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Isoperimetric inequality on CR-manifolds
with nonnegative Q0-curvature

YI WANG AND PAUL YANG

Abstract. In this paper we study contact forms on the three-dimensional Heisen-
berg manifold with its standard CR structure. We discover that the Q0-curvature,
introduced by Branson, Fontana and Morpurgo [3] on the CR three-sphere and
then generalized to any pseudo-Einstein CR three-manifold by Case and Yang [6],
controls the isoperimetric inequality on such a CR-manifold. As the first and im-
portant step to show this, we prove that the nonnegative Webster curvature at
infinity implies that the metric is normal, which is analogous to the behavior on a
Riemannian four-manifold.

Mathematics Subject Classification (2010): 32V05 (primary); 32V20, 35H20,
53C21 (secondary).

1. Introduction

On a four-dimensional manifold, the Paneitz operator P4 and Branson’s Q-curva-
ture [2] have many properties analogous to those of the Laplacian operator 1g and
the Gaussian curvature Kg on surfaces. The Paneitz operator is defined as

Pg = 12 + �

✓
2
3
Rg � 2Ric

◆
d,

where � is the divergence, d is the differential, R is the scalar curvature of g, and
Ric is the Ricci curvature tensor. The Q-curvature is defined as

Qg =
1
12

⇢
�1R +

1
4
R2 � 3|E |2

�
,

where E is the traceless part of Ric, and |·| is taken with respect to the metric g. The
two most important properties for the pair (Pg, Qg) are that under the conformal
change gw = e2wg0,
1. Pg transforms by Pgw(·) = e�4wPg0(·);
2. Qg satisfies the fourth-order equation

Pg0w + 2Qg0 = 2Qgwe
4w.
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As proved by Beckner [1] and Chang-Yang [4], the pair (Pg, Qg) also appears
in the Moser-Trudinger inequality for higher order operators.

On CR manifolds, it is a fundamental problem to study the existence and
properties of CR invariant pairs analogous to (Pg, Qg). Graham and Lee [14]
have studied a fourth-order CR covariant operator with leading term 12

b + T 2 and
Hirachi [16] has identified the Q-curvature which is related to P through a change
of contact form. However, although the integral of the Q-curvature on a compact
three-dimensional CR manifold is a CR invariant, it is always equal to zero. And
in many interesting cases when the CR three-manifold is the boundary of a strictly
pseudoconvex domain, by [11] the Q-curvature vanishes everywhere. As a conse-
quence, it is desirable to search for some other invariant operators and curvature
invariants on a CR manifold that are more sensitive to the CR geometry. The work
of Branson, Fontana and Morpurgo [3] aims to find such a pair (P 0, Q0) on the CR
sphere. Later, the definition of Q0-curvature is generalized to all pseudo-Einstein
CR manifolds by the work of Case-Yang [4] and that of Hirachi [17]. The con-
struction uses the strategy of analytic continuation in dimension by Branson [2],
restricted to the subspace of the CR pluriharmonic functions:

P 0
4 := lim

n!1

2
n � 1

P4,n|P . (1.1)

Here P4,n is the fourth-order CR covariant operator that exists for every contact
form ✓ by the work of Gover and Graham [13]. By [14], the space of CR pluri-
harmonic functions P is always contained in the kernel of P4,1. On the Heisenberg
spaces with its standard contact structure, the expression of P 0 simplifies to be

P 0u = 212
bu. (1.2)

In this paper, we want explore the geometric meaning of this newly introduced
conformal invariant Q0-curvature.

In Riemannian geometry, a classical isoperimetric inequality on a complete
simply connected surface M2, called Fiala-Huber’s [12, 18] isoperimetric inequal-
ity, states that

Vol(�) 
1

2(2⇡ �
R
M2 K+

g dvg)
Area(@�)2, (1.3)

where K+
g is the positive part of the Gaussian curvature Kg. Also

R
M2 K+

g dvg < 2⇡
is the sharp bound for the isoperimetric inequality to hold.

In [20], the first author generalizes the Fiala-Huber’s isoperimetric inequality
to all even dimensions, replacing the role of the Gaussian curvature in dimension
two by that of the Q-curvature in higher dimensions.

Let (Mn, g) = (Rn, e2u |dx |2) be a complete noncompact even dimensional
manifold. Let Q+ and Q� denote the positive and negative part of Qg respectively,
and let dvg denote the volume form of M . Suppose g = e2u |dx |2 is a normal
metric, i.e.

u(x) =
1
cn

Z

Rn
log

|y|
|x � y|

Qg(y)dvg(y) + C, (1.4)
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where cn = 2n�2(n�22 )!⇡
n
2 , and C is some constant. If

�+ :=
Z

Mn
Q+dvg < cn, (1.5)

and
�� :=

Z

Mn
Q�dvg < 1, (1.6)

then (Mn, g) satisfies the isoperimetric inequality with isoperimetric constant de-
pending only on n,�+ and ��. Namely, for any bounded domain � ⇢ Mn with
smooth boundary,

|�|g  C(n,�+,��)|@�|
n

n�1
g . (1.7)

It is well known that if the scalar curvature is nonnegative at infinity, then one can
show that the metric is a normal metric. For interested readers, the proof of such a
fact when n = 4 was given in [5]. For higher even dimensions, one can prove by a
similar manner.

