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ABSTRACT. In this paper, we introduce the concept of quasihyperbolic John
spaces and provide a necessary and sufficient condition for a space to be quasihy-
perbolic John. Using this criterion, we exhibit a simple proof to show that a John
space with a Gromov hyperbolic quasihyperbolization is quasihyperbolic John,
quantitatively. This answers in the affirmative to an open question proposed by
Heinonen (Rev. Mat. Iberoam., 1989) and studied by Gehring et al. (Math. Scand.,
1989). As a tool, we study the connection between quasihyperbolic John spaces
and several geometric conditions, such as the uniformity, the linear local connect-
edness, the Gehring-Hayman condition, and the ball separation condition.

1. INTRODUCTION AND MAIN RESULTS

This paper focuses on geometric properties of quasihyperbolic geodesics in John
spaces. In what follows, (X,d) is a locally compact, incomplete, and rectifiably
connected metric space, X = X \ X with X the completion of X is the metric
boundary of X, and the identity map (X,d) — (X,¢) is continuous, where ¢ is
the length metric of X with respect to d. Following [1, 18, 24], we call such a
space minimally nice. Note that every proper domain in a Euclidean space R" is a
minimally nice metric space.

A minimally nice space (X, d) is called a-John for a constant a > 1 if every pair
of two points x,y in X can be joined by an arc « satisfying for each z € « the
condition that

min{{(afz, z]), ((alz,y])} < ad(z),
where d(z) = dist(z,0X) and o[z, z] and «[z, y] denote the two subarcs of a between
x and z, and z and y, respectively. The arc « is called a double a-cone arc. The
class of Euclidean John domains was first considered by John [22] in the study of
elasticity theory.

In the literature, a minimally nice space (X, d) is called a-John with center xq if
a > 1 is a constant and xy € X a distinguished point such that for all z € X, we
may join x to zg by an arc  in X such that for all z € v, £(v[z, z]) < ad(z); the arc
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~ is called an a-cone arc. Note that the above definition ensures that X is bounded.
Our version of definition of John spaces works well even if X is unbounded. Indeed,
if X is bounded, then these two definitions are equivalent to each other not only for
domains of Euclidean spaces, see [15, 17, 26], but also in the setting of metric spaces
as follows.

(1) Suppose first that X is a-John with a center zy € X. Fix a pair of points
x1,T2 € X. Choose an a-cone arc «; joining x; to xo in X for ¢ = 1,2. Let x3
be the first point in ay from x; with x3 € as. Then o = [z, 3] U anlxs, 25] is
the desired arc.

(2) Next we suppose that X is a bounded a-John space with a > 1. Let A =
(@ +1)/2a; then 0 < A < 1. Since X is bounded, we know that 0 < k =
sup{d(z) : x € X} < oo. Choose ¢ € X with d(xy) > Ak. Let x € X be a
given point. Pick a double a-cone arc f in X connecting x and x,. Let u be
the arclength midpoint of 8. For every z € §, if z € f[x,u|, then we see from
the double cone condition that ¢(8[x, z]) < ad(z). Suppose that z € S[xg,u].
Now d(u) < k < d(xp)/X < (a+ 1)d(2)/X = 2ad(z), and thus ¢(8) < 2ad(u) <
4a%d(z), as desired.

The quasihyperbolic metric was introduced by Gehring and Palka [14] in Euclidean
setting and we refer to [13] for more geometric properties. In [25], Martio and Sarvas
introduced the concept of uniform domains, that is, every pair of points can be
connected by a uniform arc, i.e., a double cone arc satisfying the quasiconvexity
condition. The importance of the quasihyperbolic metric and uniform domains in
quasiconformal mapping theory is well understood, see for example [6, 8, 9, 11, 15,
16, 18, 20].

In [3], Bonk et al. investigated negative curvature of uniform metric spaces and
demonstrated many phenomena in function theory from the point of view of Gromov
hyperbolicity of the quasihyperbolic metric. It was shown in [3, Theorem 2.10] that
every quasihyperbolic geodesic in a uniform space is a uniform arc. Note that the
existence of a quasihyperbolic geodesic between any pair of points in a minimally
space follows from [3, Proposition 2.8]. Since the uniformity of spaces implies the
John property, there raises the natural problem of determining sufficient and/or
necessary conditions (in John spaces) for quasihyperbolic geodesics to be double
cone arcs.

This problem has been studied by several authors. For background and more
information see [28]. For example, in the case of planar subdomains, Gehring et
al. [12, Theorem 4.1] proved that simple connectedness is a sufficient condition
for a John domain to have every quasihyperbolic geodesic ending at the center to
be a cone arc. In the case of dimensions n > 2, Gromov hyperbolicity of the
quasihyperbolic metric is also sufficient to assert that quasihyperbolic geodesics are
double cone arcs. Using conformal moduli of path families and Ahlfors n-regularity
of n-Lebesgue measure, this result can be obtained by [3, Proposition 7.12] because
John domains in R™, n > 2, satisfy the linear local connectedness condition LLCo;
see the proof of [16, Lemma 3.5] or Proposition 3.21. For this result, a new proof
may be obtained from [16, Proposition 3.7] and also from [28, Theorem 1.3], which
uses geometric characterization of Gromov hyperbolicity that appeared in [1, 23, 24].
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In this paper, we focus on this problem and introduce the following concept.

Definition 1.1. Let a > 1. A minimally nice space (X, d) is called quasihyperbolic a-
John, if every quasihyperbolic geodesic o in X is a double a-cone arc. Moreover, X is
called quasihyperbolic John if there is a constant a > 1 such that X is quasihyperbolic
a-John.

Obviously, quasihyperbolic John spaces are John. There are John spaces which
are not quasihyperbolic John, see [12, Examples 5]. It follows from [3, Theorem 2.10]
that every uniform space is quasihyperbolic John. Indeed, we shall see that the class
of quasihyperbolic John spaces is very wide.

In the following, we first present a complete solution to the above problem by
providing a necessary and sufficient condition for spaces to be quasihyperbolic John.

