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Abstract

For every given p € [1,+00) and n € N with n > 1, the authors identify the strong
LP-closure L (D) of the class of vector fields having finitely many integer topological
singularities on a domain D which is either bi-Lipschitz equivalent to the open unit
n-dimensional cube or to the boundary of the unit (n + 1)-dimensional cube. Moreover,
for any n € N with n > 2 the authors prove that LY (D) is weakly sequentially closed for
every p € (1,400) whenever D is an open domain in R™ which is bi-Lipschitz equivalent
to the open unit cube. As a byproduct of the previous analysis, a useful characterisation
of such class of objects is obtained in terms of existence of a (minimal) connection for
their singular set.

MSC (2020): 46N20 (primary); 58E15 (secondary).
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1. Introduction

Throughout the following paper we will always use the notations listed in Section 1.4.

1.1. Statement of the results and motivation

Given any smooth map u : X — Y between closed, oriented and connected (n — 1)-
dimensional manifolds, the degree of u is a measure of how many times X wraps around Y
under the action of u. It can be defined as follows':

deg(u):/Xu*w,

where by u* : Q°(Y) — Q°*(X) we denote the standard pull-back operation through the map
u acting on smooth differential forms and w € Q"(Y) is a renormalized volume form on Y,
i.e. w is a smooth, nowhere vanishing n-form on Y such that

/wzl.
Y

Now let D C R” be an open and bounded Lipschitz domain. By Nash theorem, there exists
an isometric embedding Y < R¥ for some k € N large enough. Recalling that “£™” stands
for the Lebesgue measure on R", for every p € [1,4+00] we let

WYP(D,Y) = {u= (u1,....,ux) : D = R s.t. u; € WYP(D)WVi=1,..,k
and u(x) € Y for L"-a.e. x € D}.

Consider u € W1P(D,Y) being smooth up to finitely many point singularities, which simply
means that v € C®(D \ S,,Y) for some finite set S, C D. In this case we write u €
R (D,Y). We define the degree of u at some singular point x € S, as

deg(u, x) := deg(ulsp’) = / uw € Z, (1.1)
oD’

where D’ CC D is any open, piecewise smooth domain in D such that
D'nS,=D'nS, ={z}.

Notice that Definition (1.1) is independent from the choice of the set D’.

If deg(u, x) # 0 for some x € S, then we say that x is a topological singularity of v and we
refer to the subset of S, made of the topological singularities of u as the topological singular
set of u, which we denote by Si.

Notice that if u € R"™~1(D) then u*w € Q}1(D) (recall that Q7 !(D) stands for the space
of the (n—1)-forms on D having L'-integrable coefficients with respect to the Lebesgue mea-
sure L™ on D). Moreover by (1.1) we see that the u*w “detects” the topological singularities
of u, in the sense that

/aD/ uw = Z deg(u, z) (1.2)

2ESLPND!

! An alternative definition can be given in terms of the orientations of the preimages of regular points of w,
see for instance [3, Chapter 7).



for every open, piecewise smooth domain D’ CC D such that 9D’ NS, = 0. From (1.2) one
can deduce that

*d(u*w) = Z deg(u,x)é, in D'(D), (1.3)

zESﬁoP

where by “*x” we denote the standard Hodge-* operator associated with euclidean metric on
D. For the reader convenience, we recall that the distributional meaning of equation (1.3)
is the following:

—/Ddgo/\u*w = Z deg(u, z)p (), Ve G2 (D).

xESiOp

Remark 1.1. In the following, we denote the open unit ball in R® by B™ C R", for every
n € N. Sobolev maps that are smooth up to a finite set of topological singularities arise
frequently as solutions of variational problems in critical or supercritical dimension. For
example, this is the best regularity which is possible to guarantee for energy minimizing
harmonic maps in W12(B3,S?) (see [29, Theorem II]). Again, quite recently the second
author and T. Riviére considered the following "weak S'-harmonic map equation”

div(u A Vu) = 0 in D'(B?)

and gave a completely variational characterization of the solutions in R?(B2,S!) with finite
"renormalized Dirichlet energy" for p > 1 (see [, Theorem 1.3] for further details).

We also remark that the presence of topological singularities is deeply linked to fundamental
questions concerning the strong WP-approximability through smooth maps of elements in
WP(D,Y) (see [5], [17]).

The previous discussion motivates the following general definition. Recall that we denote
by Q~1(D) denotes the space of the (n — 1)-forms on D having LP-integrable coefficients
with respect to the Lebesgue measure £™ on D (see Section 1.4 for a precise definition).

Definition 1.1. Let p € [1,00]. Let F' € Qg_l(D). We say that F has finitely many integer
singularities if there exists a finite set of points S C D such that F € Q"7 1(D \ §) and

«dF = 0,0, in D'(D),
€S

where a, € Z for every x € S. The class of LP integrable (n — 1)-forms on D having finitely
many integer singularities will be denoted by QZ%I(D).

As we have seen above, u*w € quj%l (D) for every u € R4"~1(D,Y), for any closed, oriented

and connected n — 1-manifold Y. Other simple examples of elements of Qg;}l(D) can be
constructed as follows. Let ¢ : D — R denote the fundamental solution of the Laplace
equation, i.e.

— || ifn=1,
o(x) = { —5=log|z| ifn=2
et ifn >3,




where a(n) denotes the volume of the unit ball in R™. Then *do € QZ}}(D) for any
p € [1,-%7). In fact xd(xdo) = Ao = do.
Clearly any finite linear combination with integer coefficients of translations of xdo also
belongs to Qg’}l (D). In fact one can shoYv that any element F’ ?f QZE (D) can be decomposed
as such a linear combination plus some F' € Qgil(D) with *dF' = 0. In particular, if p > "5
then xdF = 0. Thus the class Qg;} (D) is relatively simple from an analytical point of view
and so it is natural to ask which forms in Qg_l(D) can be approximated by elements in
Qz;%l (D). The main purpose of the present paper consists in giving a description of the
strong and weak closure of the class QZ}LI(D) for any open domain in R™ which is bi-
Lipschitz equivalent to the open unit n-cube Q1(0) C R™.
First we will address the strong closure in the case of the open n-dimensional cube @1(0)
centered at the origin of R™ and having edge-length 1. To this end we introduce the class
of (n — 1)-forms with integer-valued fluxes.
Recall that by dy : R™ x R" — R we denote the L*™-distance between points in R™ (see
Section 1.4 for a precise definition).
For any F' € QZii(Ql(O)) (meaning that F'is (n—1)-form on Q1 (0) with L} _ coefficients with
respect to the Lebesgue measure £ on Q1(0)), given zg € Q1(0) let 7o := distoo (z0, QT (0))
and define Rp,, C (0,79) to be the set of radii p € (0,79) such that

1. the hypersurface 0Q,(zo) consists " '-a.e. of Lebesgue points of F,

2. there holds |F| € LP(8Q,(xo), 2™ 1).
Notice that £ ((0,74,) ~ RFJO) =0.

Definition 1.2. Let p € [1,00], let F € Q’z;l NQI1(Q1(0), p) for some Radon measure i,
loc

for any zp € Q1(0) let RF,QEO be defined as above. We say that F' has integer-valued fluzes if
for any o € Q1(0), for L1—a.e. p € Ry, there holds?

it o F €, (1.4)
/an(m 9Qp (o)

where by igq, () We denote the inclusion Q. (o) < R". The space of LP(ju)-integrable
(n — 1)-forms with integer valued fluxes will be denoted by QZil(Ql(O), ). The set of radii

pE RF,xo for which (1.4) holds will be denoted by R4,

We will always write QZ’? (Q1(0)) for Qg,il(Ql(O), L™), where L™ denotes the n-dimensional
Lebesgue measure.

First of all we observe that (1.2) implies that QZ’El(Ql(O)) C szil(Ql(O)). More general
examples of forms in QZ?(Ql(O)) can be constructed as follows. Let again Y be a smooth,
closed, oriented and connected n—1-dimensional manifold. Let u € W1"=1(Q1(0),Y). Then

for any zyp € Q1(0), for a.e. p € (0,2diste(x0,0Q1(0))), u’an(O) € Whr=1(9Q,(0),Y).

ZNotice that for the associated vector field V = (+F)” condition (1.4) reads

/ V. I/an(IU)d%n71 € Z.
an(IO)



Therefore for any such p
150 (2o (W 'w) = deg (u eZ 1.5
/8Qp(0) BQP( 0) ( ‘6QP($0)> ( )

Notice that deg (u| 00 (xo)) is well defined (by means of approximation by functions in
P

Wh(9Q,(x0),Y), see [12], Section 1.3).

Notice that, since strong LP(u)-convergence implies subsequently p-a.e. convergence, the
space QZil(Ql(O)) is strongly closed with respect to the LP(u)-norm. Thus, since we have

already observed that QZ}; (Q1(0)) C Qz,il (Q1(0)), we have that the closure of Qz’j%l (Q1(0))
in Qg_l(Ql(O)) is contained in Qgil(Ql(O)). We will show that in fact the closure of
Qg;%l (Q1(0)) in Q~1(Q1(0)) is exactly Q;%l (Q1(0)). More precisely we have

Theorem 1.1. Let n € N and let p € [1,00). Let pp = fL", where L™ is the n-dimensional
Lebesgue measure and
1 q
£=(5-11k)

for some q € (—o0,1]. Let F € Q;zl(Ql(O),,u). Then we have

1. ifq€[0,1] and p € [1, %), then there exists a sequence {Fy}ren in Qz’;%l(Ql(O))
such that Fi, — F in Q27 1(Q1(0)) as k — oo.

2. ifq € (—00,0] and p € [HL,—FOO), then xdF = 0.

-1
Remark 1.2. Notice that Theorem 1.1 and Stokes theorem imply immediately that when
pE [nl’ 1> and g € (—o0,0] we have
n p—

Q1 (Q1(0) = {F € 471 (Q1(0) s.t. = dF =0}

The reason why we have introduced the weighted measures u = f L" for ¢ # 0 is that forms
belonging to Qgil (Q1(0), 1) will appear naturally when we will generalize the statement of
Theorem 1.1 to the case of the Lipschitz manifold 0Q7(0) (see Corollary 2.2). Nevertheless,
we advise the reader to assume g = 0 (i.e. u = L™) throughout Section 2 at a first reading
of the present paper. This allows to skip many technicalities without losing formality, since
all the results of this paper (apart from Theorem 2.3) are independent on Corollary 2.2.

With the help of Theorem 1.1 we will get another characterization of the LP-closure of
Qgil (Q1(0)). For this we recall the following definition (compare with [9, Section II]):

Definition 1.3 (Connection and minimal connection). Let M C R™ be any embedded
Lipschitz m-dimensional submanifold of R™ (with or without boundary) such that M is
compact as a subset of R".

A 1-dimensional integer-multiplicity rectifiable current I is said to be a connection for (the
singular set of) F'if M(I) < 400 and I = *dF in (WOI’OO(M))*, where “M” and “0” denote
respectively the mass and the boundary of a current (see Section 1.4 for further details).



A 1-dimensional integer-multiplicity rectifiable current L is said to be a minimal connection
for (the singular set of) F' if it is a connection for F' and

M(L) = inf M(T),
TeD1 (M)
AT =xdF

where by D1 (M) we denote the set of 1-dimensional currents on the manifold M (see Section
1.4 for further details). In Corollary 2.1 we will show that F' admits a connection if and only
if it admits a minimal connection. This fact is known and follows by standard compactness
results for integer-multiplicity rectifiable currents (see e.g. ) but we will give a proof which
is largely independent of the classical argument in geometric measure theory.

Here is the characterization of Qgil(Ql (0)) in terms of minimal connections:

Theorem 1.2. Let n € N be such thatn > 0, let p € [1,+00). Let F' € ngl(QTf(O)). Then,
the following are equivalent:

1. there exists and integer-multiplicity rectifiable 1-current L such that OL = *dF in
(W™ (Q1(0))".
2. for every Lipschitz function f: Q1(0) — [a,b] C R such that flsq, ) = b, we have

/f—l(t) i’}_l(t)F €Z, for L'-a.e. t € [a,b],

where ig-1(; denotes the the inclusion f~1(t) <= Q1(0).
3. F € Q1 (Q1(0)).

In other words, F' € Qgil(Ql(O)) if and only if F' admits a (minimal) connection. This char-

acterization allows to generalize the definition of the class QZil(Ql(O)) to general Lipschitz
domains:

Definition 1.4. Let M C R" be any embedded Lipschitz m-dimensional submanifold of R"
(with or without boundary). We define

Qg}il(M) ={F ¢ Qg_l(M) s.t. 3 a connection L for F'}.

Notice that if M = Q1(0), Definition 1.2 and Definition 1.4 coincide by Theorem 1.2.

We will deduce from the previous results that the approximation result can be extended to
any open domain which is bi-Lipschitz equivalent to Q1(0) or 9Q1(0) (see Theorem 2.3).
We mention here two other corollaries of Theorem 1.1.

Corollary 1.1. Let n € N. Let I be an integer-multiplicity rectifiable 1-current. Then
there exists a 1-form w € Q"1 (Q1(0)) such that xdw = OI and OI can be approzimated

in (W&’OO(Q?(O)))* by finite sums of Dirac-deltas with integer coefficients. More precisely,
there exist sequences (pi)ien and (n;)ien of points in Q1 (0) such that

O = (B = bn) in (Wy™(Q1(0)))" and Y _|pi — il < oo.
i€N i€N
Moreover if I is supported on a Lipschitz submanifold M of R™ compactly contained in
Q1(0), the points in the sequences (p;)ien and (n;)ien can be chosen to belong to M.



The next corollary was obtained first by R. Schoen and K. Uhlenbeck ([30], Section 4) and
F. Bethuel and X. Zheng (|6, Theorem 4]).

Corollary 1.2. Let Q1(0) C R? be the unit cube in R%. Let u € WHP(Q1(0),S') for some
p € (1,00).
If p < 2, then u can be approzimated in WP by a sequence of functions in

R = {v e WP(Q1(0),SY);v € C°(Q1(0) ~ A, SY), where A is some finite set} )
If p > 2, then u can be approzvimated in WP by a sequence of functions in C*(Q1(0),S!).

In the second part of the paper we turn our attention to the weak closure of the space
QZ;; (D) for a domain D C R™ which is bi-Lipschitz equivalent to Q1(0) (or equivalently of
Q;‘il (D)). In particular, we will show the following.

Theorem 1.3 (Weak closure). Let n € N be such that n > 2, p € (1,400) and D C R™ be
any open and bounded domain in R™ which is bi-Lipschitz equivalent to the n-dimensional
unit cube QT (0). Then, the space QZ%I(D) is weakly sequentially closed in Qgil(D).

Notice that, by Remark 1.2 (which generalizes trivially to the case of general Lipschitz
domains through Theorem 2.3), the statement of Theorem 1.3 is trivial for p € [n/(n —
1), +00). Thus, we just need to provide a proof in case p € (1,n/(n — 1)).

We will treat first the case of the open unit n-cube Q1(0) C R™ (Theorem 3.1). To this end
we will work with the characterization of Qg’il(Ql(O)) given by Theorem 1.2. The main
step in the proof consists in obtaining uniform estimates on the modulus of continuity of an
appropriately defined slice function (see Proposition 3.3), an approach which is inspired by
the works of Jerrard [18], Ambrosio-Kirchheim [2, §7-8]|, and Hardt-Rivieére [16]. Finally we
extend the result to the general case by standard arguments (see Remark 3.8).
We remark that the case n = 1 is different. In fact for any interval I C R there holds
Q0 (" Z Q0(1) (see Lemma 3.3)

bR > .3).
Our main motivation to look at forms (instead of maps) with finitely many integer topological
singularities is the need of developing geometric measure theory for principal bundles in order
to face the still deeply open questions arising in the study of p-Yang-Mills lagrangians.

Let p € [1,400) and G be any compact matrix Lie group. Consider the trivial G-principal
bundle on B" given by pry : P := B" x G — B", where pr; is the canonical projection on
the first factor. The p-Yang-Mills lagrangian on P is given by

YM,(A) ;:/ yFA|pd.c”:/ ldA+ AANAPdLY,  VAeQ{(B"g),
Bn n

where g denotes the Lie algebra of G.

As it is described in [19], the reason why we aim to extend the set of the by now classical
Sobolev connections is purely analytic and justified by issues arising in the application of the
direct method of calculus of variations to p-Yang-Mills Lagrangians. On the other hand, the
need to extend the notion of bundles in order to allow more and more singularities to appear
has already been faced in many geometric applications, which brought to the introduction



of coherent and reflexive sheaves in gauge theory (see [20],[21]).

Notice that all results mentioned above can be formulated in terms of vector fields: for any
F e Qg*I(D) we can consider the associated vector field Vi := (*F)%. In fact for the proof
of some of the results we preferred to work with vector fields instead of n — 1-forms.

1.2. Related literature and open problems

Theorem 1.1 was firstly announced to hold for a 3-dimensional domain in [19] and a full
proof of the 3-dimensional case was eventually given by the first author in [13]. Some
form of the 2-dimensional case was treated in [25], where M. Petrache proved that a strong

approximability result holds for 1-forms admitting a connection both on the 2-dimensional
disk and on the 2-sphere. In both cases, the proof that we give here is more general and
simple. The 3-dimensional version of Theorem 1.3 was already treated by M. Petrache and
T. Riviére in [27]. Nevertheless, here we took the opportunity to present the arguments in a
more detailed and complete way. Both Theorem 1.1 and Theorem 1.3 in dimension n # 2,3
are instead completely new.

The first open problems that relate directly to our results are linked to the celebrated Yang-
Mills Plateau problem. Indeed, the weak sequential closedness of the class Q%Z(B?’) implies
that such forms behave well-enough to be considered as suitable "very weak" curvatures
for the resolution of the p-Yang-Mills Plateau problem for U(1)-bundles on B3 (see the
introduction of [27] for further details). The question to address would be if and how we
can exploit the same kind of techniques in order to face the existence and regularity issues
linked to the so called "non abelian case" (i.e. the case of bundles having a non abelian
structure group) in supercritical dimension. An interesting proposal in this sense is due
to M. Petrache and T. Riviére and can be found in [20], where a suitable class of weak
connections in the supercritical dimension 5 is introduced and studied.

One could also hope that the technique presented in this paper could be adapted to study
other classes of differential forms exhibiting “integer fluxes” properties similar to the one de-
scribed in Definition 1.2. As an example we define here the class Q7 ;-(Q7"(0)) of differential
forms with “Hopf singularities”.

Recall that for any n € N such that n > 1, for any smooth map f : S?»~! — S” the
Hopf invariant of f is defined as follows: let w be the standard volume form on S™. Let
a € Q" 1(S?"71) be such that f*w = da. Then the Hopf invariant of f is given by

H(f):= /Szn_la/\doz.

One can show that H(f) € Z and that it is independent of the choice of « (see [7], Proposition
17.22). In the spirit of Definition 1.2 we say that a form F € QS(Q%"(O)) belongs to

1
Qp u( 2n(0)) for some p > 2 — - if there exists A € Q%lp(Q%"(O)) such that dA = F and

if for every z¢ € Q3"(0) there exists a set Rpz, C (0,74, ), With ry, := 2 diste (20, 0Q3™(0))
such that:

L. L£Y((0,740) N Rpg,) = 0;



2. for every p € Rp 4, the hypersurface 8@?)”(330) consists s#?"1-a.e. of Lebesgue points
of F, A and VA (the matrix of all the partial derivatives of the components of A);

3. for every p € Rp 4, we have |F|,|Al,|VA| € Lp(aQi"(xo),jf”*l);
4. for every p € Rp 4, it holds that

i502n (p (AN F) € 7.
/BQf,"(xo) 0Q3™ (o)

Notice that if u € WH2"=1(Q3"(0),S"), then u*w € QZH(Q%"(O)) As an interesting open
problem, the authors propose to investigate the strong LP-approximability and the weak
LP-closure of the space Q;},H(Q%” (0)).

