ON SINGULAR STRICTLY CONVEX SOLUTIONS TO THE MONGE-AMPERE
EQUATION

GUIDO DE PHILIPPIS AND RICCARDO TIONE

ABSTRACT. We show the existence of a strictly convex function u : By — R with associated Monge-Ampeére
measure represented by a function f with 0 < f < 1 a.e. whose Hessian has a singular part. This extends
the work [13] and answers an open question of [14, Sec. 6.2(1)].

1. INTRODUCTION

This paper is concerned with (low) regularity of convex solutions v : By — R, By CR", n > 2, to the
Monge-Ampére equation

2 _ .
{detD u=f, in By, (11)

u =0, on 0Bj.
Here solutions are intended in the Alexandrov sense, so that
det D*u = f

shall be interpreted as

pu = fdz
where p,, is the Monge-Ampére measure associated to u, see [10]. When 0 < 6 < f < 1 one can show that
solutions of (1.1) belongs to W21 (meaning that the Sym(2)-valued measure representing the Hessian of u
has no singular part) and indeed u € W21 *(By), for some £(8) > 0,[4,5,15].

When n =2 and 0 < f <1, it is a well known theorem of Alexandrov that strictly convex solutions of
(1.1) are indeed C*, see for instance [10, Theorem 2.17]. In view of applications to the semigeostrophic
equations it was asked in [14, Sec. 6.2(1)] whether solution of (1.1) with f <1 can have a singular part of
the Hessian measure. In [13], Mooney constructed a convex solution to (1.1) whose Hessian has a nontrivial
Cantor part, via a sophisticated extension procedure of a convenient one-dimensional convex function. The
graph of solutions constructed however contains open segments, leaving open the question whether an
example can be constructed with u strictly convex. The main result of this note shows that it is indeed
possible.

Theorem 1.1. There exists a strictly conver u € C*(By) with Du € BV NC°(By) and u =0 on dB; such
that
ey = fdx 0< f<1 ae.,

but
(% ¢ W2’1(Bl).

With the same method we may also construct u € C1®, having fixed any « € (0, 1).
The construction is performed by exploiting the convex integration method introduced by D. Faraco in
[7], based on objects known in the literature as staircase laminates. This is an extremely versatile method
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for creating pathological examples of concentration, and has already been used in many contexts, see [1-3,9].
In particular, it is used in [8] in connection with the degenerate Monge-Ampére equation

det(D?u) =0 a.e. in By.
Similar constructions have also been considered in [11,12].

L.1. Notation. We let Sym(2) be the space of 2 x 2 symmetric matrices. For any set £ C R?, we denote by
E its closure, by OF its topological boundary and by int E its interior. We denote by |F| the 2-dimensional
Lebesgue measure of a measurable set £ C R?.

For an open set Q C R? we say that a function u : Q — R is piecewise quadratic if it is continuous
and there exist countably many pairwise disjoint open sets 2, C Q! with

\(Jon

and U|Qn is a polynomial of second order. For a couple (z,y) € R?, we set

diag(z, y) = ( ‘S 2 )

We denote by a - b the standard scalar product of a,b € R2.

=0

2. LAMINATES OF FINITE ORDER

We wish to use the convex integration methods of [1,3]. We will say that B, C' € Sym(2) are rank-one
connected if
rank(B — C) = 1.
The building block of these methods is given by the following:

Lemma 2.1. Let Q C R? be an open and bounded domain. Consider B,C € Sym(2) with rank(B —C) = 1.
For any X € [0,1], let

A=AB+(1-XC
Fiz any b € R?, ¢ € R and let up(z) = %Aw cx+b-x+4c. Then, for all e > 0, there exists a piecewise
quadratic function u. € W2°°(Q) with the following properties:

(1) uc(z) = 1Az -2 +b-x+c, Duc(x) = Az + b on Q and ||u. —ullorg S €
(2) D*u.(z) € B-(B)U B.(C) for a.e. z € Q;

(3) |{z € Q: D*u.(z) = B}| > (1 —e)AQ|, [{z € Q: D%>u.(z) =C}| > (1 —¢)(1 - N)|Q;

(4) Hz € Q: D*uc(x) € B(B)} < (1 +e)AQ,{z € Q: D?u.(z) € B-(C)}| < (1 +¢e)(1 - N\)|Q;