Theorem 1.2. A minimally nice space X is quasthyperbolic a-John if and only if
there is a constant A > 0 such that for each quasihyperbolic geodesic [x,y|y satisfying
d(u) < 2min{d(z),d(y)} for all u € [z,y]r, we have k(z,y) < A, where k is the
quasihyperbolic metric of X. The constants a and A can be chosen to depend only
on each other.

Next we consider whether Theorem 1.2 can tell us that Gromov hyperbolic John
spaces are quasihyperbolic John. Note that, in a minimally nice space (X,d), X
is called Gromov d-hyperbolic if it has a Gromov hyperbolic quasihyperbolization.
That is to say, (X, k) is d-hyperbolic for some constant 6 > 0, where k is the
quasihyperbolic metric of X. The class of Gromov hyperbolic John spaces includes
uniform domains and inner uniform domains in R", simply connected John domains
in the plane, etc.

In particular, it was asked by Heinonen in [17, Question 2] whether a John domain
in R™ quasiconformally equivalent to the unit ball is quasihyperbolic John. Recently,
the authors in [28, Theorem 1.1] obtained a dimension-free answer to this question
by showing that every quasihyperbolic geodesic in a John space which admits a
roughly starlike Gromov hyperbolic quasihyperbolization is a double cone arc. The
approach in [28] is elementary and makes use of the uniformization theory of Gromov
hyperbolic spaces established in [3]. With the aid of Theorem 1.2, we obtain the
following;:

Theorem 1.3. Leta > 1 and 6 > 0. Every quasihyperbolic geodesic in a minimally
nice a-John Gromouv d-hyperbolic space X is a double M -cone arc with M = M (a, ).
In particular, a John space with a Gromov hyperbolic quasihyperbolization is quasi-
hyperbolic John.

Remark 1.4. It follows from Theorem 1.3 that quasihyperbolic geodesics in John
hyperbolic spaces are double cone arcs, quantitatively. Moreover, Theorem 1.3 is an
improvement of [3, Proposition 7.12], [12, Theorem 4.1], and [16, Remark 3.10]. We
remark that the related results of [3, 12, 16] were considered in bounded domains of
Euclidean spaces R™ and the parameters depended on n. Indeed, their proofs may
not hold without assuming the spaces to be Ahlfors regular. This is because we do
not know whether the spaces/domains satisfy the ball separation condition in this
setting.



4 Gromov hyperbolic John is quasihyperbolic John I

On the other hand, the rough starlikeness is not required in Theorem 1.3 and so
it gives an improvement of [28, Theorem 1.1]. Indeed, our proof is not only more
direct but is also simpler than that of [28, Theorem 1.1]. An important observation
is that every double cone arc is a union of two quasihyperbolic quasigeodesics. Using
this observation and the stability property of quasigeodesics in Gromov hyperbolic
spaces, one can easily verify the criterion for quasihyperbolic John spaces given in
Theorem 1.2. See Lemma 3.11.

In view of the above discussions, Theorem 1.3 asserts that simply connected planar
John domains and Gromov hyperbolic John domains in R™ are quasihyperbolic John.
There are many applications of these domains in quasiconformal mapping theory and
potential analysis. For example, Guo [16] proved that quasihyperbolic geodesics
in Gromov hyperbolic generalized ¢-John domains are @p-inner uniform curves in
order to study the uniform continuity of quasiconformal mappings onto Gromov
hyperbolic ¢-John domains. Recently, Chen and Ponnusamy [11] established certain
relationships between K-quasiconformal harmonic mappings and John disks.

Moreover, we study the connection between quasihyperbolic John spaces and other
geometric conditions, such as the linear local connectedness, the Gehring-Hayman
condition, and the ball separation condition. We begin with some definitions. Fol-
lowing [1] and [5], we say that (X, d) is a GHS space, if it is a minimally nice length
space and it satisfies both the Gehring-Hayman condition and the ball separation
condition, see Definitions 3.16 and 3.17. A minimally nice space (X, d) is ¢-LLCs,
if ¢ > 1 and points in X \ B(z,r) can be joined by a curve in X \ B(xz,r/c). In the
following, we demonstrate that a GHS space satisfying the John or LLCs condition
is quasihyperbolic John.

Theorem 1.5. Let (X,d) be a minimally nice length space. If X is a GHS space
satisfying the John or LLCy condition, then X is quasihyperbolic John.

As applications of the above results, we investigate geometric characterizations of
uniform metric spaces. Here is an immediate corollary to Theorem 1.5.

Corollary 1.6. A minimally nice length space is uniform if and only if it is John
and GHS.

As a corollary to Theorem 1.3, we investigate the connection between uniform
spaces and quasihyperbolic John spaces under the assumption of Ahlfors regularity.

Corollary 1.7. Let (X,d, 1) be a minimally nice, Ahlfors Q-reqular metric measure
space with Q) > 1. Then X is uniform if and only if it is quasiconvex, John, and
has a roughly starlike Gromouv hyperbolic quasihyperbolization.

Using a similar argument as in the proof of [16, Proposition 3.7], one may get the
sufficiency part of Corollary 1.7 provided the underlying space is locally externally
connected (cf. [5, p. 202]); see Remark 4.1. Since not all of uniform spaces are
locally externally connected, this assumption is unnecessary. Under the absence of
this extra condition, the sufficiency part of Corollary 1.7 follows from Theorem 1.3
and the Gehring—Hayman condition (cf. [24, Theorem 5.1]); see Section 4.1.
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In [1], Balogh and Buckley proved the equivalence of three different geometric
properties of metric measure spaces, that is, roughly, Gromov hyperbolicity of the
quasihyperbolic metric, the slice condition (for a precise definition see [1, p. 264]),
and a combination of the Gehring-Hayman and ball separation conditions. So one
may characterize uniform spaces in terms of the slice condition; for related discus-
sions see for example [5, 6, 9, 10] and the references therein. Along this way, we now
present a second application of Theorem 1.3.

Corollary 1.8. A quasiconvez, John minimally nice metric space (X,d) satisfying
the slice condition is uniform.

Finally, as indicated in Theorem 1.3, every John space with a Gromov hyperbolic
quasihyperbolization is quasihyperbolic John. For the converse, it is natural to
consider the following question:

Question 1.9. Does every quasihyperbolic John length space have a Gromov hy-
perbolic quasihyperbolization?

