient to consider (x5 fs — * f5) since we have

x5 f3 — xfo = (*s f5 — =f3) + (* f5 — % /o).
Sl)l(Pl * f —*fo| , = Sl)l(Plfa — fol, — 0.

For a relatively compact set K in Y and a given point x € K, we take a local

coordinate (z1, 22, ..., Zn) centered at x € K such that
V=1 <& o _ 1 o
w= T;dzi/\dzi and w:T;Aidzi/\dzi at x.

By K € Y, there exists a positive constant C such that 0 < @ < Cw on K. In
particular we have 0 < A; < C. Note that the eigenvalues of w;s with respect to w
are {(1 +38A;)}!_,. When f;s is locally written as f5 = >y fs,dzy, we can easily
see that

[ s fs — *fslw =

> . (rsdzy — xdzy)
J

w

Z fs. sign(J J) (I, (14 8x) — 1}z 0,.m) A dT;
J w

< sC’ Z s;p | fs,71|dza12, ) A dZf],
J

for some constant C’. The coefficient fs ; is a holomorphic function, and thus
the (local) sup-norm supg | fs.s| of f5.; can be bounded by the L?-norm. Further
the L?-norm of fs.7 1s uniformly bounded with respect to § (see Proposition 3.4).
Therefore (x5 fs — *f5) uniformly converges to zero on K &€ Y. Hence, by the
definition of f5 = *sus, we obtain

(D" % fo, n)wy = Jim (D" x5 f5, 1)y

_ . . + _ .
= lim (=" s s, ), = lim (s, n), -
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This is a contradiction to {ug, n))wa, £ (=) % f, '7»605" Therefore we can
conclude that ug = (—1)"19 x fy in L?é;] (G)w, for every 8’ > 0. Then, by Fatou’s
lemma, we can easily see that

lluo — (=" x follo < liar/nigflluo — (=D % follw, = 0. O
By fo € HO(X, Q’;(_q ® G ® Z(h)), we obtain the desired conclusion
su=(—D)""xxfy = foe H(X, Q5 ! ® GRI(h))

in Proposition 1.6. This completes the proof. O

3.2. Proof of Theorem 1.5
In this subsection, we prove Theorem 1.5.

Proof of Theorem 1.5. Let g be a smooth Hermitian metric on the line bundle D
and ¢ be the natural section of the effective divisor D. Then we define the smooth
Hermitian metric g; on the line bundle D by

1 1
=1 112 d =ge W =g. .
¢e = log(ltf; +¢) and g :=ge g (|t|§+8>

It is easy to see that

® g, < g fore; <ey;

e g, converges to go = hp in the point-wise sense as ¢ tends to zero;
where hp is the singular metric defined by the effective divisor D (see Exam-
ple 2.3). We have Z(go) = Z(hp) = Ox(—D) since D is a simple normal crossing
divisor. Let w be a Kiahler form on X, and let A and & be smooth Hermitian

metrics satisfying the assumptions in Theorem 1.5. We often omit the subscripts w,
hr,and hy of the norm, the L2—space, and so on. For example, we use the notation

LG (D ® F)g, := L3 (D ® Fgnp.o and He (D@ F) :=H (D ® F).

gth ®

We first consider the following commutative diagram:

HY(X, Kx®D®F®TL(g0)=HI(X,Kx ® F) — 2> HI(X,Kx ® D ® F)

;Tfo ETE

Ker
fL?Z;](D®F)g0 ms of Li5{ (D ® F),

(@)
=T_] /

Hg! (D @ F).