In the main result of this paper, we prove that the Q0-curvature and P 0 op-
erator are the relevant CR scalar invariant and CR covariant operator to study the
isoperimetric inequalities in the CR setting. The Webster [21] curvature at infin-
ity imposes important geometric rigidity on the CR manifold. We also notice that
the class of pluriharmonic functions P is the relevant subspace of functions for the
conformal factor u. We derive the following isoperimetric inequality on any CR
three-manifold with Q0 curvature assumptions.

Theorem 1.1. Let (H1, eu✓) be a complete CR manifold, where ✓ denotes the stan-
dard contact form on the Heisenberg group H1 and u is a pluriharmonic funcion
on H1. Suppose additionally the Q0 curvature is nonnegative, the Webster scalar
curvature is nonnegative at infinity and

Z

H1
Q0e4u✓ ^ d✓ < c01. (1.8)

Then the isoperimetric inequality is valid, i.e. for any bounded domain �,

Vol(�)  CArea(@�)4/3. (1.9)

Here C depends only on the integral of the Q0-curvature, and c01 is the constant in
the fundamental solution of P 0 operator. (See Section 2.)

Remark 1.2. It is worth noting that the homogeneous dimension N of M3 is 4.
Therefore the power on the right-hand side of the isoperimetric inequality is equal
to N

N�1 = 4/3.
Remark 1.3. We also remark that c01 is the critical constant for the validity of the
isoperimetric inequality. In fact, there is a CR contact form eu✓ with

R
H1 Q

0e4u✓ ^
d✓ = c01, that does not satisfy the isoperimetric inequality. We give this example in
Example 4.6.

In fact, we have proved a stronger result.
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Theorem 1.4. Suppose the Q0-curvature of (H1, eu✓) is nonnegative. Suppose ad-
ditionally the metric is normal and u is a pluriharmonic function on H1. If

Z

H1
Q0e4u✓ ^ d✓ < c01, (1.10)

then e4u is an A1 weight.

We will introduce the meaning of A1 weight in Section 4.

ACKNOWLEDGEMENTS. We would like to thank the referee for valuable sugges-
tions to improve the presentation of the paper.

2. Fundamental solution of P 0 operator

In this section we compute the fundamental solution of the Paneitz operator P 0 on
the Heisenberg groupH1. Let p, q be two points onH1. Let ⇢ denotes the distance
function on H1. We show that P 0(log ⇢(q�1 p)) is equal to the real part of Szegö
kernel. Therefore, P 0 restricted to the space of pluriharmonic functions has the
fundamental solution log ⇢(q�1 p).

Let us first consider the case for p = (z, t) 2 H1, and q = (0, 0) 2 H1. Note
that

1b log ⇢(q�1 p) = 1b log(|z|4 + t2)
1
4

=
1
4
(@x + 2y@t )(@x + 2y@t ) log(|z|4 + t2)

+
1
4
(@y � 2x@t )(@y � 2x@t ) log(|z|4 + t2).

(2.1)

(@x + 2y@t )(@x + 2y@t ) log(|z|4 + t2)

= (@x + 2y@t )


1
(|z|4 + t2)

(4x |z|2 + 4yt)
�

=
�1

(|z|4 + t2)2
(4x |z|2 + 4yt)2 +

1
|z|4 + t2

(4|z|2 + 8x2 + 8y2)

=
1

(|z|4 + t2)2
h
�16(x2|z|4 + 2xyt |z|2 + y2t2) + 12|z|2(|z|4 + t2)

i
.

(2.2)

Similarly, one can see

(@y � 2x@t )(@y � 2x@t ) log(|z|4 + t2)

=
1

(|z|4 + t2)2
h
�16(y2|z|4 � 2xyt |z|2 + x2t2) + 12|z|2(|z|4 + t2)

i
.

(2.3)
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Thus, we obtain

1b log(|z|4 + t2)
1
4 =

1
4(|z|4 + t2)2

h
�16(|z|6 + |z|2t2) + 24|z|2(|z|4 + t2)

i

=
2|z|2

|z|4 + t2
.

(2.4)

We now need to compute 1b
|z|2

|z|4 + t2
.