Note that if a quasihyperbolic John length space satisfies the Gehring-Hayman
condition, then it is uniform, and therefore admits a Gromov hyperbolic quasihy-
perbolization by [3, Theorem 3.6]. In other words, if there is a quasihyperbolic John
length space that does not satisfy the Gehring-Hayman condition, then one obtains
a counterexample to Question 1.9.

On the other hand, it is not hard to observe that quasihyperbolic John spaces
satisfy the ball separation condition, see Proposition 3.21. In view of this result,
Question 1.9 is related to a question pointed out by Balogh and Buckley in [1, p. 272]:
For a minimally nice length space, we do not know whether the ball separation
condition implies the Gehring-Hayman condition.

Thanks to [1, Theorem 6.1], if the answer to the above question arisen by Balogh
and Buckley is positive, then so is to Question 1.9. Thus, if there is a counterexample
to Question 1.9, then it answers negatively to the above question arisen by Balogh
and Buckley. We also remark that the answers to the above two questions are
unclear even in the situation of Euclidean domains.

This paper is organized as follows. Section 2 contains notations and the basic
definitions. After establishing certain useful lemmas, we prove Theorems 1.2, 1.3,
and 1.5 in Section 3. Section 4 is devoted to the proofs of Corollaries 1.7 and 1.8.
Finally, we show two facts in metric geometry in Section 5, the Appendix.

2. PRELIMINARIES

Let (X,d) denote a metric space with its metric completion X and its metric
boundary 0X = X \ X. The space X is incomplete if 0X is non-empty. For all
x € X, d(z) = dist(z,0X) if 90X # 0. The open (resp. closed) metric ball with
center x € X and radius r» > 0 is denoted by

B(z,7) ={z€ X : d(z,z) <r} (resp. B(x,r)={z€ X : d(z,2) <r}),

and the metric sphere by S(z,r) ={z € X : d(z,z) =r}.
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A curvein X is a continuous map v: I — X of an interval [ C R to X. If v is an
embedding of I, it is also called an arc. We also denote the image set y(I) of v by 7.
The length £() of v with respect to the metric d is defined in an obvious way. Here
the parameter interval [ is allowed to be open or half-open. Suppose v is a curve in
X with endpoints x and y. We say that z is a midpoint of v if £(v[z, z]) = £(V]y, 2]).

A geodesic arc «y joining x € X to y € X is a continuous map 7 from an interval
I =10,] C R into X such that v(0) = z, v(I) = y and

d(v(t),y(#)) = |t — | forall t,¢ € I.

A metric space X is said to be geodesic if every pair of points can be joined by a
geodesic arc. We use [z, y] to denote a geodesic between two points z and y in X.
Let A >1and p > 0. A (\, p)-quasigeodesic curve in X is a (A, u)-quasi-isometric
embedding v: I — X of an interval I C R. More explicitly,

ATHE =] = p <d(y(8),y(t) < At =t +p forall ¢, € I.

A metric space (X, d) is called rectifiably connected if every pair of points in X
can be joined with a curve v in X with ¢(y) < oo. In a minimally nice space (X, d),
the quasthyperbolic metric k in X is defined by

K, ) :inf{/W%}

where the infimum is taken over all rectifiable curves v in X with endpoints x
and y and ds denotes the arc length element with respect to the metric d. We
remark that the resulting space (X, k) is complete, proper, and geodesic, and that
k is topologically compatible (cf. [3]). Moreover, we need the following well-known
inequalities (cf. [3, 5]): for all z,y € X,

(2.1)

log ZIlEyg ‘ < k(z,y)

and

(22) o8 (14 et ) < 40 =/ e

where 7 is a curve in X with endpoints z,y € v and {x(v) is the quasihyperbolic
length of ~.

Let 6 > 0. A geodesic space (X,d) is called (Gromov) d-hyperbolic if for each
triplet of geodesics arcs [z,vy], [y, 2], [z, 2] in (X,d), every point in [z,y] is within
distance § from [y, z] U [z, z]. Let X be a proper geodesic §-hyperbolic space, w € X
and K > 0. We say that X is K-roughly starlike with respect to w if for each x € X
there is a point £ on the Gromov boundary d,, X of the J-hyperbolic space X such
that for the geodesic ray v = [w,¢] from w ending at £ (see [3, p. 18]), we have
dist(z,v) < K.

We now recall the stability property of quasigeodesics in a d-hyperbolic space; see
[4, Chapter III.LH Theorem 1.7].

Theorem 2.3. For all § > 0,A > 1,1 > 0, there is a number R = R(J, A\, u) with
the following property: If X is a §-hyperbolic space, and if v is a (A, p)-quasigeodesic
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in X and [p,q| is a geodesic joining the endpoints of 7y, then the Hausdorff distance
between [p,q| and v is less than R.

Let a > 1. A metric space X is called a-quasiconver if each pair of points x,y € X
can be joined by an a-quasiconvex curve «, that is, for which ¢(a) < ad(z,y). A
minimally nice space X is called a-uniform if each pair of points in X can be joined
by a double a-cone and a-quasiconvex arc.

3. PROOFS OF MAIN RESULTS

3.1. A criterion for quasihyperbolic John spaces. In this subsection, we study
geometric properties of quasihyperbolic geodesics in quasihyperbolic John spaces.
The aim of this part is to show Theorem 1.2, which provides a criterion for quasihy-
perbolic John spaces. Before the proof, we need an auxiliary lemma which asserts
that every double cone arc is a union of two quasihyperbolic quasigeodesics.

Lemma 3.1. Let (X,d) be a minimally nice a-John space, let v be a double a-cone
arc with endpoints x1 and xo in X, and let x¢ be the midpoint of v. Then for any
y € y[x1, 0] and z € Y|y, xo], we have

(3.2) k(y,z) < le(v[y, z]) < 3alog (1 + %;Z))) < 3ak(y, z) + 3alog 3a.

