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Abstract

We present a construction explaining the existence of (unexpected) curves of degree

d ` k, passing through a finite set Z of points on P2, and having a generic point P of

multiplicity d. The construction is based on the syzygies of the k-th powers of the Jacobian

of the product of lines dual to the points of Z. These syzygies give rise to vector bundle

of rank k ` 1. We prove a result giving a sufficient condition for the unexpectedness of

curves via the splitting type of the bundle (restricted to the line dual to P ) providing a

generalization of the theory initiated by Faenzi and Valles and by Cook II, Harbourne,

Migliore and Nagel.
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1 Introduction

Studying the dimension of a given linear system of divisors is one of the most classical prob-

lems in algebraic geometry. Typical examples of interesting linear systems arise when imposing

vanishing conditions on divisors in a complete linear system. Determining the dimension of

such a system amounts to deciding if the imposed vanishing conditions are independent or not.

If the underlying variety is a projective space and vanishing (to order one) is imposed in general

points then the resulting system is either empty or its dimension is determined by the number

of points. Imposing vanishing to order two in general points of a projective space is also well

understood due to a highly non-trivial result of Alexander and Hirschowitz, [1]. For points of

higher multiplicity, even a conjectural picture in projective spaces of arbitrary dimension is,

in general, missing. However, in the case of the complex projective plane the so-called SHGH

conjecture [4], promises an understanding of what can possibly happen. Despite intensive in-

vestigations over the last 40 years, the SHGH conjecture remains widely open. Based on the
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results due to Faenzi and Valles [13, 25], and results by Cook II, Harbourne, Migliore and

Nagel in their paper [3], started a new direction of research. They considered curves of degree

d` 1 passing through a set Z Ă P2 of non-general points and having multiplicity d in a general

point P . It is crucial here that the point P is general. If the existence of such curves does not

follow from the näıve dimension count, then the authors of [3] call them unexpected of type

pd ` 1, dq. Their work was motivated by findings for d “ 3 in [6] by DiGennaro, Ilardi and

Vallès. Unexpected curves, and more generally, unexpected hypersurfaces, attracted a lot of

attention, see e.g., [2, 7, 8, 10, 11, 12, 14, 15, 17, 18, 23, 24]. In particular, the authors of [20]

provide an infinite family of unexpected curves of type p2m` 1, 3q.

The present work was motivated by an attempt to explain the existence of this family. Then

we wanted to create a more general theory, along the lines of [3], explaining the existence of

unexpected curves with the difference between the degree and the multiplicity in the general

point greater than one. In [3] the existence of unexpected cures of type pd` 1, dq is explained

via degree d syzygies of the Jacobian ideal J of an arrangement AZ of lines dual to the points of

the set Z, defined by the equation f “ 0. The purpose of our work is to investigate unexpected

curves of type pd`k, dq from this point of view. More specifically, we present two main results.

The first is Theorem 3.1, where we describe a construction of curves of type pd ` k, dq based

on syzygies of the k-th power of a suitable twist of the Jacobian ideal of the arrangement AZ .

This construction generalizes that of Cook II, Harbourne, Migliore, Nagel from [3], where they

dealt with k “ 1 case. Theorem 5.5 provides, in turn, a sufficient condition for the curves

resulting from Theorem 3.1 to be unexpected. Section 4 and Lemma 5.3 are the most technical

part of the work. In Section 4 we show that the syzygy bundle of pJ{fSqk may be treated as a

subbundle of the k-th symmetric powers of the tangent bundle. A generalization of logarithmic

derivation was also studied in [26], with additional assumption of pr ` 1q-genericity od points.

In Lemma 5.3 we prove the connection between the splitting type of the above bundle and the

dimension of the ideal IZ ` dP in degree d ` k. In the last section of our paper, we present

examples of (various types of) unexpected curves, some of them may be a starting point for

new problems.
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2 Basic facts and the syzygies construction

In this section, we establish the notation and recall basic facts and definitions needed in the

sequel.

Let S “ Crx, y, zs be the graded ring of complex polynomials. Let qP2 be the space dual to

P2 “ PpSq and denote by Z a set of reduced points in qP2. We associate with the set Z Ă qP2

the line arrangement AZ “ A “ tH1, . . . , H|Z|u, where H 1
is are lines dual to the points of Z.

We denote by `i a linear form defining Hi. In this paper, f always stands for f “ `1 ¨ . . . ¨ `|Z|,

which we call the defining polynomial of A. For a given point Q “ pa, b, cq in P2, we use LQ to

denote the line in qP2 dual to this point. Similarly, if L Ă P2 is a generic line with the equation

αx` βy ` γz “ 0, then PL “ pα, β, γq indicates the dual point of L.

Let DerpSq be the module of C-derivations of S and denote by θE “ x B

Bx
`y B

By
`z B

Bz
P DerpSq

the Euler derivation. For a given homogeneous element f we define

Dpfq “ tθ P DerpSq | θpfq P fSu.

It is known that Dpfq “ SθE ‘ D0pfq, where D0pfq is the kernel of the map B ÞÑ Bpfq and it

is called the derivation module, giving rise to the derivation bundle, see [3]. We also use the

notation DpAq if A is the arrangement defined by f .

In the same spirit, we define DerkpSq to be the module

DerkpSq “
!

θ | θ “ hk,0,0

´

B

Bx

¯k

` hk´1,1,0

´

B

Bx

¯k´1 B

By
` . . .` h0,0,k

´

B

Bz

¯k)

– Sp
k`2
2 q,

where hi1,i2,i3 P S. Please note that here
´

B

Bx

¯i1´
B

By

¯i2´
B

Bz

¯i3
is a product of partial derivatives

of first order, not a derivative of higher order.

In what follows J “ pfx, fy, fzq always denotes the Jacobian ideal of f .

Let us now recall the definition of unexpected curves. Let IZ be the saturated homogeneous

ideal of a finite set Z of pairwise different points in qP2 and let P be a generic point in qP2. Given

a homogeneous ideal I Ď S we denote by rIst the vector space of all forms in I of degree t. Let

k be a positive integer.

Definition 2.1. We say that a curve C given as a zero set of a form in rIZsd`k, having a point

of multiplicity d at P , is unexpected of type pd` k, dq if

dimrIPYZsd`k ą max

ˆ

0, dimrIZsd`k ´

ˆ

d` 1

2

˙˙

;

i.e., C is unexpected if vanishing to order d at P imposes on rIZsd`k fewer than the expected

number of conditions. Moreover, we assume (as some authors do and some do not) that

vanishing in Z imposes independent conditions on the forms of degree d` k.
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As we mentioned above, the existence of unexpected curves of type pd ` 1, dq is explained

in [3] by considering the curve as an image of a certain map from a line P1 to P2, where the

map is defined with the help of the syzygies of the Jacobian ideal of f .