Ker F)
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Here fy and f, are the De Rham-Weil isomorphisms given in Subsection 2.3 and
J (respectively ¢) is the map induced by the natural inclusion Hg(’)q (D®F) —

Kerd C L’(’Z:;I (D ® F)y, (respectively He,'(D ® F) < Kerd C L’gz';’ (D® F)g,).
For a cohomology class « such that @ € Im®p C HI(X,Kx ® D ® F), we
assume that s« = 0 € HI(X, Kx ® D ® F ® M). Our goal is to show that the
cohomology class « is actually zero under this assumption. By « € Im ®p, there
exists a cohomology class § € HY(X, Kx ® F) such that ®p(8) = «. By the
above isomorphisms, the cohomology class 8 can be represented by the harmonic
form u; € He?(D ® F) (that is, B = {u1}). Since Hg (D ® F) is a finite
dimensional vector space with the inner product (e, e}, := (e, ), ;. ., we have
the orthogonal decomposition

Hg'(D ® F) = Ker ¢ @ (Kerg)™. (3.5)

From this orthogonal decomposition, the harmonic form #; can be decomposed as
follows:
u1 = up + u for some up € Ker¢p and u € (Kerqﬁ)J‘.

Then it is easy to see that ®p({u}) = ®p({uy + u}) = ®p(B) = «. Note that
{up + u} is equal to B, but it is not necessarily equal to {u}. We can see that if we
can prove u = 0, we obtain a = 0 (the desired conclusion of Theorem 1.5). Hence
our goal is to show u = 0.

By the assumption v/—10,,,(F) > 0, the line bundle G = D ® F and the
singular Hermitian metric 7 = gohF satisfy the assumptions in Theorem 1.6. By
applying Theorem 1.6 for u, we obtain

sue H(X,Qy 79 D® F ® Z(g0)). (3.6)

In particular *u is smooth on X. Although u is a priori D ® F-valued (n, g)-form
onY := X \ Supp D (not X), it follows that u = (—1)"*9 % %u is smooth on X
from (3.6).

Remark 3.6. (1) It seems to be difficult to show that u is smooth on X without
using Theorem 1.6, since g is a singular Hermitian metric and w is not complete
onY.

(2) Note that we have Z(go) = O(—D) since D is a simple normal crossing
divisor. Therefore *u /¢ is a holomorphic F-valued (n — g, 0)-form. In particular
+u/t is still smooth on X, which plays a crucial role later.

By the standard De Rham-Weil isomorphism, we have
Kerd

dp(fsu))=sa=0c HI(X,Kx®DQ®F @M);ﬁ of CX(D® F @ M),
m

where C3/(D ® F @ M) is the set of smooth D @ F ® M-valued (n, g)-forms on
X. Hence, by the assumption s = 0, we can take a smooth D ® F @ M-valued
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(n, q — 1)-form v such that su = dv. Lebesgue’s dominated convergence theorem
yields

2 _ 1 2 T
Isul, = tim [ Isul}, v, = lmy G, sub.

since |su|§8 < |su|§,0 and |su|§0 is integrable. Therefore, from Cauchy-Schwartz
inequality, we obtain

2 1
lsull3, = lim (su, su),,

. = . P~
= lim {su, dvh,, < lim [0, sullg, [|vllg..  3.7)

The strategy of the proof of Theorem 1.5 is as follows: we will show that ||v||,, =
O(—loge) and ||5Z£su lg. = O(e(—loge)). Then, from inequality (3.7), we obtain

|lsu ||§0 = 0 (thatis, su = 0). This completes the proof. We first check the following
lemma.

Lemma 3.7. Let (z1, 22, ..., 2n) be the standard coordinate of C" and B be an
open ball containing the origin. Then, for every 1 < k < n, we have

1
—:0_10 £).
,/Be+IZ1Z2~--ZkI2 (—loge)

Proof. By the variable change z; = rie‘/jei , the problem can be reduced to show-

ing
rlr2 e rk
—zdrldrz ---dry = O(—loge).
0<r1<1 Jo<rm<l 0<rr<1 e+ |rirp - -rg

Further, by using the polar coordinate, we can obtain the conclusion from the fol-
lowing computation:

R2k71 1
——dR = —(1 1) —1 .
/0ng1 e+ R% o logle +1) —loge) 0

By Lemma 3.7, we can easily obtain the following proposition. In the proof of
the following proposition, we essentially use the fact that v is smooth on X .