Moreover, the subarcs y[xq,x0] and v[xg, 2|, when parametrized by the quasihyper-
bolic arc length, are both quasihyperbolic (A, u)- quasigeodesics with A = 3a and
w = log 3a.

Proof. We only need to verify (3.2), because it implies that the subarc y[zy, zo] is
evidently a quasihyperbolic quasigeodesic; and by using a symmetric argument, one
easily sees that the other arc v[xg, x3] shares the same property.

Towards this end, since 7 is a double a-cone arc and z( is the midpoint of v, for
any u € [y, z], we have

(3.3) ((yly, ul) < ad(w).
Also, we claim that
(3.4) d(y) < 2ad(u).

Indeed, if u € B(y,d(y)/2), then we get d(u) > d(y) — d(y,u) > d(y)/2. Otherwise,
by (3.3) we have

ad(u) = L(vly, u]) = d(y,u) = d(y)/2,

as required.
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Now, by (3.3) and (3.4), we obtain ¢(y[y, u]) + d(y) < 3ad(u). Therefore,

|du|
Ko < ol = [
o] (W)
=) 3adt ((yly, 2])
< ———  =3alog | 1 + —2=2
< [ e ()
ad(z)
< 3alog (1 + )
d(y)
d
< 3alog ﬁ + 3alog 3a
d(y)
< 3ak(y, z) + 3alog 3a,
and the lemma follows. O

3.2. Proof of Theorem 1.2. We first prove the necessity. Suppose that X is
quasihyperbolic a-John with constant a > 1. Fix x,y € X and let [z, y]r = o be a
quasihyperbolic geodesic connecting = and y and satisfying d(u) < 2min{d(z),d(y)}
for all u € [z, y]p. Let 2 be the midpoint of «. By Lemma 3.1, we have

ad(xg)

d(x)
and similarly, k(xg,y) < 3alog(l + 2a). These two estimates imply that k(z,y) <
6alog(1l + 2a) =: A, as desired.

We are thus left to show the sufficiency. Let [p, ¢]x be a quasihyperbolic geodesic
in X with endpoints p and q. We show that [p,¢| is a double M-cone arc with
M = M(A). Let wy € [p, q], be a point such that

d(wg) = max{d(z) : z € [p,qlx} = T.
There is a unique nonnegative integer n such that

2"d(p) < T < 2" d(p).

k(x,x0) < 3alog (1 + ) < 3alog(1 + 2a)

For each i = 0,...,n, let p; be the first point on [p, q; with
(3.5) d(p;) = 2'd(p),

when travelling from p to q.
Similarly, we define ¢; to be the first point on [p, ¢]; with

d(g;) = 2’d(q)
for 7 = 0,...,m, when travelling from ¢ to p. Here m is the unique nonnegative
integer such that
2"d(q) < T < 2™ d(q).
Then p = pp and g = qo. Thus we note that the curve [p, ¢]; has been divided into
n + m + 1 non-overlapping (modulo end points) subcurves:

[D0s P1lks - - -+ [Pr—1, Pnlies [Prs @nlis [@ms G-l - - -5 (@15 Q0)k-
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Moreover, all subcurves in the above are also quasihyperbolic geodesics between
their respective endpoints, and for any one of the above, denoted by [z, y|x, we have

(3.6) d(u) < 2min{d(x),d(y)} for all u € [z, y|i.

Then for every 0 < i < n — 1, by (3.6), we may apply the assumption to the
subarc [p;, piy1]r and obtain by (2.2) that

(3.7) log (1 + %) < k(pi,piv1) < A4,

which ensures that

(3.8) U([pi> pisalr) < ed(p;).

Similarly, for each 0 < 7 < m — 1, we get

(3.9) U([gj+1. q5lk) < €?d(q;) and  ([pn, gmlr) < e”d(py).

We are now in a position to complete the proof of Theorem 1.2. For each v €
[p, q]k, we have three cases: v € [p;, Dit1]k O [Pn, Gmli OF [gj+1, ¢j]x for some 0 < ¢ <
n—1and 0 <j <m—1. It is enough to consider the former two cases because the
last one follows from a similar argument as the first case.
On the one hand, if v € [p;, pi1]x for some 0 < i < n —1, then by (2.1) and (3.7)
we have
d(v)

log
‘ d(p:)

S k(piav) § k(piapi+1> S A

and thus,
(3.10) d(p:) < eAd(v).
This, together with (3.5) and (3.8), shows that

Ulp o)) < S Upepentl) < e S d(p,) < 2e4d(py) < 264d (),

s=0

as desired.
On the other hand, if v € [p,, ¢k, then we easily see from a similar argument as
(3.10) that d(p,) < ed(v). Using this, (3.8) and (3.9), we obtain

(([p, vr)

IN

i g([psaszrl]k) + g([pm qm]k)

ed(pn) + ed(pn)

<
< 2e*d(v).

Therefore, we show that the quasihyperbolic geodesic [p, q]x is a double M-cone
arc with M = 2e24. This completes the proof of Theorem 1.2. 0



10 Gromov hyperbolic John is quasihyperbolic John I

3.3. Gromov hyperbolic John spaces are quasihyperbolic John. In this part,
we prove Theorem 1.3 with the aid of Theorem 1.2. Together with Lemma 3.1 and
the stability property of quasigeodesics in Gromov hyperbolic spaces, we verify the
criterion for quasihyperbolic John spaces.

Lemma 3.11. Let (X,d) be a minimally nice a-John Gromov §-hyperbolic space,
and let [z, y|x be a quasihyperbolic geodesic in X connecting x and y. If d(u) <
2min{d(x),d(y)} for all uw € [z,y|k, then there is a positive number A such that
k(z,y) < A with A depending only on a and §.

Proof. First, take a double a-cone arc 7y connecting = and y in X and let xy be the
midpoint of 7. Then pick another two quasihyperbolic geodesics [x, zo)x and [y, zo)k
joining zy to x and y, respectively. Consider the quasihyperbolic geodesic triangle

A = [zg, z]x U [z, y]x U [y, zo]k-

There is a tripod map f: A — T where T is a tripod consisting of three line segments
in R? satisfying the following two properties: f is an isometry on each of the sides
of A and f(u) = f(v) implies k(u,v) < 40, see [2, Lemma 1.3]. Let u € [x,y],
v € [z, x0]x, and w € [xg, y]x be the points of the quasihyperbolic geodesic triangle
A whose image under f is the origin of 7. Thus we have

(3.12) max{k(u,v), k(u,w)} < 44.
Without loss of generality, we may assume that k(z,u) > k(u,y). Thus
(3.13) k(x,y) < 2k(x,u).