1.3. Organization of the paper

The paper is organized as follows. Section 2 is dedicated to the strong LP-closure of
QZil (Q1(0), p) for a Radon measure p as in the statement of Theorem 1.1. First we present
some preliminary and rather technical lemmata (Sections 2.1-2.3), then we give a proof of
Theorem 1.1 (Section 2.4). In Section 2.5 we show the characterization of Qg’il(Ql(O))
in terms of (minimal) connections (Theorem 1.2). In Section 2.6 we exploit this result to
extend the approximation result to other Lipschitz manifolds, and in particular to 9Q7(0).
Finally in Section 2.7 we prove Corollary 1.1 and Corollary 1.2.

In Section 3 we discuss the weak L closure of QZ’;zl(Ql(O)). First we will introduce a slice
distance, first on spheres (Section 3.1) and then on cubes (Section 3.2). In Section 3.3 we
discuss some of the properties of the slice distance and in Section 3.4 we use it to obtain a
proof of Theorem 1.3. We will also discuss briefly the special case n = 1.
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1.5. Notation

Let M™ C R™ be any m-dimensional, embedded Lipschitz submanifold of R™ (with or
without boundary) such that M is compact as a subset of R™.

e We denote by i5; : M — R” the usual inclusion map.

o We always assume that M is endowed with the L*°-Riemannian metric given by gas :=
i379e, Where g, denotes the standard euclidean metric on R".

e For every k =1, ..., m, we define the following spaces of smooth k-forms on M:

QF (M) := {i%;w s.t. w is a smooth k-form on R™},

DF(M) == {w € Q¥(M) s.t. spt(w) cc M}.

10



For every p € [1,400], we denote by Q!;(M) and QI;VLP(M) the completions of QF (M)
with respect to the usual LP-norm and WP-norm respectively. We call Q’; (M) the

space of LP k-forms on M and Qa/l’p(M) the space of WP k-forms on M.

By the symbols “x” and d*, we denote respectively the Hodge star operator and the
codifferential associated with the metric gpy on M. By “b” and “#” we denote the usual
musical isomorphisms associated with the metric gps. Recall that, under this notation,
the map

QY (M) 3w — (+w)* € LP(M,R") (1.6)

gives an isomorphism onto its image. Exploiting this fact, we frequently identify
(n — 1)-forms with vector fields on M.

Let 9 € R™ and p > 0.

e We denote by || - [|co : R™ — [0, +00) the following norm on R™:

[2]loo i= max |z;].
7j=1,...,n

e

We denote by do : R™ x R™ — R the distance associated to || - ||co-
We let

Q) (wo) == {:1: eER" sit. ||z — 20l < g}

be the open cube in R™ centered at x¢ and having edge-length p. We will sometimes
omit the n when the dimension is clear from the context.

We denote by Bj(xo) the open ball in R" centered at o with radius p (here again we
will sometime omit the n).

Given any £ C R™, we denote by 1g the indicator function of E.
We define

Di(M) := {k-dimensional currents on M},

My(M) :={T € Di,(M) s.t. M(T) < 400},

Nip(M) = {T € Dp(M) s.t. M(T), M(dT) < +oo},
(M) :

Ri(M) :={T € Di(M) s.t. T is integer-multiplicity rectifiable},

where “M” and “0” denote respectively the mass and the boundary of a current (see
[22] or [24] for further details on the definitions of such objects). Moreover, given any
F € QF(M) we define the (m — k)-current associated to F by

(Tp,w) ::/ FAw,  YweD" M),
M

2. The strong [’-approximation theorem

In this section we provide a proof of Theorem 1.1. In an attempt to make the proof more
accessible, we reformulate the Theorem in terms of vector fields. We start by defining the

function spaces in this setting (compare with Definitions 1.1 and 1.2).

11



Definition 2.1. For any Radon measure p := f£" with f = (3 — |- Hoo) , with ¢ € (—o0, 1]
let

L% (Q1(0), ) :={V € LP(Q1(0), p) vector field s.t. * VP € Q;Lj%l(Ql(O))}
and let

LY (Q1(0), ) :={V € LP(Q1(0), ) vector field s.t. = Ve Qgil(Ql(O))}.

We will sometime write L% (Q1(0)) for L?(Q1(0), £L™), where £™ denotes the n-dimensional
Lebesgue measure.

In terms of vector fields, Theorem 1.1 can be restated as follows.

Theorem 2.1. Let V € LE(QT(0), 1). The following facts hold:

. ifqg€[0,1] andp € [1,n/(n—1)), then there exists a sequence {Vi}ren C L%(Q1(0), 1)
such that Vi, — V' strongly in LP(QT(0), p);

2. if ¢ € (—00,0] and p € [n/(n—1),400), then div(V) =0 distributionally on Q7(0).

The case n = 1 is particularly easy and is treated in Lemma 2.6. For the proof in the case
n > 2 we follow the ideas of [25] and [13]. We present here a plan of the proof, reducing to
the case ¢ = 0 for simplicity.

Let V' € LY(Q7(0)). First of all we show that for any ¢ > 0 it is possible to decompose
@1(0) into cubes @ of size € (plus a negligible remainder) so that

/ V -vaqg A" lez (2.1)
oQ

and so that the number of cubes where the integral is different from zero is controlled (Section
2.1). We will call good the cubes for which the integral (2.1) vanishes and we will say that
all the other cubes are bad, following the same approach and conventions that F. Bethuel
used in [1]. We will then show that V' can be approximated on the boundaries of the small
cubes @ by smooth vector fields (Vz).>o with similar properties (Section 2.2). In Section 2.3
we show that the vector fields V. can be extended inside the cubes ) in such a way that the
extension V. has a finite number of singularities in Q (more precisely Vz|g € L%(Q)) and
is close to V in LP(Q). In Section 2.4 we will combine the previous elements to show that
the approximating fields constructed above (up to some shifting and smoothing) satisfy the
claim of the theorem.

2.1. Choice of a suitable cubic decomposition

Throughout the following section, given a cube @ C R™ we will denote by cq its center. Fix
any € € (0,%) and a € Q-(0). Let

¢e ;= max {q € Ns.t. e¢ <1 — 3¢},

1N 1 !
Co=qlitg)e—g withi=1..¢—1p,

Ea:—{QE + a, Wlth.fL'EC}

12



Notice that the constant % is chosen in such a way that
e =122

for every e € (0, %), implying that there are always at least 2 cubes in ¢ , for every e € (0, %)
We say that €., is the cubic decomposition of Q1(0) with origin in @ and mesh thickness e.
Let

Feq = {F|Fis an (n — 1)-dimensional face of 8Q, for some open cube Q € 6.},

)

Seq = U F.

FETeq

We say that 5., is the (n — 1)-skeleton of the cubic decomposition ¢ .

Lemma 2.1 (Choice of the cubic decomposition). Let n € N such that n > 0. Let V €
L5 (Q1(0), ) where p:= fL™ with

@)= (5~ lelle)

for some q € (—o0,1]. Then, there exists a subset Ey C (0, %) satisfying the following

properties:
1. £Y(0,5) N BEy) =0;
2. for every € € Ey, there exists a. € Q:(0) such that ¢ € Rycq = RV%Q‘? for every
Q € Cepq. and

e 3 / V- (Vo fle)arn™ ) =0, 22)

e—07T Q€% a

where (V)g = 1 VdL".

Proof. For any = € Q1(0) let Ry, := Ry» ,. By assumption

1
/ ° / Lyery, dC"dp = / LY (Ry.) L = / 2 dist(z, 901 (0)) dL”  (2.3)
Q1-35(0) Q1(0) Q1(0)

- /0 * LM Qusp(0)) dp

Xp = {37 S Ql—Sp(O) P ¢ RV,z}a

then by (2.3) £"(X,) = 0 for a.e. p € (0,%). Now notice that for any p € (0, })

>y /,,m) (z +c) dL”:/ > Ix,(z+c)dLl,

ceC, 0(0) cec,

For any p € (0, ¢) let

3see Definition 1.2.
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thus for a.e. p € (0,§) we have that for a.e. a, € Q,(0) there holds p € Ry, for any
Q € %pa,. Let Ey be the set of all such p € (0, 3).
Now let € € Ey. We claim that

I = / Viz) = (V)glP f(cq) dﬁn_l(x) dL™(a) = 0(6"_1),5 — (2.4)

=0 QEY’

as 07 in Ey. Indeed, let .7 be the set of the faces of the cube Q1(0) C R™ and notice that

IE:/ / V(:U+c—|—a)—][ Vv
=(0) pyez cecC. Qe (c+a)

= / / V(z+c+a)— ][ Vv
FO E Qe(c+a)

FQE F ceCe

- /Fo/s V(xw)_]éay)v

F()Gg ceCe

’ fle+a)ds#""Y(z)dL™ (a)

pf(c + a) dL"(a) dA" ()

p

fly)dL™(y) daA" " ().

Observe that for any ¢ € C;, € 9Q(0)

o

<][€ / V) = Ve )P S )L @)

p

f(y)dL"(y)

Viz+y) — ][()V(z)

Thus for any Fy € &

/ / Viz+y) ][ Vv
ceCe Fo <( Qe (y)

</ Fo7[ : J V) =V )P I )AL )AL (A )

p

fy)dL" (y) dot™ ! (x)

<ol / / V(e +y) - V)P f(g)dC(y)dr ()
Fo JQ1-2:(0)

e f ( / Ve +9) = V)P S e’ )

<2 sup |V V(-

)H
2€Q. (0) LP(Q1—2¢,1)°

Since C%(Q1(0)) is dense in LP(Q1(0), 1) (see [23, Theorem 4.3]), given any § > 0 we can
find V € C%(Q1(0)) such that

/ V —V[Pdu <.
1(0)

Notice that by Taylor’s Theorem

(3 — Iz + alloo)” = (5 — ll2lloo)’ (3 — llzlloo — 5)7*

fa+a)— fa)] )
- [l S el )

f(x)

(2.5)

14



1 1
Lge2' 1 (2 — Hm”oo> <C

for every € Q1-2:(0), a € Q:(0) and for some constant C' > 0 depending only on ¢. Thus

V=Vl <@ ([ Weraus [ TP
Q1-2:(0) Q1-<(0)

+1¥kmvc—®—v«—®pw)

:4p—1<2/ |v—f/ypdu+/ V- V(- a)Pdu
1(0) Q1-2:(0)

- fl+a)—f >
+ vVovp oy
/Ql_zs(_a)l | 7 1

<4p—1(2+0)5+4p—1/ V= V(- o) dp.
QI—ZE(O)

As V € C2(Q1(0))

sup Hf/ - f/(

W Dase — 0T,
O‘EQE(O)

) Eo(0y s

we have

limsup sup ||V —V( — <412+ ).
e—0+t aeQE(O)H ( )HLP(Ql 2:(0 ),,u) ( )

By letting § — 07 in the previous inequality we get

sup |V -V( —a
O‘EQE(O)

)||€p(Q172E(0)7H) — 0 as € — 0+’ (2.6)
and claim (2.4) follows.

By Fubini’s theorem, for every fixed ¢ € Ey there exists some non-negligible subset T, C
Q:(0) such that for any a € T, € € RMCQ for any Q € 6; 4 and

V= (V)glPf(eq) "t < V= (V) f(cq)d™ " dL™(a)
Qezﬂa/ Q:(0) QECe.a /
1

_675'

By (2.4), for every a € T, we have
> / V= (V)al'fleq)d#™ " =o(e™")
QEC@OE

as € — 01 in Ey. The statement follows. O

Fix any V € L5 (Q1(0),p) and € € Ey. From now on, we will denote simply by €. the
cubic decomposition . ,. provided by Lemma 2.1. Accordingly, the subscript “a.” will be
omitted in any writing referring to such a cubic decomposition.

15



Given any @) € %, we say that Q) is a good cube if

/ V-VaQ:O
0Q

and that Q is a bad cube otherwise. We denote by ¥ the subfamily of 4. made of all the
good cubes and by € the one made of all the bad cubes. Moreover, we let

Q.= %= e =]

QEC: Qee? QeLh
=JoQ s¢=JoQ s={] o
QEC: Qe%? Qezh

Lemma 2.2. Assume that n > 2. Then, we have

lim &" —0.
Jim & > fleg) =0
0t Q€

In particular if ¢ =0 (and thus p = L") we have

lim £"(Q%) =
e€by
e—0t
Proof. Notice that by estimate (2.5)
U_‘;(CQ” <C on @ for every @ € 6. (2.7)

for some universal constant C' > 0. For every bad cube Q € %72, it holds that

1<‘/ VvagdsAmH < | |V]dat
oQ 0Q

Since V € LL(Q3(0), ), multiplying the previous inequality by f(cg) and summing over all
the bad cubes we get

Y fleq)< X [ Wifteq) !

QE®? QE®?
(2/ VIPF(cq) d™ ) (Z fleq) dm )
QE®? Qes?
_ (2n)7 e ( / VP f(cq) dA™ ) (Z ch) |
QE%? Qe®?

which is equivalent to

Z fleg) < (2n)P~LeP—Dn=1) / \VIPf(cq)ds#™ 1.
Qe6? Qee6?

16



Hence, by the triangle inequality, we get

> fleg) < (dnyrleP=H=h)= 1( / IV — (V)olP flcq) drm

Qeel Qeeh

+2n ) /|V|pf Q d£">

Qev?

< (4n)p—1€(p—1)(n—1)—1< / |V Q|pf(CQ) A= 1
QEG:

+2n ) /|V|pfd£”+2n > /\V|p fdﬁ”)

Qeel Qeel

< (nytelr Do ( > [ V- Wiarreqirmt ey

QEC:

+on(1+ C)/ virs dﬁ”) .
o

Therefore
3 fleq) < (m e ( [V = (VP ey a
Qech QEC:
+2n(1+0)/ \VIPfdL™
Q1(0)
and the statement follows from (2.2) (here we need the assumption n > 1). O

Remark 2.1. Assume that p € [n/(n—1),+00). In this case eP=1)(=1)=1 remains bounded
as € — 07. Now by Lemma 2.1

€ Z / V= (V)qlPfleq) da™ " — ase — 07 in Ey.
QEG:

Moreover, by Lemma 2.2, we have

fdct=(1+QC)e chQ ase — 0" in Ey.

This implies £7(92%) — 0 as ¢ — 07 in Ey, therefore
/ [VIPfdL™ -0 ase— 0" in By
o

by absolute continuity of the integral. Thus it follows from (2.8) that

Z flcg) >0t ase— 0" in Ey.
Qeet
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Let Nf be the number of bad cubes in %;. Notice that for ¢ < 0, we have f > 279 on Q1(0).
This implies

NP <27 )" fleg) = 0% ase— 0" in By,
Qe6?

Since Né’ € Z for any ¢ € By, Né’ = 0 for every € € Ey small enough. Hence, whenever
p € [n/(n—1),400) and ¢ < 0 we will assume, without losing generality, that there are no
bad cubes in our chosen decomposition.

2.2. Smoothing on the (n — 1)-skeleton of the cubic decomposition

The following smoothing lemma shows that for any k-dimensional cube @ C R™ and a vector
field V € LP(Q,R"™) we can approximate V strongly in LP(Q) by a smooth and compactly
supported vector field V' € C°(Q,R™) having the same integral as V' on Q.

Lemma 2.3. Let Q C R be a k-dimensional cube with side length R. Let V € LP(Q,R™).
Let § > 0. There exists Vs € C°(Q,R™) such that

/ngﬁk:/VdEk
Q Q

HV;S - VHLP(Q) < 0.

and

Proof. Without loss of generality, we will assume that Q is centered in the origin of R*. Let
Y € CX(1Q) and g € (1/2,1) such that

o

/ YdLF =1 and R*F(1—7k) < ———.
Q 191 e (@)

Let r € (rg,1) be such that

5 1

P
Viier@urg smin g (e ) 20
Ve (@wre) {<II¢IILP(Q)> }

Set
s::/ Vdck, V=1,V + s € LP(Q,R").
Q~rQ
Then
/f/d/:k—/ Vd£k+</ Vdﬁk)/wdﬁk—/Vd/:k.
Q rQ Q~rQ Q Q
Moreover

1
<|Q 7R |V Lr(gur@)

|s| = ’/ Vdck
Q~rQ
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1
1 ) p 1)
cmommt (Ve i
B\ Wloa) S Tl

Therefore

Is¥llze@) = 1¥llze(@)lsl <0
and, by choice of Vv,

IV =Vl < lIs¢llr@) + VI gurg) < 26.

Notice that V‘Q\TQ =0.
Let n € C*(B1(0)) with fBl(O) ndLF = 1. For any 6 > 0 let

1o (2) =~ (£> vz eRF

== (5 )
Choose §p > 0 such that
20 < dist (0Q,0(rQ)) and ||V =V % syl 1o(q) < 0.

Set Vs :=V % ns,- Then V5 € C°(Q),

/ngdﬂ:/ ngodﬁk/f/dﬁkz/f/dﬁk:/Vdﬁk
Q Rk Q Q Q

IV = Valloig) < IV = Vo) + IV = Vil o) < 36.

and

2.3. Extensions on good and bad cubes

In the following lemma we will show that, given p € (1, +00) and some bounded and con-
nected Lipschitz domain Q C R”, for every mean-vanishing boundary datum f € LP(9%2)
we can find a divergence-free vector field Vy € LP(§2) whose projection in the direction of
the outer normal to 9f is exactly f and whose LP-norm is bounded by the LP-norm of f.
The proof of this statement is based on energy methods.

Lemma 2.4 (Extension on the good cubes). Let  C R™ be a bounded, connected Lipschitz
domain and p € [1,00). Let f € LP(9Q) with

., fdx#"1 =0 (2.9)

If p € (1,+00), there exists a vector field V- € LP() such that

/V-Vgodﬁ":/ fodA#A™' Ve C®RY) (2.10)
Q oN
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and
[vract <cw. [ (frae (2.11)
Q o0

for some constant C(p,Y) depending only on p and €.
If p = 1, then for every q € [1, %) there exists V; € L1(Q) (depending on q) satisfying
(2.10) and (2.11) with p = 1.

Remark 2.2. Observe that (2.10) implies that V' is a distributional solution of the following
Neumann problem

div(V)=0 inQ
V.vgg=f on 09,

where vq : 90 — R"™ is the outer unit-normal to 9.

Proof.
Step 1: First we consider the case p € (1, 00).

Let p’ := Ll For any u € W7 (Q) let
p—

E,(u) = ;//Q]Vu\p/ ac" — /{m fuds™ L.

