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Weak- and semi-normalization in real algebraic geometry

GOULWEN FICHOU, JEAN-PHILIPPE MONNIER AND RONAN QUAREZ

Abstract. We define the weak-normalization and the seminormalization of a real
algebraic variety relative to its central locus. The study is related to the properties
of the rings of continuous rational functions and hereditarily rational functions
on real algebraic varieties. We provide in particular several characterizations (al-
gebraic or geometric) of these varieties, and give a full description of centrally
seminormal curves.
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(secondary).

The present paper is devoted to the study of the seminormalization of a real alge-
braic variety. The complex setting is settled for more than fifty years, first in the
analytic case in [4] for studying the Chow variety of a complex analytic variety,
and more generally for schemes in [3]. Recently, the concept of seminormalization
appears in the study of the singularities in the minimal model program by Kollar
and Kovacs [14], and also in [15]. If the complex setting is well known, the dif-
ferent attempts in real geometry have been unsuccessful so far [3,24]. The two
main difficulties one has to face in the real algebraic case are the complexity of the
topology of the real points of algebraic varieties, notably with regards to central-
ity issues, and the intriguing behavior of rational functions (as illustrated in [17]),
whose understanding is somehow the cornerstone of this work. These issues lead
to two major features of our construction.

Let us review the classical case. The weak-normalization of a complex ana-
lytic variety has been introduced by Andreotti and Norguet [4] in order to study
the space of analytic cycles associated with a complex algebraic variety. The opera-
tion of weak-normalization consists in enriching the sheaf of holomorphic functions
with those continuous functions which are also meromorphic. Later Andreotti and
Bombieri [3] defined the notion of weak-normalization in the context of schemes.
For algebraic varieties, it consists roughly speaking of an intermediate algebraic
variety between an algebraic variety X and its normalization, in such a way that the
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weak-normalization of X is in bijection with X. The construction goes by identify-
ing in the normalization all points in the fibers over X. It gives rise to a variety sat-
isfying a universal property among those varieties in birational bijection (meaning
a regular morphism which is birational and a bijection at the level of closed points)
via a universal homeomorphism onto X for the Zariski topology. The theory of
seminormalization, closely related to that of weak-normalization, have been devel-
oped later by Traverso [31] for commutative rings, with subsequent work notably
by Swan [30] or Leahy and Vitulli [22] (see also [32]), with a particular focus on
the algebraic approach and the study of the singularities. Note that in the geometric
context of complex algebraic variety, weak-normalization and seminormalization
lead to the same notion. We refer to Vitulli [33] for a survey on weak normality and
seminormality for commutative rings and algebraic varieties.

In the context of real geometry, the first occurrence of weak normality or semi-
normality is the work by Acquistapace, Broglia and Tognoli [1] in the case of real
analytic spaces. In [24] the Traverso-style seminormalization of real algebraic va-
rieties is studied by considering the ring of regular functions, showing that such
notion does not provide a natural universal property. Seminormalization in the
Nash context is introduced in [28]. Our aim in this paper is to provide appro-
priate definitions for weak normalization and seminormalization in real algebraic
geometry, leading to natural universal properties. Two major differences with the
complex case appear. First, the normalization is no longer surjective on the real
closed points in general, but only on the central loci, namely the Euclidean closure
of the set of non-singular points. Moreover, the notions of weak-normalization and
seminormalization that we consider in the paper are distinct, the difference being
witnessed by the behavior of continuous rational functions on the central locus of
real algebraic varieties.

Dealing with continuous functions on real algebraic varieties, we are interested
mainly in the real closed points of real varieties. Note that the real closed points of
a quasi-projective variety defined over R are always included in an affine variety,
so that we will restrict ourselves to this setting in the paper. In particular, consider
now a real algebraic variety as an algebraic subset of R” (in the sense of [6]). The
first focus on continuous rational function in real geometry is due to Kreisel [18]
who proved that a positive answer to Hilbert seventeenth problem of represent-
ing a positive polynomial as a sum of squares of rational functions, can always be
chosen among continuous functions. Besides, Kucharz [19] used this class of func-
tions to approximate as algebraically as possible continuous maps between spheres,
whereas Kollar and Nowak [17] initiated the proper study of these functions, prov-
ing notably that the restriction of a continuous function defined on a central real
algebraic variety (in the sense of [6]), which is also rational, does not remain ratio-
nal in general. It is however the case as soon as the ambient variety is nonsingular.
As a consequence, on a singular real algebraic variety X one may consider the ring
K%(X) of continuous rational functions, or its subring RO(X) consisting of those
continuous rational functions which remain rational under restriction. This class,
called hereditarily rational in [17], has been systematically studied in [10] under the
name of regulous functions. When the real algebraic variety is no longer central,



WEAK- AND SEMI-NORMALIZATION IN REAL ALGEBRAIC GEOMETRY 1513

a rational function may admit several continuous extensions to the whole variety.
This is the reason why we will consider continuous rational functions on the central
locus of algebraic varieties. The continuous rational functions are now extensively
studied in real geometry, we refer for example to [11,16,20,26] for further readings
related to the subject of the paper.