This construction is the starting point for our paper. We describe it from a slightly modified

point of view.

Construction 2.2. [3]

• Take a set Z of pairwise different points in a projective plane. Treat this plane as a dual

projective plane qP2.

• The points of Z give dual lines in P2 with the equations given by the forms l1, . . . , l|Z|.

Let f “ `1 ¨ ¨ ¨ `|Z|.

• Take a generic line L P P2, with its dual point PL “ pα, β, γq. Take a point Q “ pa, b, cq

in L.

• Let J denote the Jacobian ideal of f with fixed generators. Take a syzygy of J ` pLq

(of minimal degree), say ps0, s1, s2, s3q. Thus, for any point, Q “ pa, b, cq P qP2 we have

0 “ s0pQqfapQq`s1pQqfbpQq`s2pQqfcpQq`s3pQqLpQq. If Q P L, then LpQq “ 0 and we

have 0 “ s0pQqfapQq ` s1pQqfbpQq ` s2pQqfcpQq, where s0, s1, s2 are of the same degree,

say d. In such a case we will denote ps0pQq, s1pQq, s2pQqq as spQq.

• Then take two lines in the dual plane: `Q (dual to Q) and `spQq, dual to spQq. The lines

(in general) intersect in a point P , so we have a map: L Q QÑ P P qP2.

• The map is not defined if `spQq “ `Q. It may happen only when Q is a point of intersection

of L and f .

• In [3] it is proved that when a point Q moves along the generic line L, the image P moves

along a curve C of degree d` 1.

• The curve C constructed this way passes through all such points of Z that the map is

defined there, and has a point of multiplicity d in PL “ qL “ pα, β, γq.

3 Syzygies-based construction

The following theorem and its proof describe a construction, generalizing Construction 2.2.

By means of this generalized construction, we will get curves of type pd` k, dq, for k ě 1.
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Theorem 3.1. Let Z be a set of |Z| points in qP2 and let L be a generic line on P2 with the

equation αa` βb` γc “ 0. Denote by pgk,0,0, . . . , g0,0,k, gq a (reduced) syzygy of Jk ` pLq where

gi1,i2,i3 are all of degree d, i.e., for any Q “ pa : b : cq P P2 we have

gk,0,0pQqfxpQq
k
` gk´1,1,0pQqfxpQq

k´1fypQq ` ¨ ¨ ¨ ` g0,0,kpQqfzpQq
k
` gpQqLpQq “ 0.

Take any Q “ pa, b, cq P L and define SQ as the curve of degree k in qP2 given by the equation

SQpx, y, zq :“ gk,0,0pQqx
k
` gk´1,1,0pQqx

k´1y ` ¨ ¨ ¨ ` g0,0,kpQqz
k
“ 0.

Observe that, in fact, we have a one-dimensional family of such curves. Take again Q “

pa, b, cq P L. Consider in qP2 the following system of equations
$

’

’

’

&

’

’

’

%

αa` βb` γc “ 0

ax` by ` cz “ 0

gk,0,0pa, b, cqx
k ` gk´1,1,0pa, b, cqx

k´1y ` ¨ ¨ ¨ ` g0,0,kpa, b, cqz
k “ 0

(‹)

in variables a, b, c, α, β, γ, x, y, z (from which we will eliminate a, b, c). We will say that this

system is not determined in Q “ pa, b, cq P L if for all px, y, zq we have

gk,0,0pa, b, cqx
k
` gk´1,1,0pa, b, cqx

k´1y ` ¨ ¨ ¨ ` g0,0,kpa, b, cqz
k
“ pax` by ` czqk.

Let PL “ qL “ pα, β, γq. Then:

1. The system p‹q is not determined, only for points Q on AX L.

2. All the solutions px, y, zq to the system p‹q lie on a curve in qP 2, of degree (at most) d`k.

Denote this curve by CL.

3. CL passes through Z.

4. CL has a point of multiplicity at least d in PL.

5. The curve CL may be treated as CLpx, y, zq with parameters pα, β, γq and ”dually” as

CLpα, β, γq with parameters px, y, zq. The partial derivatives computed in point pα, β, γq

with respect to px, y, zq and computed in point px, y, zq with respect to pα, β, γq are the

same up to order d.

Proof.

Ad 1) If the system p‹q is not determined in a point Q “ pa, b, cq on the line L then, in particular,

for px, y, zq :“ pfapQq, fbpQq, fcpQqq we have

0 “ gk,0,0pQqfapQq
k
` gk´1,1,0pQqfapQq

k´1fbpQq ` ¨ ¨ ¨ ` g0,0,kpQqfcpQq
k
“

“ pafapQq ` bfbpQq ` cfcpQqq
k.

From Euler’s Homogeneous Function Theorem afapQq ` bfbpQq ` cfcpQq “ degpfqfpQq,

so fpQq “ 0
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Ad 2) Here we show that the curve CL passes through all such points of Z where p‹q is deter-

mined. We have that CL passes through zj P Z if zj P LQ and if also zj P SQ, for a point

Q P L. Let then zj “ pzj0, zj1, zj2q. Observe that from duality zj P LQ if and only if

Q P `j “ qzj, so Q must be the intersection point of `j and L. For such an intersection

point Q and from the fact that gi1,i2,i3 are syzygies of Jk, we have:

gk,0,0pQqfxpQq
k
` gk´1,1,0pQqfxpQq

k´1fypQq ` ¨ ¨ ¨ ` g0,0,kpQqfzpQq
k
“ 0.

As f “ `1 ¨ ¨ ¨ `j ¨ ¨ ¨ `|Z|, we have

pfxpQq, fypQq, fzpQqq “ ∇Qf “ hpQq∇Q`j “ hpQqpzj0, zj1, zj2q,

with a suitable polynomial h satisfying hpQq ‰ 0. Thus,

gk,0,0pQqz
k
j0 ` gk´1,1,0pQqz

k´1
j0 zj1 ` ¨ ¨ ¨ ` g0,0,kpQqz

k
j2 “ 0.

This gives that zj P SQ, so CL passes through zj.

Ad 3) If p‹q is not determined at Qi “ L X lzi , then LQi is contained in the set of solutions of

p‹q. Of course, zi P LQi (as Qi P lzi).

From 2q and 3q we see that CL passes through all z P Z.

Ad 4) The curve CL has a point of multiplicity d in PL “ qL “ pα, β, γq. Indeed, observe that as

the point PL belongs to every LQ, where Q P L, we need only to check that PL belongs

to d of curves SQ. Let HL be a hyperplane in Pr, where r “
`

k`2
2

˘

´ 1, defined as

HL “
 

px0, . . . , xrq : αkx0 ` α
k´1βx1 ` ¨ ¨ ¨ ` γ

kxr “ 0
(

.