Proposition 3.8. |[v]l;, = O(—loge).

Proof. By the definition of g, we can see that

1 1
||v||2 :/ |v|27dv Ssup|v|2/ —dV,.
8e X g€'i‘|l‘|§7 @ X 8 X8+|l|§ @

It follows that supy |v|§ is finite since v and g are smooth on X. Since D = div ¢ is
a simple normal crossing divisor, we can obtain the conclusion by Lemma 3.7. [
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It remains to show that

ng su” = O(e(—loge)).
ool
By applying Proposition 2.4 for su, g, and w, we obtain

s 2 .
d, su = ||D,)su
8e 8e
8e

g +<<\/__1®g£hFhM(D®F®M)Asu,su>> . (38)
g

8e
where Dg‘; (respectively 5;) is the Hilbert space adjoint of the (1, 0)-part Dég (re-
spectively the (0, 1)-part ) of the Chern connection D, = Dige + 9, and A is the

adjoint operator of the wedge product w A e. Here we used that dsu = sdu = 0.
We consider the first term || D’ *su l|g, of the right hand side of (3.8). It follows

that D’ ¥ = — % 0% since X is compact and w is defined on X. We have 3 * u = 0
by (3. 6) (see Theorem 1.6), and thus we obtain

D;suZ_*a*suz_*as*uz—*sg*u=0. (3.9)

In particular we can see || Dg’sullg, = 0.
The problem is the second term of the right hand side of (3.8). From simple
computations, we can obtain

/ Y
Dgt A Dgt

V=10, (D) =¢ V—10,(D) + ¢

2 2’
1l +¢ (1712 +¢)
where D:e is the (1, 0)-part of the Chern connection D,. Now we compute the
negativity of the curvature +/—10®,, (D). By the above equality, we have

V=10,(D) > ¢ «/_® (D).

||2

On the other hand, there exists a positive constant C such that /—10,(D) > —Cw
on X since X is compact and g is smooth on X. Therefore we have

C
>

vV —=10g, (D) + A; = 0, where A, :=¢ 5 w >
|t|g+8

Then we can see that

((«/—T@MMM(D ® F ® M)Asu, su»ge

B

< sup 1512, (<(«/—1®gshFhM(D ®F ® M) + Ag) Au, u»g

< sup 1517, «(«/—1@gshFhM(D ®F @ M)+ Ag) Au, u>>g :
0
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The first inequality is obtained from A, > 0, the second inequality is obtained from
V=10, (D) + A, > 0, and the third inequality is obtained from g, < go. Further,

by the assumption ~/ =10y, (F) > t+/—10y,, (M), we can see that
1
N=1Og.1phy (DOF QM)+ A, <+/—104, (D) + A + (1 + ;) vV =10y, (F)
1
5<1+;) (J—T®g£(D)+AE+J—_1®hF(F)).

Here we used +/—10®,, (D) + A, > 0 to obtain the second inequality. In summary,
we have

<<\/_1®gghFhM(D QF @ M)Asu, su>>
8e

< swplsl, (1 + %) ((v=T00.(D) + 4 + V=104, (F)) Au, u>>g0 .

For the proof of Theorem 1.5, it is sufficient to estimate the order of the right hand
side.

Proposition 3.9 (cf. [30, Proposition 3.8]). Under the above situation, we have
<<(«/—1®g8(0) + «/—1®hF(F)> Au, u>>g ~0.
0

Proof. For simplicity, we put
W i= V=10, (D ® F)Au = («/—16)&(0) n «/—1@,,F(F)) Au.

Then it follows that w € L:’g(D ® F)g, since the metric g.hp is smooth on X
and u € L?Z’;I(D ® F)g,. Indeed, there is a positive constant C such that —Cw <

V=104, (D ® F) < Cow. Then we have |w|g, < Cqlulg,, and thus we can see

that w € L] (D ® F)g, by u € L’gz’;f (D ® F)g, . Further,by u € Hg,’(D® F) and

(3.9), we have du = 0 and Dg_u = 0. Therefore we obtain
90,u=+/~1044,.(D® F)Au=w

n

from Proposition 2.4. In particular, we can see that w € Kerd C L(z’)q (DQ® F)g,.