Proof. A map having the first three properties was constructed in the proof of [1, Lemma 2.1], see in
particular [1, (4.1),(4.2),(4.3),(4.4)]. Let us denote the family of functions obtained in this way by v.. In
order to show that there is a map that in addition fulfills (4), we fix ¢ and A and assume without loss of
generality that A < 1 — A. We can also assume that € > 0 is so small that B.(B) N B.(C) = . Thus,
having defined ¢’ = 1‘5_)‘)\ and the map v.s, we set u. = ves and claim that this function has the four required
properties. Since €’ < ¢, the first three properties are straightforward from the analogous properties of v.r.
To obtain (4), simply estimate

{x € Q: D?>u.(z) € B.(B)}| = |{z € Q: D*v.(z) € B.(B)}|

3)
<9 —{z € Q: D*va(2) =C}H < [1— (1 —€)(1 = N9

Analogously,
Hx € Q: D?u.(z) € Bo(C)} < |1 — (1 —£)N\[|Q].
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The fact that A <1 — X and our choice of ¢/ = 5ﬁ implies that
N-—1-N1-N|<(A+e)dand |1 — (1 -\ < (1+e)(1-N)
and allows us to conclude the proof. (]
This result can be easily iterated, but before stating the next proposition, we start with a definition.

Definition 2.2. Let v, u be probability atomic measures on Sym(2). Let v = Zi\; Aida,. We say
that p can be obtained via elementary splitting from v if for some i € {1,..., N}, there exist matrices
B,C € Sym(2), A € [0,1] such that
rank(B—C)=1, A;=sB+(1-s)C,
for some s € (0,1) and
p=v+A\i(=da, + 505+ (1 —5)ic).
A probability measure v = 22:1 Xid 4, is called a laminate of finite order if there exists a finite number of
measures vy, ..., VY, € such that
v = 5_)(, Vp =V

and v;41 can be obtained via elementary splitting from v;, for every j € {1,..., N —1}.

A simple inductive procedure starting from Lemma 2.1 yields then the next result, see also [1, Proposition
2.3] or [16, Proposition 4.6].

Lemma 2.3. Let Q C R? be an open domain. Consider a laminate of finite order v =13 _, X\ida, with
barycenter A € Sym(2), i.e.:

A= Xdv(X).
R2x2
Fiz any b € R?, ¢ € R and let up(z) = %Am -x+b-x+c. Then, for all ¢ > 0, there exists a piecewise
quadratic function u. € W2°°(Q) with the following properties:
(1) ue(z) = 1Az -2 +b-x+c, Duc(x) = Az + b on 0Q and |lu. — uO”cl(ﬁ) <e;
(2) D*u.(z) € U;_, B:(4;) for a.e. x € ;
(3) Hz € Q: D*uc(x) = A} > (1 — &)\ |9, Vi;
(4) {x € Q: D?u.(x) € B-(4)}] < (1 +¢)\|9], Vi.
Operatively, what one usually does is the following. Starting with a matrix A € Sym(2), one splits A
into B and C with weight A if
rank(B—C)=1and A=AB+ (1 -X)C.
We will use the short-hand notation:
dar vy =Ap+ (1 =M. (2.1)

By definition, 17 is a laminate of finite order. One can then reiterate this reasoning by splitting C' into D
and F with weight u, provided

rank(D — F)=1and C = puD+ (1 — p)E,
so that
dc — uop + (1 — pu)dg.
By construction, the measure
ve = A+ (1= Npdp + (1 —X)(1 — p)dg.

is again a laminate of finite order. Before concluding this section we show one last result, which will be
useful in the proof of Theorem 1.1.
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Lemma 2.4. Let Q C R? be open and let u: Q — R be a W(Q) piecewise quadratic function. Let {Q,}
be the collection of pairwise disjoint open sets such that

\Jan

and U|Qn is a polynomial of second order. Define, for any Borel F C Sym(2), the set

=0

E = {2z € Q:xisa Lebesque point for D*u(z) and D*u(z) € F},

Then,
E\ |J =0 (2:2)
n:Q, NEA)
and
|OFE N Q| =0. (2.3)

Proof. Notice that, since u|q, is a polynomial of second order, E enjoys the property
ENQ,#0=9Q,CE, VneN. (2.4)
Thus, either |E| = 0, in which case (2.2) is obvious, or |E| > 0. In this case, (2.4) shows

U O, CintECEFE
n:Q, NE#D

and (2.2) is immediate. To show (2.3), suppose by contradiction that for some F,
|OE N Q| > 0.
In this case we must have that, for some m € N,
Q,NOENQ 0.