Let us sketch the construction of the weak- and semi-normalizations. The ratio-
nal functions on a real algebraic variety X that satisfy a monic polynomial equation
with coefficients in the ring P(X) of polynomial functions on X, form the inte-
gral closure of P(X) in the ring K (X) of rational functions on X, which is a finite
module over P(X). This ring is the polynomial ring of the normalization X’ of X,
coming with a finite birational morphism onto X . The resulting morphism from the
complex points of X’ to the complex points of X is well-known to be closed with
respect to the Zariski topology, hence surjective. However this is no more the case
in restriction to the real points! The real behavior of normalization, together with
various other integral closures, has been investigated in [12]. In particular, it has
been noted there that the lack of surjectivity is related to the notion of central locus
of a real algebraic variety.

So in the present paper, we push further the study and restrict ourselves to the
central part of the real varieties. When requiring that the rational functions admit a
continuous extension to the central locus Cent X of X, the integral closure of P(X)
in KC9(Cent X) is still a finite module over P(X), and therefore it coincides with the
polynomial ring of a real algebraic variety. The study of the properties of this vari-
ety is the main subject of the paper. We call this variety the weak-normalization X ™¢
of X relative to the central locus of X. It comes again with a finite birational poly-
nomial morphism 7%¢ : X%V¢ — X, which is an homeomorphism for the Euclidean
topology in restriction to the central loci. We provide several characterizations of
X%e  notably from a geometric point of view that XVe is the biggest intermediate
variety between X and X’ whose central locus is in bijection with Cent X, or in an
algebraic point of view introducing the notion of centrally weakly subintegral exten-
sion of rings. Notice that every bijection in the paper is in fact an homeomorphism
for the Euclidean topology. It satisfies a universal property as follows.

Theorem. Let X be an affine real algebraic variety. For each affine real alge-
braic variety Y together with a finite birational morphism w : Y — X then
w : CentY — CentX is bijective if and only if the morphism 7% : X% — X
factorizes through .

The justification for calling X V¢ the weak-normalization of X comes from Theo-
rem 4.8, which illustrates that X"¢ satisfies analogue properties in the real setting
as the weak-normalization for complex algebraic varieties. Notice that complex al-
gebraic varieties are central i.e equal to their central locus since the semi-algebraic
dimension at any point is maximal (in its irreducible component). Note also that this
restriction to the central locus is necessary in the real situation, because in general a
biggest real algebraic variety in finite birational bijection with a given real algebraic
variety does not exist, as illustrated by Example 5.5 at the end of the paper.
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Now, replacing the ring of continuous rational functions with the ring of hered-
itarily rational functions leads similarly to the definition of the seminormalization
X5 of X relative to the central locus of X, whose ring of polynomial functions is
given by the integral closure of P(X) in R°(Cent X). The study of the properties of
this seminormalization, in comparison with the weak normalization, is the second
main topic of the present paper. The seminormalization of X relative to its central
locus is an intermediate variety between X and X™¢, so that X* admits a finite bi-
rational morphism 7% onto X which is an homeomorphism on the central loci for
the Euclidean topology. It is moreover the biggest intermediate variety between X
and X’ whose polynomial functions are hereditarily rational on Cent X. It is also
the biggest intermediate variety between X and X’ whose central locus is in bijec-
tion with Cent X with an inverse map which is hereditarily rational. At the level of
algebra, we characterize P(X5¢) as the maximal centrally subintegral extension of
P(X). Similarly for the universal property, we have:

Theorem. Let X be an affine real algebraic variety. For each affine real algebraic
variety Y together with a finite birational morphismm : Y — X thenw : CentY —
Cent X is bijective with an inverse map which is hereditarily rational if and only if
the morphism w5 . X% — X factorizes through 7 .

The normalization, weak-normalization and seminormalization relative to the cen-
tral locus of a real algebraic variety are different in general. The latter two coincide
on varieties where all continuous rational functions are hereditarily rational, for in-
stance in the case of curves. We provide in this particular case a full description
of the singularities of centrally weakly normal curves, in the spirit of [8] in the
complex context.

Note also that, if it is clear from the very construction that isomorphic real al-
gebraic varieties have isomorphic weak normalization and seminormalization, it is
still true, similarly to the case of the normalization, that biregular real algebraic vari-
eties have biregular weak normalization and seminormalization (cf. Theorem 4.20).

At this stage, the reader should imagine that the weak normalization and the
seminormalization relative to the central loci share very similar properties and some-
how behave in a parallel manner. We would like to focus however on a crucial dif-
ference. If adding a continuous assumption in the construction of the normalization
naturally leads to a variety in (universal) bijection (on the central loci), the addi-
tional assumption of hereditary rationality implies moreover that the residual real
local fields are isomorphic. This major difference is responsible for the fact that,
as in the complex case, the seminormalization process relative to the central locus
commutes with localization at a prime ideal, but this is no longer the case for the
weak normalization process!