By (3.5), we have the orthogonal decomposition
Kerd =Imd @ Ker¢ @ (Ker¢)™ in LGI(D ® F)g,
and thus w can be decomposed as follows:

w = w; + wy + w3 for some w; € Imd, wr € Ker¢p, and w3 € (KerqS)J‘.
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Since we have u € (Ker¢)+ by the construction of u, we obtain {w, u) 2
((w3, u)g,- It is sufficient for the proof to show that w3 is zero. It follows that

8 u € L(z) (D ® F)g, since 8 u is smooth on X. (Note that we do not know

whether 8 U € L'Zz)q (D®F)g, .) By combining with 3 EM g4 = w, we can conclude
that

wy + w3 =w— w eImBCL(z)(D(X)F)gE,

and thus we obtain w; +w3 =w —w €Ker ¢. In particular we can see w3 =0. [

Finally we prove the following proposition.
Proposition 3.10. Under the above situation, we have
(AsAu, u) gy = O(e(—loge)).

Proof. By Remark 3.6 (which is obtained from Theorem 1.6), we see that |u|g, is a
bounded function on X. By the definition of A., we can easily see that

(AcAu, u) /|t|2+s godefesuplulgO/ |t|2—|—stw'

By Lemma 3.7, we obtain the conclusion. O

Remark 3.11. The integral in Lemma 3.7 naturally appears when we prove Propo-
sition 3.8 and Proposition 3.10, but the reasons why the integral appears are differ-
ent. The integral in Proposition 3.8 comes from the definition of g.. On the other
hand, the same integral comes from the curvature of g, when we prove Proposi-
tion 3.10.

By Proposition 3.8, Proposition 3.10, and inequality (3.7), we complete the proof
of Theorem 1.5. O

3.3. Proof of Theorem 1.3

In this subsection, we show that Theorem 1.5 leads to Theorem 1.3. In particular,
Conjecture 1.2 is affirmatively solved for plt pairs (see Corollary 1.4). Corollary 1.4
is easily obtained from Theorem 1.3. Indeed, the Hermitian line bundle (M, hpy) :=
(F™, h') satisfies the assumption v/—10y,,. (F) > (1/m)~/—10,,(M) in Theo-
rem 1.3.

Proof of Theorem 1.3. Let D = ) ;_; D; be the irreducible decomposition of D.

We remark that D; N D; = @ for i # j since (X, D) is a plt pair. For every i € I,
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we consider the long exact sequence induced by the standard short exact sequence:

N (4 N
HY(X,Ox(Kx ® F ® D)) — > HI(X, Ox(Kx ® F ® D; ® M))

dp,

1

HY(X,Ox(Kx ® D ® F)) —=

Hi(X,0x(Kx® D® F Q@ M)) (3.10)

Ti

A fi:=®S|Dl‘ A
HY(D;, Op,(Kp, ® F ® D;)) —> H9(D;, Op,(Kp, ® F ® D; ® M)).

Here 151- is the divisor defined by ﬁi =) ke I ki Dk and f; is the multiplication
map induced by the tensor product with the restriction s|p, of s to D;. Further
®p, is the map induced by the natural inclusion Ox — Ox(D;) and r; is the
map induced by the restriction map Ox — Op,. Note that we used the adjunction
formula Op,(Kx @ D;) = Op,(Kp,).

Remark 3.12. By the assumption D; N D; = @, we actually have Op,(Kp, ®
F® ﬁi) = Op,(Kp, ® F), but we used the notation Op,(Kp, @ F ® ﬁi) for
Observation 3.15.

Let o be a cohomology class in HY(X, Ox(Kx ® D ® F)) such that
sa =0 HI(X,0x(Kx @ D® F ® M)).