Let x € Q,, NOE N . On one hand, we must have that « ¢ E, since otherwise (2.4) yields Q,,, C F and
hence x ¢ OE. On the other hand, since Q,, intersects OF, then 2, must intersect E and hence = € E by
(2.4), which yields the required contradiction. O

3. PROOF OF THEOREM 1.1

We divide the proof into steps.

Construction of the laminates. ‘ We will work in the space of diagonal matrices, where we use coordi-

nates
2 xr 0
(z,y) €R H<0 y>

Notice that in the space of diagonal matrices two matrices (z,y) and (a,b) are rank-one connected if and
only if x = a or y = b. We define the laminate of finite order v,, in the following way. First, we let for all
n>1:

T, =47", y,=2", b,= 127”, zn =477 (3.1)
Moreover, set
! L1 b = 3 1
1‘0—27 y0—2, 0= 20—8-

Observe that 0 < 2,41 < x, < b, for all n € N. Thus, we can first split horizontally

bn — Tp Tp — Tn+41
5(I7L7yn) = 1 6($n+1;yn) + b 1 5(bn7yn)'

bn — Tn4 n — Tn4
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Next, since 0 < 2z, < Yy, < yn41 for all n € N, we are allowed to split vertically

Yn — Zn Yn+1 — Yn
0 T ? o T + T Zn)*
(Tr41,Yn) Ynt1 — 2n (Tnt1,Yn+1) Ynt1 — Zn (Tnt1,2n)

By construction, the probability measure
bp — T Yn — Zn b — T Ynt1 = Yn LT — Tn41

6($n+17yn+1) + b (Tnt1,2m) T mé(bmyn)

VUp =

by, — Tn4+1 Ynt+1 — Zn n — Tnt+1 Yntl — Zn

is a laminate of finite order. Let for all n € N
A, = diag(zy,yn), Bn=diag(xni1,2,), Cpn = diag(b,,yn)

and

bn — T Yn — Zn B, = bn — Tn Ynt1 — Yn - Tn — Tn+l (3.2)
n — .

Qp = Tn =

bn - xn+l Yn+1 — Zn’ bn - xn-&-l Yn+1 — Zn7 bn — Tnp+1 .
The base step. | The reasoning to construct the function u of the statement of the present Theorem is

inductive. We start with )
up(z) = §Aoz -z, VzeR%
Next we define:
en = 107" (3.3)

We can consider u; : By — R, which is obtained employing Lemma 2.3 with vy and £; in place of . In
other words, u; € W2 is a piecewise quadratic function which satisfies:

e uy = ug, Du; = Dug on 0B; and |lu; — u0||cl(§l) < eq;

[ D2’LL1 € le (Al) U le (Bo) U le (Co) a.e. in By;

o |[{z € By :D*ui(2) = A1} > ap(1 — &1)| By
|{Z € By D2u1(z) S le (Al)}| < (1 +€1)040‘Bl|.
Consider the set E; = {z € Qo = By : D?u;(z) = A;}. Since |E;| > 0, Lemma 2.4 allows us to choose
another open set 21 C Fy which is a finite union of balls whose closures are pairwise disjoint and

|E1\ | < e1] Byl

Since u; is piecewise quadratic, we can subdivide 2; into countably many smaller open sets {F}, },en on
which wu; is quadratic. Let uq(2) = %Alz -z4+b-z+con F, for some b € R?,c € R. Then, we can replace
up on F), using a function ws, given again by Lemma 2.3 with v; and 5 in place of v and €. We then
define

wa p, on F,.

. {ul on Bi\U, Fn
Ug = .

By Proposition 2.3

1
an:§Alz~z+boz+candDwgyn:AlerbonaFn,

5

and hence ug is still in W2°°(B;). We will now set up the inductive procedure.