Recall that any function u € W' (Q) has a trace in L¥ (9Q), and that the trace operator

is continuous. Thus for any v € Wl’p/(Q) with | v =0 by Poincaré Lemma there holds
Q

‘ / fodsm 1
o0

for some constant C(p,2) depending only on p and €. In particular the energy E, is well
defined on W% ().
Let

< Lo ol oay < Co DI ooy 1V0] o

Whr(Q) = {u € lep’(ﬂ),/ vdL" = o}
Q

and observe that E), is strictly convex on W% (Q). Let u be the unique minimizer of E, in
W' (Q). Then*

/ VP 2Vu - VpdL" = fodaw™ 1, Vo € C*°(R™). (2.12)
Q o0
Moreover, as v is a minimizer of E,, Ey(u) < E,(0) = 0. It follows that

1 / n n—
p,/Q|VU’p dL" < /69 fudst ! < HfHLP(an)HUHLp’(aQ) < C(p, Q)”fHLP(@Q)HVUHLp’(Q)-

“The argument above shows that (2.12) holds for any ¢ € C*°(R") with [, pdL™ = 0, but assumption
(2.9) implies that (2.12) remains valid for any ¢ € C*°(R").
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Thus
[ waracr < o) [ (iraee.
Set V := |[Vu[’'"2Vu in Q. Then by (2.12)

/v-wdﬁn = | fod#™ !t Yee C®RM)
Q 0N

and
fvrac = [ [wup it < o) [ gpaen,
Q

Step 2: Next we consider the case p = 1.
Let s > n. For any u € WH%(Q) let

:1/\Vu|8d£"—/ fudA™ 1,
sJa a0

Notice that Fj is well defined and strictly convex in Ws(Q).
Recall the Sobolev embedding

Whs(Q) — CO(Q)

for = 1— 2. Then for any u € W*(Q2) the trace of u on 9 lies in C**(9Q) and if
JoudL™ = 0. Poincaré inequality implies

[ull oo a02) < Cs, D Vull Lo (o

for some constant C(s, ) depending only on s and .
Let u be the unique minimizer of Es in W1¥(Q). Then since Eq(u) < E4(0) = 0 there holds

1
/|Vu|5d£" </ fudz#™ ™t
sJa o0

< fllzr oo llull Lo o) < C (s, D fll L1 o) [IVullLs )

s—1
</|Vu|5d£"> ’ gsC(s,Q)/ \f| dom L.
Q o0

Moreover, since v is a minimizer of Fj,

Therefore

/|vu\5—2vu Vedl" = / fod#™ ' Yo e C®(RM).
Q o0
Similarly as before set V := |[Vu[*"2Vu in Q. Then

s—1
/|V!d£”:/|Vu|S_1d£” < £rQ)} </|Vu]8d£”> < sO(s, Q)L / | doent,
Q Q

Moreover

/\V|f1 dcn = / IVl dL™ < o
Q Q
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Remark 2.3. Let @ C R™ be the unit cube and let C(p, Q) be the corresponding constant in
(2.11). By an easy scaling argument one sees that for any € > 0 one can choose C(p,eQ) =

eC(p, Q).

Given any n-dimensional cube @@ C R", the following lemma illustrates the properties of the
so called “radial extension” of a boundary datum f € L*°(0Q) to the interior of the cube @,
given by

1 € T —cQ T —cQ
V = — _ Yz eqQ. 2.13
(1) = gt (2||x—cQ||oo+CQ> e—cqln "TEC (2.13)

Lemma 2.5 (Extension on the bad cubes). Let Q := Q-(cqg) C R" and f € L>*(0Q).

Consider the radial extension V : Q — R™ of f given by (2.13). Then, the following facts
hold:

1. V e LP(Q) for every p € [1,n/(n—1));

2. for some constant C(n,p) > 0 depending only on n and p we have
/ [VIPdL™ < EC(n,p)/ |fIP do™ 1, (2.14)
Q 9Q
3. for every ¢ € C*°(R™) we have
/ V. -Vepdl" = [ fed#" - (/ fd%n1><p(cQ). (2.15)
Q 9Q oQ

Proof. Without losing generality, we assume that ¢ = 1 and c¢g = 0. Let r(z) := ||z||o, for
every x € R"™. First, notice that  : R™ — R is a Lipschitz map such that |Vr(z)| = 1, for
a.e. x € R™. Moreover, since all the norms are equivalent on R" there exists a constant

C(n) > 0 depending only on n such that |z| < Cr(z), for a.e. x € R". Now choose any
p € [1,n/(n—1)). By coarea formula we have
x
(3)

~ 1
/’V!pdﬁné (Cpl) /2 ( 11) /
Q 20=0P Joo p"IP JaQ,,(0)

Cr : 1
_ p n—1
= 2D < /0 D) dp) ( AQIf Wl d# (y)>

—c [ Jpraent,
o0Q

p
d" " x) dp

with

oo Cp 3 1 d

Hence, 1. and 2. follow in once. We remark that the condition p € [1,n/(n — 1)) is needed
in order to guarantee the convergence of the integral in p.

We still need to prove 3. Pick any ¢ € C*°(R"™). By the coarea formula we have

1
1 2 1 T
V-Vedl" = / / f() z- V() ds" () dp
/Q 2=t Jo P Joqa,0) " \2p ( (@) (@)

22



=2 [* [ 1) Vo) dre" @) dp
0o Jog
3 d o
:/an(y)/o %(¢(2py))dpd% (y)

- /a Fod - ( /a ) fd«f”f”_1><ﬁ(0)

and 3. follows. O

2.4.

Proof of Theorem 1.1

As mentioned at the beginning of Section 2, Theorem 1.1 is equivalent to Theorem 2.1. We
give here a proof of the latter. Our proof will unfold through the following steps (to skip
the technical details, we outline here the proof for case p € (1,+00)). Let V € LL(Q7(0)).

1. For a fixed suitable € > 0, we consider the cubic decomposition % given by applying

Lemma 2.1 to V. We smoothen the restriction of V' to the (n — 1)-skeleton S, of
%- by applying Lemma 2.3 on every (n — 1)-cube contained in S.. We denote the
smoothing of V on S. by V.. For every good cube Q) € 4. we approximate V on
Q with W, + (V')q, where W, is the divergence-free extension of the mean-vanishing
boundary datum (Vz —(V')q)-vaq provided by Lemma 2.4. For every bad cube Q € 4.
we approximate V' on @ with the radial extension of the boundary datum V.|sg - vag
(see Lemma 2.5).

. We show that the approximating vector field V. which we have build in point 1 has

distributional divergence given by a linear combination of delta distributions with
integer coefficients, supported in the centers of the bad cubes.

3. We show that V. converges strongly in LP to V as ¢ — 0.
4. By LP-Hodge decomposition we can write V. = dp. + d*A. with o, A, € WHP. We

approximate A. strongly in WP by a smooth 2-form AL and we set V. := dp. + AL.

We can repeat this procedure for a sequence {&,}nen converging to zero. The sequence

{V., }nen obtained this way lies in L% (actually we might have to rescale the sequence
slightly in order to deal with the region around the boundary) and tends to V' in LP. Finally
we observe that if p € [n/(n —1),+00) the vector fields in L%, are divergence-free, therefore

this property passes to the limit V.

Proof. Let V € LY(Q1(0)) and let ¢ € Ey (constructed in Lemma 2.1). First, we notice
that by using Lemma 2.3 separately on every face F' € %, we can build a vector field
V. € C*°(S;) such that

and

/ Ve-yan,%””l—/ Vvgod#"t  YQETC
aQ 0Q

> /8Q|VE — VP f(co)d" ! < e.

QEG:

Let V. be the vector field defined £"-a.e. on €2 as follows:
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1. if Q € €. is a good cube, then we let f/g = W.+(V)g on @, where W, is the extension
of the datum f := (V5 - (V)Q) - vpQ given by Lemma 2.4 (notice that for any good
cube condition (2.9) is satisfied by our choice of f);

2. if Q € %. is a bad cube, then we let

- 1 € T —cQ T —cQ
V. = f( +c ) Ve Q,
T 2]z —eqll 2] [l — cqll

with f = VE‘BQ Vs € L>(0Q).

We recall that no bad cubes will appear in the cubic decomposition in case p € [n/ (n —
1), +00) (see Remark 2.1).

Claim 1. We claim that

div(Ve) = ) dode, distributionally on €.,
et

where
dq ::/ Vewan%”n_lz/ VeovgedA" ' € ZN {0}, VQeL.
0Q oQ

Indeed, pick any ¢ € C(€.). Let Q € %. be a good cube. By the properties of the
extension given by Lemma 2.4 and the divergence theorem we have

/ V. Vpdl" = / (Ve = (V)g) - vagp dst™ ! +/ (V) - vag)pdst™ !
Q oQ Q
— [ evagypd
oQ
On the other hand, let @ € €. be a bad cube. By (2.15), we have

[ Ve Voden = [ (V- vagled™ ! dolbg. )
Q oQ
Hence we conclude that
IRAZEEDS AQ(%-VBQWM”*— S dg g )

Qe%. Qe%h

== do(leq 9)-

Qeet
The claim follows.

Claim 2. We claim that ||V, — Vllr(.p) = 0ase— 0" in Ey.
Recall (2.7) and the estimate

wgC in Q, for any QQ € -

f(eq)

which ha essentially the same proof. Notice that

1V = VI, < L+ C)(Ae + Be),
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with

= > /yv VIPf(cq)dLl™,

Qe%?

Boi= Y [ [Ve=V[Pf(cq)dL".
Qee?

By triangle inequality and by the estimate in Lemma 2.4, we have that

(Z / V.- (V)olPfleg)dL + Y / V- |pf<cQ>dﬁ)

Qe%? Qe%?
(Z | s+ 30 [ v - @rpf<cQ>dcn)
Qess Qess
< (60 Z/ Ve = (V)gl” flcq)d™ " + /IV QI”f(CQ)d£”>
Qe%? Qew?

where C), := C(p,Q) (see Remark 2.3). Again by triangle inequality and because of our
choice of V, we have

52/ Ve = (V)P fleq) dot™ ™t < 2P7 1( Z/ Ve = VI[P f(cq) drt™!

Qee? Qe%?
e 30 [ V- (Wb seq)don )
Qee?
< 2P <2n5 +e Z / \V —(V)glPfleq)dst™ 1).
Qe%s
Thus by Lemma 2.1 it follows that
€ Z / Ve — (V)olP feq) d#™ ! — 0 ase — 01 in Ey.

Qe%?

Moreover, by (2.7) and recalling that u = f£" we have

> /!V JolP fleq)dL" < 2°(1+C) > ][5(0)/62“/<$+y)_V<y)’pf(y)d£n(y)

Qee? Qee?

<2P(1+ C)]i2 (O)HV(OU +) =Vl =0

ase — 0" in Ey. Hence, A, =+ 0ase — 0" in Ey.
On the other hand, by (2.14) we have

B. < ( /\V|”f cQ)dL" + /|Vypf Q d[,”>
QEe%?

QEe%?
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p—1 D n—1 P n
<2 (Ce > /@QIVA fleq)dt +/QQIV fleq)dL )

Qes?

We notice that

D> /anfo(cQ)d%’” <2 <€ ) /aQVe — V[P f(cq)dr™

Qe?? Qewt
vey [ |V|pf(CQ)d=%m_1>
Qegr 799
< 4P 1<2n€2+z—: Z/ IV — (V)olP flcq) da !
Qewt "9

Moreover, by (2.7) we have

"L /aQ‘(V)Q’pf(CQ)d‘%ﬂ“ <e ) /E)Q (fQ!VIPf(CQ)dE"> dom

Qee? QE®?
< S c(fvrsegacr) [ wen
Qeh Q oQ
<20 Y [ VPseq) e =2 | V(g L
Qeet Q 2

<(1+ C)Qn/ VIPfdcn.
o

Thus, we have obtained

2 o D n—1 D n
BE<C(€ +e Z /8Q|V MolPflcq)dt —|—/ﬂg[V| fac ),

Qes?

for some constant C' > 0 which does not depend on € € Ey. By Lemma 2.1 and Remark

2.1 we get that B. — 0 as ¢ — 0T in Ey. Hence, the claim follows.

Next we show that by rescaling V. we obtain a vector field with similar properties defined

on the whole @Q;(0). Let

ac :=sup{a € [1/2,1) s.t. Q1(0) C o '}, Ve Ey.

Notice that a. — 1~ as e — 07 in Ey. Define the vector field V, := a2 V. (e -) : Q1(0) —
R™. It’s straightforward that V. € LP(Q1(0),p) in case p > 1 and V. € L¥(Q1(0), ) for
some s > 1 in case p = 1, for every given € € Ey. A direct computation also shows that the

distributional divergence of V. on Q1(0) is given by

div(Ve) = ) dob, 1,
Qee?
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with

_ dor if aZleg € Q1(0),
dor = .
0 otherwise.

We claim that V. — V in LP(Q1(0), 1). Indeed, we have

/ V.- VPPrdc = / P Wa(aez) — V(@) f(2)dL(z)
Q1(0) Q1(0)

_ 21 / Vely) — az "DV (asty) P flazty) dL(y)
aan(O)

_ qp(n=D)=n / Va(y) — az =DV (0 ty) P £(y) AL (y)

() — oDy (1! (e 1Y) = [ ()
+ QEIVE(y) =TV (e )l 0

<Cn,p(/ﬂ yf/g—vv’fdcw/g |V—P%_1V|Pfd£”>,

(see Lemma C.2 for the definition of P, —1V’). By Lemma C.2 and since V. = Vin LP(Qq, 1),
our claim follows.

Thus, we have built a vector field V. such that:
1. V. € LP(Q1(0), ) and for (p,q) € [1,-25) x [0,1] U [-25, +00) X (—00,0] we have

' n—1
V. e L*(Q(0),L") for s=pif p>1and s > 1if p=15;
2. the distributional divergence of V. on Q1(0) is given by a finite sum of delta distribu-
tions supported on a finite set X, C Q1(0) with integer weights {d, s.t. z € X };

3. ”VE — VHLp(Ql(O)’M) —0ase— 0" in Ey.
Now we are ready to reach the conclusions 1 and 2 of Theorem 2.1.

1. If ¢ € [0,1] and p € [1, ") we possibly have X. # ), since bad cubes can appear

' n—1
in the cubic decompositions. Since V. always belongs to L*(Q1(0)) for some s > 1

(with s = p if p itself is already greater than 1), we can Hodge-decompose V_ as
— " . "
V. =dp+ d*A for some A € Q2. ,(Q1(0)) and some ¢ € W*(Q1(0)). Applying d
to the previous decomposition we obtain

Ap=d" (V) =div(Vo) = Y dyé,.
reXe

By standard elliptic regularity, ¢ € C*°(Q1(0)~X:). Choose A. € 2%(Q1(0)) such that
HAa — A”Q‘z/vl,s(Ql(O)) <e. Then Hd*Aa — d*AHQ}:p(M)(Ql(O)) <e. Let Ve 1= d(p+d*(A5)

and let U. := v¥. Then U. € L% (Q1(0),p) for every € € Ey and U, — V in
LP(Q1(0), p).

°In fact even when y is different from £", V. is constructed through Lemmata 2.4 and 2.5 as extension of
a smooth boundary datum, thus V. lies in L"(Q.) for any r € [1,-22) if 1 < p < -2= and in L"(Q.)

’n—1 n—1
for any r € [1,00) if p > —Z5. It follows that V. € L"(Qc) for any r € [1,-25) if 1 < p < 25 and

V. € L™ () for any 7 € [1,00) if p > .
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2. If g € (—00,0] and p € [%7 +oo) no bad cubes are allowed in the cubic decomposi-
tion, thus (V.)eep, is a sequence of divergence-free vector fields converging to V' in
LP(Q1(0), ) as e — 0" in Ey. Hence V itself is divergence-free.

O
Remark 2.4. Notice that if p =1, V; € L*(Q7(0)) for any k € N and for any s € [1, -%5).
Remark 2.5. Observe that this proof can be used to show that the analogous approximation
result holds if we assume that V satisfies the first three conditions of Definition 1.2 and in
addition we require that for every p € R, we have that

50 () F €5
/acmo) 8Qe (o)

for a set S C R such that 0 € S and 0 is an isolated point in S. In this case the vector field
V' can be approximated in LP by a sequence of vector fields (V},),en smooth outside a finite
set of points and such that for any n € N, div(V},) is a finite sum of deltas with coefficients

in S.

The following lemma corresponds to the 1-dimensional analogue of Theorem 2.1, for which
we had assumed n > 1. In the following, given an interval I C R, p € [1,00) and a subset

E C LP(I), we denote by E™ the strong LP-closure of E in LP(I).

Lemma 2.6. Let I C R be an interval and p € [1,+00). Then

LY(I) = LP(I,Z)+ {constants} = L% (I).

Proof. We start by showing the first equality. Notice that

LH(I) =V =c+ Zan[j . (Ij)jes is a finite partition of I,a; € ZVj € J, c € [0,1)
jeJ

In other words, L, (1) consists of all integer-valued step functions and their translations by

a constant.

First we show the inclusion ” D ”: let f = g+a with g € LP(I,Z) and a € [0,1) and let € > 0.

For any k € N set gi := 1|4 <xg- Then there exists K € N such that ||gx — gllz»(r) < §-

Now for any j € {~K, ..., K} gi'(j) = ¢g7(j) is a measurable set, therefore there exists a

finite collection of disjoint intervals (I7);c i such that £ (Uieﬂ- IijAgfl(j)) < m

For any j € {—K,..., K} set Aj := U;cs IEAN (Uj,#j Uicsi’ Ig/). Then A; is a finite union
of intervals and

Ao~ L)) < , —1¢, T RLTC) Y P —
L(A;Ag (7)) S L(Aj N g (J))Jrjgjﬁ gj% Ny~ () SO502K 1 1)

Set

i {j if z € A

9K = .
0 otherwise
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Then by construction gr € L7,(I) and ||gx — gl zr(1y < €. We conclude that any g € LP(I,Z)
lies in the closure of L%, (I). This shows ” D 7. As LP(I,Z) + R = LP(I,Z) + [0,1) is closed
in LP(I), the inclusion "C" holds as well.

Next we show the second equality. Let’s start with "C". Let g € LP(I,Z), a € R and
f=g+a. Let zy € I, then for a.e. r € (0,dist(zg,0I)) we have f(xg+r) — f(zo — 1) =
glxo+ 1) —g(xg — 1) € Z. Let RFJO denote the set of all such 7. Set Rg,, to be the
intersection of ]N%Fm with the set of Lebesgue points of f. Then f satisfies Definition 1.2
and thus f € LY(1).

To show ">" let f € LY(I). Set F : I — S, 2 + €7@, Then F is a measurable
bounded function. Notice that for any z¢ € I, for a.e. r € (0, dist(xg,dI)) there holds
F(zo —r) = F(xo + r). This implies that F' is constant: this can be seen for instance
approximating F by smooth functions with the same symmetry properties away from 91
(convolving with a symmetric mollifier with small support), which then have to be constant.
Choose a € R such that F' = 2™ then f —a € LP(I,Z). This completes the proof. O

Remark 2.6. From Theorem 2.1 it follows immediately that
T e 1
QR (@1(0) = Q77 (Q1(0)).

To see this it is enough to check that Qg’il(Ql(O)) is closed in Q2~(Q1(0)), which can be
shown by simple application of the coarea formula.

Notice that in case p € [n/(n —1),+00) we can approximate V strongly in LP with smooth
and divergence free vector fields. This is a straightforward consequence of Hodge decompo-
sition.

2.5. A characterization of Q'

First of all we apply Theorem 1.1 to obtain a useful characterization of the class F €

0121 (Q1(0)).