Then tGpQq :“ pgk,0,0pQq, . . . , g0,0,kpQqq, Q P Lu is a curve of degree d in Pr. From the

genericity of L (and so of HL) it cuts the hyperplane HL in d pairwise different points,

say Q1, . . . , Qd. For any such point Qi, with i “ 1, . . . d, we have

gk,0,0pQiqα
k
` gk´1,1,0pQiqα

k´1β ` ¨ ¨ ¨ ` g0,0,kpQiqγ
k
“ 0,

so PL P SQi .

Ad 5) Here we describe a very explicit construction of the curve CL. This part of the proof

proves 5 and is an alternative proof of 4.

For pa, b, cq P L, where L “ αa` βb` γc “ 0 is a generic line on P2, the solutions of the

two equations:

ax` by ` cz “ 0
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and

gk,0,0pa, b, cqx
k
` gk´1,1,0pa, b, cqx

k´1y ` ¨ ¨ ¨ ` g0,0,kpa, b, cqz
k
“ 0

lie on a curve of degree d`k. Indeed, take a point pa, b, cq P L. As the syzygy is reduced,

we may assume, without loss of generality, that ad appears in at least one gi1,i2,i3 . We

may also assume that c “ 1, and that α, β ‰ 0, so

b “
´αa´ γ

β
.

Thus

gk,0,0pa, b, cqx
k
` gk´1,1,0pa, b, cqx

k´1y ` ¨ ¨ ¨ ` g0,0,kpa, b, cqz
k
“ 0

is equivalent to

gk,0,0

ˆ

a,
´αa´ γ

β
, 1

˙

xk ` gk´1,1,0

ˆ

a,
´αa´ γ

β
, 1

˙

xk´1y ` ¨ ¨ ¨ ` g0,0,k

ˆ

a,
´αa´ γ

β
, 1

˙

zk “ 0.

As gi are of degree d we may reorder the last equation to get:

adh1px, y, zq ` a
d´1h2px, y, zq ` ¨ ¨ ¨ ` hdpx, y, zq “ 0 (1)

with some homogeneous polynomials hjpx, y, zq of degree k (and in general depending

also on α, β, γ). On the other hand, putting b “ ´αa´γ
β

and c “ 1 into the equation

αa` βb` γc “ 0, we get

βax` p´αa´ γqy ` βz “ 0.

Thus for all points px, y, zq except pα, β, γq we have

a “
γy ´ βz

βx´ αy
. (2)

Then we substitute a by (2) into the equation (1) and multiply by pβx´ αyqd. We get:

pγy´βzqdh1px, y, zq`pγy´βzq
d´1
pβx´αyqh2px, y, zq`¨ ¨ ¨`hdpx, y, zqpβx´αyq

d
“ 0. (3)

This way we obtain an equation (3) of curve CL of degree d`k in variables x, y, z, with a

d-fold point at pα, β, γq “ qL. Moreover, the partial derivatives of the left-hand side of (3)

computed with respect to px, y, zq in the point px, y, zq :“ qL and computed with respect

to pα, β, γq in the point pα, β, γq :“ qL are the same up to order d.

Remark 3.2. We also provide an alternative more direct proof for the assertion 3q in Theorem

3.1, that if the system p‹q is not determined in a point Q1 on L, then the line LQ1 is a component

of CL. Indeed, in the above construction, we take the curve

gk,0,0pa, b, cqx
k
` gk´1,1,0pa, b, cqx

k´1y ` ¨ ¨ ¨ ` g0,0,kpa, b, cqz
k
“ 0,
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replace a, b by γy´βz
βx´αy

and αz´γx
βx´αy

and multiply by pβx´ αyqd. We get

gk,0,0

ˆ

γy ´ βz

βx´ αy
,
αz ´ γx

βx´ αy
, 1

˙

xk ` gk´1,1,0

ˆ

γy ´ βz

βx´ αy
,
αz ´ γx

βx´ αy
, 1

˙

xk´1y ` . . .

¨ ¨ ¨ ` g0,0,k

ˆ

γy ´ βz

βx´ αy
,
αz ´ γx

βx´ αy
, 1

˙

zk “ 0. p4q

Assume that a point, say pa1, b1, 1q “ Q1 “ LXlz1 , is such that the system p‹q is not determined.

Then
$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

gk,0,0pa1, b1, 1q “ ak1

gk´1,1,0pa1, b1, 1q “ kak´11 b1

gk´2,2,0pa1, b1, 1q “
`

k
2

˘

ak´21 b21

. . .

g0,0,kpa1, b1, 1q “ 1.

(4)

Put z “ ´a1x´ b1y into (4). Then we get

γy ´ βp´a1x´ b1yq

βx´ αy
“ a1,

αp´a1x´ b1yq ´ γx

βx´ αy
“ b1.

So in (4) we get

gk,0,0pa1, b1, 1qx
k
` gk´1,1,0pa1, b1, 1qx

k´1y ` ¨ ¨ ¨ ` g0,0,kpa1, b1, 1qp´a1x´ b1yq
k,

thus LQ1 divides CL.

4 Derivations

Motivated by relations between syzygies of J{fS and the module of derivatives D0pAq, we

exhibit in this section relations between syzygies of pJ{fSqk and the module of higher order

derivatives Dk
0pAq. Our main result in this section is Proposition 4.4. The connection between

the syzygies of pJ{fSqk and a bundle of derivations Dk
0pAq is analogous to the connection

between syzpJ{fSq and D0pAq. The generalization of logarithmic derivations was already

studied in [26] (with some additional assumptions). We present here detailed proofs, to make the

paper self-contained, to establish the notation and to expose the connection with the syzygies.

The reader familiar with the subject may skip the proofs in this section, whereas the reader

not familiar with the relation between syzpJ{fSq and D0pAq may want to see Appendix to [3]

for a detailed introduction to the subject, as well as to the papers [13, 22, 26] for articles also

related to this subject.

Having Proposition 4.4 we will in Section 5 establish a relation between the degree of a curve

which can be obtained from the construction described in Theorem 3.1 and the exponents in
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the splitting type of the bundle given by Dk
0pAq restricted to a general line L, giving a sufficient

condition for such a curve to be unexpected, see Theorem 5.5.

Let J “ pfx, fy, fzq. We have an exact sequence

0 ÝÑ Dk
pAq ÝÑ Sp

k`2
2 q φ
ÝÝÑ ppJ{fSqp|Z| ´ 1qqk ÝÑ 0,

where, for an element, pgk,0,0, gk´1,1,0, . . . , g0,0,kq P S
pk`2

2 q there is

φ

¨

˚

˝

»

—

–

gk,0,0
...

g0,0,k

fi

ffi

fl

˛

‹

‚

“ gk,0,0 ¨
´

Bf

Bx

¯k

` gk´1,1,0 ¨
´

Bf

Bx

¯k´1Bf

By
` . . .` g0,0,k ¨

´

Bf

Bz

¯k

pmod fq,

and Dk
pAq Ă DerkpSq is the set of such derivations δ that δpfq P Jk´1pfq. Let us remind, that

here
´

B

Bx

¯i1´
B

By

¯i2´
B

Bz

¯i3
is a product of partial derivatives of the first order, not a derivative

of a higher order.