(@x + 2y@t )(@x + 2y@t )
|z|2

|z|4 + t2

= (@x + 2y@t )

"
2x

|z|4 + t2
+

�|z|2

(|z|4 + t2)2
(4x |z|2 + 4yt)

#

=
�2x

(|z|4 + t2)2
(4x |z|2 + 4yt) +

2
|z|4 + t2

+
2|z|2

(|z|4 + t2)3
(4x |z|2 + 4yt)2

+
�|z|2

(|z|4 + t2)2
(4|z|2 + 8x2 + 8y2)

�2x
(|z|4 + t2)2

(4x |z|2 + 4yt)

=
2

|z|4 + t2
+

1
(|z|4 + t2)2

h
�8x2|z|2 � 16xyt � 12|z|4 � 8x2|z|2)

i

+
32|z|2

(|z|4 + t2)3
(x |z|2 + yt)2.

(2.5)

Similarly,

(@y � 2x@t )(@y � 2x@t )
|z|2

|z|4 + t2

= (@y � 2x@t )

"
2y

|z|4 + t2
+

�|z|2

(|z|4 + t2)2
(4y|z|2 � 4xt)

#

=
�2y

(|z|4 + t2)2
(4y|z|2 � 4xt) +

2
|z|4 + t2

+
2|z|2

(|z|4 + t2)3
(4y|z|2 � 4xt)2

+
�|z|2

(|z|4 + t2)2
(4|z|2 + 8x2 + 8y2) +

�2y
(|z|4 + t2)2

(4y|z|2 � 4xt)

=
2

|z|4 + t2
+

1
(|z|4 + t2)2

h
�8y2|z|2 + 16xyt � 12|z|4 � 8y2|z|2)

i

+
32|z|2

(|z|4 + t2)3
(y|z|2 � xt)2.

(2.6)



348 YI WANG AND PAUL YANG

Therefore, by (2.5) and (2.6) we have

1b
|z|2

|z|4 + t2
=

4
|z|4 + t2

+
1

(|z|4 + t2)2
(�8|z|4 � 24|z|4 � 8|z|4)

+
32|z|2

(|z|4 + t2)3
(|z|6 + |z|2t2)

=
4

|z|4 + t2
�

8|z|4

(|z|4 + t2)2

= 4
t2 � |z|4

(|z|4 + t2)2
.

(2.7)

So we have show that

P 0(log(|z|4 + t2)
1
4 ) = 21b

|z|2

|z|4 + t2

= 8
t2 � |z|4

(|z|4 + t2)2
.

(2.8)

Note that this is equal to the real part of the Szegö kernel Re(SH1(p, q)), up to a
multiplicative constant. So we have proved that log(|z|4 + t2)

1
4 is proportional to

the fundamental solution of the operator P 0 on the space of pluriharmonic functions
at point p = (z, t) and q = (0, 0). Since the norm ⇢ and P 0 are both left invari-
ant, this computation is also valid for arbitrary value of q. Thus we have proved
that log(⇢(q�1 p)) is proportional to the fundamental solution of P 0. We denote
GH1(u, v) = c01 · log ⇢(q�1 p).

3. Nonnegative Webster scalar curvature at1

In this section we describe the property of CR-manifolds with nonnegative Web-
ster scalar curvature at infinity. We will see this geometric condition has a strong
analytic implication. We denote the volume form ✓ ^ d✓ of H1 by dv.

Proposition 3.1. Let ✓ be the standard contact form of the Heisenberg group H1,
and ✓̂ = eu✓ be the conformal change of it. Suppose u 2 P is a pluriharmonic
function on H1, 12

bu 2 L1(H1) and ✓̂ has nonnegative Webster scalar curvature
near 1, i.e. �1bu � |rbu|2. Then ✓̂ is a normal, i.e.

u(p) =
Z

H1
GH1(p, q)P 0u(q)dv(q) + C, (3.1)

where C is a constant.
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It is proved by [3] that the Green function for P 0
S3 is given by

GS3(⇣, ⌘) = log |1� ⇣ · ⌘̄|. (3.2)

It satisifes the equation

P 0
S3GS3(u, v) = SS3(u, v) �

1
vol(S3) , (3.3)

where SS3(u, v) is the real part of the Szegö kernel. We proved in section 2 that the
fundamental solution for P 0

H1 is given by log ⇢(v�1u). We recall that the homoge-
neous norm on H1 is given by ⇢(z, t) = (|z|4 + t2)1/4.
Definition 3.2. Let u 2 P such that P 0u 2 L1(H1). Define

v(p) :=
Z

H1
GH1(p, q)P 0u(q)dv(q).

This is well-defined when P 0u 2 L1(H1). We want to prove that w := u � v is a
linear function in t .

Lemma 3.3. Under the same assumption as Proposition 3.1, we have 1bw =
constant .

Proof. First, we observe that

P 0w = P 0u � P 0v = 0.