Theorem 2.2. Let n € N such that n > 0, p € [1,+00). Let F € Qgil(Q?(O)). Then, the
following are equivalent:

1. there exists L € R1(Q1(0)) such that 0L = xdF in (W&’W(Ql(O)))* and

M(L) =  sup / F Ade.
v€D(Q1(0)), Y Q1(0)
lldel| oo <1

2. for every Lipschitz function f: Q1(0) — [a,b] C R such that flsq, ) = b, we have

/ i1y F € Z, for L'-a.e. t € [a,b];
71

3. F e Q' 1(Q1(0)).

Proof. We just need to show that 1 = 2, 2 = 3 and 3 = 1. We prove these implications
separately.
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1=-2. Assume 1. Let L € R1(Q1(0)) be given by
(L,w) :/a<w,i> A, VweDUQI0)),
r

where I' C @1(0) is a locally 1-rectifiable set, L is a Borel measurable unitary vector field
on I and § € LY(T, #1) is a Z-valued function. Pick any Lipschitz function f: @Q1(0) — R
such that f = b on 8Q1(0) and let ¢ € C2°((—o0,b)) be such that [, pdL! = 0. By the

coarea formula we have

+o0
Q1(0) —00 f71@)

At the same time, by the coarea formula for countably 1-rectifiable sets, we have

(. owle)) = [0t vota). Dt = [“ow( [ 7)a

—0o0

where 6 : I' — Z is given by 0 := sgn((f*volg, L))f. Let ® € C°((—o0,b)) satisfy
d® = ¢volg. Notice that since f = b on 9Q1(0) we have f*® € Wol’oo(Ql(O)). Then,
by hypothesis, we have

/ F A f*(pvolg) = / F A df*® = (xdF, f*®) = (0L, f*®)
Q1(0) Q1(0)

= (L, d(f*®)) = (L, [*(d®)) = (L, f*(¢ volg)).

Therefore

/ W)(/ f;l(t)F—/ é> dt=0, Ve lo(—00,b)) st. /¢ ~o.
. =t " R

We conclude that

/f—l(t) i’}_l(t)F - /mf—l(t) 6 =c, for Ll-a.e. t € [a,b],

for some constant ¢ € R. We claim that ¢ = 0. In fact let m € N~ {0}. Integrating both
sides on (—m,m) we get

/ F/\f*volR—/ 0(f* volg, L) = 2me. (2.16)
{Ifl<m} ro{|fl<m}

Since f*volg = df, we have
/ F/\f*volR—/9<f*volR,E>—/ FAdf —(L,df) = (xdF — OL, f) = 0.
Q1(0) r Q1(0)

Thus, by letting m — 400 in (2.16), we get that the left-hand-side converges to 0 whilst the
right-hand-side diverges to +o0o, unless ¢ = 0. Hence we conclude that ¢ = 0, i.e.

/f—l(t) i’}_l(t)F = /me—l(t) 6 ez, for L1-a.e. t € [a,b],
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since I'N f~1(¢) consists of finitely many points for £Ll-a.e. t € R.

2 = 3. Assume 2. Given 29 € Q1(0), let fz, := min {|| — z[lsc, 52 }. We claim that we
can find Rp 4, as in Definition 1.2. Indeed, let L C Q1(0) be the set of the Lebesgue points
of F. Let 1z, := 2distoo(z0,0Q1(0)). Then, by the coarea formula, we have

0= £ (@ 20)~ L) = 5 /O A ((Qu(0) ~ L) 0Q, (o) dp,

which implies that there exists a set E, C (0,7,) such that
1. El(((),rxo) ~ EIO) =0;
2. for every p € By, A" L-ae. z € dQ,(x0) is a Lebesgue point for F.

Hence, for every p € I, it makes sense to consider the pointwise restriction of F' to Q) ,(xo).
Notice that, by the coarea formula, we have

/ </ Pal d%"‘l) dp = 2"/ |F|PdL™ < 400,
Ery \J0Qp(w0) Qra (@0)

0o

which implies
/ |F[Pda" " < 400, for Ll-a.e. p € (0, Ey,).
9Qp (o)

Moreover, by Statement 2., we have

it F :/ 50 (zF € Z, for L1-a.e. p € (0, Eyy).
/fzol(P) fivo (P) 8@,;(1‘0) QP( 0) 0

Our claim follows immediately.

3 = 1. Assume 3. By Theorem 1.1, we can find a sequence {F}ren C QZEl(Ql(O)) such
that Fy — F strongly in LP. Since the estimate

[(Tr, = Tr,w)| < Cl[Fy — F|L»
holds for every w € DY(Q1(0)) such that ||w|[z~ < 1 and for every k € N, we conclude that

sup (xdFy, — xdF, ) < C||F;, — Fl||t» - 0 as k — oo. (2.17)
PEW, > (Q1(0)),
lldell oo <1
Fix any € € (0,1). By (2.17) we can find a subsequence {ij(a)}jeN C Qgﬁl(Ql(O)) such
that

3

[*dFy; () — *dij+1(e)||(W(}’°°(Q1(0)))* S 2

for every j € N.

For every h € N, let Lj be a minimal connection for the singular set of F}, () in the sense
of Definition 1.3 (the existence of such a minimal connection is proved in Proposition A.1).
Analogously, for every j € N, let L5 ., be the minimal connection for the singular set of
F..(e) = Fi; 41 (e)- Define the following sequence of integer 1-currents on Q1(0):

L§ if h =0,

f/g — h—1
UL =Y Ly, ifh>0,
j=0

for every h € N.
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Clearly

h—1 h—1

OLj, = 0Ly — > OL5 ;4 = OL5— Y (OL5 — OL5 ) = OL;, = xdF},, o).
j=0 j=0
Moreover, since Li j+11sa minimal connection, it holds that
€ .
MI(L5 1) = [xdFy, (o) — *dij+1(6)H(W()l’”(Ql(o)))* < o for every j € N.

Thus,

~ ~ €
M(Lj 1 = Ly) = M(Lj p11) < of

oh for every h € N,

which amounts to saying that the sequence {Ei}heN is a Cauchy sequence in mass. Hence,
by the closure of integer currents under mass convergence (see Lemma C.1), there exists an
integer 1-current L° € R1(Q1(0)) such that

M(L; — Lf) =+ 0 as h — oo,
Notice that
OL® = lim OL; = lim *dFy, ) =+dF in (Wy™(Q1(0)))".
h—o0 h—o0
The family of integer 1-cycles {L¢ — LY/?}gc.c1 € R1(Q1(0)) is uniformly bounded in mass.
Indeed, first we notice that by (2.10) it holds that

M(Lj,) = |*dFp, (- ., <C, YheN,Vee(0,1),

) wd= @0

where C' > 0 is a constant independent on h and €. Thus, we have

h—1 +o00
~ g
M(L;) < M(LG) + > M(L5 ;1) < C+ ) 5 SC+e<C+1 VheN,Vee(0,).
=0 =0

Since f/i — L° in mass as h — +oo for every € € (0,1), we have
M(LF — LY?) < M(LF) + M(LY?) < 2(C + 1).

Hence, by standard compactness arguments for currents (see for instance |22], Theorem
7.5.2), we can find a sequence £, — 0 and an integer 1-cycle L € R{(Q1(0)) with finite mass
such that L — L'/? — I weakly in D;(Q;(0)) as k — 4o00. If we let L := L'/? + L then
we get L — L weakly in D;(Q1(0)). By construction, L is again an integer 1-current with
finite mass such that L = L'/ = xdF in (W1(Q1(0)))*. We claim that

M(L)=  inf  M(T).
TEM:(Qu(0)),
OT=xdF

By contradiction, assume that we can find T' € M;(Q1(0)) such that 0T = *dF and

M(T) < M(L) < lim inf M(L®*),

k—o0
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where the last inequality follows by weak convergence and lower semicontinuity of the mass.
Then, we can find some h € N such that

M(T) < M(L*) — 2ep,.
Moreover, since M(L§ — Le ) < 2¢ for every 0 < € < 1, it holds that
M(L§* — L) < 2ep,.

We define T := T + Lt — Ler and we notice that 9T = *d o (
minimality of Lg", we conclude that

Moreover, by the

€n)’

M(Lg") < M(T) < M(T) +M(Lg" — L) < M(Lg"),

which is a contradiction. Thus, our claim follows.
Since L € R1(Q), we get that

M(L) = inf M(T) = inf M(T)
TeR1(Q1(0)), TeM1(Q1(0)),
OT=xdF OT=xdF

and, by Lemma A.2, we have

inf M(T)=  sup / F Nde.
TeMi(Q1(0)), 0eD(Q1(0)), /M
OT=*dF ||| oo <1
Hence, 1. follows. O

Remark 2.7. We notice that in the proof of Theorem 2.2 we have never used the minimality
property of L while showing that 1 = 2. Hence whenever F € Qg_l(Q?(O)) admits a
connection we have F' € QZ;(Q?(O)) in the sense of Definition 1.2 and the conclusions of
Theorem 1.1 hold for F.

By the previous remark we can deduce the following result from the proof of Theorem 2.2.

Corollary 2.1. Let F € Q=1(Q1(0)) and assume that there exists an integer-multiplicity
rectifiable 1-current of finite mass I € R1(Q1(0)) such that OI = *dF. Then there exists an
integer-multiplicity rectifiable 1-current L € R1(Q1(0)) of finite mass such that L = *dF
and
M(L) = inf M(T).
T€D1(Q1(0))
OT=xdF

In other words, whenever there exists a connection for F, then there exists a minimal
connection for F.

2.6. The case of Q1 (0)

In order to extend the previous results to more general manifolds we introduce the following
definition.
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Definition 2.2. Let M be a Lipschitz m-manifold embedded in R™. Let p € [1,00). Set

O (M) = ae Q' (M) N QZO:LI(M\S '*da—Zd(S 7
pES

where S C M is a finite set and d,, € Z for every p € S.
If M is smooth we also define

QZEI(M) = qac Q;R—I(M) QO—l(M\S) s xda = deép ,
peS

where S C M is a finite set and d, € Z for every p € S.

Notice that, in particular, a 1-form a € "p ! (M) is LP-integrable on M and locally
bounded away from a finite set of points S. The previous definition is motivated by the
following observation: let M be a Lipschitz m-manifold, N a smooth m-manifold, ¢ : M —

N a bi-Lipschitz map. Let F' € Q;'EI(N). Then ¢*F € Q;”Rio(M) (see Lemma 2.7).

Corollary 2.2. Let n € N be such that n > 2. Let F € QZ%%@Q?(O)) in the sense of
Definition 1.4. Then, the following facts hold:

1. ifp € [1,(n—1)/(n —2)), then there exists a sequence {Fj}ren C QpRoo(aQ?(O))
such that F, — F strongly in LP;

2. ifpe [(n—1)/(n—2),+00), then xdF = 0 distributionally on 0Q".

Proof. Let N := (0,...,0,3) € 0Q7(0) C R™ and let

1
U .= {(x17-.-71’n71a$n) € OQ?(O) s.t. Ty = 5}

be the upper face of dQ7(0). Let ¢ := (n — 1) — (n — 2)p. For every z = (x1,...,x,) € R",
we let @' := (21, ..., 7y_1) € R""L. Define @ : 9Q}(0) ~ N C R” — Q71(0) by

1 2 1 !
< - f\x’HgO)g’ on U~ N,
4 ||z

O(x) = 2 |2/l

9() on 0Q}(0) \ T,
where the map g : dQ7(0) N U — Q7 1o ( ) is any bi-Lipschitz homeomorphism such that
[l

g = <1 - H:c/||oo> ””7/00 on OU. Notice that ® is an homeomorphism from 9Q7(0) ~ N

to Q’f’fl(O). We denote its inverse map by ¥
We have that W is Lipschitz on Q7~'(0) and ® is Lipschitz on every compact set K C
0Q7(0) \ N, since there exists C' > 0 such that
C
|do(z)| < ———, Vo e oQ7(0) NN,
lz = N2

) < ¢ (5 Iol).  Vue Qo)
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Define F':= U*F and fix any ¢ € (0,1/4). Notice that

1 q . ) - N
/in(o) (2 — - Hoo) |F|P do#™ " < C/Q”l(o) <2 — - Hoo> |F o WP dm!
1

1
< c/ |FIP d™ ! < +oo.
Q1 (0)

Moreover if T € R1(9Q7(0)) and *dF = 91, then ®.I € R1(0Q7(0)) and *dF = 9®,I
(see Lemma 2.7). This implies that F' € QZiQ(Q?*l(O), ) with g = (3 — [|-lc)? £ in
the sense of Definition 1.2.

Let’s consider first the case p € [1,(n —1)/(n — 2)). Notice that in this case ¢ > 0.

From the construction used in the proof of Theorem 2.1 with f := (3 — ||-[|o0)? it follows
that there exists a (n — 2)-form F. € Q) F 7 (Qz4.) such that | — FHLp o) S and

1B = Pl 0= O (2.18)

ase — 01 in Ep.
Define F; := @ZEFE on 0QT(0) \ Uz, with ®,, := ® + a. and U, := &, 1(Q]~ H0) N Qeq).
Notice that

1 - -
IF: = Py <€ | e |Fo®, —Fod, PdA
€ LP(0Q7 (0)\Uk) oQu(O)Us ||- — Nuggfz)p € a a
1 -
+C Fod, —FodPdx™!

]
0Q (01U |- — N||& 27

< C(/ |E. — F|Pfdom!

yQe

[ L FC—a) - FPS dﬁf”—l).
QTZ2(0)

The first term tends to zero as ¢ — 07 in E by (2.18), while the second tends to zero as
e — 0% by (2.6). Therefore we have

| Fe — FHLp OQO)U:) 0

ase — 07 in Ex.

Now we notice that

15 F. :—/ 15 a0m F.
/BUE oU. ¢ 3(8Q?(0)\U5) a(an (0)\UE) €

ok — oS s .
= / ZBQs,asFE = / Zaﬂs,asF = bg €.
0% 0Qe ac

If b. = 0, then we use Lemma 2.4 to extend F. inside U.. If b. # 0, then we use Lemma 2.5
to extend F. inside U, (notice that U, is an (n — 1)-cube of side-length 8¢2 contained in U
and centered at N, for ¢ sufficiently small). In both cases, the following estimate holds:

/ |FL|P do™ ! < Ce? / |EL|P dorm™ 2
Ue OUe
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< Ce? ( / F— F.Pdam2 + / mpm&n—?) |
oU. OUe

Notice that the first term on the right hand side tends to zero as ¢ — 0T in Ep, since
| Fe — Fl|p(s....) < € for any ¢ € E. In order to control the second term, pick any ¢ > 0
sufficiently small and notice that, by coarea formula, we have

][ /|F\pd,}f”2d£1 / / " |F|pdj‘f"2d£()
oU. "

862
<o ./ | JEP et
8Qn 1

on 1
< 16/ 1 |F[Pds#mt — 0T
Qs

862( )

as & — 07. This implies that we can pick a sequence {e;};jeny C Ez such that ¢; — 07 and

a§/ |F|Pds™ ! = 0F
8U€j

as j — +oo. Thus
17 = P < 27 (18 B + 1)) =0
as j — 400, since jf”‘l(UEj) — 0" as ¢; — 07. Hence, we conclude that

| F, —0

= Fllzro0p0) =

as j — +00. Moreover, by construction we have that *dF;; is a finite sum of Dirac-deltas
with integer coefficients, for any j € N. Thus arguing as in the final step of the proof of
Theorem 2.1 (i.e. by Hodge decomposition), for any j € N we can find F € Qp R.0o(0Q7(0))
such that || F, — FEJ. | zr(aqr(0)) < €5 The sequence {F; }jen then has the desired properties.
This concludes the proof in the case p € [1,(n —1)/(n — 2)).

If p € [(n—1)/(n—2),+00) notice that ¢ < 0. Therefore by Remark 2.1 we may assume,
up to passing to a subsequence, that no bad cube appears in the construction of F.. Hence
repeating the first part of the proof as in the previous case, we get be; = 0 and *dF.; = 0 on
dQ7(0) for any j € N. Thus we obtain that F' can be approximated in 27~ 1(0Q7(0)) by a
sequence (Fy : )jen such that for any j € N there holds *dF; ; =0, and this property passes
to the limit. O

Remark 2.8. Notice that if p = 1, for any k € N we have that Fj, € Q21 (9Q7(0)) for some
g > 1 which does not depend on k (compare with Remark 2.4).

In the following lemma, given a bi-Lipschitz homeomorphism ¢ : M — N we adopt the
notation . F := (¢~ 1)*F for every k-form F on M. Instead, given a k-current T on M, by
T we simply denote the usual push-forward for currents.

Lemma 2.7. Let M, N C R" be Lipschitz m-manifolds in R™. Let ¢ : M — N be a bi-
Lipschitz homeomorphism.
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Let F € Qg‘_l(M) and assume that there exists a 1-rectifiable current I € Ri(M) of finite
mass such that *dF = 0I in (Woloo(M))* Then @ F € Q1 (N) and xd(@.F) = 0. 1.

If {Fi}ren is a sequence in QZI}E{)O(M) and Fy, — F in Q1 (M) as k — 0o, then (9. Fk)ren
is a sequence in Qgﬁi@(]\f) and p F, — @ F in Qg‘_l(N) as k — oo.

If in addition we assume that M is smooth and closed or a bounded simply connected Lipschitz
domain, and for any k € N we have F}, € QZ”*I(M) for some q > 1 (possibly dependent on

k), then F can be approzimated in Q'~(M) by (m — 1)-forms in Qg}gl(M)

Proof. Assume that *dF = 91 holds in (WOIOO(M))* Then for any f € WOI’OO(N) we have
that ¢*f € Wy ">°(M) and thus

(xd(psF), f) = /Nso*FAdf = /MFAdw*f = (0L, 0" f) = (I, 0"df) = (Op«I, [),

therefore *d(p«F') = OpsI in (Wol’oo(N))*.

Now assume that (F)ren Is a sequence in QZEI(M) such that Fp — F in Q" 1(M) as
k — oo. Then for any k € N there exists I, € R1(M) of finite mass and so that 01 supported
in a finite subset of M such that xdFy, = 0I;. As we saw above, xd(p.Fy) = Ops I, therefore
wuFy € QZE})O(N). Moreover we have ¢, Fj, = ¢, F in Q;”_l(N) as k — oo.

Finally if M is smooth and closed or a bounded Lipschitz domain and for any £ € N we have
that Fj, € Q’qn_l(M ) for some ¢ > 1, we can improve the approximating sequence { Fj }ren as
follows: for any k € N, let o, € Q”V’[L/]% (M), By € Qip14(M) and hy € Q" 1(M) (the space of
harmonic (m — 1)-forms on M) such that Fy = doay + d*B; + hg. Then xAfS = xdF}. Since
F, € Qg}gl(M ), dF}, is supported in a finite set of points, thus [ is smooth in M outside of
a finite number of points. Now let &, € Q™ 2(M) such that ||ag — agllwrr < 2% and set
F}, := day, + dBg + hi. Then by construction Fj, € Qgﬁl(M) and Fj, — F in Q;”_I(M) as
k — oo. O

Theorem 1.1, Corollary 2.2, Lemma 2.7 and Remark 2.7 can be combined to obtain the
following general statement.

Theorem 2.3. Let M C R" be any embedded m-dimensional Lipschitz submanifold of R™
which is bi-Lipschitz equivalent either to QT'(0) or 8@71”“(0). Then:
—
1. ifpe[l,m/(m—1)), Q"L (M) = ngil(M). Moreover, if M is smooth we have

p,R,00
m—1 LP m—1 LP
Lr (M) =0 g (M),
2. if p € [m/(m—1),+00), Q' (M) = {F € Q" }(M) s.t. *dF =0}.