The above commutative diagram implies that f;(r;(«)) = 0. Note that we have
Op,(Kp, ® F ® D;) = Op,(Kp, ® F) by the assumption D; N D; = . The
restriction Op, (F) is a semi-positive line bundle on D; since F' is semi-positive,
and further the restriction s|p, is non-zero since the zero locus s~1(0) does not
contain D; by the assumption. In particular Op, (F) and s|p, satisfy the assump-
tions of Enoki’s injectivity theorem, and thus the multiplication map f; is injective.
Therefore we obtain r; (o) = 0 forevery i € I.
We have the following exact sequence:

> HID.Kx®F) 2% HI(X, Kx ® D® F)
2 HI(X,Op(Kx @ DR F)) — -+,

where rp is the map induced by the restriction map Oy — Op. On the other hand,
we have

HY(D, Op(Kx ® D ® F)) = @ HY(Di, Op,(Kp, ® F))

iel
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by the assumption D; N D; = (. Then we can easily check rp(a) = 0 by the above
exact sequence since we have r; (o) = O for every i € I. Therefore Theorem 1.5
leads to the desired conclusion & = 0 of Theorem 1.3. O

3.4. Open problems related to Conjecture 1.2

In this subsection, we give several open problems related to Conjecture 1.2.

We first consider a generalization of Theorem 1.6. For Conjecture 1.2, our
formulation of Theorem 1.6 is enough, but it is an interesting problem to remove
the technical assumption in Theorem 1.6. We remark that Problem 3.13 can be seen
as a refinement of [6, Theorem 0.1].

Problem 3.13. Consider the same situation as in Theorem 1.6. Can we remove the
assumption that / is smooth on a non-empty Zariski open set?

The following problem may give a strategy to solve Conjecture 1.2. By Theorem 1.5
and the proof of Theorem 1.3, we can see that if Problem 3.14 is affirmatively
solved, we can prove Conjecture 3.14.

Problem 3.14. Let D be a simple normal crossing divisor on a compact Kihler
manifold X and F be a semi-positive line bundle on X. Let s be a (holomorphic)
section of Op (F™) restricted to the (possibly non-irreducible) variety D. Then, is
the following multiplication map injective?

HY(D,Op(Kx ® D® F)) => HI(D, Op(Kx ® D@ F"*)).

Finally, in order to clarify what is needed for Conjecture 1.2, we attempt to prove
Conjecture 1.2 by the induction on n = dim X.

Observation 3.15 (Observation for Conjecture 1.2). In the case D = 0, Conjec-
ture 1.2 is the same as Enoki’s injectivity theorem, and thus we may assume that
D # 0. When 7 is one, the conclusion of Conjecture 1.2 is obvious since D ® F
is ample. Hence we may assume that Conjecture 1.2 holds for compact Kéhler
manifolds of dimension (n — 1).

We consider the commutative diagram (3.10) in the proof of Theorem 1.3. We
remark that the pair (D;, ﬁi) is an Ic pair. Since the zero locus s~1(0) contains no
Ic centers of (X, D), we can show that the restriction s|p, contains no lc centers
of (D;, 5;). Further the restriction Op, (F) is a semi-positive line bundle on D;.
Therefore the multiplication map f; in (3.10) is injective by the induction hypothe-
sis.

For a cohomology class « in HY(X, Ox(Kx ® D ® F)) such that s« = 0 €
HY(X,0Ox(Kx ® D ® F ® M)), we have f;(r;i(a)) = 0. Then it follows that
ri(a) = 0 for every i € [ since f; is injective. In the case of plt pairs, we have
D; N Dj = ¥ fori # j. Then we can obtain rp(a) = 0 from r;(a) = O (see
the proof of Theorem 1.3). If we can show that rp(«) = O in the case of Ic pairs,
Conjecture 1.2 is affirmatively solved by Theorem 1.5. However we do not know
whether we can conclude rp () = 0 from r; (o) = O in this case.
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