We can then apply the mean value property to the function1bw which satisfies the
equation 1b(1bw) = 0. Let Kr (x, y) denotes the Poisson kernel. We apply the
Poisson integral formula to 1bw and derive

1bw(p) =
Z

@B(p,r)
1bw(q)Kr (p, q)dv(q), (3.4)

for arbitrary sphere B(p, r) of radius r . Here the radius is with respect to the
distance given by ⇢(·) on H1. Note that 1bu  �|rbu|2  0, and 1bv tends
to zero for large spheres @B(p, r). Thus by taking r ! 1,

1bw  0,

at 1. Thus 1bw is bounded from above by (3.4) and the fact that the Poisson
kernel is nonnegative.

Now 1bw is bounded from above and 1b(1bw) = 0. Thus, analogously to
the harmonic function on the Euclidean spaces, by the Liouville’s theorem for 1b
operator, we have

1bw = c1. (3.5)
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Next, besides 1bw = c1, we observe that Tw is also a constant, because 12
bw +

T 2w = 0. We denote the constant of Tw by c2. This allows us to show that

Lemma 3.4. wx (x, y, t) is independent of variable the t , i.e.

wx (x, y, t) = wx (x, y, 0).

Proof. We recall that

X = @x + 2y@t , Y = @y � 2x@t , T = @t .

Since X and T commute, we have

0 =XTw = T Xw = T (wx + 2ywt )

=Twx .
(3.6)

Thus wx is independent of t variable. In other words, for any (x, y, t),

wx (x, y, t) = wx (x, y, 0).

Similarly since Y and T commute, wy is independent of t variable.

Lemma 3.5. wxx + wyy is independent of t variable, i.e.

wxx (x, y, t) + wyy(x, y, t) = wxx (x, y, 0) + wyy(x, y, 0).

Proof. This can be seen from the following computation

0 = T1bw

= T [(XX + YY )]w

= T
⇥
(@x + 2yT )(@x + 2yT ) + (@y � 2xT )(@y � 2xT )

⇤
w

= T
⇥
wxx + 2yT @xw + @x (2yTw) + 2yT (2yTw)

+ wyy � @y(2xTw) � 2xT (@yw) + 2xT (2xTw)
⇤
.

(3.7)

By the fact that Tw is a constant, and that T commutes with both @x and @y , we
obtain the above is equal to

T (wxx + wyy).

Thus the lemma holds.

Lemma 3.6. It holds 1b@xw = 0 and 1b@yw = 0.
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Proof. If 1b and @x commute, then since 1bw = c1, we have proved the lemma.
In general, 1b and @x might not commute. However, we will use the fact that Tw
is a constant to achieve the goal.

1b@xw =
⇥
(@x + 2yT )(@x + 2yT )@xw + (@y � 2xT )(@y � 2xT )@xw

⇤

= wxxx + @x (2yT @xw) + 2yT @x (@xw) + 2yT (2yT @xw)

+ wxyy � 2xT @y@xw � @y(2xT @xw) + 2xT (2xT @xw)

= wxxx + wxyy .

(3.8)

The last equality uses the fact that T commutes with both @x and @y , and the fact
that Tw is a constant: thus cross terms

@x (2yT @xw); 2yT @x (@xw); 2yT (2yT @xw);

2xT @y@xw; @y(2xT @xw); 2xT (2xT @xw)

vanish.

Lemma 3.7. The functions |wx | and |wy| are at most of linear growth.

Proof. We have

|rbw|2 = w2x + w2y + 4c22(x
2 + y2) � 4c2(xwy � ywx ). (3.9)

The right-hand side is greater than

(1� ↵)(w2x + w2y) + 4c22

✓
�
1
↵

+ 1
◆

(x2 + y2),

for any ↵ > 0. Let us fix ↵ = 1/2. Note that |rbw|2  2|rbu|2 + 2|rbv|2 and

|rbu|2  �1bu

near 1. Also, |rbv| tends to 0 near 1. Thus |rbw|2  �2c1 + 1 near 1, where
c1  0 is the constant value of function 1bw. Thus |rbw| has an upper bound. It
follows that |@xw| and |@yw| are at most of linear growth.

This together with Lemma 3.6 implies that @xw is a linear function. Similarly,
@yw is also a linear function. Suppose both @xw and @yw are not constant, then w
is a quadratic function. Since c1  0, we see that eu✓ gives rise to an incomplete
metric. This is a contradiction. Thus both @xw and @yw are constant. So w is linear
in both x and y. Again, eu✓ is incomplete unless w is a constant in both x and y.
In other words, w only depends on t . On the other hand, we also have Tw = c2.
So w is a linear function of t . We now use the assumption that the Webster scalar
curvature R is nonnegative to show that w must be a constant.
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To do this, we first note that by a simple computation,

�1b(ec2t ) = �4c22(x
2 + y2)ec2t < 0.

Also
Re2u = �1b(eu)

= � 1b(ec2t+v)

= � 1b(ec2t )ev � 2X (ec2t )X (ev) � 2Y (ec2t )Y (ev) � 1b(ev)ec2t

= � 4c22(x
2 + y2)ec2t ev � 4c2yec2t X (ev) + 4c2xec2t Y (ev)

� (1bv + |rbv|2)evec2t .