The paper is organized as follows. The first section is devoted to some prelim-
inaries on real algebraic varieties, notably concerning central loci, normalization
process or continuous rational functions. The second section deals with topologi-
cal properties of integral morphisms in the real context, where the lying-over and
going-up properties are revisited. We introduce there the algebraic treatment of
weak normalization and seminormalization in the Traverso style. The third section
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deals geometrically with finite birational morphisms, and details how (hereditary)
continuous rational functions behaves under such morphisms. It is in the fourth
section that we define the weak and seminormalization relative to the central locus,
using (hereditary) continuous rational functions. We make the link with the alge-
braic notions developed in section three, and tackle the issue of the commutation
with the localization. The final section gives a full treatment of the curves case.

ACKNOWLEDGEMENTS. The authors are deeply grateful to F. Acquistapace and
F. Broglia for mentioning to them the potential study of weak-normalization for real
algebraic variety via continuous rational functions, and to A. Parusifski for useful
discussions.

1. Preliminaries on real algebraic varieties

In this section we review the basic definition of a real algebraic variety together with
the properties of its normalization, and recall the concept of continuous rational
function.

1.1. Real algebraic sets and varieties

For a commutative ring A we denote by Spec A the Zariski spectrum of A, the set
of all prime ideals of A. We denote by MaxA the set of maximal ideals of A. Recall
that an ideal / of A is called real if, for every sequence ay, ..., a; of elements of
A, then a% + -+ a,% € I impliesa; € I fori = 1,...,k. In this work, we also
consider the real Zariski spectrum R-Spec A which consists of all the real prime
ideals of A.

An affine real algebraic variety is a Zariski spectrum of the form
Spec(R[x1, ..., x,]/I) where I is an ideal of R[xy, ..., x,]. To a real algebraic
variety given by the ideal / in R[x1, ..., x,] one associates the real algebraic set
X = Z(I) of all points in R” which cancel any polynomial in /. Conversely, to
any real algebraic set X C R” one may associate the real algebraic variety given
by the ideal Z(X) C R[xy, ..., x,] of all polynomials which vanish at all points
of X. Given an ideal I of R[xq, ..., x,] then the real Nullstellensatz [6, Theo-
rem 4.1.4] says that Z(Z(I)) = I if and only if 7 is a real ideal. In particular,
for a real algebraic set X C R” then Z(X) is a real ideal and X corresponds to
R-Spec(R[xy, ..., x,1/Z(X)) N Max(R[x1, ..., Xq]/Z(X)).

We are interested in this text in the geometry of the real closed points of real
algebraic varieties. In this context, it is natural to consider only varieties which
are affine since almost all real algebraic varieties are affine [6, Remark 3.2.12]. In
the sequel we mostly consider algebraic sets (as in [6]) rather than real algebraic
varieties (as in [23], with an emphasis on R-schemes) and unless specified, these
algebraic sets are real.
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In complex affine algebraic geometry, polynomial and regular functions coin-
cide and thus we have a unique and natural definition of morphism between com-
plex algebraic sets. In the real setting no such natural definition exists. Usually,
real algebraic geometers prefer working with the ring O(X) of regular functions,
i.e., rational functions with no real poles (see [6, Section 3.2] for details), rather
than the ring of polynomial functions P(X) = R[xy, ..., x,]/I where I = Z(X)
on a real algebraic set X. In this paper however, we work rather with the ring of
polynomial functions due to its better properties with respect to the normalization
process (see [12]).

Let X be a real algebraic set. We denote by m, the maximal ideal of functions
in P(X) that vanish at x € X. With the real Nullstellensatz [6, Theorem 4.1.4], we
have a natural correspondence between the points of X and the real maximal ideals
of P(X).

Let X C R" and Y C R™ be real algebraic sets. A polynomial morphism
from X to Y is a map whose coordinate functions are polynomial. A polynomial
morphism ¢ : X — Y induces an R-algebra homomorphism ¢ : P(Y) — P(X)
defined by ¢(f) = f o ¢. The map ¢ — ¢ gives a bijection between the set of
polynomial morphisms from X to Y and the R-algebra homomorphisms from P(Y)
to P(X). We say that a polynomial morphism ¢ : X — Y is an isomorphism if ¢
is bijective with a polynomial inverse, or in another words if ¢ : P(Y) — P(X)
is an isomorphism. We define the analog notions with regular functions in place
of polynomial ones. In that situation, an isomorphism will be called a biregular
isomorphism. Unless specified, a morphism is polynomial.

Let X C R” be a real algebraic set. The complexification of X, denoted by
Xc, is the complex algebraic set X¢ C C", whose ring of polynomial functions
is P(X¢) = P(X) ®r C. As already mentioned, we have P(X¢) = O(X¢).
We say that X is geometrically smooth if X¢ is smooth. Remark that if X is irre-
ducible, then X¢ is automatically irreducible because X is an algebraic set. The
situation is different when we consider an affine real algebraic variety X, actu-
ally X can be irreducible and X XgpecR Spec C reducible when the set of real
points of X is not Zariski dense in the set of complex points, as illustrated by the
example of the affine real algebraic variety corresponding to the ideal (x> + y?)
in R[x, y].