Proof. Assume first that there exists a bi-Lipschitz homeomorphism ¢ : Q7*(0) — M and
p € [1,m/(m—1)). Let F € Q" '(M). By Lemma 2.7, ¢*F € Q") /(Q*(0)). Therefore
by Theorem 1.1 there exists a sequence {F}}ren in Q;f};l(Ql(O)) such that F, — ¢*F in
Q2~1(Q1(0)). By Lemma 2.7 0xF € Q) Roo(Q1(0)) and ¢, Fj, — F in Qr=1(M). On
the other hand, szl(M) is closed in Q'"1(M): let {Fj}ren be a sequence in szl(M)
converging to some I’ in Qzl_l(M). Then for any k& € N there is some I € Ri(M) of
finite mass such that *dFy = 0I, and 9 can be written as in (2.19) (by Corollary 2.3,
which is independent from this result). Since Fy, — F in Q" 1(M), {0I)}ren is a Cauchy
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sequence in (W5H*(M))*. By [28, Proposition A.1], there exists I € Ry(M) of finite mass
such that 0I; — I in (WH*°(M))*. We deduce that *dF = 01, therefore F € Q;”il(M).

I 5
We conclude that QZEIOO(M ) =@ ().

Assume now that M is smooth and F € QZELO(M)LP. Let {Fg}ren be a sequence in

Q;?ELO(M) approximating F in Q;"_l(M). By the last part of Lemma 2.7, there exists a

sequence in QZEl(M ) approximating F in Q"~*(M) (if p = 1, Remark 2.4 guarantees that

the sequence can be chosen such that Fj, € Qq(M) for any k € N, for some g > 1), therefore
_ [P

FeQri(M)

Next we consider the case p € [m/(m — 1),4+00). Let F € szl(M). By Lemma 2.7

O*F € Q;?Z_I(Ql(())). Then by Theorem 1.1 there holds *dp*F = 0. Applying Lemma 2.7

we obtain xdF = 0.

Finally, if M is bi-Lipschitz equivalent to OQTH(O) we can repeat precisely the same ar-

gument, using Corollary 2.2 instead of Theorem 1.1, Corollary 2.4 instead of Corollary 2.3

and Remark 2.8 instead of Remark 2.4. O

2.7. Corollaries of Theorem 1.1

Finally we present a couple of Corollaries of Theorem 1.1.

First we show that the boundary of any I € Rq(D) having finite mass can be approximated
strongly in (VVO1 *°(D))* by finite sums of deltas with integer coefficients. This is a well-
known result from the theory of currents. In fact, it follows by the M-approximability
of any integer-multiplicity rectifiable current with Lipschitz images of integer-multiplicity
polyhedral chains (M here denotes the mass of currents). Nevertheless, by showing that for
every I € R1(D) with finite mass there exists a vector field V' € L!(D) such that

div(V) =9I in (Wy™(D))*
we can get an independent proof of this fact as an application of Theorem 2.1.

Corollary 2.3. Let D C R™ be any open and bounded domain in R™ which is bi-Lipschitz
equivalent to Q7(0). Let I € Ri(D) with finite mass. Then, there exists a vector field
V € LY(D) such that

div(V) =9I in (Wy™(D))*.

Thus 01 can be approximated strongly in (Wol’OO(D))* by finite sums of deltas with integer
coefficients. More precisely there exist sequences of points (p;)ien and (n;)ien in D such that

OI = (8p, — dn,) in (Wy™(D))* and Y |pi — ni| < oc. (2.19)

1€EN €N

Proof. By Lemma 2.7, it is enough to consider the case D = Q1(0). Let I be as above. By
[1, Theorem 5.6] there exists a map u € WH"~1(Q1(0),S"!) such that

1 ¢ ;
xd | — E (—1)“1ui/\duj = ap-101,
n
i=1 i
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where a;,—1 denotes the volume of the (n — 1)-dimensional ball.
Set

n

1 .
w = — Z(—l)z_lui /\ du;

i=1 j#i

Notice that w € Q7 1(Q1(0)) and *dw = dI. Now let V := (sw)*. Then V € L'(Q;(0)) and
div(V) = al.

By Theorem 2.1, there exists a sequence (Vj)ren in LE(Q1(0)) such that Vi, — V in L.
Then

div(Vg) — div(V) =8I in (Wy>°(Q1(0)))*.

As for any k € N we have that div(V}) is a finite sum of deltas with integer coefficients, by
[28, Proposition A.1]% (2.19) holds. O

Corollary 2.4. Let M be a complete Lipschitz m-manifold, with or without boundary, com-
pactly contained in the open cube Q2(0). Let I € R1(Q2(0)) be a rectifiable current of finite
mass supported on M. Then there exist two sequences of points (p;)ien and (n;)ien in M
such that

OI = (6, — 6n,) in (WH(Q2(0)))* and Y _|p; — ns| < 0.

1€EN S

Proof. Let I € R1(M) be a rectifiable 1-current of finite mass supported in M C Q2(0). By
Corollary 2.3 there exists a vector field V' € L'(Q2(0)) such that div(V) = 8I. Thus we can
apply the arguments of the proof of Theorem 2.1 to V. For any ¢ € Ey this yields a vector
field ‘75 S LI(Q%’E) with the following properties: all bad cubes Q € %, are such that
QN M # (), therefore the topological singularities of V. lie at a distance of at most V/ne from

M. Moreover notice that if € is sufficiently small, [, Q2(0) div(Vz) dL™ = 0 (one can see this
by testing div(V.) against a function ¢ € C°(Q2(0)) such that ¢ = 1 in a neighbourhood

of M). Thus div(V;) can represented by

QE
div(Ve) = 3 (3 — buc)

=1

for some Q° € N and points p5 and n$ (possibly repeated) in a \/ne-neighbourhood of M.
By the argument of Lemma 2.2 (with Q2(0) in place of Q1(0)) we have eQ° — 0 as ¢ — 0
in Ey. Now for any i € {1,...,Q°} let pf and 7§ in M such that |p; — p5| < 2y/ne and
Ing — 75| < 2y/ne. Let Ie € R1(Q2(0)) be the rectifiable current given by integration
on the segment joining pf and p; oriented from p§ to pf and let I, € R1(Q2(0)) be the

SHere Proposition A.1 in [28] is applied to the following metric space: for any z,y € Q1(0) let d(z,y) =
min{d(z, y), dist(z, 0Q1(0)) + dist(y,9Q1(0)}, where d denotes the Euclidean distance in Q1(0). Let
(Q1(0),d) denote the completion of Q;(0) with respect to the distance d. Then Lipschitz functions
on (Q1(0),d) corresponds to functions in Wy (Q1(0)) (with same Lipschitz constant) modulo additive
constants.
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rectifiable current given by integration on the segment joining n$ and 7 oriented from 7§

to nS. Let I. € R1(Q2(0)) be a rectifiable 1-current of finite mass such that div(V;) = JI.
Set I = I. + % (Ig + Ins). Then
0L = 3 (05 = b17)
i=1

is supported in M. Moreover we have
”(9[ — 8f€“(W1W(M))* < Hé?I — 8IE||(W1,OQ(Q2(O)))* -+ Ha[e — aj5||(Wl,oo(Q2(0)))*

(here M is endowed with the euclidean distance in Q2(0); notice that we are making use of
the fact that any Lipschitz function on M can be extended to a Lipschitz function on Q2(0)
with same Lipschitz constant). Now since ||V — Vle,, ., — 0ase —0in By and 01, 01
are supported in a compact subset of Q2(0), the first term on the right hand side tends to
zero as € — 01 in Fy. Moreover the second term is bounded by 4y/neQ° (see for instance
Lemma 2 in [3]) and thus tends to 0 as ¢ — 0T in Ey. This shows that I belongs to the
(strong) (W12 (M))* closure of the class of O-currents 7' on M such that

T = (8p, — 0n,) in (WH(M))* and Y |p; — ny| < o0 (2.20)
jeJ jeJ
for a countable set J and points pj, n; in M. By [28, Proposition A.1] applied to the

complete metric space (M, d) (where d denotes the Euclidean distance in Q2(0)) this space
is closed in (W1°(M))*, therefore OI is also of this form. Since any Lipschitz function
¢ € Wh(Q2(0)) has a Lipschitz trace ¢|,, on M and (0I,¢)q,0) = (0I,¢|,,)m, we
conclude that I can be represented as in 2.20 also as an element of (W5°°(Q2(0))*. O

Theorem 2.1 could also be useful to obtain approximation results for Sobolev maps with
values into manifolds. For instance it can be used to recover the following result in dimension
2. For p > 2 this is due to R. Schoen and K. Uhlenbeck (for p = 2, see [30], Section 4) and
F. Bethuel and X. Zheng (for 1 < p < 2, see [0, Theorem 4]), while for p > 2 is a direct
consequence of Sobolev embedding.

Corollary 2.5. Let u € WHP(Q3(0),S!) for some p € (1,00).
If p < 2, then

1
5 div(uA Vtu) = oI, (2.21)

where I € R1(Q?(0)) is a 1-rectifiable current of finite mass, and u can be approzimated in
WP by a sequence of functions in

R:={ve WHP(Q2(0),SY);v € C®(Q3(0) ~ A,SY), where A is some finite set} .
Ifp>2, then”
div(u A Viu) =0, (2.22)

and u can be approzvimated in WYP by a sequence of functions in C*(Q3(0),S!).

"Here we make use of the following notation: for vectors A = <Zl) and B = <Zl) we write AN B =
2 2

aiby — azby. For a function v on R? we write Vv = (8281}”0)
—0h
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Proof. If p > 2, by Sobolev embedding u is uniformly continuous, therefore it can be approx-
imated in LP by smooth functions with values in S*. Let {u, },en be such an approximating
sequence. Notice that for any n € N there holds

div(un A V+iu,) = 0.

Since u,, — w in LP, div(u, A V4tuy,) — div(u, A V3uy,) in D'(Q2(0)), therefore (2.22) holds
true.

Next we consider the case p < 2. We claim that the vector field u A V»'u belongs to
L5 (Q1(0)). In fact notice that for any zg € Q1(0), for a.e. p € (0,2distoo(z0, 0Q1(0)))
0Q,(x) consists 2" 1-a.e. of Lebesgue points of u A V+u. Moreover for almost any such
p we have

1
27 Joqy(w0)
Hence the vector field 5-u A V4u belongs to L (Q1(0)).

If p = 2 by Theorem 2.1 div(u A V+u) = 0. If p < 2 by Theorem 2.1 there exists a sequence
of vector fields (Vy)nen in LY,(Q1(0)) such that

(uAVru) - vog,(rg) = deg (“‘anm)) €z

1
Vi — Py AVEu  in LP(Q1(0)) as n — co.
T

For any n € N by Hodge decomposition there exist a,, € W'P(Q1(0)), b, € Wol’p(Ql(O))
such that

21V, = Vta, + Vb,

For any n € N let @, € C*°(Q1(0)) be such that |G, — an|/» < 1. Moreover notice that
there exists d, € W1P(Q1(0),S') N C>=(Q1(0) \ A), where A is a finite set, such that

Vb, = d, A V*d,.

In fact

QTL
Ab, =2 div(Vy) =21 Y df 6y
=1

for some Q" € N, p' € Q1(0) and d} € Z, thus b, = —Zgl log|z — p?|% + h,, for an
harmonic function h,,. Then d,, can be chosen to be

> Q" x — p? dn
dn(z) = e_Zh"H< : > ,

_an
i=1 =Py

where h,, is the harmonic conjugate of h, (the product has to be understood as complex
multiplication in C ~ R?).
For any n € N set u,, := €' d,,. Then by construction u, € R and

Un AVEu, = uAVEiu  in LP(Q1(0)) as n — oo.
Therefore there is ¢ € [0, 27) so that up to a subsequence

e“u, —u in LP(Q1(0)) as n — oo.
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Remark 2.9. Equation (2.21) was obtained in |11, Theorem 3’| with the help of the approx-
imation result of F. Bethuel and X. Zheng. For analogous results in higher dimensions, we
address the reader to [10], Chapter 3, and the references therein.

3. The weak [’-closure of QZE(Q?(O))

In the present section we follow the ideas presented in [27] to prove that the space Qg’il (Q7(0))
is weakly sequentially closed for every n > 2 and p € (1,+00). The main reason why
such techniques couldn’t be used before in this context for n # 3 was the lack of a
strong approximation theorem like Theorem 1.1 for general dimension n. Such result is
needed in order to define a suitable notion of distance between the cubical slices of a form
F € Qgil(Q"(O)), given by (x — zo + p:p)*ngp(xO)F for L1-a.e. p (see subsections 3.1
and 3.2 for the precise definition). Once we have turned the space of the cubical slices of
F into a metric space, we will show that the "slice function" associated to F, given by
p— (x— xo+ pm)*ngp(xO)F, is locally ;—Hélder continuous (see subsection 3.3). More-
over we will see that if {Fj}reny C Qgil(Ql(O)) converges weakly in L?, then the sequence
of the slice functions associated to each F} is locally uniformly ]%—Hélder continuous. Fi-
nally, we will use the previous facts together with some technical lemmata to conclude the
proof of Theorem 1.3 for D = Q7(0). Notice that by Theorem 1.1 the result is clear if
p € [n/(n—1),00), here we will focus on the case p € (1,n/(n — 1)).

3.1. Slice distance on S*!

Throughout the following section, we will assume that p € (1, n/(n— 1)) Moreover, we will
denote by "x" the Hodge star operator associated with the standard round metric on S"~!.
We will denote by Z the linear subspace of Qg_l(S"_l) given by

o n—1/qn—1
Z = {her (S"77) s.t. /Sn_lhez}.

Remark 3.1. It’s clear that Z is weakly (and thus strongly) LP—closed in Qg_l(S”_l).
Indeed, let {ht}ren C Z be any sequence such that hy — h weakly in Q2~H(S"71), ie.

/S phi - oh, Ve LP (S,

Then, the statement follows by picking ¢ = 1 and noticing that a convergent sequence of
integer numbers is eventually constant.

Fix any arbitrary point ¢ € S"~'. We define the functions d,d : Z x Z — [0, +00] by

d(hl,hg) = inf{HaHLp s.t. *(hl — hg) =d*a+0I + </ hy — hg)dq},
Sn—l

with a € Q,(S"1), I € Ry(S"!), and

d(hl,hg) = inf{HaHLp s.t. *(hl — hg) =d*a+0I + </ hy — hg)dq},
Sn—l

with @ € QL(S"1), T € Ry(S"~1) NG (S™ ).
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Remark 3.2 (d and d are always finite on Z ). We claim that d,d < 4oc0. Since obviously
d(hi,hg) < d(h1,ha), it is enough to show that d(hy, hy) < +oo, for every hi,hy € Z.
This just amounts to saying that given any hi,hs € Z we can always find o € Q},(Snfl),
I € Ry(S™ 1) NN (S 1) satisfying

*(h1 — hg) =d*a+0I + </ hi — h2>(5q.
Snfl

Indeed, let

a:= / hi1 —hy € Z.
S§n—1

Consider the following first order differential system on S"~!:

d*w = *(hy1 — hg) —ady =: F,
dw = 0.

Since p € (1,n/(n — 1)), F € LW (S*=1)). Moreover, (F,1) = 0. Hence, by Lemma
B.2, we know that the previous differential system has a solution a € Qé(Sn_l) and the
statement follows.

Remark 3.3. As observed above, it is clear that d(hi, he) < d(hq, hs), for every hy, hy € Z.
We claim that actually d(hy, ho) = J(hl, he), for every hi,hy € Z. In order to prove the
remaining inequality, fix any hi, he € Z and let {ay }ren C Q}J(S”_l), {It}ren C R1(S™7Y)
be such that

#(h1 — ha) = d* oy + OI), + ady, Yk €N,
llak||zr — d(hi1, he) as k — oo,

with

CL2:/ hl—hQ.
Sn—l

By Corollary B.1, the linear differential equation
Au = *(hy — ha) — ad,
has a weak solution ¢ € WhP(S"~1). Let wy, := di) — ay, for every k € N. Notice that
d*wy, = 01, VkeN.

By Theorem 2.3, for every k € N there exists a sequence {wi}jeN C Q}) »(S™1) such that

’r‘i =W — wi — 0 strongly in LP as j — oo. By construction, it follows that
#(hy — hg) = d* (o + 7)) + d*w] +ad,,  Vk,jeN.

We observe that by Proposition A.1 for every k,j € N there exist Ig € R (S 1NN (St
such that d*w; = @I;. This implies that

d(h1, ha) < |lak + e < llellze + 17 Lo, Vk,jeN.

By letting first 5 — oo and then & — oo in the previous inequality, our claim follows.
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Proposition 3.1. (Z,d) is a metric space.

Proof. We need to check symmetry, triangular inequality and non-degeneracy.

Symmetry. This is clear since both the LP-norm and the space R1(S™!) are invariant under
sign change.

Triangular inequality. Let hy, ha, hs € Z. By definition of infimum, for every € > 0 we can
write

*(hl — h2) =d*a, + 0l + / hi1 — ho 5q,
Sn—1

*(hg - hg) = d*a; + 6[; + / ho — hs 5q,
Sn—1

with ae, al € (S"1) and I, I € R1(S"!) satisfying

We notice that

*(hl—hg) :d*(a€+a;)+8(15+lé)—|— (/ hl—h3>5q, Ve >0.
S

n—1

Then, by definition of d, we have
d(hl,hg) < HO&E + Oéé“Lp < ||OZEHL:0 + HO/EHLP < d(hl,hQ) + d(hg, h3) + 26, Ve > 0.

By letting e — 07 in the previous inequality, we get our claim.

Non-degeneracy. Assume that d(hq, he) = 0, for some hy,hy € Z. Let

a = / h1 — hg € Z.
Snfl

Then, since d = d (see Remark 3.3) and by definition of d, there exist {ay}ren C QL(sm1)
and {I; }reny C R1(S"1) NN1(S™ 1) such that

*(h1 — ha) = d* oy, + 01} + ady (3.1)
and oy — 0 strongly in LP as k — co. Observe that
oIy, — #(hy — ha) —ad, in (WhHe(SP~1)*,

Now for any k € N, 9l can be represented as

Ji

Oy = > (8, — 0,0

J=1

for some J;, € N and points pg‘? , ng’“ in S"~!. But the space of distributions of the form

Z(épj — 0p;) such that Z|pj —nj| < oo (3.2)
jed jed
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(for a countable set J and points p;, n; in S"1) is closed with respect to the (strong)
topology of (W1>°(S"~1))* (see Proposition A.1 in [28]), thus there exists a distribution T
as in (3.2) such that

% (h1 — ha) =T + ady. (3.3)

But this implies that % (hy — he) = 0, since the left-hand-side in (3.3) is in LP whilst the
right-hand-side is in L? if and only if it is equal to zero. O

Remark 3.4. Notice that the proof above relies on the fact that d = ci, which was proved
using Theorem 2.3. As the proof of Theorem 2.3 was quite involved, we remark here that
there is a way to skip that passage: in the proof of the non-degeneracy of d it is not necessary
to assume that {I}}ren lies in N1(S"71). For any k € N, even if we only assume that Iy
in (3.1) lies in R1 (S~ 1), Corollary 2.4 that OI} is of the form (3.2), and thus the limit of
{It}ren in (WH(SP1))* will also be of that form.

Proposition 3.2. Let {hi}ren C Z and h € Z. Then the following are equivalent:
1. {hi}ren C Z is uniformly bounded in LP and d(hg,h) — 0 as k — oo;
2. hy — h weakly in LP as k — oo.