The inductive Step.‘ Suppose we are given an open, non-empty set 2,1 C B; and a piecewise qua-

dratic function u; € W2°°(By) satisfying

J j—1
D*uj € | B., (Ax) U | B.,,,(Bi) U B, (Cy) ae. in By.
k=1 k=0

Let
Ej = {Z S Qj,1 : DQ’LLJ‘(Z) = Aj}7 (34)
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. . N; .
which we assume to have positive measure. By Lemma 2.4, we can choose Q; = J;; By, (z;) with r; < 1
=1 br; j

for all ¢, By, (x;) C Ej, and

B, (931) N By, (Ik) =0, Vi # k,

so that 5
Q; does not contain segments of length larger than . (3.5)
J
The balls forming {2; are chosen in such a way that
1B\ Q] < &;]E;]. (3.6)
Finally notice that
|0€2;| = 0. (3.7)

We can split ; = J,, 5, such that on each open set €, ,,, u; is quadratic. In particular, we have
1
uj(z) = §Ajz 2+4bjn 2+ cjnon Q,, where A; = diag(z;,y;),bjn € R* ¢j, € R.
On each 25 ,,, we can consider as boundary datum u; and use the laminate of finite order v; in conjunction
with Lemma 2.3 to construct a map w;, € W22 with the following properties:
(a) wjn = uj, Dwjn = Du;j on 9 and [Jwjn — | cr g7y < €415
(b) D2wj,7l € B5j+1 (Aj+1) U BEj+1 (BJ) U Bé‘j+1 (C]) a.e. in Qj,n§
(¢) furthermore
{o € Qi : D?wjn(2) = Ajr} > (1= ej41)05(Qn]
and
|{Jj € Qjﬂl : DQw]'fﬂ(x) € B5j+1 (Aj+1)}| < (1 +5j+1)aj|Qj,n|~
Thus, if we define
. ui(@), ifz e B\ Qy
ujpi(a) =4 7 JPR—
win(x), if z € Qjp,
we see that uj . € W%°°(By) enjoys the following properties:
(1) Uj+1 = 'U,j, DUj+1 = DUj on 831 and ||’LL]'+1 — ’LLjHCl(E) S €j+1;
(ii) D?ujy1 € L) Beyp (Ar) UUL_g Beros (Bi) U Bey., (Cy) ae. in By;
(iii) furthermore
{o € Q- D?ujia(2) = Aja}l > (1 - gj11)ey]9y]
and
{z € Q;: D*ujyi(2) € Bey s (Aj41)} < (1 +€551)a4]9)-
‘ Definition of the required map and first properties.
Extend each function u; to B3 by taking

O = Uj, in Bl
/ up, in Bg\Bl.

The inductive scheme gives us a sequence {u;}jen.

First, by (i) we have that

o0

Z (141 _ﬂchl([TQ) < +00.

j=1
Thus we can define U, = lim; u;, where the limit is taken in the C1(B3) topology. As for u;, we will
denote uy the restriction of s, to B1. Moreover,

1 1
Upo = Uy = Z(x2 +y2) =1 on 0B
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again by (i). We claim that u = u., — % gives the required counterexample. We will always work with ua,
in the following, since anyway the subtraction of the constant i does not change the properties we are
interested in. Due to our choice of {¢;};en, {x;},{y;},{b;} and {z;}, see (3.1)-(3.3), and exploiting (ii),
we also find p; > 0 such that

D*u;(x) > pjid (3.9)
a.e. in B3 in the sense of quadratic forms. In particular, this yields that u; is convex for all j and thus Te,
is convex too. Moreover in the sense of measures

D?*u; = D*liy, in Bs. (3.10)
Since u; € W2°°(Bjy) for all j we have
Py = det(D%uj)dz
and once again our choice of {¢;};,{z;},{y;},{b;} and {z;} in conjunction with (ii) yield
0 < det(D?u;)(z) < 1 a.e. in By.
By [10, Proposition 2.6], it follows that s, is the weak-* limit of p1,,; and it is therefore represented as
pu,, = fdz, and 0 < f < 1.

Up to now, we have showed that u., enjoys the following properties:
® uy Is convex; o
e u,, € CY(By) and Du € BV NC%(By);
® Uy = % on JB1, so that u = 0 on 0By;
® iy, =fdzand 0 < f<1a.e.
To conclude, we still need to show that
e 0< fae,;
® U is strictly convex;
o D2y, is singular with respect to the Lebesgue measure.

In order to so, we define the closed set

Qo = ﬂ Q.
j=1
We claim that
;] Q) s 0as j 0o (Claim 1)
and that there exists ¢ > 0 such that
c< / Oaou; for all j. (Claim 2)
Q2

First assume these claims and let us show how they allow us to conclude the proof.