Let ¢ : X — Y be a polynomial morphism between real algebraic sets. The
tensor product by C of the morphism of R-algebras ¢ : P(Y) — P(X) gives a
morphism of C-algebras P(Y¢) — P(Xc¢) and by duality we get a polynomial
morphism ¢c : X¢ — Y called the complexification of ¢. Since Z(X) and Z(Y)
are real ideals then ¢ is an isomorphism if and only if ¢¢ is an isomorphism. The
situation is again different if we consider affine real algebraic varieties. Indeed, two
non-isomorphic affine real algebraic varieties can be isomorphic over the complex
numbers, for example the empty conic Spec(R[x, y]/(x? + y* + 1)) with the circle
Spec(RLx, yl/(x* + y* — 1)).
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1.2. Normalization and central locus

Let A — B be an extension of rings. An element b € B is integral over A if b
is the root of a monic polynomial with coefficients in A. By [5, Proposition 5.1],
b is integral over A if and only if A[b] is a finite A-module. This equivalence
allows to prove that A%, = {b € B|bisintegral over A} is a ring called the integral
closure of A in B. The extension A — B is said to be integral if A, = B. In
case A is reduced with a finite number of minimal prime ideals and B is the total
ring of fractions K of A (see below), the ring A’ is denoted by A" and is simply
called the integral closure of A. The ring A is called integrally closed (in B) if
A = A’ (A = A%). If A is the ring of polynomial functions on an algebraic set
X over a field k then A’ is a finite A-module [25, Section 33, after Lemma 2].
In this situation then A’ is a finitely generated k-algebra and so A’ is the ring of
polynomial functions of an algebraic set, denoted by X’, called the normalization
of X. We recall that a morphism X — Y between two algebraic sets over a field £
is said finite if the ring morphism P (Y) — P(X) makes P(X) a finitely generated
P(Y)-module. The inclusion P(X) C P(X’) induces a finite morphism which we
denote by 7’ : X’ — X, called the normalization morphism, which is a birational
equivalence. We say that an algebraic variety X over a field k is normal if its ring
of polynomial functions is integrally closed.

Let us give a property which we will need to deal with the normalization of
a non irreducible algebraic variety. Namely, one has to deal with coordinate rings
which are not necessarily domains but only reduced rings.

Recall first that if A is a reduced ring with minimal prime ideals py, ..., p,,
then (0) = p;N...Np, and one has the canonical injections A — A} X...X A, —
K1 x...xK, = K where A; = A/p; and K; is the fraction field of A; foranyi. The
product of fields K is called the total ring of fractions of A and the A;’s are called
the irreducible components of A. In case A is the ring of polynomial functions
P(X) on a real algebraic set X then we denote by IC(X) the total ring of fractions.
If Xy, ..., X; denote the irreducible components of X then K (X) is the product of
fields k(X 1) x - - - x K(X;). Notice that X (X) corresponds also to classes of rational
functions on X i.e classes of functions without poles on a dense Zariski open subset
of X. In the following, we prefer to call XC(X) the ring of rational functions on X.

Proposition 1.1 ([12, Proposition 1.2]). Let A be a reduced ring with minimal
prime ideals 1, ..., p,. Then, A" = A| x ... x A, where A’ is the integral closure
of A in its total ring of fractions K, and, for any i, A} is the integral closure of
A; = A/p; inits ring of fractions K.

Corollary 1.2. Let X be an algebraic set. If X1, ..., X; denote the irreducible
components of X then P(X') = P(X)) x --- x P(X}) and X' is the disjoint union
of X1,...X].

Notice that the previous corollary shows that it is sufficient to understand the nor-
malization for irreducible algebraic sets. It will no longer be the case with the weak
and semi-normalization studied in the paper.
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A real algebraic set X is said geometrically normal if the associated complex
algebraic set X¢ is normal. It is well known that X is normal if and only if X
is geometrically normal. Note that, if the normality of X implies that the ring of
regular functions on X is integrally closed, the converse is not true in general. Note
also that biregular real varieties have biregular normalizations [6, page 75]. For
more about the integral closure of the ring of regular functions on a real algebraic
set, we refer to [12].

Recall that a morphism ¢ : ¥ — X is birational if ¢ induces an isomorphism
between K(Y) and K(X). Note that the normalization of an algebraic set X is the
biggest algebraic set finitely birational to X . More precisely, for any finite birational
morphism ¢ : ¥ — X, there exists ¢ : X’ — Y suchthatn’ = ¢ o .