In order to define our main object of this section, the module Dk
0pAq, we need the following.

Definition 4.1. Let i1 ` i2 ` i3 “ k ´ 1. For all j P
 

1, 2, . . . ,
`

k`1
2

˘(

we define a derivation

Ej P D
kpAq:

Ej :“ pdxqi1pdyqi2pdzqi3
´

Mpkq
¯

‹ P pkq,

where Mpkq and P pkq are k ` 1ˆ ¨ ¨ ¨ ˆ k ` 1
loooooooooomoooooooooon

k

dimensional matrices which consist of all mono-

mials and derivatives of degree and rank k respectively. The symbol ‹ denotes the Hadamard

product of matrices.

Example 4.2. For k “ 2 we have that,

E1 “ dxpMp2qq ‹ P p2q “ dx

¨

˚

˝

»

—

–

x2 xy xz

yx y2 yz

zx zy z2

fi

ffi

fl

˛

‹

‚

‹

»

—

–

Bx ¨ Bx Bx ¨ By Bx ¨ Bz

By ¨ Bx By ¨ By By ¨ Bz

Bz ¨ Bx Bz ¨ By Bz ¨ Bz

fi

ffi

fl

“

“

»

—

–

2x y z

y 0 0

z 0 0

fi

ffi

fl

‹

»

—

–

Bx ¨ Bx Bx ¨ By Bx ¨ Bz

By ¨ Bx By ¨ By By ¨ Bz

Bz ¨ Bx Bz ¨ By Bz ¨ Bz

fi

ffi

fl

“

»

—

–

2xBx ¨ Bx yBx ¨ By zBx ¨ Bz

yBy ¨ Bx 0 0

zBz ¨ Bx 0 0

fi

ffi

fl

.

Let us define a basis of symmetric 3ˆ 3 matrices:

e1 “

«

2 0 0

0 0 0

0 0 0

ff

, e2 “

«

0 1 0

1 0 0

0 0 0

ff

, e3 “

«

0 0 1

0 0 0

1 0 0

ff

, e4 “

«

0 0 0

0 2 0

0 0 0

ff

, e5 “

«

0 0 0

0 0 1

0 1 0

ff

, e6 “

«

0 0 0

0 0 0

0 0 2

ff

.

Thus E1 can be identified with a vector E1 “ rxBx ¨ Bx, yBx ¨ By, zBx ¨ Bz, 0, 0, 0s. Using this basis

we also obtain

E2 “ dypMp2qq ‹ P p2q “ r0, xBx ¨ By, 0, yBy ¨ By, zBy ¨ Bz, 0s,

E3 “ dzpMp2qq ‹ P p2q “ r0, 0, xBx ¨ Bz, 0, yBy ¨ Bz, zBz ¨ Bzs.
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Observe that the action of φ on Ej gives an element from J ¨ pfq. Indeed, φpE1q “ fx ¨ f

and so on. More generally, when Ej P D
kpAq, then φpEjq “ pfxq

i1pfyq
i2pfzq

i3f P Jk´1 ¨ pfq.

Definition 4.3. We define the module

Dk
0pAq “

Dk
pAq

N

SE1 ‘ ¨ ¨ ¨ ‘ SEpk`1
2 q
.

The following result will be used in Section 5.

Proposition 4.4. The sheafification of the module DkpAq is a vector bundle of rank
`

k`2
2

˘

.

The sheafification of Dk
0pAq is a vector bundle of rank k ` 1, with the first Chern class equal

kpk`1q
2

´ |Z|.

Proof. We use the exact sequence below.

0 0

0 syzppJp|Z| ´ 1qqkq DkpAq

0 Jk´1fSp´1q Jk´1fSp´1q ‘ Sp
k`2
2 q Sp

k`2
2 q 0

0 Jk´1fSp´1q pJp|Z| ´ 1qqk ppJ{fSqp|Z| ´ 1qqk 0

0 0 0

ˆf

φ

The middle column has a free module in the middle. The sheafification of Jk is torsion-free.

Thus, syzpJkq is after sheafification a reflexive sheaf ČpsyzpJkqq. On a surface, a reflexive sheaf

is locally free (see [21]), so ČpsyzpJkqq is a vector bundle of rank
`

k`2
2

˘

, and so is ČDkpAq.

We may, analogously as it was done in the case k “ 1 at the end of Appendix in [3], represent

DkpAq as a direct sum, where one summand is SE1‘¨ ¨ ¨‘SEpk`1
2 q

and the other is the module

of such derivations δ that δpfq “ 0. Taking the quotient of DkpAq by this first summand we

get Dk
0pAq.
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Observe that ČDk
0pAq is a vector bundle of rank k ` 1 as it arises as a division of ČDkpAq by

the sum of the sheafification of SEj for j “ 1, . . . ,
`

k`1
2

˘

, and
À

ĄSEj corresponds to a global

non-vanishing section of ČDkpAq.

To get the Chern class of ČDk
0pAq, consider the following diagram:

0 0

0 SE1 ‘ ¨ ¨ ¨ ‘ SE´

k`1
2

¯ SE1 ‘ ¨ ¨ ¨ ‘ SE´

k`1
2

¯

0

0 DkpAq S

´

k`2
2

¯

ppJ{fSqp|Z| ´ 1qqk 0

0 Dk0pAq S

´

k`2
2

¯

M

SE1 ‘ ¨ ¨ ¨ ‘ SE´

k`1
2

¯ ppJ{fSqp|Z| ´ 1qqk 0

0 0 0

φ

It is known that the sheafification of S3{E is TP2p´1q, so we prove that have an isomorphism
ˆ

Sp
k`2
2 q

N

Àpk`1
2 q

j“1 SEj

˙

Č

– Symk
pTP2p´1qq. Indeed, denote by „ the permutation action

of the symmetric group Σn. Then we have the consecutive isomorphisms

Symk
pS3
{Eq –

Âk
i“1 S

3
M

Àk
j“1 S

3 b S3 b ¨ ¨ ¨ b
pjq

E b ¨ ¨ ¨ b S3

O

„ –

Âk
i“1 S

3
{„

O

Àk
j“1 S

3 b S3 b ¨ ¨ ¨ b
pjq

E b ¨ ¨ ¨ b S3
{„

– Sp
k`2
2 q

N

Àpk`1
2 q

j“1 SEj
,

and after taking the sheafification we get the assertion.