Proof. We prove separately the two implications.
2 = 1. Pick any subsequence of {hj}ren (not relabelled). For every k € N, let
ak::(hk—h,1>:/ hy — h.
S§n—1

Since hy — h weakly in LP as k — oo, it follows that apy — 0 as as kK — oo. Since
{ag}ken C Z, there exists K € N such that ap = 0 for every k > K. Fix any k > K. By
Lemma B.2, the linear differential system

d*w = *(hx — h)
dw =0,

respectively (if n = 2)

d*w = *(hj, — h)

/w:O,
Sl

has a unique weak solution ay, € Q1(S""!). By Remark B.3 we have
llowllwre < C(|ldowl|Lr + |ld*apl|ze) = Cllhx — hllLe.

Since {hy}ren is weakly convergent, we know that it is also uniformly bounded in LP. Then
{ag}r>x is uniformly bounded in WP, Hence, by weak compactness in WP, there exists
a subsequence {ay, hien C {ar}r>k and a one-form a € Qf,,,(S"!) such that oy, — o
weakly in WP By Rellich-Kondrakov theorem, it follows that ay, — a strongly in LP. We

claim that o = 0. Indeed (if n > 3)

(a’ W)LP_LP’ = ll_iglo(akp d@ + d*ﬁ)Lp_Lp/
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. *
= lllglo(d O‘kla@)Lp_Lp’

= lim (hiy =) AN =0, VNYw=dp+dBec(S" ),

l—o00 Sn—1

where the second equality holds because oy, is distributionally closed. If n = 2 we have
analogously

(aa W)Lprp’ = lhm (akla dey U)Lprp/
—00
= llim (ag, dp+dp) g
—00

. *
= ll_lglo(d Ay s SO)LP_LP’

=lim [ (hgy —R)Ap=0, VYw=dp+necSh,

l—oo Js1

where 1 € Q'(S!) is an harmonic 1-form on S!' (hence a constant 1-form) and thus vanishes
when paired with oy, .

Hence, we have shown that oy, — 0 strongly in L” as [ — oco. As x(hy, — h) = d* oy, for
every [ € N, we have

d(hi,, h) < ||a, || e — 0, as | — oo.

We have just proved that any subsequence of {hy}ren has a further subsequence converging
to h with respect to d, therefore 1. follows.

1 = 2. Pick any subsequence of {hj}ren (not relabelled). Since {hy}ren C Z is uniformly
bounded in LP, by weak LP-compactness there exists a subsequence {hy, }ien of {hi}ren
and a h,, € Z such that hy, — h,, weakly in LP. Since we have just shown that 2 = 1, we
know that d(hg,, hy) — 0 as | — co. By uniqueness of the limit, we get h,, = h. We have
just proved that any subsequence of {hj}reny C Z has a further subsequence converging to
h weakly in LP, hence 2. follows. O

3.2. Slice distance on 0Q7(0)

Let Q1(0) C R™ be the unit cube in R™ centered at the origin and let ¥ : S*~! — 9Q1(0) be
a bi-Lipschitz homeomorphism. We let Y be the linear subspace of QI'~1(0Q1(0)) given by

Y = {h € Q271 (0Q1(0)) s.t. / he Z}.
0Q1(0)
Remark 3.5. Notice that h € Y if and only if ¥*h € Z. Indeed, given any h € Z we have

! |h[Pd" "t < /

|T*hP dr™ ! < C\p/ \h[P do™ 1,
8Q1(0) S

0Q1(0)

with Cy = (max{[|d¥| g, |dT~1| 1~ }) " PV and

/ wh = / h.
§n—1 8@1(0)
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Thus, the functions dy,dy : Y X Y — [0, +00) given by

d\p(hl, hg) = d(\I/*hl, \I/*hg) \V/hl, hy € K (3.4)

dy(hy, ha) = d(U*hy, U hy)  Yhi,hy €Y, (3.5)

are well-defined and coincide on Y x Y by Remarks 3.2 and 3.3. Moreover, (Y,dy) is a
metric space as a direct consequence of Proposition 3.1 and the following statement is a
corollary of Proposition 3.2.

Corollary 3.1. Let {hy}tren CY and h € Y. Then, the following are equivalent:
1. {hg}tren C Y is uniformly bounded in LP and dg(hy,h) — 0 as k — oo;
2. hy — h weakly in LP as k — oo.

Remark 3.6. Let Wy, ¥y : S"~1 — 0Q1(0) be bi-Lipschitz homeomorphisms. We claim that
the distances dy, and dy, induced on Y by ¥; and W, respectively are equivalent. Indeed
notice that given any bi-Lipschitz map A : S"~! — S*~! we have

n—1
d(A*hy, A*hg) < ||dA| P2 AT 2 d(hi, he), Y hi,hy € Z. (3.6)

To see this observe that if o € Q1(S"!) is a competitor in the definition of d(hi,h2) then
the form (—1)"72 x A*(xa) € Q})(S”_l) is a competitor in the definition of d(A*hi, A*hs).
Hence

n—1
d(A*h1, A*h2) < [[#A*(x)||e < [ldAF2 AT % Lo,

for every competitor « in the definition of d(hi, hs). By taking the infimum on all the
competitors in the previous inequality, (3.6) follows. Applying (3.6) to A = \111_1 o Uy we
obtain

dw,(h1, he) = d(Ushy, Ushe) = d((T7 " 0 Uo)* Tihy, (U7 ! o Uy)*Uihy)
< Cy,w,d(YThy, Vihe) = Cy,w,dw, (h1, ha) Vhi,hy €Y,
and analogously

d\lll (hl, hg) < C\p1\p2d\p2 (hl, hg) Vhl, hQ & Y,

_ n—1
n—2+ r

with Cy,w, = max {[|d(¥5" o U1)|| e, |d(U]" 0 Us)]||L= }

3.3. Slice functions and their properties

Definition 3.1 (Slice functions). Let F' € (22721(@1(0)). Given any arbitrary xo € Q1(0),
we let po 1= 2disteo (20, 0Q1(0)).
We call the slice function of F' at x¢ the map s : Dom(s) C (0, pp) — Y given by

s(p) == (x— pr + $0)*ngp(xo)F’ vV p € Dom(s),

where Dom(s) is the subset of (0, pp) defined as follows: p € Dom(s) if and only if the
following conditions hold:
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1. s Lae. point in 0Q,(wo) is a Lebesgue point for F,
2. |F| € Lp(an(xO),%n—l)’
3. pis a Lebesgue point for the LP-function

(07 PO) Sp Z;‘k) F:
90, (x0) Qp(z0)

4. (z+— px —I—xg)*ngp( FeY.

z0)

Remark 3.7. Notice that Dom(s) has £! full measure in (0, pg). Moreover s € LP((0,po);Y),
in the following sense: let j, : © — px 4 xo, then we have

Is(o)II7e = / s FIP dot™™t = / PP pr=D(p=1) g ym1
9Q1(0) 9Q,(z0)
and thus

PO Po
[ s do= [ [ et aengp<z [ jppaser
0 0 JoQ, Qpp (w0)

For the following let ¥ : S"~1 — 9Q1(0) be the bi-Lipschitz map given by

T
)\ =
) = Sl

Vaestl (3.7)

Proposition 3.3. Let zg € Q1(0) and set pg := 2 dist(xg, 0Q1(0)). Fizany F € szil(Ql(O))
and let s € LP((0,po),Y) be the slice function of F at zo. Let K C (0, po) be compact. Then,
there exists a subset E C K such that LY(K ~ E) = 0 and a representative 5 of s defined
pointwise on E such that

1
du (3(01). 5(02)) < Coil|Fllilor — 27, Vprpm € E, (38)

where dy denotes the distance introduced in (3.4) with respect to the map ¥ defined in (3.7)
and

1—n
Co ik =Cymaxp »
b, p per ?

with Cp, depending only on p.

Proof. Denote by Tr € D1(Q1(0)) the 1-current on @Q1(0) given by
(Tp,w) = / FAw, VYweDYQ:(0)).
Q1(0)

Since F' € (227%1(@1(0)), by Theorem 2.2 there exists I € R1(Q1(0)) such that M(I) < +oo
and xdF = 0I. By definition of integral 1-current, there exist a locally 1-rectifiable set
I' € Q1(0), a Borel measurable unitary vector field I on T' and a positive Z-valued #°! LT-
integrable function § € L!(T, ') such that

=

(I,w) :/Fe)(w,n dt,  Ywe DY Q1(0)).



By the coarea formula, there exists G C K such that £L'(K \ G) = 0 and such that
I' N 0Q,(xo) is a finite set for every p € G.

Consider the map ® : S"~! x [0, po] = Im(®) = Q,,(z0) C Q1(0) given by

O(y,t) ==xo +1tU(y),  V(y,t) €S" x [0, po].

Notice that (I)‘Snflx[pl,pz} is a bi-Lipschitz homeomorphism onto its image for every p1, p2 €
(0,1).

We claim that estimate (3.8) holds on a full-measure subset ofAG. Indeed, fix any p1, p2 €
G. Without loss of generality, assume that po > p;. Let & := & ST [pr,pa] Define
T = pr; o @71 1 Q,(wo) — S"71, where pry @ S"7 x [0,p0] — S"7! is the canonical
projection on the first factor, and notice that 7 is a Lipschitz and proper map. Then
T (Tp I_Im@))) € D1(S™ 1) can be expressed as follows: for any w € Q!(S"1)

(T4 (TFI_Im(i))),w> = (Tr LIm(®), n*w) = /I @ FAT'w

/ (P*F AP 1*w)

Im(®)

/ O*F A priw
Sn=1x(p1,p2]

/ priw A *(x®*F)
Sn=1x(p1,p2]

/ (priw, *®*F) volgn—1 [017p2](y7t)
Sr=1x[p1,p2]

P2
/ (/ (priw, *®*F') VO]Sn—l(y)> dt
S§n—1

P2
(/ (W, ign-15 g1 * O°F) Volgn_1(y)> dt
Sn—1

p1
p1
2
/ (/ w/\(*zsn 1X{t}*<I>F)>dt
o1 Sn—1
(

P2
/ w A (/ (*ign,lx{t}*é*F) dt)
Sn—l 1
—1)"1/ wA a,
Sn—l

P2
o= (—1)n1/ (%if01qy * O F) dt € Q2(S"Y), (3.9)
p1

where

In particular,
(0. (Tr L Tm(®)). ¢) = (m. (T L Im(®)), dp)

= (—1)! /Sn_l dp Aa = (d*(xa),9), Ve ec oS 1.
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Recall that the restriction of an integral current to a measurable set is still an integral
current. Moreover, the push-forward of an integral current through a Lipschitz and proper
map remains an integral current (see [22, Chapter 7, §7.5]). Then, I := —7, (I LIm(®)) €
Ri(S™1).

So far, we have shown that

O ((Tr — I) LIm(®)) = om, (Tr LIm(®)) — 97, (I L Im(®)) = d*(xa) + 01

Let ¢ € C°((—1,1)) such that / ¢ = 1. For any € € (0, min{p1, po — p2}) set ¢ = %C <g>
R

and let X. be the unique solution of

Xla(x) = Ca(w - pl) - Ce(x - p2>
X.(0) = 0.

Let ¢ € C™(S" ! x [0, po]) and let pry : S*~1 x [0, po] — [0, po] be the projection on the
second factor. We compute

(@71, d(Xe 0 pry)) = L_lm Oa-1). 1 (XL © pro)(dpry, [ig-1), 1) 4"

p1te ~
= / Cg(t)< / e d;zﬂO) dci(t)
p1—e o=1(I)N(S" 1 x{t})

p2-+e -
- / Cs(t)< / wed%‘)) dci(t)
p2—e S-1(T)N(SP—1x{t})

with 6 = (@1, rsgn({dpry, 17(q>_1)*1>) € LY(®1(I"), Z). Moreover

(@) T, dxc 0 b)) = [ B 0 pry)B*F A dpr,
Sn=1x[0,p0]

_ /,wm [ @) F ) ag
p1—¢ : Sn=1x{t} snobxdt}

p2+te . 1
— Ce(t / P(P| F | dC (t).
/pz—e ( ) Sn—1x{t} ( }S 1><{t}) ( )
Now observe that

(@™ 1)(Tr = 1), (Xe 0 pra) dp) = (@7 1)u(Tre — 1)) L (S"1 x [p1, p2)), db)
as € — 07, by dominated convergence. On the other hand, since d(Tr — I) = 0, we have
<(¢71)*(TF —1I),(Xc opry) dip) = <((I)71)*I7 Y d(Xe o pry)) — <(®71)*TF7 Y d(Xc o pry)).

Therefore for almost every pi, p2 € (0, p9) (depending on 1)) we have

OO = DLE x ) = [ wlar
n=1x{p

— / Yo d.A° (3.10)
=1 (D)N(S™  x{p2})
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)'F

S§n—1 X{Pl}

- / e
Sn=tx{p1}

+ / P(P
Sr=1x{p2}

Now let {¢x}ren C C°°(S™™1 x [0, po]) be a countable sequence dense in C1(S"~! x [0, po)).
For every k € N, let E;, C G be the set such that (3.10) holds with ¢ = ¢ (i.e. the set
of the p € G which are "(.-Lebesgue points" of the integrands in (3.10), with ¢ = 1)) and
define

)°F.

S§n—1 X{pg}

E:= () E.

keN

Then £1(E) = £L(K) and for every p, p2 € E estimate (3.10) holds with 1) = v, for every
k € N. By density of {¢x}reny in CH(S" 1 x [0, pg]), we can pass to the limit in (3.10)
and get that for any given couple of parameters pi, p2 € E such identity holds for every
€ C®(S"1 x [0, po]). In particular, for every p1,ps € E, p € C®(S" 1) we have

(Om.((Tr — ) LIm(®)), ) = (D((@™1)u(Tr — )L (S"" x [p1, pa])), priep)
= Y (@, p)p(x) = > Oz, p2)p(x)

z€lp, z€L pgy
—/ w\IJ*S(pl)Jr/ e V*s(p2),
Snfl S'nfl
where

Ty 1= pry (@7HD) N (8" x {p})) € 8",
pr = pr (@7 (IT) N ("7 x {pa})) C 87

are finite set for any p1, p2 € G.

Gathering together what we have proved so far, we have

(Fs(p2) — Ws(p1)) = d"(xa) + OT' + ( [t - \P*s(pn)aq,

n—1

where o was defined in (3.9) and I’ € R1(S"™1) is any rectifiable one-current of finite mass
such that

oI' = Y 0(x,p2)00 — > O(x,p1)0a +0I+ | Y Oz, o) — Y 0(x,p2) | 4.
z€lpy z€l'p, x€lp, z€lp,

i.e. *a is a competitor in the definition of d(W¥*s(p2), ¥*s(p1)). Hence in order to estimate
d(¥*s(p2), ¥*s(p1)) we just need to find an upper bound for ||*c||».

Notice that |[d®| < ¢|dV| + 4 Moreover since

)= (U () 2 —
@)= (0 (gt ) 2l 2ol )
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— n—1
we have |JO~(z)] <272 (M) . Therefore

lz—z0|loo
P2 p
bl < [ | 100 Fld] et < o=l [ [ Fird e dy
sn=1 1Jpy Sn=1x[p1,p2]

- v\ fa 5
< <2 ( 2>(HdWHLm-+:Z ‘Agggr#L* o1 = P2 1 E L, o)

1

and our claim follows.

3.4. Proof of Theorem 1.3 for Q7(0)
For the proof of Theorem 1.3 we need two technical Lemmata.

Lemma 3.1. Let {fi}ren C L1(0,1) be such that ||fxl|pn < C for any k € N. Then there
exist a sequence of compact subsets {Whp}n>o of (0,1) such that for every h € N such that

n = 2 the following properties hold:

Loty =1- 912,

h
2. Wy, C (1/h,1);
3. for almost every p € Wy, and every k € N there exists k' > k such that |fi/(p)| < h.

Proof. Let h € N be such that n > 2. For any [ € N let
_ —1 c
= ﬂ fi (=hh

k=l

Notice that for any [ € N Ag” C Alh+1 and set

oo
I=JAr.
=1

Let m € N and let &£ > m. Notice that

1
c>/0 \fk<p>\dp>/A%|fk<p>|dp>hcl<AZ@>.

By letting m — oo in the previous inequality, we obtain

C
YIn) < —.
L) <
Set Ep, :=I; N (1/h,1) (where the complement is taken in (0,1)), then we have
1
£ (B = £ (U (0,1/W)) = 1~ £ (U (0,1/) > 1 - T

Moreover, Fj and any of its subsets satisfy properties 2. and 3.. Finally, since Ej is mea-
surable, we can find a compact set W}, C Ej, such that
C+2

1
_1_7
£ (W) .

By construction, W}, satisfies 1, 2 and 3. O
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Since we do not know if the space (Y, d) is complete, we will also need the following Lemma.
Lemma 3.2. Let K C [0,1] be compact and let S C K be dense and countable. Let

{fitren C CUK,Y) be such that

1. {fx}ken is uniformly Cauchy from K to (Y,d) (i.e. it is a Cauchy sequence with respect
to uniform convergence);

2. for some C > 0,

supsup || fi.(p)|[Lr < C;
peS keN

3. for some A >0 and some a € (0, 1], we have

d(fr(p), fu(p) < Alp=p'|%  Vp,p' €S,

Then, there exists f € CO(K,Y) such that fi, — f uniformly.

Proof. Fix any p € S. By assumption 2, {fx(p)}ren is bounded in LP and therefore it has a
subsequence converging weakly in LP to a limit f(p) € Y (recall that Y is closed with respect
to the weak LP convergence). By Corollary 3.1, such a subsequence converges in (Y, d) to the

same limit f(p). Assumption 1 implies that fi(p) 4 f(p) (for the whole original sequence).
Fix any p € K and let {p;};en C S be such that p; — p. We claim that there exists f, € Y

such that f(p;) N f, and f, does not depend on the choice of the sequence {p;}icn. Indeed
since the LP norm is weakly lower semi continuous we have

1ol < Timint || (o) 10 < C.

for every i € N. Then there exists a subsequence {p;, }jen and a f, € LP such that f(p;;) —
fp weakly in LP. Since Y is LP-weakly closed we have f, € Y. By Corollary 3.1 we also

have f(p;;) 4 fo- Relabel this subsequence as {p;}ien. To see that f, doesn’t depend on

the subsequence assume that {p; };cn is another sequence in S with p; — p and f(p;) LN fp.
To see that f, = f,, first notice that by hypothesis 3. and triangle inequality we have

d(f(pi), f(p)) < d(f(pi), fulpi)) +d(fulps), fr(pi)) + d(fr(pi), f(Pi))
< A(f(pi), fr(pi)) + Alpi = pil® + d(fx(pi), f(pi)-
for every ¢ € N. Hence, passing to the limit as £ — oo in the previous inequality, we get
d(f(pi), f(pi)) < Alpi — pil™.

Thus we finally obtain

d(fps o) < d(for F(pi)) +d(f(pi), F(5i)) + d(£(5i), o)
d(fpr F(pi)) + Alpi — pi|™ + d(£(pi), fo)

and, passing to the limit as i — oo, we get d(f,, fp) =0,ie. f,= fp. This concludes the

<
<

proof of the claim.
For any p € K let

f(p) := lim f(p;),

1—00
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where {p; };ien C S is any sequence such that p; — p and the limit is understood with respect
to d. By the previous claim, f is a well-defined function on K.