The normalization can be though as a kind of weak desingularization of an al-
gebraic variety, but much closer to the original variety due to the finiteness property.
Note however that strange phenomena may appear in the real case. For instance,
the normalization of a cubic with an isolated point (e.g., given by the equation
y%2 = t*(t — 1) in R?) is a smooth curve such that no real point lies over the singular
point of the cubic. This phenomenon leads us to consider the central loci of real
algebraic sets.

Definition 1.3. Let X be an algebraic set. If X is irreducible, we define the cen-

tral locus of X, denoted by Cent X, to be the Euclidean closure Xieg uel in X

of the set Xyeg of non-singular points of X. Otherwise, if X is an algebraic set
with irreducible components X1, ..., X;, we define the central locus of X to be
CentX = | Ji_, Cent X;.

We say that X is central if X is equal to Cent X .

Remark 14.

(1) By [6, Proposition 7.6.2], the central locus of an irreducible algebraic set is
the locus of points where the local semi-algebraic dimension is maximal;

(2) An algebraic set can be central without its irreducible components being so
(consider for example X = Z((y2 —x2(x = D)x));

(3) This definition of the central locus of a real algebraic set, rather than taking
the Euclidean closure of the regular locus, is better adapted to normalization
issue. Indeed the normalization of the union P U L of a plane with a line is the
disjoint union of P and L, whereas the Euclidean closure of the regular locus
of PU L is simply P.

The normalization of any real algebraic curve is central. This is true since the nor-
malization of a curve is even non-singular. However, it may happen that modifying
a central curve via a finite birational morphism creates a non-central curve. Even
worst, the normalization of a central surface may create isolated points (cf. [12, Ex-
ample 1.7])! These pathologies are the main reason why in the paper, we define a
concept for weak- and semi-normalization of real algebraic varieties relative to the
central locus.
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1.3. Rational and continuous functions

The intriguing behaviour of rational functions on a real algebraic set admitting
a continuous extension to the whole algebraic set has been investigated in [17].
Among them, the special class of hereditarily rational functions is of special inter-
est.

Let X C R” be an algebraic set. A rational function f € K(X) is regular on
a Zariski-dense open subset U C X if there exist polynomial functions p and g on
R” such that Z(g) NU = @ and f = p/q on U. The pair (U, fiy) is called a
regular presentation of f. The biggest such U is called the domain dom(f) of f,
and its complementary in X is the indeterminacy locus indet( f) of f.

Definition 1.5. Let f : X — R be a continuous function. We say that f is a
continuous rational function on X if there exists a Zariski-dense open subset U C
X such that fjy is regular. We denote by K°(X) the ring of continuous rational
functions on X.

Let f : Cent X — R be a continuous function. We say that f is a continuous
rational function on Cent X if there exist a Zariski-dense open subset U C X and
a regular function g on U such that the restriction fjyncent x is equal to the restric-
tion gjuncent x. The ring of continuous rational functions on Cent X is denoted by
K°(Cent X).

A map Y — X between real algebraic sets X C R" and ¥ C R™ is called
rational continuous if its components are rational continuous functions on Y.

A map CentY — Cent X between the central loci of real algebraic sets X C
R" and Y C R™ is called rational continuous if its components are rational contin-
uous functions on Cent Y.

A typical continuous rational function is provided by the function defined by
(x,y) — x3/(x> 4+ y?) on R? minus the origin, and by zero at the origin.

Consider also Cartan umbrella X = Z(z(x? + y?) — x°) and the function
f = x3/(x*>+ y?) extended by 0 along the z-axis. Then f is rational continuous on
X and so on Cent X, but f is also polynomial on Cent X since its coincides there
with z. Of course f and z are different on X. Remark that a polynomial function
on a real algebraic set X is the restriction to X of a unique polynomial function on
X and uniqueness comes from the Zariski density of X in X¢.

Note also that on a curve with isolated points like the cubic curve Z(y* —
x2(x = 1)), a function regular on the one-dimensional branches can be extended
continuously by any real value at the isolated points. In particular, the natural
ring morphism K%(X) — K(X) which sends f € K°(X) to the class (U, fii)
in K(X), where (U, fjy) is a regular presentation of f, is not injective in general.
However, restricting our attention to the central locus, note that the canonical map
K°(Cent X) — K(X) is now injective.

Considering now a reducible algebraic set X with irreducible components
Xy, -, X, By restriction, one gets a well defined natural morphism
o : K%CentX) — K%CentX;) x --- x K%CentX,). Indeed, a function
f € K%Cent X) is in particular rational on each irreducible component X; of X
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as a rational function, and its restriction fjcentx; iS continuous. Moreover, this
morphism is clearly injective and one also has:

Proposition 1.6. Let X be an algebraic set with irreducible components X1, - - - , X;.
Then K°(Cent X) is isomorphic to the subring of K°(Cent X1) x - - - x K°(Cent X,)
consisting of t-tuples (f1, ..., f;) such that f; and f; coincide on the intersection
CentX; NCent X foralli, j € {1,...,1}.