To get c1pSymk
pTP2p´1qq we use the results on symmetric powers of vector bundles and

their Chern classes, see e.g. [?, 19]. We obtain that

c1pSymk
pTP2p´1qq “

ˆ

k ` 1

2

˙

¨ c1pTP2p´1qq “

ˆ

k ` 1

2

˙

.

We have also that

c1
`

ppJ{fOP2qp|Z| ´ 1qqk
˘

“ |Z|,
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where J is the sheafification of J . Indeed, this is done in [13, Theorem 2]. The authors prove

there that the kernel of the exact sequence

0 Ñ K Ñ Symk
pTP2p´1qq Ñ ppJ{fSqp|Z| ´ 1qqk Ñ 0,

has c1pKq “
`

k`1
2

˘

´|Z|. They prove also that this kernel is unique (we repeat this proof below,

in Lemma 5.3), so K is isomorphic to ČDk
0pAq (cf. the proof of Lemma 5.3).

5 Unexpectedness

In the last section, we have seen that the syzygies of ppJ{fSqp|Z|´1qqk form (after sheafifica-

tion) a vector bundle of rank k`1. Thus, this bundle splits as L to OLp´a1q‘¨ ¨ ¨‘OLp´ak`1q,

with 0 ď a1 ď ¨ ¨ ¨ ď ak`1.

Let us remind, that the construction presented in Section 2 gives a curve C “ CL of degree

ai`k passing through a generic point PL with multiplicity ai, so this is a curve of type pai`k, aiq.

The next result says when such a curve is unexpected. This result is related to Theorem 1.5

from [3].

Proposition 5.1. Take the syzygies of ppJ{fSqp|Z| ´ 1qqk of degree ai. The curve C of type

pai ` k, aiq (constructed as in Section 3) is unexpected if:

1. Z imposes independent conditions on curves of degree ai ` k and

2. pai ` 1qpk ` 1q ď
řk`1
j“1 aj.

Proof. Indeed, under our assumptions, C is unexpected when
ˆ

ai ` k ` 2

2

˙

´ |Z| ´

ˆ

ai ` 1

2

˙

ď 0.

This is equivalent to

kai ` ai `
kpk ` 3q

2
` 1 ď |Z|.

Let S be the (rank k` 1) bundle of syzygies of ppJ{fSqp|Z| ´ 1qqk. Remember that S splits

over L to OLp´a1q ‘ ¨ ¨ ¨ ‘ OLp´ak`1q with a1 ď ¨ ¨ ¨ ď ak`1, and this gives

a1 ` ¨ ¨ ¨ ` ak`1 “ ´
kpk ` 1q

2
` |Z|.

On the other hand, if a1 ` ¨ ¨ ¨ ` ak`1 “ ´
kpk`1q

2
` |Z|, we have, by Assumption 2,

|Z| “
kpk ` 1q

2
` a1 ` ¨ ¨ ¨ ` ak`1 ě

kpk ` 1q

2
` pk ` 1qpai ` 1q “ kai ` ai `

kpk ` 3q

2
` 1.
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The above Proposition explains, for example, the unexpectedness of the curve of type p9, 7q

for DF5 (see Example 6.3 below), or of type p7, 4q for DF5-without two points p1, e, e2q, p1, e2, 1q.

However, it does not explain the unexpectedness of the curve of type p8, 5q for DF5. To

say something about the unexpectedness of a curve of type pd ` k, dq with positive expected

dimension, we have to prove a lemma, generalizing Lemma 3.3 from [3]. Let us quote:

Lemma 5.2 (Lemma 3.3 of [3]). Let Z be a set of points on qP2 and let P be a general point

on P2. Let f denote, as above, the product of lines dual to the points of Z. Let S be the (rank

2) bundle of syzygies of pJ{fSqp|Z| ´ 1q. This bundle splits on a generic line L (dual to P ),

with the splitting type pa, bq.

Then, for each integer j

dimrIZ ` jP sj`1 “ maxt0, j ´ a` 1u `maxt0, j ´ b` 1u.

The generalization is the following:

Lemma 5.3. Let Z, P , f and L be as above. Let S be the (rank k ` 1) bundle of syzygies of

ppJ{fSqp|Z| ´ 1qqk. This bundle splits on a generic line L (dual to P ), with the splitting type

pa1, a2, . . . ak`1q.

Then, for each integer j

dimrIZ ` jP sj`k “ maxt0, j ´ a1 ` 1u ` ¨ ¨ ¨ `maxt0, j ´ ak`1 ` 1u.

Proof. For the proof of this Lemma we need the construction described by Faenzi and Vallès

in [13]. They consider the flag variety F “ tpQ, lq P P2 ˆ qP2 | Q P lu. By p, q they denote

the projections to the first and the second factor, respectively. Then they consider the sheaf

p˚q
˚IZp1q and they prove that this sheaf is isomorphic to the logarithmic derivation bundle

ČD1
0pAZq, so also it is isomorphic with the syzygies of pJ{fSqp|Z| ´ 1q.

We want to prove an extension of this result to k ą 1, namely the following claim.

Claim:

p˚q
˚IZpkq – S,

where S is, as above, the rank k ` 1 syzygy bundle of ppJ{fSqp|Z| ´ 1qqk.

Proof of the claim:

The first part of the proof concerns the kernel K of a map φ:

0 Ñ K Ñ Symk
pTP2p´1qq

φ
Ñ

à

zPZ

Olz .

We prove that this kernel is unique up to an isomorphism, repeating the reasoning from [13].

We repeat the arguments in order to make the proof explicit and the paper self-contained. We
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underline explicitly whenever we wander from the original proof, i.e., from the case of k “ 1 to

the case k ą 1.

First, observe that HompTP2p´1q,OLzq “ C. This follows from the fact thatH0pHompTP2p´1q,

OLzqq “ H0pTP2p´1q_ b OLzq “ H0pΩP2p1q b OLzq. Take the sequence

0 Ñ OLz Ñ ΩLzp1q ‘ OLz Ñ ΩLzp1q Ñ 0.

Using the fact that ΩP1p1q ‘ OP1 “ ΩP2p1q b OP1 and that ΩP1 “ OP1p´2q, we get

0 Ñ OLz Ñ ΩP2p1q b OLz Ñ OLzp´1q Ñ 0.

Taking the long sequence of cohomologies, we get H0pΩP2p1q b OLzq “ H0pOP1q “ C.