(3.10)

Lemma 3.8.
1

|@Br |

Z

@Br
|rbv|(x)d� (x) = O

✓
1
r

◆
as r ! 1. (3.11)

Proof. By direct computation, we have

X
⇣
log(|z|4 + t2)1/4

⌘
=
1
⇢4

(|z|2x + t y) 
|z|
⇢2


1
⇢

,

Y
⇣
log(|z|4 + t2)1/4

⌘
=
1
⇢4

(|z|2y � t x),

and
|rb

⇣
log(|z|4 + t2)1/4

⌘
| =

|z|
⇢2


1
⇢

.

Therefore
1

|@Br |

Z

@Br
|rbv|(x)d� (x)


Z

H1

1
|@Br |

Z

@Br

1
⇢(y�1x)

|Q0(y)|e4u(y)dv(y)dv(x).
(3.12)

Now we need to show
1

|@Br |

Z

@Br

1
⇢(y�1x)

d� (x)  O
✓
1
r

◆

where C is independent of y.
This is true because we can dilate and take the integration over the unit sphere.

1
|@Br |

Z

@Br

1
⇢(y�1x)

d� (x) =
1
r

·
1

|@B1|

Z

@B1

1
⇢((r�1y)�1x)

d� (x).

If |r�1y| � 1+ � or |r�1y|  1� �, then it is easy to see that
1

|@B1|

Z

@B1

1
⇢((r�1y)�1x)

d� (x)  C

for a constant C independent of x .
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If 1� �  |r�1y|  1+ �, then we need to use spherical coordinates to prove

1
|@B1|

Z

@B1

1
⇢((r�1y)�1x)

d� (x)  C. (3.13)

It is obvious that we only need to deal with the limiting case when r�1y is on the
unit sphere @B1. Let r�1y = (y1, y2, s) and x = (x1, x2, t). Let (r 0, ✓ 0) be the polar
coordinates centered at (y1, y2) in the xy-plane (by our notation x = (x1, x2, t), it
is the x1x2-plane).

⇢((y1, y2, s), (x1, x2, t)) �
q

(x1 � y1)2 + (x2 � y2)2 = r 0. (3.14)

The area form of the unit sphere is given by

d� =
q

(ux1 � x2)2 + (ux2 + x1)2dx1dx2,

where u(x1, x2) = t = ±
q
1� (x21 + x22)2. One can directly compute that

d� =

s
r2(1+ 3r4)

(1� r2)(1+ r2)
rdrd✓ .

Here (r, ✓) are polar coordinates of (x1, x2) centered at (0, 0). It is obvious that
rdrd✓ = r 0dr 0d✓ 0. Therefore,

Z

@B1

1
⇢((r�1y)�1x)

d� (x)

2
Z

x21+x
2
21

1
r 0

s
r2(1+ 3r4)

(1� r2)(1+ r2)
r 0dr 0d✓ 0.

(3.15)

Case 1:
q
y21 + y22 < 1.

We can denote
q
y21 + y22 = 1�⌘, where ⌘ > 0. Then the integral (3.15) is bounded

by

C + 2
Z

1� ⌘
2r1

s
r2(1+ 3r4)

(1� r2)(1+ r2)
dr 0d✓ 0. (3.16)

Here r is a function of (r 0, ✓ 0) by the change of variable formula. The last inequality
in (3.15) is because r = 1 is the only singularity of such an integration.
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Now, since
q
y21 + y22 = 1 � ⌘ and 1 � ⌘

2  r  1, we have r 0 � ⌘
2 . Thus

dr 0d✓ 0 = r
r 0 drd✓  2

⌘rdrd✓ . Therefore

Z

1� ⌘
2r1

s
r2(1+ 3r4)

(1� r2)(1+ r2)
dr 0d✓ 0.


2
⌘

Z

1� ⌘
2r1

s
r2(1+ 3r4)

(1� r2)(1+ r2)
rdrd✓ .

(3.17)

The last integral is bounded, because

2
Z

r1

s
r2(1+ 3r4)

(1� r2)(1+ r2)
rdrd✓ = 2

Z

r1
d� = |@B1| < 1. (3.18)

Case 2:
q
y21 + y22 = 1.

Without loss of generality, we can assume that (y1, y2) = (1, 0). We adopt the
notation that ✓ 0 is the angle between the ray and the positive x2-axis. Since the
unit sphere on the x1x2-plane is completely on the left-hand side of (1, 0), we have
✓ 0 2 [0,⇡].
Now

Z

x21+x
2
21

1
r 0

s
r2(1+ 3r4)

(1� r2)(1+ r2)
r 0dr 0d✓ 0


Z ⇡

0

Z

r 0>✏/2

s
r2(1+ 3r4)

(1� r2)(1+ r2)
dr 0d✓ 0 +

Z ⇡

0

Z

r 0✏/2

s
r2(1+ 3r4)

(1� r2)(1+ r2)
dr 0d✓ 0.