Proof. Denote by A the subring of K%(Cent X{) x --- x K?(Cent X,) consisting
of t-tuples (f1, ..., fr) such that f; and f; coincide on the intersection Cent X; N
Cent X foralli, j € {1,...,1}.

The image of the natural morphism KC°(Cent X) — K%(CentX{) x --- x
K(Cent X;) is included in A since Cent X =  J!_; Cent X;.

Let us show the converse inclusion. An element in A gives rise to ¢ rational
functions defined on X1, ..., X; respectively, so it coincides with a unique rational
function on X. Moreover, this rational function admits a continuous extension to
Cent X by definition of A and since Cent X = | J;_, Cent X;. O

Another strange phenomenon appearing only on singular sets is illustrated by
Kollar’s example [17]. Consider the surface § = Z(y? — (1 + z?)x?) in R3. The
continuous function defined by (x, y, z) — 3/1+221s regular on S minus the
z-axis, however its restriction to the z-axis is no longer rational. The continuous
rational functions do not having this pathological behavior have been called hered-
itarily rational functions. Originally defined on the whole (central) algebraic set,
one may even define hereditarily rational functions over semi-algebraic subsets as
in [16, Def. 1.4]. For our purposes, we will mainly consider hereditarily rational
functions over central loci, in the sense of the following definition. Note that one
has to be precocious in such a definition because the central locus is just a semial-
gebraic set in general.

. —Z .
For a subset A of an algebraic set, we denote by A~ the closure of A with
respect to the Zariski topology. We introduce a notion of centrality relative to a
given algebraic set.

Definition 1.7. Let X be a real algebraic set and V be an irreducible algebraic
subset of X. We say that V is central in X if the Zariski closure of V N Cent X is
equalto V.

The relative centrality of V in X assures than V intersects sufficiently the cen-
tral locus of X. This is the case for example for the stick of the Whitney umbrella
(i.e., the z-axis in the surface of R defined by x2 = y?z) while it is not the case
for the stick of the Cartan umbrella (i.e., the z-axis in the surface of R? defined by
x3 = (x2 + y?)z). Remark that any real algebraic subset X C R” is central in R”
even if X is not central by itself, take for example a plane cubic with an isolated
point.

Definition 1.8. Let X be an algebraic set. A rational function f on X is hereditarily
rational on Cent X if f € K°(Cent X) and, for every irreducible algebraic subset V
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central in X, the restriction fjyncent x is rational on V in the following sense: there
exist a Zariski-dense open subset W of V and a rational function g on V which is
regular on W, such that the restrictions of fjyncent x and g to Cent X N W coincide.
We denote by R?(Cent X) the ring of hereditarily rational functions on Cent X .
A map CentY — Cent X between the central loci of real algebraic sets X C
R" and Y C R™ is called hereditarily rational if its components are hereditarily
rational functions on Cent Y.

The relative centrality behaves well with respect to irreducible components.

Lemma 1.9. Let X be an algebraic set, and V be central in X. There exists an
irreducible component Y of X suchthat V. C Y and V is central in Y.

Proof. The relative centrality of V in X implies that the semialgebraic dimension of
V and of V N Cent X coincide. In particular there exists an irreducible component
Y of X such that dim V = dim(V N CentY). Moreover V C Y by irreducibility of
V,and finally V N Cent Y is Zariski dense in V. O

In the case of curves, the rings K%(Cent X) and R°(Cent X) coincide. For
non-singular algebraic sets, it is known that any continuous rational function is
also hereditarily rational [17], and this is even the case in the presence of isolated
singularities [26].

Remark that the canonical map RO(Cent X) — K(X)is again injective. More-
over, if X has irreducible components X1, ..., X;, one gets, a natural injective mor-
phism

RO(Cent X) — K%(Cent X1) x - - x K°(Cent X,).

Actually one can even replace K° by R in the image and describe the image as
follows.

Proposition 1.10. Let X be an algebraic set with irreducible components X1,- - -, X; .
Then, R°(Cent X) is canonically isomorphic to the subring of R°(Cent X1) x - - -
.o+ x RO(Cent X;) consisting of t-tuples (f1, ..., fi) such that f; and f; coincide
on the intersection Cent X; N Cent X for all i, j € {1, ...,t}.

Proof. Denote by A the subring of R%(Cent X{) x --- x R%(Cent X,) consisting
of t-tuples (f1, ..., fi) such that f; and f; coincide on the intersection Cent X; N
Cent X foralli, j € {1, ..., t}. By Proposition 1.6, we have an injective morphism

K(Cent X) — K°(Cent X1)x---xK%(Cent X,), f > (fiCentX,»---» flCentX,)-

Let f € R%(Cent X). Let V; be an algebraic subset central in X; and denote the
restriction fjcentx; by fi. Note that V; is central in X since Cent X; C Cent X and
thus fjv,nCent x is rational on V; because f is hereditarily rational. It implies that
fivinCent x; is also rational on V;. Since (f;)|v;nCent X; = f|vinCent x; then it follows
that (f;)|v;ncent x; 1s also rational on V;. So f; € RO(Cent X;) and we get indeed
an injective morphism R°(Cent X) — A.
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To prove the surjectivity, we have to check that, given (f1, ..., f;) in A, the
induced continuous rational function f on Cent X is still hereditarily rational. Let
V be an irreducible algebraic subset central in X. There exists an i such that V N
Cent X; is Zariski dense in V by Lemma 1.9, therefore fivncentx; = (fi)|vncent X,
is rational on V. As a consequence fjvncentx is also rational on V, so that f is
hereditarily rational on Cent X . O