Now we have to show that, for k ě 2, there is HompSymk
pTP2p´1qq,OLzq “ C. This part of

the proof is not covered by [13], as it concerns k ě 2 case. Here we use the facts that the dual

of a symmetric power is the symmetric power of the dual space and that the symmetric power

of a tensor product is given by the following formula:

Symk
pV bW q “

à

λ$k

SλV b SλW,

where λ is a partition of k giving Young tableau with at most minimum of dimV , dimW rows

and S is the Schur functor, see [16, Exercise 6.11]. In our case, we will apply this formula to

Symk
pΩp1q b OLzq. The only possible partition gives one row in Young tableau, and we obtain

Symk
pΩp1q b OLzq “ Symk

pΩp1qq b Symk
pOLzq “ Symk

pΩp1qq b OLz .

Using the above, we have

HompSymk
pTP2p´1qq,OLzq “ H0

ppSymk
pTP2p´1qq_ b OLzqq “ H0

pSymk
pΩP2p1q b OLzqq.

Now we proceed by induction. For k “ 1 we have H0pΩP2p1q b OLzq equal to C. Assume

that H0pSymj
pΩP2p1qbOLzqq “ C for j ă k and take the k-th symmetric power of the sequence

0 Ñ OLz Ñ ΩP2p1q b OLz Ñ OLzp´1q Ñ 0,

obtaining

0 Ñ OLz b Symk´1 ΩP2p1q Ñ Symk
pΩP2p1qq b OLz Ñ OLzp´kq Ñ 0.

As the global sections of OLzp´kq are 0, from the inductive assumption, we are done.

The next paragraph of the proof is done in [13] (proof of Theorem 1) for k “ 1 case; we

extend it to k ě 2 case using the above. Thus, we know that all the maps from Symk
pTP2p´1qq

to
À

zPZ OLz , where k ě 1 are given by a choice of constants pαzqzPZ . Now assume that we chose
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two sets of such constants, pαzqzPZ and pβzqzPZ . Assume additionally that all the constants αz

and βz are nonzero. For two choices of such nonzero constants, consider the following diagram:

0 K1 Symk
pTP2p´1qq

À

zPZ OLz

0 K2 Symk
pTP2p´1qq

À

zPZ OLz

“

α

γ“α
β

β

From this diagram (and the fact that the map γ has an inverse, as αz and βz are nonzero) we

see that K1 and K2 are isomorphic.

Now take any z P Z and the sequence

0 Ñ p˚q
˚Izpkq Ñ Symk

pTP2p´1qq
α
Ñ OLz .

If α “ 0, then p˚q
˚Izpkq – Symk

pTP2p´1qq. On the other hand, from [13, Theorem 2], we have

that c1pp˚q
˚Izpkqq “

`

k`1
2

˘

´ 1, and we also know that c1pSymk
pTP2p´1qqq “

`

k`1
2

˘

so we get a

contradiction.

To get the claim for p˚q
˚IZpkq we apply p˚q

˚ to 0 Ñ IZpkq Ñ OP2pkq Ñ OZpkq Ñ 0,

obtaining, as in [13],

0 Ñ p˚q
˚IZpkq Ñ Symk

pTP2p´1qq Ñ
à

zPZ

Olz . (5)

Note that, as in [13] and in contrary to [26], we do not need in (5) the right exactness of the

sequence.

On the other hand, we may also apply Symk to the sequence:

0 Ñ syz ppJ{fSqp|Z| ´ 1qq Ñ TP2p´1q Ñ pJ{fSqp|Z| ´ 1q Ñ 0

obtaining

0 Ñ K Ñ Symk
pTP2p´1qq Ñ ppJ{fSqp|Z| ´ 1qqk Ñ 0,

where K denotes the kernel. Thus, this kernel consists of syzygies of ppJ{fSqp|Z| ´ 1qqk and

ppJ{fSqp|Z| ´ 1qqk Ă
À

zPZ O` (see e.g. [9]). As this kernel is unique up to isomorphism, we

have

K – p˚q
˚IZpkq,

what proves the claim.

Having the claim, we proceed exactly as it is done in Lemma 3.3 of [3]. Let us, for the

reader’s convenience, go through this part of the proof. Observe, as it is done in [3], that q

restricted to the set Y “ tpQ, `q : Q P L “ LP u Ă F, where P is the generic point, may be

treated as a blowup of qP2 in P . Thus, q˚pIZpkqq may be treated as a sheaf on Y given by

IZ b OY pkHq, with H being a pullback of a line, so

p˚pIZ b OY ppj ` kqH ´ jEq “ p˚pIZ b OY ppkHq b p
˚
pOLpjqq – p˚pIZ b OY ppkHq b OLpjqqq,
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by the projection formula. On the other hand, the projection p maps Y onto L as P1 bundle.

According to Theorem 2 from [13], p˚q
˚IZpkq is a vector bundle of rank k ` 1 and as such

decomposes, after restriction to L, as a sum of line bundles, say
řk`1
i“1 OLp´aiq. Thus, we get

that p˚q
˚IZpj ` kq restricted to L is

řk`1
i“1 OLpj ´ aiq. Computing the appropriate dimensions

we have

dimrIZ`jP sj`k “ h0pP2, IZ`jP b OP2pj ` kqq “ h0pP2, IZ b IjP b OP2pj ` kqq “

h0pY, IZ b OY ppj ` kqH ´ jEqq.

In our case p˚ preserves global sections, so we have

h0pL, p˚pIZ b OY ppj ` kqH ´ jEqq “ h0pL, p˚pIZpkq b OY ppjH ´ jEqq “

h0pL, p˚pIZpkq b p
˚OLpjqqq,

and from the projection formula it is equal to h0pL, p˚pIZpkqqbOLpjqq “ h0pL,‘iOLpj´aiqq.

Remark 5.4. To get a more specific description of this kernel, we use the formula for a kernel

of the symmetric power, obtaining

ĂsyzpppJ{fSqp|Z| ´ 1qqkq “ Ăsyz ppJ{fSqp|Z| ´ 1qq b Symk´1
pTP2p´1qq

and so

p˚q
˚IZpkq “ p˚q

˚IZp1q b Symk´1
pTP2p´1qq.

Now we are in the position to prove a result describing when a curve CL, constructed as in

Section 2 is unexpected.

Theorem 5.5. Let Z, P , f be as above. Take the (rank k`1) bundle of syzygies of ppJ{fSqp|Z|´

1qqk. This bundle splits on a generic line L (dual to P ), with the splitting type pa1, a2, . . . ak`1q.

Let us introduce the following notation:

pa1, a2, . . . ak`1q “ pa` ε0, . . . , a` ε0, a` ε1, . . . , a` ε1, a` ε2, . . . , a` ε2, a` ε3, . . . , a` εsq

where ε0 “ 0, 1 ď ε1 and εi ă εi`1, and a ` εi, for i “ 0, 1, . . . , s, appears in the sequence ti

times, t0 ` ¨ ¨ ¨ ` ts “ k ` 1. Take syzygies of ppJ{fSqp|Z| ´ 1qqk, of degree a ` εj, for a given

j P t0, 1, . . . , su. The curve CL of type pa` εj ` k, a` εjq is unexpected if:

1) Z imposes independent conditions on curves of degree a` εj ` k and

2) 0 ă
řs
i“j`1 tipεi ´ εj ´ 1q.
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Proof. Before we start the proof, note that we prove only a sufficient (and not necessary and

sufficient, as in [3]) condition for the existence of the unexpected curve, neither we prove its

irreducibility.