(3.19)

Note that
Z ⇡

0

Z

r 0>✏/2

s
r2(1+ 3r4)

(1� r2)(1+ r2)
dr 0d✓ 0  C

because when r 0 > ✏/2, we can apply the argument in Case 1 again, using dr 0d✓ 0 =
r
r 0 drd✓  2

✏ rdrd✓ .
For r 0  ✏/2, by a direct computation, for very small ✏, 1� r ⇡ r 0✓ 0.

Z ⇡

0

Z

r 0✏/2

s
r2(1+ 3r4)

(1� r2)(1+ r2)
dr 0d✓ 0


Z ⇡

0

Z

r 0✏/2

s
r2(1+ 3r4)

(1� r2)(1+ r2)
1

p
r 0✓ 0

dr 0d✓ 0.

(3.20)
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Since we have s
r2(1+ 3r4)

(1+ r)(1+ r2)
< C,

Z

r 0<✏/2

1
p
r 0
dr 0 < 1,

and Z ⇡

0

1
p

✓ 0
d✓ 0 < 1,

the integration in the second line of (3.20) is finite. This completes the proof of
(3.13).

By a similar proof, one can show the average estimate of |1bv| and |v| as well.

Lemma 3.9.

1
|@Br |

Z

@Br
|1bv|(x)d� (x) = O

✓
1
r2

◆
as r ! 1. (3.21)

Lemma 3.10.

1
|@Br |

Z

@Br
|v|(x)d� (x) = O(1) as r ! 1. (3.22)

So there exists a sequence of points {pi }, |pi | ! 1, such that

|v|(pi )  C, (3.23)

|rbv|(pi ) + |1bv|(pi )  ✏. (3.24)

Moreover, we can choose pi , such that they lie in the half space c2t � 0,
and away from the t-axis. In other words, we can require that c2t (pi ) � 0,
and that (x(pi ), y(pi )) does not tend to (0, 0). Here we adopt the notation that
pi = (x(pi ), y(pi ), t (pi )).

When |x | + |y| � L for some L > 0, we have

|4c2yec2t X (ev)|  |y|ec2t ev|rbv|  ✏|y|ec2t ev  ✏(x2 + y2)ec2t ev; (3.25)

|4c2xec2t Y (ev)|  |x |ec2t ev|rbv|  ✏|x |ec2t ev  ✏(x2 + y2)ec2t ev; (3.26)

and
|1b(ev)ec2t | = |(1bv + |rbv|2)evec2t |  ✏evec2t .

Thus

|2X (ec2t )X (ev) + 2Y (ec2t )Y (ev) + 1b(ev)ec2t | 3✏(x2 + y2)ec2t ev. (3.27)
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We want to show c2 = 0. We prove this by contradiction. Suppose c2 6= 0. Then,
by applying (3.27) in (3.10), we obtain that

Re2u(pi ) = �4c22(x
2 + y2)ec2t ev � 4c2yec2t X (ev)

+ 4c2xec2t Y (ev)d � (1bv + |rbv|2)evec2t

 �3c22(x(pi )
2 + y(pi )2)ec2t (pi )ev(pi ),

(3.28)

when ✏ is small enough.
By our choice of {pi }, |v(pi )|  C and c2t (pi ) � 0 for all i . Thus ev � ⌘ > 0,

and ec2t (pi ) � 1. Since c2 6= 0, we get

�3c22(x(pi )
2 + y(pi )2)ec2t (pi )ev(pi ) < 0,

as i ! 1. In fact, this quantity goes to �1 unless (x(pi ), y(pi )) tends to (0, 0).
Because if (x(pi )2+ y(pi )2) is bounded, then c2t (pi ) ! +1. This contradicts the
assumption on the nonnegativity of Webster scalar curvature R. Therefore c2 = 0.

This completes the proof of Proposition 3.1.

4. Main results

To begin this section, we recall some preliminary Poincaré inequalities for Heisen-
berg groups Hn of arbitrary dimension. Let us denote the homogenous dimension
by N . For Hn , N = 2n + 2.

Proposition 4.1. For any ball B in Heisenberg group,
Z

B

Z

B
|g(x) � g(y)|dv(x)dv(y)  C|B|

N+1
N

Z

2B
|rbg|dv(x). (4.1)

Here 2B denotes the concentric ball of B with double radius, and | · | denotes the
volume with respect to the Haar measure on Hn .

In fact, the above inequality is a direct consequence of the following 1-Poincaré
inequality.