2. Some topological properties of integral morphisms

In real algebraic geometry, it is common to use various topologies, like the Zariski
topology or the Euclidean topology. When dealing with algebra, the same situation
appears, and in this section we study topological properties of integral morphisms
with respect to the Zariski topology, the topology of the real spectrum, and the real
Zariski topology.

The aim of this section is to deal with the general algebraic properties of inte-
gral ring homomorphisms between two reduced rings with same total ring of frac-
tions. The results will be applied in the geometric settings in the following sections.

From now on, all our rings will contain Q.

2.1. Several topologies on a ring

Our main interest is the study of the real Zariski topology which can be seen as
the real part of the classical Zariski topology. We also introduce the real spectrum
topology since it has been intensively studied in the literature and hence it provides
some tools to study the real Zariski topology.

Zariski topology

Let A be a commutative ring and denote by Spec A the Zariski spectrum of A, i.e
the set of all prime ideals of A. The set Spec A can be endowed with the Zariski
topology whose basis of open subsets is given by the sets D(a) = {p € Spec A | a ¢
p} fora € A. The closed subsets are given by the sets V(1) = {p € Spec A | I C p}
where [ is an ideal of A.

Let us denote MaxA C Spec A the subset of all maximal ideals of A.

Real spectrum topology

To a commutative ring A one may also associate a topological subspace Spec, A
which takes into account only prime ideals p whose residual field admits an order-
ing. Let us detail this construction a bit.

An order « in A is given by a real prime ideal p of A (called the support of o
and denoted by supp(«)) and an ordering on the residue field k(p) at p. An order
can equivalently be given by a morphism ¢ from A/p to a real closed field.

One has a natural support mapping Spec, A — Spec A which sends « to

supp(«).
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The value a(«) of a € A at the ordering « is just ¢ (a). The set of orders of A
is called the real spectrum of A and denoted by Spec, A. It is empty if and only if
—1 is a sum of squares in A. One endows Spec, A with a natural topology whose
open subsets are generated by the sets {« € Spec, A | a(o) > 0} wherea € A. Let
«, o’ be two points of Spec, A, then we say that « is a specialization of &’ if & is in
the closure of the singleton {«}. We denotes this property by o’ — «.

For more details on the real spectrum, the reader is referred to [6].

Real Zariski topology

We also consider the set R-Spec A which is just the image of the support mapping,
namely it consists of all the real prime ideals of A. We endow it with the induced
Zariski topology.
We set Dg(a) = D(a) N (R-Spec A) and Vr(I) = V(1) N (R-Spec A).
Then, the closed subsets of R-Spec A have the form Vz (/) where [ is an ideal
of A and a basis of open subsets is given by the subsets Dg(a) fora € A.

Functoriality

Let ¢ : A — B be a ring morphism. It canonically induces a map ¥ : Spec B —
Spec A which is continuous for the Zariski topology.

It also induces a map ¥ : Spec, B — Spec, A which is continuous for the
real spectrum topology.

And also:

Proposition 2.1. The morphism ¢ : A — B induces a map g : R-Spec B —
R-Spec A which is continuous for the real Zariski topology.

Proof. Let us see first that this is a well-defined map. Indeed, let g € R-Spec B and
p = ¥(q). Then, there exists an ordering on k(q) that one may define by giving
a morphism B/q — R into a real closed field R. Hence, one gets the following
commutative diagram:

A — B

¥ {
A/p - B/q - R

which defines an ordering on k(p) and hence p is a real prime ideal.
The continuity comes from the following sequence of equalities:

¥ (Dr(@) = ¥ ' (D(a@) NR-Spec A) = ¢~ ' (D(a) NR-Spec A) NR-Spec B =

v (D(a)) Ny~ (R-Spec A) NR-Spec B = D(¢(a)) NR-Spec B = Dg(¢(a)).
O

From now on, we will deal with ring extensions, namely ¢ will be injective.
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2.2. Lying over and going-up

Definition 2.2. We say that a ring extension ¢ : A — B satisfies the lying-over
property if i is surjective. Likewise, we say that ¢ satisfies the real lying-over
property if g is surjective.

Recall, for instance from [25, Theorem 9.3], that an integral ring extension
¢ : A — B satisfies the lying-over property, and ¥ induces a map from MaxB to
MaxA which is surjective.