Next, by Lemma 3.1, one immediately sees that [z, z¢] is a quasihyperbolic (A, p)-
quasigeodesic with A = 3a and p = log 3a. Moreover, according to Theorem 2.3,
there is a point vy € y[x, xo] and a number R = R(\, 1, ) = R(a, ) such that

k(vo,v) < R.
This, together with (2.1) and (3.12), guarantees that
d(’Uo)
(3.14) log i) < k(vo, u) < k(vg,v) + k(v,u) < R+ 46,
and so

d(vn) < " d(u) < 2% (),

where the last inequality follows from the assumption.
Moreover, by (3.13) and (3.14), a second application of Lemma 3.1 gives

k(z,y) < 2k(z,u) < 2k(z, vo) + 2k(vo, u)

ad(vg)
() ) +2R + 80

< 6alog (14 2ae™™) + 2R + 85 =: A,

< 6alog (1 +

and we complete the proof of Lemma 3.11. O
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3.4. Proof of Theorem 1.3. By Lemma 3.11 and Theorem 1.2, Theorem 1.3 fol-
lows immediately and one finds that every Gromov hyperbolic John space is quasi-
hyperbolic John. 0J

3.5. Quasihyperbolic John and GHS spaces. In this subsection, we investigate
the relationships between GHS spaces, linearly locally connected spaces, and quasi-
hyperbolic John spaces. Our goal is to prove Theorem 1.5. We start with several
definitions.

Definition 3.15. Let (X, d, 1) be a metric measure space and ¢ > 0. We say that
X is Ahlfors Q-regular if there is a constant C, > 1 such that for each x € X and
0 < r < diam(X), we have C,/'r? < pu(B(z,7)) < Cr€.

Definition 3.16. Let (X, d) be a minimally nice space and Cy, > 1 be a constant.
We say that X satisfies the Cy-Gehring-Hayman condition, if for all z, y in X
and for each quasihyperbolic geodesic 7 joining x and y, we have ¢(y) < Cynl(Byy)
whenever 3, , is a curve joining = and y in X.

Definition 3.17. Let (X, d) be a minimally nice space and Cys > 1 be a constant.
We say that X satisfies the Cy,-ball separation condition, if for all x, y in X, for
each quasihyperbolic geodesic v joining x and y, and for every z € 7,

B(’Z? Cbsd(z)) N BUE& 7& @
whenever 3, , is a curve joining x and y in X.

Next, we introduce some facts about metric geometry of minimally nice spaces,
see [3, 19]. Let (X, d) be a minimally nice space. The length metric {(x,y) of (X, d)
is defined as the infimum of the lengths ¢(7) of all rectifiable curves v in X with
endpoints x and y. The space (X, d) is called a length space if d = {.

Recall that a GHS space is a length space satisfying both the Gehring-Hayman
and ball separation conditions defined as above. We first prove that a GHS space
satisfying the LLCy condition is quasihyperbolic John.

Proposition 3.18. Let (X,d) be a minimally nice length space. If (X,d) is GHS
and Cy-LLCs, then X is quasthyperbolic John.

Proof. For each pair of points z,y € X, for any quasihyperbolic geodesic [z, y]y = «
joining z to y, and for each z € a;, we need to find an upper bound for the constant

C such that
min{l(afz, 2]), ((alz,y])} = Cd(z).
Since (X, d) satisfies the Cy,-Gehring-Hayman condition, we have
Uafz,2]) < Cgud(z, z) and l(aly, z]) < Cond(y, 2),

because both the subarcs o[z, z] and «[z,y] are quasihyperbolic geodesics. This in
turn implies that

: C
min{d(x, z),d(z,y)} > C—ghd(z)
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and so, if A € (0,1),
—7/ A
z,y € X\ B(z, —Cd(z))
Cyn
Now the Cy-LLC; property of (X, d) ensures that there is a curve « joining x to y
such that A

yC X \E(z, md(z)).

Moreover, since « is a quasihyperbolic geodesic and (X, d) satisfies the Cjs-ball
separation condition, it follows that

v N B(z, Cysd(2)) # 0.
This, together with the above fact, shows that A\C' < C,Cy;Chs, and thus
C < CoCypCs,
as required. The proof of Proposition 3.18 is complete. 0

We now derive a couple of corollaries to the above result. The first is an analogue
of [5, Theorem 4.2]. Recall that (X, d) is c-locally externally connected, abbreviated
c-LEC, provided ¢ > 1 and the ¢-LLC, property holds for all points x € X and for
all 7 € (0,d(x)/c). Recall also that a domain in R", n > 2, is ¢-LEC for all ¢ > 1.
See [5, p. 202].

Corollary 3.19. A minimally nice space (X,d) is uniform and LEC if and only
if (X,d) is quasiconver and (X, ) is LLCy and GHS, where ¢ denotes the length
metric of X.

Proof. As (X,d) is a minimally nice space, (X,d) is locally compact, incomplete,
and rectifiably connected; moreover, if £ = ¢, is the length metric of (X, d), then the
identity map id: (X, d) — (X, ¥) is continuous and thus a homeomorphism. Hence,
(X, ) is locally compact. By [3, Proposition A.7], £4(y) = ¢;,(y) for the lengths of
a curve v in (X, d) and in (X, ¢), respectively. It follows that ¢4(z,y) = €y, (x,y) for
all z,y € X. Thus, (X, /) is a rectifiably connected length space.

We may always assume that (X, d) is a-quasiconvex for some a > 1, because this
is the case if (X,d) is a-uniform. Then d < ¢ < ad. Thus, id: (X,d) — (X, {) is
a-bi-Lipschitz. Hence, (X, {) is incomplete. It follows, as id: (X, ¢y) — (X, £y,) is
isometric, that (X, ¢) is minimally nice.