(Claim 1) implies that |Q| = 0. Thus it suffices to prove that f > 0 a.e. on By \ Qs =
U;(B1 \ ©2;). On the open set By \ ©; we have, by (3.8) and the fact that ;11 C Q; for all j € N,

Uoo = Uy,

and hence, since u; € W2,

(3.9) _
P, = fdz = p,; = det(D?*u;)dz >0, a.e. on By \ Q;.
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‘uoo is stricly convex. | Suppose by contradiction this does not hold. Then there exists a segment ¢ C By

such that us, is affine on ¢. First, we note that

0 Qoo
Indeed, if by contradiction o C Q,, then by definition o C ﬁj for all j € N. This is in contradiction
with our construction of Q;, see (3.5), for j large enough. Since Q. is closed, we find another (nontrivial)
segment
o Cao
with
' N = 0.
Thus
o =o' N JB1\ Q).
j
Let 2o € o’ and jo € N such that xg € By \ Q;,. By (3.8), we find a small ball B.(z) C B; such that
Uso = Uj, o0 B.(xp). Thus,
Uso = Uj, on B:(zo) N’ # 0.
By (3.9), uj, is strictly convex on B (x¢), which is in contradiction with the fact that u. is affine on o. It
follows that u is strictly convex in Bj.

‘ D?u, is singular. ‘ It suffices to prove that Oz2u is singular. Notice that by convexity, Osou;, O20tce > 0

in the sense of measures. Now, by construction, €41 C €2; for all 7 € N. Fix j and take any £ > j. Then:

(Claim 2) (3.7)
c < 822u4dz§/ Opupdz = / Oooupdz.
Qe Q; Q;

By (3.10), O22uy weakly-* converges in the sense of measures to dasts and hence by [6, Theorem 1.40(ii)],
we may use the previous chain of inequalities to conclude that, for all j € N,

¢ <lim Sup[ Daoupdz < Dot (25).
Q;

{— 00

Exploiting once more (Claim 1), we conclude that Gzt and hence D?u, is singular with respect to the
Lebesgue measure.

We now turn to the proof of the claims.

‘Proof of (Claim 1). ‘ We wish to show that there exist constants ci,cz > 0 such that

c1 <liminf |Q;|y; <limsup|Q,ly; < co. (3.11)
J—© j—oo

This would imply (Claim 1). We start by noticing that

o0 oo

ko=[J(1—eit1)? € (0,00), ky=]](1+e) € (0,00), (3.12)
=0 i=1
kiﬁb”“ :ﬁl_% € (0, 0) kiﬁie(OOO) (3.13)
' i1 b~ Ti Z_le_%l R i:ll_ﬁ o .

To prove these statements recall the following elementary fact: if {a;}; is a sequence of real numbers, with
1+ a; > 0 for all i € N, then in order for

J
lim [J(1+ a) € (0, +00) (3.14)
J—00 i
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it is sufficient that

> Jail < +oo. (3.15)

=1
By (3.1)-(3.3) we immediately obtain (3.15) in the cases considered in (3.12)-(3.13), so these hold. Having
shown (3.12)-(3.13), we can move to (3.11). From the first line of (iii) and by (3.4), we find

(1= &)y |Q] < |Ejpal.
Using (3.6), we further get
(1= gj1)ayl ] < (1 —€j1)7HQjal, VieN. (3.16)

Inductively we can use (3.16) to write for all j € N

Jj—1 00 j—1
[T J1ul =[] —eix)® ) | [T e ) 1l <191
=1 =0 =1

Moreover, using the fact that ; C E; for all j € N we find:

(iii)

51 < Byl S o € 9 DPujpa(e) € Bepp (Ags)} € i1+ 2500)I0], WeN.  (3.7)
Using (3.17) inductively, we obtain

j—1 J j—1 00 j—1
1] <[] [Tei [T +e) <10 [T e [T+ &) < kglu| [J i, VieN
=1 =2 i=1 =2 i=1

As |Q1| > 0, in order to conclude (3.11) we only need to study the asymptotic behaviour of Hle a;. We

have:
— Ty i — Zj 3.13
lim ;41 1_[04Z = hm 0 Y41 H T Yy (3.13) y1kiko = 2k ks,

j—roo =1 i+1 Yit1 — Zi

where we used that y; = 2. This shows (3.11) and concludes the proof of this claim.

‘Proof of (Claim 2). ‘ By (3.4) and since ; C E;, we have

/ 322’[1,de = yJ|QJ|
Q;
and hence (Claim 2) follows from (3.11).
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