Proposition 4.2 ([19]). For any ball B in Heisenberg group,
Z

B
|g(x) � gB |dv(x)  C|B|

1
N

Z

2B
|rbg|dv(x). (4.2)

Here 2B denotes the concentric ball of B with double radius, gB denotes the av-
erage of g(x) on B, and | · | denotes the volume with respect to the Haar measure
on Hn .
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This implies Proposition 4.1 because
Z

B

Z

B
|g(x) � g(y)|dv(x)dv(y)


Z

B

Z

B
|g(x) � gB | + |g(y) � gB |dv(x)dv(y)

 C|B|
N+1
N

Z

2B
|rbg|dv(x).

(4.3)

David Jerison [19] proved a stronger version of the 2-Poincaré inequality:
Z

B
|g(x) � gB |2dv(x)  C|B|

2
N

Z

B
|rbg|2dv(x). (4.4)

The samemethod also implies a stronger version of 1-Poincaré inequality (see [15]).
Z

B
|g(x) � gB |dv(x)  C|B|

1
N

Z

B
|rbg|dv(x). (4.5)

For the purpose of this paper, we only need the weaker statement Proposition 4.1,
in which the integration is over 2B on the right-hand side of the inequality.

Given a bounded domain with smooth boundary, as a special case of the above
proposition, one can take g to be (a smooth approximation of) the characteristic
function ��, and derive

|B \ �| · |B \ �c|  C|@� \ 2B| · |B|
N+1
N . (4.6)

This immediately gives rise to the following:

Corollary 4.3. For all balls B ⇢ Hn , such that,

|B \ �| �
1
2
|B| and |B \ �c| �

1
2
|B|,

we have, by (4.6),
|B|

N�1
N  C|@� \ 2B|.

Theorem 4.4. Suppose !(x) � 0 is an A1 weight on Hn . Namely, there exists a
constant C0 (independent of B), so that for any ball B ⇢ Hn ,

1
|B|

Z

B
!(p)dv(p)  C0 inf

z2B
!(z). (4.7)

Then the weighted isoperimetric inequality holds for !(x): for any domain� ⇢ Hn

with smooth boundary,
Z

�
!(x)dv(x)  C1

✓Z

@�
!(x)

N�1
N d� (x)

◆ N
N�1

, (4.8)

where C1 only depends on the A1 bound C0 of !(x) and the homogeneous dimen-
sion N = 2n + 2.
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We now give the proof of this theorem by Proposition 4.1.

Proof. Consider a covering [↵23B↵ of the domain � such that each B↵ satisfies
the properties:

�
�
�
�
1
2
B↵ \ �

�
�
�
� �

1
2

�
�
�
�
1
2
B↵

�
�
�
� ,

�
�
�
�
1
2
B↵ \ �c

�
�
�
� �

1
2

�
�
�
�
1
2
B↵

�
�
�
� . (4.9)

In other words, |12 B↵ \ �| and |12 B↵ \ �c| are both comparable to |12 B↵|. By Vitali
covering theorem, there exists a countable subset [1

i=1Bi such that � ⇢ [1
i=1Bi ,

and {12 Bi } are mutually disjoint. Therefore,

!(�) =
Z

�
!(x)dv(x)


1X

i=1

Z

Bi\�
!(x)dv(x)


1X

i=1

Z

Bi
!(x)dv(x)


1X

i=1
C0|Bi |!(pi )

 C2(n)
1X

i=1

�
�
�
�
1
4
Bi
�
�
�
�!(pi ).

(4.10)

Here !(pi ) = infx2Bi !(x).
By using Corollary 4.3 to B = 1

4 Bi ,

!(�)  C3
1X

i=1

�
�
�
�@� \

1
2
Bi
�
�
�
�

N
N�1

!(pi )

 C3
1X

i=1

 Z

@�\ 1
2 Bi

!(x)
N�1
N d� (x)

! N
N�1

 C3

 
1X

i=1

Z

@�\ 1
2 Bi

!(x)
N�1
N d� (x)

! N
N�1

 C3
✓Z

@�
!(x)

N�1
N d� (x)

◆ N
N�1

.

(4.11)
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Lemma 4.5. 1
⇢(u)↵ is an A1 weight for 0 < ↵ < N = 2n + 2 on the Heisenberg

group Hn .

One can directly check this fact by estimating the maximal function of 1
⇢(u)↵ .

In the following, we will give a proof of Theorem 1.4. Theorem 1.1 is then a
consequence of Theorem 1.4, because if e4u is an A1 weight, by Theorem 4.4, on
such a conformal Heisenberg group, the isoperimetric inequality is valid. Moreover,
the isoperimetric constant depends only on the integral of the Q0-curvature.

Proof of Theorem 1.4. The PDE that the conformal factor u satisfies is

P 0u = Q0e4u .

Since u is a pluriharmonic function, one has12
bu = T 2u. Recall that the fundamen-

tal solution of Paneitz operator P 0 = 212
b is given by c

0
1 log

1
⇢(y�1x) . By section 3,

as the Webster scalar curvature at1 is nonnegative, we have the metric is normal.
Namely, u has an integral representation

u(x) =
1
c01

Z

H1
log

⇢(y)
⇢(y�1x)

Q0(y)e4u(y)dv(y) + C. (4.12)

We now want to prove e4u is an A1 weight. In other words, for any ball B ⇢ H1,

M(e4u)(x)  C(↵)e4u(x), (4.13)

for a.e. x 2 H1, where

M( f )(x) := sup
r>0

1
|B(x, r)|

Z

B(x,r)
| f (y)|dv(y).