Considering the a-bi-Lipschitz homeomorphism id: (X, d) — (X, ¢) we have d(z) <
{(z) < ad(x) for z € X, d(x) = disty(z, X \ X), and £(x) = dist,(x, X \ X).

Proof for ”if”: Suppose that (X, /) is ¢-LLCs for some ¢ > 1, that (X, ¢) satisfies
the Cy,-Gehring-Hayman condition for some Cy, > 1, and that (X, ¢) satisfies the
Cps-ball separation condition for some Cys > 1. Proposition 3.18 implies that (X, ¢)
is quasihyperbolic A-John for some A > 1.

To show that (X,d) is uniform, let x,y € X. Now there is a quasihyperbolic
geodesic « in (X, /) joining x and y. As (X, /) is quasihyperbolic A-John, « is a
double A-cone arc in (X, /¢). Hence, min{l(az, z]), {(alz,y])} < Al(z) < Aad(z)
if z € a. Choose a curve § in X joining x and y such that ¢(8) < ad(z,y). Then
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la) < Copl(B) < Cypad(z,y). Therefore, o is a B-uniform arc in (X, d) with
B = max{Aa, Cyra}. Thus (X,d) is B-uniform.

To show that (X, d) is LEC, let 2 € X and r > 0. Consider y,z € X \ By(z,7).
Then y,z € X \ By(x,7). As (X, ) is ¢-LLCy, there is a curve 0 C X \ By(x,7/c)
joining y and 2. Now o C X \ By(x,r/ac). Thus, (X,d) is ac-LLC, and hence
ac-LEC.

Proof for "only if”: Suppose that (X, d) is a-uniform for some a > 1 and b-LEC
for some b > 1. Then (X, d) is a-quasiconvex.

It is shown on [5, p. 204] that (X,d) is c-LLCy with ¢ = 1 + 2ab* (in B(z;s)
replace z by u). If x € X and r > 0, then X \ By(z,r) C X \ By(x,r/a) and
X\ By(z,r/ac) C X \ By(z,7/ac). It follows that (X, ¢) is ac-LLCs.

To establish that (X, /) is a GHS space, let z,y € X, let 7 be a quasihyperbolic
geodesic in (X, ¢) joining x and y, let z € 7, and let § be a curve in X joining = and
y. One first observes from Lemma 5.1 in the Appendix that the completion (X, d)
of X is also a-quasiconvex. The completion of the length metric ¢ of (X,d), also
denoted by ¢, is defined on X with d < ¢ < ad on X. As then d(u) < {(u) < ad(u)
for u € X, we thus know from [21, Lemma 3.10] that the identity map id: (X, kq) —
(X, k) is a-bi-Lipschitz; see also [28, Lemma 4.8]. This ensures that 7 is actually
a quasihyperbolic (a,0)-quasigeodesic in (X, d) joining = and y. Since (X,d) is a-
uniform, performing a slight modification to the proof of [3, Theorem 2.10] we know
that there is A > 1 depending only on a such that v is an A-uniform arc in (X, d);
see Lemma 5.2 in the Appendix or [5, Remark 3.2(c)]. Thus

() < Ad(z,y) < ALB).

Hence (X, ¢) satisfies the A-Gehring-Hayman condition. Choose B > A depending
only on A. We may assume that £(y[z, z]) < ¢(v[z,y]). Then {(z,z) < {(y]z,z]) <
Ad(z) < Al(z) < Bl(z). Thus z € By(z,Bl(z)) N 5. Hence (X, () satisfies the
B-ball separation condition. O

The second is an analogue of [3, Proposition 7.12] in the setting of metric spaces.

Corollary 3.20. Let (X,d, ) be a minimally nice Ahlfors Q-regular length metric
measure space with Q > 1. If (X,d) is LLCy and if (X, k) is a roughly starlike,
d-hyperbolic space, then (X, d) is uniform.

Proof. Applying [24, Theorem 5.1], one finds that (X, d) is a GHS space. Moreover,
by Proposition 3.18, we know that every quasihyperbolic geodesic in X is a double
cone arc. This last fact and the fact that (X,d) satisfies the Gehring-Hayman
condition yield that (X, d) is uniform, as required. O

The following result which may be of independent interest.

Proposition 3.21. Let (X,d) be a minimally nice space.

(1) If X is quasihyperbolic a-John for some a > 1, then it satisfies the 2a-ball
separation condition.

(2) If X is a-John and b-LEC for some a,b > 1, then it is c-LLCy with ¢ =
ab?® + 2ab + 2b.
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Proof. (1): For each pair of points z,y € X, for every quasihyperbolic geodesic
a = [z,y]x joining x and y, and for all z € «, we have

min{d(z, z),d(z,y)} < min{l(alz, z]),l(alz,y])} < ad(z) < 2ad(z),
because « is a double a-cone arc. This implies that

{z,y} N B(z,2ad(z)) # 0,
which gives the first assertion. -
(2): To show that (X,d) is ¢-LLCs, let o € X and y,z € X \ B(z,r). Pick a
double a-cone arc « joining y and z in X. Then for all x € a, we have

(3.22) min{d(x,y),d(x, 2)} < min{l(a[z,y]),l(a|x, z])} < ad(z).

We consider two cases. If a N S(xg,2br/c) = 0, then there is nothing to prove as
20r/c < r. If anS(xg,2br/c) # 0, then there are two points y1, 21 € aNS (g, 20r/c)
(perhaps y; = z1) such that both aly,y;| and «afz1, 2] lie outside of B(xg,2br/c).
Thus, by (3.22) we get

ad(yy) = min{d(y,y), d(y1, 2)} = min{d(zo,y), d(zo, 2)} — d(z0, 31) > r — 2br/c,
which implies that

r—2br/c
a

d(zo) > d(y1) — d(zo, y1) > —2br/c = b*r/c,

where the last inequality follows from our choice of the constant ¢. Thus br/c <
d(xo)/b. B

Applying the LEC condition, there is a curve 5§ C X \ B(zo,7/¢) joining y; and
z1. Therefore, we get a curve

7= a[yvyl] U 6 U Oé[ZhZ],
which connects y and z in X \ B(xo,7/c). O

Finally, we shall show that GHS John spaces are also quasihyperbolic John. By
[1, Theorem 6.1], we see that a GHS space is Gromov hyperbolic with respect to its
quasihyperbolic metric. From this fact and Theorem 1.3, it follows that GHS John
spaces are quasihyperbolic John. In the following, we give a direct proof for this
conclusion.