From Lemma 5.3 it follows, that

dimrIZ ` pa` εjqP sa`εj`k “ maxt0, a` εj ´ a1 ` 1u ` ¨ ¨ ¨ `maxt0, a` εj ´ ak`1 ` 1u “

“ pεj ` 1qt0 ` pεj ` 1´ ε1qt1 ` ¨ ¨ ¨ ` pεj ` 1´ εjqtj.

On the other hand, the expected dimension is

ˆ

a` εj ` k ` 2

2

˙

´ |Z| ´

ˆ

a` εj ` 1

2

˙

.

We also know that a1` ¨ ¨ ¨ ` ak`1 “ |Z| ´
`

k`1
2

˘

. Thus, the expected dimension is less than the

actual dimension iff

ˆ

a` εj ` k ` 2

2

˙

´

˜

ˆ

k ` 1

2

˙

` pk ` 1qa`
s
ÿ

i“1

tiεi

¸

´

ˆ

a` εj ` 1

2

˙

ă

ă pt0 ` ¨ ¨ ¨ ` tjqpεj ` 1q ´
s
ÿ

i“1

tiεi,

what is equivalent to

pk ` 1qpεj ` 1q
s
ÿ

i“1

tiεi ă pt0 ` ¨ ¨ ¨ ` tjqpεj ` 1q ´
s
ÿ

i“1

tiεi.

So, as t0 ` ¨ ¨ ¨ ` ts “ k ` 1 and ε0 “ 0 we have equivalently

s
ÿ

i“j`1

tipεj ` 1q ă
s
ÿ

i“j`1

tiεi,

and thus

0 ă
s
ÿ

i“j`1

tipεi ´ εj ´ 1q.

Remark 5.6. It might happen that the dimension of a system of curves of type pd ` k, dq

passing once through Z is equal to the expected dimension, but there is an unexpected curve

of this type, with multiplicity greater than one in some points of Z.

In Example 6.3 there are three linearly independent curves of type p7, 5q for DF4 arrange-

ment. As far as Singular [5] can check, they are irreducible. Moreover, one of them passes

doubly through two points of Z, so the expected dimension count should take this under con-

sideration.
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6 Examples

This section presents some examples which were the starting point for the considerations.

Example 6.1. Here we show how the construction of the unexpected curve works in case of

B3 configuration and for k “ 1.

Take the syzygy of the Jacobian ideal of f “ abcpa2 ´ b2qpa2 ´ c2qpb2 ´ c2q given by

g0pa, b, cq “ 4a3 ´ 5ab2 ´ 5ac2

g1pa, b, cq “ ´5a2b` 4b3 ´ 5bc2

g2pa, b, cq “ ´5a2c´ 5b2c` 4c3

so that g0pa, b, cqfapa, b, cq ` g1pa, b, cqfbpa, b, cq ` g2pa, b, cqfcpa, b, cq “ 0. Take a generic line L

in the plane αa` βb` γc “ 0. Then take the line

LG : g0pa, b, cqx` g1pa, b, cqy ` g2pa, b, cqz “ 0

in the dual projective plane, and, for any point Q “ pa, b, cq P L, the dual line

LQ : ax` by ` cz “ 0.

Assume that c “ 1. Then compute

b “
´αa´ γ

β
,

substitute into the equation of LG and multiply by β3. We get:

xp´5a3α2β ´ 5aβ3
` 4a3β3

´ 10a2αβγ ´ 5aβγ2q`

yp´4a3α3
` 5aαβ2

` 5a3αβ2
´ 12a2α2S ` 5β2γ ` 5a2β2γ ´ 12aαγ2 ´ 4γ3q`

zp´4a3α3
` 5aαβ2

` 5a3αβ2
´ 12a2α2γ ` 5β2γ ` 5a2β2γ ´ 12aαγ2 ´ 4γ3q “ 0,

or equivalently

a3p´5α2βx` 4β3x´ 4α3y ` 5αβ2yq ` a2p´10αβγx´ 12α2γy ` 5β2γy ´ 5α2βz ´ 5β3zq`

`ap´5β3x´ 5βγ2x` 5αβ2y ´ 12αγ2y ´ 10αβγzq ` 5β2γy ´ 4γ3y ` 4β3z ´ 5βγ2z “ 0.
(6)

Then, for any point px, y, zq different from pα, β, γq, we get from the equations of L and LQ:

a “
γy ´ βz

βx´ αy
.

Substituting this for a in (6) and multiplying by the denominator in the third power we get:

9β3
p´γ3x3y ` γ3xy3 ` β3x3z ´ 3αβ2x2yz ` 3αγ2x2yz ` 3α2βxy2z

´3βγ2xy2z ´ α3y3z ´ 3α2xyz2 ` 3β2γxyz2 ´ β3xz3 ` α3yz3q “ 0.

The expression in parenthesess is the (equation of the) unexpected quartic with a generic

triple point described in [3] and in [2].
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Example 6.2. The theory developed in Section 4 allows us to compute the module syzpJ2`Lq,

in case of B3 configuration, which is generated by three elements

“

r0, 0, 0, 0, y2 ´ z2, 0s, r0, y2, 0, xy, xz, 0s, r0, 0, z2, 0, xy, xzs
‰

“ pσ1, σ2, σ3q.

Thus

D2
0pB3q b OL “ OLp´2q b OLp´2q b OLp´2q.

If we take as a general line, the line with equation L “ ´12x ` 10y ` 7z and syzygy σ2, then

Theorem 3.1 gives the equation of curve to be

49x3y ´ 49xy3 ` 168x2yz ` 140xy2z ` 44xyz2 “ 0.

Example 6.3. Let e be the n-th primitive root from unity. Denote by DFn “ xyz
śn´1

i,j“0px`

eiy` ejzq configuration of lines dual to the points cut by the so-called Fermat configuration of

lines pxn ´ ynqpxn ´ znqpyn ´ znq. Fermat configurations contain exactly n2 ` 3 points, and we

set Z to be the set of those points. The following tables give the exponents ai in the splitting

type, i.e.