Finally we claim that f 4, f uniformly, as k — oo. To see this, let € > 0; by assumption 1
there exists L € N such that for any m,n € N with m,n > L we have

sup d(fm(p)7 fn(p)) <e

peES

Let p € K and let {p;}ien be a sequence in S such that p; — p. Then for any k& € N such
that h > L we have

A(felp), £(p)) = T d(fep), F(pi)) = lim Tim d(fi(p), fnlp) < 2

1—00 m

This shows that f is the uniform limit of {fi}xen in K, with respect to d. As fi, € CO(K,Y)
for any k € N, we have that f € CO(K,Y) (this also follows directly from the construction
of f). O

We prove now Theorem 1.3 for the case D = Q7(0). In Remark 3.8 we will discuss how to
deduce the general case from Theorem 3.1.

Theorem 3.1 (Weak closure for Q7(0)). Fiz any n € N such that n > 2 and assume that
pe€ (1,n/(n—1)). Then QZil (Q71(0)) is weakly sequentially closed.

Proof. Assume that F' € Q7= 1(Q1(0)) belongs to the weak LP-closure of szil(Ql(O)), ie.

there exists {Fj}ren C Q)7 7 (Q1(0)) such that Fy . F. What we need to show is that
F e Qgil(Ql(O)), which amounts to saying that

%0 o F €7, (3.11)
/E)Qp(wo) Qp( O)

for every g € Q1(0) and for a.e. p € (0,2distos(z0,0Q1(0))). Without losing generality,
we will just show (3.11) for zp = 0.

Step 1. For any k € N let s; be the slice function of Fy at 0. Fix any h € N such that h >
and let W}, C (1/h,1) be the compact set given by applying Lemma 3.1 with fx = ||sg|| e and
C=2v supgen || Fil e (see Remark 3.7). Let EX € W), denote the subset associated to Wy,
and s by Proposition 3.3, let Eh = ﬂkeN E and let s; denote its —-Holder representative
on Ey, for any k € N. By property 3. in Lemma 3.1, for almost every p € Ej, we can find a
subsequence {sg,(p)}r,en C {sk(p)}ren such that si (p) is uniformly bounded in L by h.
Denote by Ej, the set of all such p and observe that L1(Ey) = LY (W},) =1 — % Then for
any p € Ep, {si,(p)}r,en has a subsequence that converges weakly in L” or, equivalently,
with respect to dy (see Corollary 3.1).

Let S, C Ej be a countable dense subset. By a diagonal extraction argument, we find a
subsequence {sg, }ien such that {sg,(p)}ien is convergent with respect to dy and weakly in
LP, and is uniformly bounded in LP by h, for every p € Sj.

Step 2. Next we claim that for any [ € N, s, can be extended to a [%—Hélder continuous

function on Ej, with the same Hélder constant (which is bounded uniformly in [) and LP
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norm bounded by h.

In fact let f € {s, }ien, let p € Ep, let {p;}ien be a sequence in Sj, such that p; — p as
i — oo (observe that such a sequence exists, since Sy, is dense in Fj, which in turn is dense
in Ey). Since {f(p;)}ien C Y is uniformly bounded in LP, by weak LP-compactness there
exists a subsequence {f(p;;)}jen of {f(pi)}ien such that f(p;;) — f, weakly in LP for some
f» € Y. By Corollary 3.1, we know that dg (f(ps,), f,) — 0. Since f is I%—Hb'lder continuous

on Ey, f, does not depend on the sequence {p;};en and thus dw(f(pi), f») — 0. Hence, the
function

F(p) = lim f(p:)

(where the limit has to be understood with respect to dy) is well-defined on E}, and satisfies
(3.8) and || f(p) |l 1o z7) < B on By

In the following, in order to simplify the notation, we will denote again by sy, the i-Hélder
extension of sy, to Fj, for any I € N.

Step 3. We show that {sk, }ien converges uniformly on Ej, to some s € C°(E,Y).
Fix any € > 0. By Step 2. we know that the sequence {s, }ien is equicontinuous from Ej,
to (Y,dy). Therefore we can choose § > 0 such that

dw (sk,(p), sk, () <&, Vp,p € Epst. |p—p|<dandVieN.
Notice that {(p — 6, p+ &)} pes, is an open cover of Ej. Since Ej, is compact, we can find a

finite set {p1, ..., pm} C Sh such that {(p; — 6, pj + 6)};=1,...m is a finite open cover of E.

Now let p € Ej. Observe that there exists a point p; € {p1,..., pm} such that p € (p; —
8,pj +6), i.e. |p— pj| < 8. By our choice of §, this implies d(s,(p), si,(p;)) < €, for every
I € N. By triangle inequality, we have

dy (sk,(p); Sk (p) < dw (8, (p), 5k, (05)) + diw (8, (£5)5 Sk (£5)) + A (Sk,, (05)5 Sk ()
< 2¢ +dy (sk,(05); Sk ())-

But since p; € S, we know that there exists L; > 0 such that

dw (sk,(p5)s Sk (p5)) < &, Vi,m > Lj.

Hence, by letting L := max Lj, we have that

Jj=1,....m
dy (sk,(p), Sk, (p) < 3e,  Vim>L\peEy.

Here we have just proved that the sequence {s, }ien is uniformly Cauchy on Ej, with respect
to dy. Since {sj, }1en satisfies all the hypotheses of Lemma 3.2, we get that there exists
s € CY(E,Y) such that sk, — s uniformly on E}, with respect to dy.

Notice that since ||sg,(p)||rr < h for any | € N, for any p € Ej, and since s, (p) — s(p)
with respect to dy for any p € Ej,, by Corollary 3.1 there holds sk, (p) — s(p) in L? for any
p € Ey.

Step 4. Let so : Ej, — Y be the restriction to Ej, of the slice function of F' at 0. We claim
that s = sg a.e. in E}. To show this we will prove that

/ 90(p)/ ¥ (sk,(p) — so(p)) dp — 0, as | — 0o,
Ey 0Q1(0)
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for every ¢ € C2°((0,1)) and for every ¢ € Lip(0Q1(0)). Indeed, an explicit computation
gives

[ oew [ bl - s0(e) do
Epn 9Q1(0)
B /Eh o) ( /6Qp(0> v <P> o0 = /a@p v <p> 50,0 F> w0
=2 [ 1 @ el o) (o )l oo A By~ F) > O 1
Q1(0) [ lloo
since

1, 21| o) 2 2] - oot (” ”Oo>d|| oo € 2L(Q1(0))

and Fy, 2 Fin @1(0). On the other hand, since s, (p) — s(p) in LP for any p € Ej,

/ / V(sk,(p) —s(p))dp — 0 as | — oo
En 0Q1(0

for every ¢ € C2°((0,1)) and for every ¢ € Lip(0Q1(0)). Terefore we obtain
[ @) [ ul(s0) - sa(p) do=0. Vi€ CR(0.1). 9 € Lin(0Q1(0)),
En 0Q1(0)

This means that so(p) = s(p) € Y for a.e. p € E},.

Step 5. Finally we show that (3.11) holds for almost any p € (0,1).
In fact for any p € E}, such that so(p) = s(p) we have

/ isg, I = / s0(p) = / s(p) = lim sk (p) € Z,
8Q,(0) 8Q1(0) 8Q1(0) ki—00 Ja@Q1(0)

since sy, (p) — s(p) in LP. Thus (3.11) holds for £L'-a.e. p € Ej,. Since the previous step can
be repeated for any h € N such that A > 2, and since

C+2
lim LY(Ep) = lim 1-—==1
h—1>I—ll-loo£ (En) h—too h ’
we conclude that (3.11) holds for £L'-a.e. p € (0,1). O

Remark 3.8. Let D C R" be any open and bounded domain which is bi-Lipschitz equivalent
to @1(0). From Theorem 3.1 follows that 2 (D) (see Definition 1.4) is a weakly sequen-
tially closed subspace of €2~ 1(D). Indeed, let ¢ : Q1(0) — D be any bi-Lipschitz homeo-

morphism and let {Fj}reny C szl(D) be such that Fj, Y FonD. Then, by Lemma 2.7

we have {¢* F. }ren C QZ,;(Ql(O)) and as ¢ is bi-Lipschitz we have ¢* Fj, EiN ©*F on Q1(0).
By the Weak Closure Theorem (Theorem 3.1), ¢*F € Qz’il(Ql(O)). Thus F € Qgil(D)
(again by Lemma 2.7). This shows that Theorem 1.3 holds true.

Observe that Theorem 1.3 does not hold if n = 1. In fact in this case the following holds.
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Lemma 3.3. Let I be a bounded connected interval in R. Let p € [1, 00).
The sequential weak closure of LY (I) in LP(I) is LP(I). Moreover

Proof. Since C°(I) is dense in LP(I), it is enough to show that any function f € C%(I) can
be approximated weakly in LP(I) by functions in L (I). Without loss of generality we can
assume that I = [0,1). For any n € N let’s define f,, : I — R as follows:

for any k € {1,...,2"} let I? == [E2L 2 for any k € {1,...,2"} let ¢ == J[I;; f(z)dzx and
for any x € I} set

0 otherwise.

falz) = {[Cﬂ if o — 557 < iy

Then f, € LP(I,Z) and ff,’; fo(z)dr = f[g f(z)dz for any k € {1,...,2"}, for any n € N.
Moreover notice that since f is bounded, the sequence (f,,)nen is bounded in LP(I). There-
fore if p > 1 (fn)nen converges weakly in LP(I), up to a subsequence, to a function f € LP(I).
Testing against continuous functions on I it is easy to check that f = f .

If p =1 we have to check that, up to a subsequence,

lim fng:/fg Vge L™(). (3.12)
I I

n—oo

Since L*°(I) C L(I) for any g > 1, (3.12) follows from the case p > 1 (with p = ¢). O

Remark 3.9. Let n > 2 and let D C R" be any open, bounded and Lipschitz domain in R™.
It is still unknown if the space L} (D) is weakly sequentially closed. Surely it is not weakly-x
closed, a proof of this fact can be achieved by generalising the arguments in [27, Section §|.
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A. Minimal connections for forms with finitely many integer
singularities

In the following appendices we gather some of the results that have been used in the present
work. These results are not new and have been included here for the reader’s convenience.

Throughout Appendix A, we will denote by M™ C R" some arbitrary embedded Lips-
chitz and connected m-dimensional submanifold of R™. Let p € [1,00]. We will denote by

Q) k.o (M) the space introduced in Definition 2.2.

Lemma A.1. Let F € Q;ELO(M) Then, there exists a connection for F'.

Proof. Throughout the following proof, given any couple of points z,y € M we will denote
by (x,y) an arbitrarily chosen oriented Lipschitz curve with finite length joining x and y.
By assumption, it holds that

N
*dF = Zdjém]., for some di,...,dy € Z ~ {0} and z1,...,xx € M.
j=1

We define

{ir,..oip} :={j €{1,...,N} s.t. dj >0},
{1, dqt = {j € {1,... N} s.t. dj < 0},

N
d:=>) d; €L
j=1

We build a family .% = {I,}aeca of oriented Lipschitz curves in M as follows. If there is
no point z; such that d; < 0, then we set .# = (). Else, we start from x;, and we add to
the family .# the curves ($j1,17i1)7 e (:I:jk1 , xil), until we reach the condition ki = ¢ or the
condition

k1
ry = dil + Zdjl < 0.
=1

If k1 = g, then we stop. Else, we move to the point x;,.

If r1 = 0, then we add to % the segments (xjk1+l,xi2), - (:zjkz,xiQ), where ky € {1,...,q}
is the smallest value such that

ko
Tro = diQ + Z djl <0.
I=k1+1
If there is no k € {1, ..., q} such that
k
di, + > d; <0,
I=k1+1

then we add to .# the segments ($jk1+1a$i2)a e (qu,:UZ-Q) and we set ko = q.
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If 1 < 0, then we add to % the segments (xjkl,xiQ) and (:Cjkl+17:ci2), e ($jk2,ﬂfi2), where
ka2 € {1,...,q} is the smallest value such that

ko
ro 1= dz‘2 +7r+ Z djl <0.
I=k1+1
If there is no k € {1, ..., ¢} such that
k
diy +r1+ Y dj <0
I=k1+1
then we add to .# the segments (mjkl , xiQ) and (l’jk1+1,xi2), vy (qu, xig) and we set ko = q.

We proceed iteratively in this way, moving on to the subsequent points x;, until ks = ¢ or
s = p. Then, the construction of the family .%# is complete. We let z;, be the last node
that is visited before the iteration stops and, for every I, = (zj,z;) € #, we define its
multiplicity m, as

|dj| — |ri] if i =i and j = iy,

Mme = § min{|d;|, |r—1|} if i =4 and j =iy, |,

min{|d;|, |d;|} else.

Finally, we divide three cases:

1. Case d = 0. Notice that this is always the case if M has no boundary. We define the
integer 1-current I € Ry(M) given by

(I,w) = Zma/ w, for every w € DY(M).
I

2. Case d > 0. We fix a point 29 € OM and we let I} := (xq,x;,), for every s = h, ..., p.
We define the integer 1-current I € Ry(M) given by

(I,w) ::Zma/ w+rh/bw—|—
In I

P
Z d;, / w, for every w € DY(M).
acA 2

s=h+1 s

3. Case d < 0. We fix a point g € M and we let I} := (z;,, o), for every s =k, ....q
We define the integer 1-current I € Ry (M) given by

q
(I,w) := Zma/ w+|7“h]/ w+ Z ’dis’/ w, for every w € D' (M).
Io i 1%

acA s=kp+1

By direct computation, we verify that I has the desired properties and the statement follows.

O
Lemma A.2. Let F € QZ?Z_I(M) (see Definition 1.4). Then,
inf M(T)= inf M(T)= FAdp < 400, Al
TeD1 (M), @) Te/\lxlnl(M), (T) e /M ? > (A1)
dT=+dF IT=+dF PpEW, " (M),
|ldel| oo <1

where My (M) denotes the set of all the 1-currents with finite mass on M. Moreover, the
mfimum on the left-hand-side of the previous chain of equalities is achieved.
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Proof. By definition, there exists an integer 1-current I € R (M) with finite mass such that
0l = xdF. Hence
inf  M(T) < M(I) < +oc.

TeD1(M),
OT=xdF

The first equality in (A.1) is clear.
Notice that for every T' € M (M) such that 0T = *dF" it holds that

/M F A dp = (xdF, o) = (0T, ¢) = (T, dg) < M(T)||dgl | =y, Vo € W™ (M),

Hence,
inf  M(T) > sup / F Ndep. A2
"orli D2 ctZan o e
- ||| oo <1

To prove that the previous inequality is actually an equality, it suffices to show that the
supremum on its right-hand-side is greater than the mass of some 1-current with finite mass
T on M such that T = *dF. Define the vector subspace X C QL (M) given by

X :={weQl (M)st. w=dp, for some ¢ € Woloo(M)}

Consider the linear functional ¢ : X C (QY(M),||||z=) — R given by

<¢,w>:/MF/\w, Vwe X.

By (A.2) we get that ¢ is continuous on X, i.e.

H¢HL(X): sup / FAw= sup / FAdp < inf  M(T) < +o0.
wexX, Jm pEW, (M), M TSrLie
llwl[Loo <1 lldel|Loo <1

By Hahn-Banach theorem, we can extend ¢ to a linear functional 7' : Q!(M) — R such that

T ||z )y = lI9llexy = sup / F Adp
pEWy > (M), T M
[lde|| oo <1
But then, T"is a 1-current on M having finite mass and such that
MT) < Tl = sw [ Fade
(M), 7 M

peEW, ™
lldepl| Loo <1

Moreover,

(0T, @) = (T, dp) = (¢,dp) = /MF/\ dp = (xdF,¢), Y€ Wy (M).

Hence,
M(T)= _ inf I\\/JI(T) = inf M(T) = sup / FAdp <400
TeD1 (M), TeM1(M), peW > (M), M
OT=xdF OT=+dF [|de|| oo <1
and the statement follows. O
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Proposition A.1. Let F € Q;”El(M) Then, there exists an integer 1-current L € Ri(M)
such that OL = *dF' and

M(L) = inf M(T) = su /F/\d.
(L) reban, (T) <p€W01’£(M) o ®
OT=vdkt lldp|| oo <1

In particular,
M(L) < C||F|z».
Proof. Notice that by [15, Chapter 1, Section 3.4, Theorem 8|, we have

inf M(T)= inf M(T).

TeRL (M), TeD: (M),

OT=*dF OT=*dF
Since the mass M( - ) is lower semicontinuous with respect to the weak convergence in D; (M)
and since M-bounded subsets of the competition class R1(M)N{T € D1(M) s.t. 9T = *dF'}
are weakly sequentially compact (for a reference, see e.g. [22, Equation (7.5), Theorem
7.5.2]), by the direct method of calculus of variations we conclude that there exists an
integer 1-current L € Ry(M) such that 0L = *dF and

M(L)= inf M(T)= inf M(T)=  sup / F Adp,
TeER1(M), TeD: (M), EW1,OO(M) M
OT=xdF OT=xdF =0 :
[ldel| oo <1
where the last equality follows from Lemma A.2. The statement follows. O

B. Laplace equation on spheres

Let n € N be such that n > 2 and fix any p € (1, +00). We let
Wwip(sn1y .= {u c WP s Hst. a :—/ U volgn—1 = 0}.
S§n—1

We can endow the space W1hP(S*~1) with the usual W'P-norm induced by W'»(S"1),
given by

lullwio = lullpe + ||dullze,  Yue WHP(S™).
Lemma B.1 (Poincaré inequality on W'P). There exists a constant C > 0 such that

/ |ulP volgn—1 < C’/ |du|P volgn-1, Vue Wwhr(s 1),
Sn—1 Sn—1

Proof. By contradiction, assume that for every k > 0 there exists u, € W?(S""1) such
that ||ug||zr = 1 and

1> k/ |dug|P volgn-1 .
Sn—1
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This implies immediately that ||dug||» — 0 as k — oo. In particular, the sequence {uy }ren
is bounded with respect to the WP-norm. Hence, by weak compactness of W1P(S"~1)  there
exists a subsequence {ug,; }jen of {uy}ren such that ug, — u in Whp(S"=1). Moreover, by
Rellich-Kondrakov theorem, we have uy, — u strongly in L? (S*~1). Since dug; — 0 strongly
in LP we get du = 0. Then, u is constant on S"~!. Since Uk, — u in LP(S™1), it follows
that

0= lim Uk, VOlgn—1 = wvolgn-1
j—)OO Sn—1 g Sn—1

and this leads to v = 0. But this is absurd, since by strong LP-convergence of {Ukj }jen to
u we obtain ||u||rr = 1. O

Remark B.1. By Lemma B.1, we conclude that we can endow W'? with the following much
more convenient norm:

Nullyiprs = lldullre,  Yue WHP(S™H).

Moreover, such a norm is equivalent to W1 P-norm.

Remark B.2. Notice that a linear functional on W1P(S"~1) restricts to an element of
(WP (S*=1))* if and only if it is WP-continuous and (F,1) = 0.

Lemma B.2. Let F € (W' (S"1))* be such that (F,1) = 0. Then, the following facts
hold.

1. If n > 3 the linear differential system
d*w=F
dw =20

has a unique weak solution o € Q}D(Snfl).

2. If n =2 the linear differential system
d*w=F

/sz
§1

has a unique weak solution o € Q(S").

In both cases, « satisfies the following estimate:
lallzs < CIFll gt o1y
for some constant C > 0 depending only n.