Proposition 3.23. Let (X,d) be a minimally nice length space. If (X,d) is GHS
and a-John, then X is quasihyperbolic John.

Proof. Fix x,y € X and take a quasihyperbolic geodesic « = [z, y|; connecting z to
y. Since X is a-John, there is a double a-cone arc v joining x and y. Because (X, d)
satisfies the Cjs-ball separation condition, for each z € «, there is a point zg € «v
such that

(3.24) d(z, z0) < Cyed(2),

which implies
d(z0) < d(z,20) +d(z) < (14 Cps)d(2).
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Moreover, since v is a double a-cone arc, we have

min{{(y[z, zo]), £(v[z0, y])} < ad(z0) < a(l + Che)d(2).
This combined with (3.24), ensures that

(3.25) min{d(z, z),d(z,y)} < d(z,z20) + min{l(v[z, z0]), £(V[20,y]) }
< (a+ 1)1+ Cy)d(2).

On the other hand, since (X, d) satisfies the Cj;,-Gehring-Hayman inequality, it
follows that

Uafz,z]) < Cprd(z,z) and L(aly, z]) < Cyurd(y, 2),

because both the subarcs afz, z] and o[z, y] are quasihyperbolic geodesics. Therefore,
by (3.25) we obtain

min{¢(afz, 2]}, £(alz y))} < Cynla+ 1)(1+ Co)d(2).
Proposition 3.23 follows. U

3.6. Proof of Theorem 1.5. Theorem 1.5 follows from Propositions 3.18 and 3.23.
O

4. PROOFS OF COROLLARIES 1.7 AND 1.8

4.1. Proof of Corollary 1.7. Let (X, d, ) be a minimally nice Ahlfors Q-regular
metric measure space with ¢ > 1. To prove the necessity, we assume that X is
an a-uniform space. By definition, the quasiconvexity and John properties follow
immediately. Thanks to [3, Theorem 3.6], (X, k) is a proper geodesic Gromov hy-
perbolic space, where k is the quasihyperbolic metric of X. It remains to show the
roughly starlikeness of (X, k). If X is bounded, then this again follows from [3,
Theorem 3.6].

We next consider the case that X is unbounded. Take a base point p € 0X. Let
(X,c?p) be the sphericalized space of (X,d) with respect to p; then id: (X,d) —
(X, dAp) is a homeomorphism. For the definition see [7, Section 3.B|. According to
[7, Theorem 5.5, we know that (X, cip) is a bounded B-uniform metric space with
B = B(a) because (X,d) is unbounded. Arguing as in the former case, we see
that (X, l;:;) is a proper geodesic Gromov hyperbolic metric space and K-roughly
starlike with respect to a point wy € X for some K = K(a) > 0, where l;;; is the
quasihyperbolic metric of X with respect to dAp.

For any « € X, there is a £ on the Gromov boundary Ono (X, kAp) of the hyperbolic
space (X, l;;;) and a k/:;—quasihyperbolic geodesic ray [wy, E ]E; emanating from wq to

§A such that

-~

k(. [wo, € 1) < K.

Moreover, [7, Theorem 4.11] ensures that the identity map (X, k) — (X, kAp) is 80a-
bi-Lipschitz. It follows from [27, Theorem 5.35] that the identity map (X, k) —

(X, kAp) induces a homeomorphism ¢: 05 (X, k) = 0x(X, kAp) between the Gromov
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boundaries. Let & be a point on the Gromov hyperbolic boundary 0. (X, k) of
the hyperbolic space (X, k) with ¢(&§) = fA This guarantees that [wo,g]k; is a
(80a, 0)-quasigeodesic ray in the space (X, k) from wy ending at £. Then take the
quasihyperbolic geodesic ray [wy, £] in the space (X, k) connecting wy and €. By the
extended stability theorem (cf. [27, Theorem 6.32]) of Gromov hyperbolic spaces,
there is a positive number R = R(a) such that the Hausdorff distance between

the two curves [wy, ] and [wo, E ]E with respect to the quasihyperbolic metric £ is
bounded above by R. Therefore, we obtain

k(x, [wo, &]k) < 80aK + R.

Hence we are done and the necessity follows.

For the sufficiency, we assume that (X, d) is c-quasiconvex and a-John and that
(X, k) is K-roughly starlike Gromov §-hyperbolic. To show that (X, d) is uniform,
let z,y € X be a pair of points. Choose a quasihyperbolic geodesic 7 joining z and
y. On one hand, as (X, d) is a-John and (X, k) is d-hyperbolic, Theorem 1.3 ensures
that the quasihyperbolic geodesic v is a double M-cone arc with M depending only
on a and 9.

On the other hand, because (X, d, i) is a c-quasiconvex and Ahlfors Q-regular met-
ric measure space with > 1 and (X, k) is K-roughly starlike Gromov d-hyperbolic,
it follows from [24, Theorem 5.1] that there is a constant Cy, > 1 such that (X, d)
satisfies the Cyp-Gehring-Hayman condition, where we can choose C,, to depend
only on ¢, K, 6, @, the coefficient C, for Ahlfors regularity, and (possibly) the chosen
base point w of X. As (X, d) is c-quasiconvex, there is a curve  in X joining = and
y such that ¢(5) < cd(x,y). Therefore, we obtain

U(7) < Conl(B) < cCypd(,y).