Dk
0pDFnq b OL “ OLp´a1q b ¨ ¨ ¨ b OLp´ak`1q,

for n “ 3, 4, 5 and all k which fulfil inequality n2 ` 3 ą
`

k`1
2

˘

, together with the values of

εi and ti described in Theorem 5.5. The last column contains all unexpected curves of type

pd` k, dq which can be obtained by this theorem. For the readers convenience, we adopt here

the convention that we give the exact number of values of εi and ti. Therefore, if some values

do not exist, we put 0 instead of omitting.
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n “ 3

k a1, . . . , ak`1 ε1 t0, t1 pd` k, dq

1 4,7 3 1,1 (5,4)

2 3,3,3 0 0,0 —

3 1,1,2,2 1 2,2 —

4 0,0,0,1,1 1 3,2 —

5 0,0,0,0,0,1 1 5,1 —

n “ 4

k a1, . . . , ak`1 ε1, ε2 t0, t1, t2 pd` k, dq

1 9,9 — — —

2 4,5,7 1,3 1,1,1 (6,4),(7,5)

3 3,3,3,4 1,0 3,1,0 —

4 1,1,2,2,3 1,2 2,2,1 —

5 0,0,0,1,1,2 1,2 3,2,1 —

6 0,0,0,0,0,0,1 1,0 6,1,0 —

n “ 5

k a1, . . . , ak`1 ε1, ε2, ε3 t0, t1, t2, t3 pd` k, dq

1 13,14 1,0,0 1,1,0,0 —

2 7,9,9 2,0,0 1,2,0,0 (9,7)

3 4,5,6,7 1,2,3 1,1,1,1 (7,4)˚,(8,5)

4 3,3,3,4,5 1,2,0 3,1,1,0 (7,3)˚

5 1,1,2,2,3,4 1,2,3 2,2,1,1 (6,1)˚, (7,2)˚

6 0,0,0,1,1,2,3 1,2,3 3,2,1,1 —

7 0,0,0,0,0,0,0,2 2,0,0 7,1,0,0 —

8 0,0,0,0,0,0,0,0,1 1,0,0 8,1,0,0 —

˚ means a case when the conditions imposed by Z are dependent.

Some interesting examples can be found among all given cases. Consider for instance the

curve p7, 5q for n “ 4. As is computed, the curve constructed by Theorem 3.1 for this case has

an unusual property. Namely, the curve passes through all points of the set Z once, except

points p0, 1, 0q and p0, 0, 1q, which are double. The equation of this curve, where the general

point has coordinates pa, b, cq, is

C4,7,5 “ p5b
4c` 3c5qx6y ` p´20ab3cqx5y2 ` p30a2b2cqx4y3 ` p´20a3bcqx3y4 ` p5a4c´ 3c5qx2y5 ` p´3b5 ´ 5bc4qx6z`

p10ab4´10ac4qx5yz`p´10a2b3qx4y2z`p5a4b`5bc4qx2y4z`p´2a5`10ac4qxy5z`p20abc3qx5z2`p10a2c3qx4yz2`p´20abc3qxy4z2`

p´10a2c3qy5z2 ` p´30a2bc2qx4z3 ` p30a2bc2qy4z3 ` p20a3bcqx3z4 ` p´5a4c´ 5b4cqx2yz4 ` p20ab3cqxy2z4 ` p´30a2b2cqy3z4

` p´5a4b` 3b5qx2z5 ` p2a5 ´ 10ab4qxyz5 ` p10a2b3qy2z5 “ 0.

On the other hand, if we consider the system L of all curves which pass once through all points

dual to DF4 and which pass through a general point with multiplicity 5, then we can compute
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that dimrLs7 “ 3, while the expected dimension is

ˆ

9

2

˙

´ |Z| ´

ˆ

6

2

˙

“ 36´ 19´ 15 “ 2.

Therefore, there exists an unexpected curve of type p7, 5q different from what we got previously

from Theorem 3.1. By using computer algebra software, it can be computed that the equation

of such a curve is

C14,7,5 “ p50ab
6c2 ` 90ab2c6qx4y3 ` p´150a2b5c2 ´ 90a2bc6qx3y4 ` p150a3b4c2 ` 30a3c6qx2y5 ` p´50a4b3c2 ´ 30b3c6qxy6`

p´30b8c´ 60b4c5 ´ 6c9qx5yz ` p50ab7c´ 110ab3c5qx4y2z ` p60a3bc5qx2y4z ` p´50a4b4c´ 30a4c5 ` 90b4c5 ` 6c9qxy5z`

p30a5b3c`50ab3c5qy6z`p15b9`66b5c4`15bc8qx5z2`p´25ab8`190ab4c4`15ac8qx4yz2`p25a4b5´15a4bc4´75b5c4´15bc8qxy4z2`

p´15a5b4 ` 9a5c4 ´ 175ab4c4 ´ 15ac8qy5z2 ` p´200ab5c3 ´ 60abc7qx4z3 ` p200ab5c3 ` 60abc7qy4z3 ` p150a2b5c2 ` 90a2bc6qx3z4`

p´150a3b4c2 ´ 30a3c6qx2yz4 ` p50a4b3c2 ` 30b3c6qxy2z4 ` p´50ab6c2 ´ 90ab2c6qy3z4 ` p´60a3bc5qx2z5`

p50a4b4c` 30a4c5 ` 30b8c´ 30b4c5qxyz5 ` p´30a5b3c´ 50ab7c` 60ab3c5qy2z5 ` p´25a4b5 ` 15a4bc4 ´ 15b9 ` 9b5c4qxz6`

p15a5b4 ´ 9a5c4 ` 25ab8 ´ 15ab4c4qyz6 “ 0,

where the general point has coordinates pa, b, cq.

This example suggests that perhaps not all unexpected curves of type pd ` k, dq can be

derived from syzygies or a different construction should be used.

A similar situation takes place for n “ 5 and the curve of type p8, 5q. The construction of

Theorem 3.1 leads to a curve with 2 double points among the set of points dual to DF5. The

explicit equation of this curve with general point pa, b, cq is

C5,8,5 “ p3b
5c`2c6qx7y`p´10ab4cqx6y2`p10a2b3cqx5y3`p´5a4bcqx3y5`p2a5c´2c6qx2y6`p´2b6´3bc5qx7z`p6ab5´6ac5qx6yz`

p´5a2b4qx5y2z ` p2a5b` 3bc5qx2y5z ` p´a6 ` 6ac5qxy6z ` p10abc4qx6z2 ` p5a2c4qx5yz2 ` p´10abc4qxy5z2 ` p´5a2c4qy6z2`

p´10a2bc3qx5z3 ` p10a2bc3qy5z3 ` p5a4bcqx3z5 ` p´2a5c´ 3b5cqx2yz5 ` p10ab4cqxy2z5 ` p´10a2b3cqy3z5 ` p´2a5b` 2b6qx2z6`

pa6 ´ 6ab5qxyz6 ` p5a2b4qy2z6 “ 0,

whereas we can again find a curve passing simply through Z and through a general point with

multiplicity 5, and such a curve has a different equation.
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