Proof. Notice the since (F,1) = 0, by Remark B.2 F restricts to an element of (W% (S71))*,
Consider the linear functional ¢ : Q'(S*~!) — R given by

(pw)y=(Fu), Vw=du+dB+ne'(s"),
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where 7 is a harmonic 1-form on S"~! (in case n = 2). Since ¢ is continuous and linear
on Q'(S"1) with respect to the L¥ -norm, by Hahn-Banach theorem there exists a unique
(recall that LP-spaces are strictly convex) extension ® € (Q}?, (S"1))* of ¢ such that

H(I)H(Q;,(Snfl))* = H¢H(Ql(8n*1))* < CHFHqu,p’(gnfl))-
By Riesz representation theorem, there exists a unique a € Q})(S”_l) such that
(W) p pp = / aA*xw = (P, w), Vwe Q}J,(Snfl) (B.1)
S§n—1
and
lledlze = [1®ll a1, sn-1y)» < ClIFl i gn-1))--
Finally applying equation (B.1) we get
(a,du) 1y = (P, du) = (¢, du) = (F,u), Vu e C®(S" 1,
and

(a,d*B) 1y 1w = (,d*B) = (¢, d*B) =0, VBeQ*(S" ).

The two previous equations are exactly the weak forms of the equations d*a = F and da = 0
respectively. Moreover, in case n = 2, we have

/ e :/ aAxl = (a,*1);, ;v =(P,x1)=(F,1)=0.
st st

This concludes about the existence of a solution to the differential systems given in points
1 and 2. For what concerns uniqueness, assume that o and o are two solutions of the
differential system given in point 1 (resp. 2) and define 8 = a — /. Then, we distinguish
the two cases:

Case n > 3. In this case, ( satisfies

d*s =0

dg = 0.
Hence, 8 is a harmonic 1-form on S*~! for n > 1, which implies 5 = 0.
Case n = 2. In this case, [ satisfies

d*f=0

B=0.
Sl

Hence, f3 is a harmonic 1-forms on S!, which implies 3 = c¢volg: for some ¢ € R. But since
3 has vanishing integral on S', we get 5 = 0. O
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Definition B.1 (Sobolev spaces of differential forms). Fix any £ € N~ {0}. We define the
Sobolev space of WlP-reqular differential k-forms on S*~! by

O, (S = {we Q];(S”_l) st. dw,d*w € LP}.
We endow such space with the norm

lwllwrs = llwllze + [ldwllre + [|d*wllze, Yo € Qi (S7).

Remark B.3. It can be shown (see [31, §3 and §4]) that such Sobolev spaces are completely
equivalent to the usual ones, namely the space of k-forms having local coefficients in WP,
Moreover, in case n > 3 there exists C' > 0 such that

|w|lwie < C(HdeLp + Hd*wHLp), Vw e Q%/Vl,p(Snfl). (B.2)
Indeed, let

X = {dast. a € Ny, (S"H],
Y = {d*B s.t. B € Qjpr,(S" 1)}

By [31, Proposition 7.1], both X and Y are closed linear subspaces respectively of QZ(S”_l)
and W1p (S"71). Then, X @Y is a Banach space with respect to the standard norm on the
direct sum of two Banach spaces. We claim that the liner operator T': Q1 ,(S""!) = X &Y
L1 (S"71) is a continuous linear bijection between

Banach spaces. Indeed, the fact that 7" is injective follows form the fact that there no non-

given by Tw = (dw, d*w), for every w € )

zero harmonic forms on S*~! for n > 3. Hence, we just need to show that T is surjective.
Pick any (da,d*5) € X @Y. By Lemma B.2, the linear differential system

d*w =d*(f — «)
dw =0
has a unique weak solution @ € Q},(S"‘l). Since by construction we have dw,d*©w € LP, we
conclude that @ € Qf;,1,(S*™!). Then, by letting w := & + a € 1, (S"!) we see that
Tw = (dw,d*w) = (do + do, d*® + d* ) = (dev, d*3)

and we have proved our claim. This proves that 7" has a continuous inverse and the statement

fOHOWS with C = ||,_T_1 ‘ |£(XEBY79‘1/V17P (Snfl)).

In case n = 2, the estimate (B.2) still holds for every w € Q1 ,(S') such that
/ w=0.
St

Remark B.4 (LP-Hodge decomposition). Let

The proof is completely analogous.

X :={dpst. p e WHP(S" 1},
Y = {d*Bs.t. B €, (S"H},
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Z:={ne Q' (S") st. Ay = (dd* + d*d)ny = 0}.

Then, as a particular consequence of the LP-Hodge decomposition theorem (see e.g. [31,
Proposition 6.5]), the operator T': X @Y & Z — Q,(S"~!) given by

T(de,d*B,n) :=dp+d* B +n

is a continuous and linear isomorphism between Banach spaces. Hence, T" has a continuous
inverse. We let

Cpg = ||T_1||/L(Q},(S"*1),X@Y)-

We conclude that for every w € Q(S"~!) there exist ¢ € Wwhe(s»1), g e Q2. (") and
n € Z such that w = dyp + d*5 + n and

ldellr + [|d*Bllzr + [InllLr < Crllwl|Lr- (B.3)

Lemma B.3 (A weak version of Poincaré lemma). Let n >3 and let oo € Q(S™™1) be such

that daw = 0 weakly on S*~t. Then, there exists a Sobolev function ¢ € Wl’p(Sn Yy such
that dp = o weakly on S"1.

Pmof We follow the notation of Remark B.4 and we notice that, since n > 3 we have

= {0}. Hence, we write o = dp + d*8, for p € WHP(S" 1) and § € 031,87 1). We
observe that
(d*/BaW)Lp_Lp (d ,dip + d 'Y)Lp )94
(d*ﬁ )Lp Ly’
= (o —dp,d™) o _p
= (,d*Y)pp_p =0,  Yw=dyp+dyeQ(S").
This implies d*8 = 0 and the statement follows. O

Corollary B.1 (Laplace equation on spheres). Let F' € LW (S*~1)) such that (F,1) = 0.
Then, the linear differential equation

Au=F
has a unique weak solution p € Wl’p(Sn_l) satisfying
H@HWLP < C”FH(Wl,p’(Sn—l))*-

Proof. First, we face the case n > 3. By Lemma B.2 we can find v € Q}(S"™) satisfying
da=F
doo =0

lodlzr < CIFll st n 1y

and
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Since da = 0, by Lemma B.3 there exists ¢ € W'P(S*~1) such that o = dip. Hence, we get
Ap =d"dp=d*a=F.
Moreover, by Lemma B.1, we have
lellwre < Clldel|r = Cllel|Le < ClIF|| 3100 gn-1y)s-

This concludes the proof in case n > 3.

If n =2, then by Lemma B.2 we can find o € Q}D(S”_l) satisfying

d*a=F

/azO
Sl

||a”Lp < C||F||(W1,p’(§n—1))*'

and

By setting ¢ := *q, the statement follows. O

C. Some technical lemmata

In this section we will make use of the following notation: let 1" be an m-rectifiable current
in R™, then T can be represented as follows:

(T,w) = / 0w, E)dA™ |, VYw e Q™(R"),
where ¥ is a locally m-rectifiable set,
0:¥X -7
is a locally 7™ -integrable, non-negative function and
£: X = AR

is an JZ"™-measurable function such that for " -almost every point x € X, {(z) is a simple
unit m-vector in T,.X.
In this case we write

T=1(%0,¢).
Lemma C.1. For any k € N let
Ty = 7(Zk, Ok, &k)

be an m-rectifiable current on R™ of finite mass. Assume that (Ty)ken is a Cauchy sequence
with respect to the convergence in mass.
Then there exists an m-rectifiable current

T=r7(%0,)
such that

T, =T (k— o00) in mass.
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Proof. Replacing the original sequence by a subsequence if necessary, we may assume that
for any k € N

M(Ty, — Tiy1) < 27"

Now for any k € N let

~ T if k=1
Tk =
T, — T, ifk>1.

Then for any k € N we have

k
Ty =Y T,
i=1
For any k € N write
Ti = Sk, O, Ek)-
Notice that

k
ZQNZ ~i = kak S~ a.e. on E,

for every k € N. Set
Y= U (ik N élzl(O))
keN

Then ¥ is m-rectifiable as countable union of m-rectifiable sets. Moreover 7™ (¥) < co. In
fact

A() < 3 A (S~ 0(0)) < Z/ G4 A LSy = S M(T) < oo
keN keN YR keN
Next let

0=> 0y,

keN

where 6, is extended by zero on ¥~ X for any k € N .
By Beppo-Levi Theorem

0| dA™ LY = Z/ 0| d™ L%
R™ R™

keN
— Z/ 10| dAA™ LSy = M(T}) < oo. (C.1)
keN Y R? keN

Therefore 0 is finite J#™-a.e. in X, i.e. for 7 ™-a.e. © € X there are only finitely many
k € N so that 0y (z) # 0. In particular the sum

> O(@)én()

keN
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is well defined and finite for J#™-a.e. x € ¥ (again & is extended by zero on ¥ \ ¥y for
any k € N) and we can write

0(x)&(x) = Or(x)&k(x)

keN

for some 0(x) € Z>o and for some simple unit m-vector {(z) in T, %, for S#™-a.e. x € X.

Observe that 0 is an J#™-measurable function on Y as the absolute value of the a.e.-limit of
A" -measurable functions. Analogously, £ is an 7" -measurable map on ¥ as the a.e.-limit
of #"-measurable maps. We set

T:=7(%,0,¢)
and we claim that
Ty, - T (k— o0) in mass.

In fact we know that since the space of m-currents is complete under the convergence in
mass (as a dual space), there exists an m-current 7" such that

T, =T (k— o0o) in mass.

To see that T'= T" observe that for any w € D™ (R")

k
Op(w, &) = D 0i(w, &) = Olw, &) A™-ae in 3,
=1

thus by (C.1) and Dominated Convergence Theorem we conclude that
(T, w) = (T,w) (k— o0).
In particular T' = T". O

Lemma C.2. Let a € (1,400), ¢ € (—00,1], € € (0,1) and let Q@ C QF__(0) be open,
Lipschitz and bounded. For any p € [1,+00) and p:= fL" with f = (5 — || -||)?, consider
the continuous linear operator Py : LP(Q, u; R™) — LP(Q, u; R™) given by

" Wax) if v €alQ,

(FaV)(@) = {0 on Q~ a 1.

Then:
1. For every a € (1,+00) such that |1 — a™t| < & holds that

1PV oy < Ca” 7 |V | o,

for some constant C > 0 depending only on q and p.
2. For every V € LP(Q, 1;R™) we have that P,V — V in LP(Q, u; R™) as a — 17,
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Proof. Fist we prove 1. Fix any V € LP(Q, u; R™) and compute

LipavPdn =) [ Viaa)p dute)

< arn-D- (/rv P dute) + [ VLt ())‘ 9 ).

As in (2.5) we can estimate

‘f(aly) - f(y)‘ <q (1

—1
uynoo) lyle(l—a ) < C

for any y € Q1_-(0) and any a > 1 such that |1 — a~!| < ¢, for some constant C' depending
only on q. Therefore

[1PavPdn < (€ +nare 0 [ WP duty).

Q Q

Hence 1. follows. We are left to prove 2.. Fix any § > 0 and let V5 € C?(Q; R™) be such that
Vs = Ve <0

By 1, we have

1PV = VLo < [[Pa(V = Vé)HLp(M +1PaVs = Vllory + Vs = Ve

<
< (Ca™ 78+ 1)0 + || PaVs — Vill o)
for every a € (1,+00) such that |1 — a~!| < e. Since Vj is continuous and compactly

supported, it follows from dominated convergence that ||PaVs — Vs|lpp(u) — 0 as a — 1T,
Hence, by letting o — 17 in the previous inequality we get

limsup| PV — V|| o (u) < (C' + 1)6.

a—1t

As 6 > 0 was arbitrary, 2 follows. O

References

[1] G. Alberti, S. Baldo, and G. Orlandi. “Functions with prescribed singularities”. In: J.
Eur. Math. Soc. (JEMS) 5.3 (2003), pp. 275-311.

[2] L. Ambrosio and B. Kirchheim. “Currents in metric spaces”. In: Acta Math. 185.1
(2000), pp. 1-80.

[3] M. Berger and B. Gostiaux. Degree Theory. Springer New York, 1988, 244-276. 1SBN:
978-1-4612-1033-7.

[4] F. Bethuel. “The approximation problem for Sobolev maps between two manifolds”.
In: Acta Math. 167.3-4 (1991), pp. 153-206.

[5] F. Bethuel, J.-M. Coron, F. Demengel, and F. Hélein. “A cohomological criterion
for density of smooth maps in Sobolev spaces between two manifolds”. In: Nematics
(Orsay, 1990). Vol. 332. NATO Adv. Sci. Inst. Ser. C: Math. Phys. Sci. Kluwer Acad.
Publ., Dordrecht, 1991, pp. 15-23.

69



6]
7]
18]
19]

[10]

[11]

[12]
[13]

[14]

[15]

[16]

[17]

[18]
[19]

[20]

[21]

F. Bethuel and X. M. Zheng. “Density of smooth functions between two manifolds in
Sobolev spaces”. In: J. Funct. Anal. 80.1 (1988), pp. 60-75.

R. Bott and L. W. Tu. Differential forms in algebraic topology. Vol. 82. Graduate Texts
in Mathematics. Springer-Verlag, New York-Berlin, 1982, pp. xiv+331.

H. Brezis. “Liquid crystals and energy estimates for S2-valued map”. In: Theory and
Applications of Liquid Crystals. Springer, 1987, pp. 31-52.

H. Brezis, J.-M. Coron, and E. H. Lieb. “Harmonic maps with defects”. In: Comm.
Math. Phys. 107.4 (1986), pp. 649-705.

H. Brezis and P. Mironescu. Sobolev maps to the circle—from the perspective of anal-
ysis, geometry, and topology. Vol. 96. Progress in Nonlinear Differential Equations
and their Applications. Birkhauser/Springer, New York, 2021, pp. xxxi+530. ISBN:
978-1-0716-1510-2; 978-1-0716-1512-6.

H. Brezis, P. Mironescu, and A. C. Ponce. “W1!-maps with values into S'”. In: Ge-
ometric analysis of PDE and several complex variables. Vol. 368. Contemp. Math.
Amer. Math. Soc., Providence, RI, 2005, pp. 69-100.

H. Brezis and L. Nirenberg. “Degree theory and BMO; part I: Compact manifolds
without boundaries”. In: Selecta Mathematica 1 (1995), pp. 197-263.

R. Caniato. “The strong LP-closure of vector fields with finitely many integer singu-
larities on B3”. In: J. Funct. Anal. 281.6 (2021), Paper No. 109095, 50.

F. Gaia and T. Riviére. “A variational approach to S'-harmonic maps and applica-
tions”. In: J. Funct. Anal. 285.11 (2023), Paper No. 110147, 58. 1sSN: 0022-1236,1096-
0783.

M. Giaquinta, G. Modica, and J. Soucek. Cartesian currents in the calculus of vari-
ations. II. Vol. 38. Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A
Series of Modern Surveys in Mathematics [Results in Mathematics and Related Ar-
eas. 3rd Series. A Series of Modern Surveys in Mathematics|. Variational integrals.
Springer-Verlag, Berlin, 1998, pp. xxiv+697.

R. Hardt and T. Riviére. “Connecting topological Hopf singularities”. In: Ann. Sec.
Norm. Super. Pisa Cl. Sci. (5) 2.2 (2003), pp. 287-344.

R. Hardt and T. Riviére. “Ensembles singuliers topologiques dans les espaces fonc-
tionnels entre variétés”. In: Séminaire: Equations aux Dérivées Partielles, 2000-2001.
Sémin. Equ. Dériv. Partielles. Ecole Polytech., Palaiseau, 2001, Exp. No. VII, 14.

Robert, L. Jerrard. “A new proof of the rectifiable slices theorem”. In: Ann. Sc. Norm.
Super. Pisa Cl. Sci. (5) 1.4 (2002), pp. 905-924. 1ssN: 0391-173X,2036-2145.

T. Kessel and T. Riviére. “Singular bundles with bounded L2-curvatures”. In: Boll.
Unione Mat. Ital. (9) 1.3 (2008), pp. 881-901.

S. Kobayashi and K. Nomizu. Foundations of differential geometry. Vol. I. Wiley Clas-
sics Library. Reprint of the 1963 original, A Wiley-Interscience Publication. John Wiley
& Sons, Inc., New York, 1996, pp. xii+329.

S. Kobayashi and K. Nomizu. Foundations of differential geometry. Vol. II. Wiley
Classics Library. Reprint of the 1969 original, A Wiley-Interscience Publication. John
Wiley & Sons, Inc., New York, 1996, pp. xvi+468.

70



[22]

[23]

[24]
[25]
[26]
[27]
28]
[29]
[30]

[31]

S. G. Krantz and H. R. Parks. Geometric integration theory. Cornerstones. Birkh&user
Boston, Boston, MA, 2008, pp. xvi+339.

F. Maggi. Sets of finite perimeter and geometric variational problems. Vol. 135. Cam-
bridge Studies in Advanced Mathematics. An introduction to geometric measure the-
ory. Cambridge University Press, Cambridge, 2012, pp. xx-+454.

F. Morgan. Geometric measure theory. Fifth. A beginner’s guide, Illustrated by James
F. Bredt. Elsevier/Academic Press, Amsterdam, 2016, pp. viii+263.

M. Petrache. “An integrability result for LP-vector fields in the plane”. In: Adv. Calc.
Var. 6.3 (2013), pp. 299-319.

M. Petrache and T. Riviére. “The resolution of the Yang-Mills Plateau problem in
super-critical dimensions”. In: Adv. Math. 316 (2017), pp. 469-540.

M. Petrache and T. Riviére. “Weak closure of singular abelian LP-bundles in 3 dimen-
sions”. In: Geom. Funct. Anal. 21.6 (2011), pp. 1419-1442.

A. C. Ponce. “On the distributions of the form ). (d,, —0p,)”. In: Journal of Functional
Analysis 210 (2004), pp. 391-435.

R. Schoen and K. Uhlenbeck. “A regularity theory for harmonic maps”. In: J. Differ-
ential Geometry 17.2 (1982), pp. 307-335.

R. Schoen and K. Uhlenbeck. “Boundary regularity and the Dirichlet problem for
harmonic maps”. In: J. Differential Geom. 18.2 (1983), pp. 253-268.

C. Scott. “LP theory of differential forms on manifolds”. In: Trans. Amer. Math. Soc.
347.6 (1995), pp. 2075-2096.

R. Caniato, DEPARTMENT OF MATHEMATICS, ETH, RAMISTRASSE 101, CH-8093 ZURICH, SWITZERLAND

riccardo.caniato@math.ethz.ch

F. Gaia, DEPARTMENT OF MATHEMATICS, ETH, RAMISTRASSE 101, CH-8093 ZURICH, SWITZERLAND

filippo.gaia@math.ethz.ch

71



	Introduction
	Statement of the results and motivation
	Related literature and open problems
	Organization of the paper
	Acknowledgements
	Notation

	The strong Z-approximation theorem
	Choice of a suitable cubic decomposition
	Smoothing on the Z-skeleton of the cubic decomposition
	Extensions on good and bad cubes
	Proof of Theorem 1.1
	A characterization of Z
	The case of Z
	Corollaries of Theorem 1.1

	The weak Z-closure of Z
	Slice distance on Z
	Slice distance on Z
	Slice functions and their properties
	Proof of Theorem 1.3 for Z

	Minimal connections for forms with finitely many integer singularities
	Laplace equation on spheres
	Some technical lemmata