Letting A = max{M, cCy}, we know that 7 is an A-uniform arc. Hence (X, d) is
A-uniform, completing the proof. 0

Remark 4.1. We also give a proof not based on Theorem 1.3 for the sufficiency
in Corollary 1.7 under the LEC assumption. Choose a,b,c¢ > 1 such that (X,d)
is a-John, b-LEC, and c-quasiconvex. Then (X,d) is 0'-LLCy with & = 1 + 2ab?
as shown in [5, p. 204] (note that there z,y ¢ B(u;s)). By [24, Theorem 5.1]
choose Cyp, Cps > 1 such that (X, d) satisfies the C,,-Gehring-Hayman condition
and the Cys-ball separation condition. Let x,y € X, and let v be a quasihyperbolic
geodesic in X joining x and y. We show that v is an A-uniform arc with A =
cCopb'Cys. First, (y) < cCypd(x,y) < Ad(z,y) as shown in the above. Now let
z €. If 2,y € X\B(2,VCyd(z)), then there is a curve 8 joining x and y in
X\B(z, Cysd(2)), a contradiction. Thus min{d(z, z),d(z,y)} < V'Cysd(z) and hence
min{£(vy[z, 2]), £(v[z,y]) } < cCgnmin{d(z, 2),d(z,y)} < Ad(z).

4.2. Proof of Corollary 1.8. First, thanks to [1, Theorem 2.3], we know that
(X, ?) satisfies the Gehring—Hayman and ball separation conditions, where ¢ is the
length metric on X induced by d. Thus (X, ¢) is a GHS space. Now it follows from
Proposition 3.23 that (X, ¢) is quasihyperbolic John. Since (X,d) is quasiconvex
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and (X, ¢) satisfies the Gehring-Hayman condition, we find that (X, d) is uniform.
Hence, Corollary 1.8 follows. 0J

5. APPENDIX

In this section, we first prove an elementary fact regarding quasiconvex metric
spaces.

Lemma 5.1. Let a > 1,(X,d) a metric space, and Y an a-quasiconvexr dense sub-
space of X. Then X is b-quasiconvex for every b > a. Let ¢ be the length metric of
X. Then d(z,y) < l(z,y) < ad(z,y) for all x,y € X.

Proof. The latter claim follows from the former claim, and to prove the former
claim, let b > a and x,y € X. We must find a curve ¢ in X joining  and y such
that (o) < bd(x,y).

Consider first the case z,y ¢ Y. We may assume that x # y. Let A = b/a,
and choose k € N with 27% < (A —1)/8. For each j > k choose points x;,y; € Y
with d(z;,xz) < 279d(x,y) and d(y;,y) < 277d(x,y). For each j > k choose an
arc oj in Y joining z; and z;4; such that ¢(a;) < ad(z;,z;11). Here d(z;,xj4;) <
d(wj, ) + d(zj1,2) < 3-2777 d(z,y). Now a = (U5, ;) U {z} is a curve in X
joining x3 and x such that £(a) < 3-27%ad(x,y). Choose similarly a curve 3 in X
joining v, and y such that £(3) < 3 -2 %ad(x,y). Choose a curve v in Y joining
and vy, such that ((y) < ad(xy,yx). Here d(xy, yr) < d(z,y) + d(zk, ) + d(yg, y) <
(1+2-27%)d(x,y). Now 0 = @aU~U B is a curve in X joining x and y such that
(o) < (1+8-27Mad(a,y) < Nad(z,y) = bd(x,y).

Consider then the case * ¢ Y and y € Y. Choose k € N with 27% < (A —1)/4.
Choose the points x;, the arcs a;, and the curve o as above. Choose a curve 7 in
Y joining zj and y such that ¢(y) < ad(xy,y). Here d(zg,y) < d(z,y) + d(zg, z) <
(1+27")d(x,y). Now 0 = @ U~ is a curve in X joining z and y such that £(o) <
(1+4-2"ad(x,y) < Xad(z,y) = bd(x,y). The case x € Y and y ¢ Y is similar.
The case x,y € Y is trivial. ]

Next, we establish a result similar to [3, Theorem 2.10] as follows.

Lemma 5.2. Let (X,d) be an A-uniform metric space. Then every quasihyperbolic
geodesic in (X, ) is a By-uniform arc in (X, d).

Proof. In the proof of [3, Theorem 2.10] in [3, p. 12| assume that v is a quasihyper-
bolic geodesic in (X, ¢) joining points =,y € X. Let L = {,(~), and let v: [0, L] —
(X, k¢) be the isometric parametrization of v by its arc length with v(0) = = and
v(L) = y. Asid: (X,kq) — (X, k) is A-bi-Lipschitz, v: [0, L] — (X, kg) is A-bi-
Lipschitz, that is, v is a quasihyperbolic (A, 0)-quasigeodesic in (X, d). Note that
the quasihyperbolic metric k in the proof in [3] means k;. We are allowed to use the
interval [0, L] in place of [0, 1] as in [3].

In [3, Lemma 2.13] the parametrization 7: [0, 1] — € of the curve v in Q from x
to y can well be replaced by the parametrization v: [0, L] — € of 7 by its arc length
with L = £4(7) as is done, in fact, just in the proof of [3, Lemma 2.13].
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We next establish a modification of [3, (2.18)]. By the first formula in [3, (2.17)]

we get as earlier
|dZ| 2\1/| 1 2|1/\ 1
b = [ 5 a2l = 2t
T d (2)

Now let tL < 2 be the points in [0, L] such that z} = fy(t,ﬁ) and 22 = y(t?) are
the endpoints of 7,; then 7, = [t} t?] and thus

vty

d(zl, 2?)
C A < 22 < 44 4 )
gk(VV) < A|t t | A%k ( 2y 1/) 44 log( d(ZV) /\d(Zg))

V]
< 4A%log (1 + %@(%))

by [3, (2.16)] and the second formula in [3, (2.17)]. Thus, the only difference is the
multiplication of the right hand side by A? (not by A).
Then (2"1/D)l4(,) < 64A% and consequently £ (7,) < 32A% and thus

d(z) > (D/2") exp(—324%)

for z € 7,. Now for z = v(t) € v, we get L4(7|[0,t]) A La(7Y|[t, L]) < B1(A)d(z) with
Bi(A) = 128 A% exp(32A48), that is, [3, (1.8)].

In the proof of [3, (2.19)] (i.e., of [3, (1.7)]), the only change is contained in the
above change of the constant B;(A). O
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