Define ↵ :=
R
H1 Q

0e4udv(x). By assumption, ↵ < c01. Note that we can assume
↵ 6= 0. As if ↵ = 0, then u is a constant. So the conclusion follows directly.

M(e4u)(x)
e4u(x)

= sup
r>0

1
|B(x,r)|

Z

B(x,r)
exp

✓
4
c01

Z

H1
log

⇢(p)
⇢(p�1y)

Q0(p)e4u(p)dv(p)
◆
dv(y)

exp
✓
4
c01

Z

H1
log

⇢(p)
⇢(p�1x)

Q0(p)e4u(p)dv(p)
◆

= sup
r>0

1
|B(x, r)|

Z

B(x,r)
exp

 
4↵
c01

Z

H1
log

⇢(p�1x)
⇢(p�1y)

·
Q0(p)e4u(p)

↵
dv(p)

!

dv(y).

(4.14)
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This is bounded by

sup
r>0

1
|B(x, r)|

Z

B(x,r)

Z

H1

 
⇢(p�1x)
⇢(p�1y)

! 4↵
c01 Q0(p)e4u(p)

↵
dv(p)dv(y)

= sup
r>0

Z

H1

1
|B(x, r)|

Z

B(x,r)

 
⇢(p�1x)
⇢(p�1y)

! 4↵
c01
dv(y)

Q0(p)e4u(p)

↵
dv(p).

(4.15)

We know that by Lemma 4.5 ⇢(x)
� 4↵
c01 is an A1 weight. And so is (⇢(p�1x))

� 4↵
c01

for each fixed p. This means

1
|B(x,r)|

Z

B(x,r)

1

⇢(p�1y)
4↵
c01

dv(y)

1

⇢(p�1x)
4↵
c01

 C(↵), (4.16)

for each fixed p. Observe that C is independent of p, one can substitute this in-
equality to the estimate (4.15) and obtain that (4.15) is bounded by

Z

H1
C(↵)

Q0(p)e4u(p)

↵
dv(p) = C(↵).

This shows that e4u is an A1 weight. Once we have the A1 property of e4u , we can
apply Theorem 4.4 to it. It completes the proof of Theorem 1.4.

Finally, we give the example that shows c01 is the critical constant for the valid-
ity of the isoperimetric inequality.
Example 4.6. Let eu✓ be a contact form on H1. And suppose u is given by the
following integral formula.

u(x) =
1
c01

Z

H1
log

⇢(y)
⇢(y�1x)

c01�0dv(y), (4.17)

where �0 denotes Dirac delta function. It is obvious that the volume form e4u(x) =
1

⇢(x)4 on H1 is not an A1 weight. Moreover, such a CR manifold does not satisfy
the isoperimetric inequality. This is because eu✓ = 1

⇢ ✓ is the standard contact
form on the cylinder R ⇥ S2 ⇠= H1 \ {(0, 0, 0)}. In particular, one can choose a
sequence of rotationally symmetric annular domains A(r0, r) on H1, r ! 1. The
area of @A(r0, r) with respect to eu✓ is bounded in r . But the volume of A(r0, r)
with respect to eu✓ tends to 1 as r ! 1. This gives a counterexample to the
isoperimetric inequality. In this construction, u is singular at the origin. But we
can use the approximation argument to deal with the issue. By choosing �✏(y) to
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be a sequence of compactly supported smooth functions approximating c01�0, and
defining

u✏(x) =
1
c01

Z

H1
log

⇢(y)
⇢(y�1x)

�✏(y)dv(y), (4.18)

we construct a sequence of u✏ that approximates u(x) = log 1
⇢(x) locally uniformly

away from the origin. Since �✏(y) are compactly supported, when the annular
domains A(r0, r), r ! 1 are chosen such that r0 is big enough (but fixed), the CR
manifold (H1, eu✏ ✓) does not satisfy the isoperimetric inequality.
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[19] D. JERISON, The Poincaré inequality for vector fields satisfying Hörmander’s condition,
Duke Math. J. 53 (1986), 503–523.

[20] Y. WANG, The isoperimetric inequality and Q-curvature, Adv. Math. 281 (2015), 823–844.
[21] S. M. WEBSTER, On the transformation group of a real hypersurface, Trans. Amer. Math.

Soc. 231 (1977), 179–190.

Department of Mathematics
Johns Hopkins University
Baltimore MD 21218
ywang@math.jhu.edu

Department of Mathematics
Princeton University
Princeton, NJ 08540
yang@math.princeton.edu