One has also, induced by g, a map from R — MaxB to R — MaxA but the
real counterpart of the last property is false in general, namely /g is not necessarily
surjective. For instance, the normalization morphism is surjective for complex al-
gebraic sets but this is no longer the case for real algebraic sets, as illustrated by the
example of the cubic with an isolated singularity y> — x%>(x — 1) = 0. Indeed, its
normalization has only complex points over the isolated point. The same example
says also that the lying-over property does not imply the real lying-over property.

Definition 2.3. We say that a ring extension ¢ : A — B satisfies the going-up
property if, for any pair of prime ideals p C p’ in Spec A and a prime ideal q €
Spec B lying-over p, there exists a prime ideal ¢’ € Spec B over p’ and such that
qCq.

The going-up property is stronger than the lying-over property: it is obvious in
the case where A and B are domains and it follows from a theorem by Kaplansky
in full generality. An integral ring extension ¢ : A — B satisfies the going-up
property (cf. [25, Theorem 9.4] for instance).

Note moreover that if a ring extension ¢ : A — B is integral, then i is a
closed mapping with respect to the Zariski topology. The real counterpart of this
fact is false, and this is one motivation to consider a real going-up property for the
real spectrum.

Definition 2.4. We say that a ring extension ¢ : A — B satisfies the going-up
property for the real spectrum if, for any pair of points «, @’ € Spec, A such that
o' — « and a point B’ € Spec, B lying-over ', there exists a point 8 € Spec, B
over « and such that 8/ — B.

We recall from [2, Chapter 2, Propositions 4.2 and 4.3]:

Proposition 2.5. Assume that the ring extension ¢ : A — B is integral. Then,
¢ satisfies the real going-up property for the real spectrum and V¥, is a closed

mapping.

Likewise, one may define a going-up property for real prime ideals. Looking at the
normalization of a non-central irreducible real algebraic curve, we see that integral
extensions do not necessarily satisfy the real going-up property since they do not
necessarily satisfy the real lying-over property. This leads us to restrict ourselves to
central loci in the sequel.
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2.3. Central real lying-over

Let X be an algebraic set. Then P(X) and O(X) are both reduced rings with a
finite number of minimal prime ideals that are all real ideals. To generalize to an
abstract setting, we say that a ring A satisfies the condition (MP) if A is reduced
with a finite number of minimal primes that are all real ideals.

Before giving the definition of the central locus of a ring, let us recall that,
for a domain A with fraction field K, one can see Spec, K as the subset of orders
of Spec, A whose support is (0). Likewise, when A is satisfying (MP) with total
fraction field K, one can see Spec, K as the subset of orders of Spec, A whose
support is a minimal prime ideal of A.

Definition 2.6. Let A be a ring satisfying (MP) with total ring of fractions K. We
define the central locus of A, denoted by Cent A, to be the set of all points in Spec, A
which belong to the closure of Spec, K. We say that A is a central ring if Cent A =
Spec, A. We denote by R-Cent A the subset of R-Spec A given by all supports of
points in Cent A.

An illustrative example is given by the polynomial ring of the Whitney um-
brella X = Z(x?>—y?z), for which the ideal (x, y) defining the stick of the umbrella
belongs to R-Cent P(X), even if the stick is only half-contained in the central locus
of X. Actually, consider the semialgebraic half-curve y given by ¢ — (0, 0, ¢) for
positive values of ¢, which is contained in the half-stick inside the central locus of
X. This half-curve y defines an element « of the real spectrum of P(X) (whose
support has zero set the line supporting y and ordering is the set of all one variable
polynomials which are non negative for small + > 0). Since y is included in the
central locus, we can draw a two-dimensional semialgebraic sheet 7 on the um-
brella containing y in its closure. This sheet may be associated to a point 8 of the
real spectrum of K whose support is the nil ideal and whose ordering is the set of
all polynomials which are non negative for small (x, y,¢) € T. As a consequence
the point 8 specializes to « and hence « lies in Cent P(X).

Notice for the sequel that if p is a minimal prime ideal of a ring A satisfying
(MP), then p belongs to R-Cent A.

In the geometric setting, one has already defined the notion of central locus
of an algebraic set (Definition 1.3). Of course, when X is an algebraic set, then X
is a central set if and only if P(X) is a central ring (as it can be deduced from [6,
Propositions 7.6.2, 7.6.4]). For instance, if X is a cubic with an isolated point,
then X is not a central set. Since there does not exist any arc included in the one-
dimensional component with origin the isolated point, the ring P(X) is not central
neither. In fact, one gets a little bit more: for any algebraic set X, the maximal
ideals of P(X) that lie in the central locus can be associated to points in Cent X .

The real going-up for the real spectrum recalled in Proposition 2.5 implies a
real lying-over with respect to the central loci. We first state a version for domains:

Proposition 2.7. Let ¢ : A — B be an integral injective morphism of domains.
Then:

(1) The morphism g induces a mapping from R-Cent B to R-Cent A;
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(2) If moreover A and B have same fraction field, then Vg induces a surjective
mapping from R-Cent B onto R-Cent A.

Proof. Property (1) comes from the continuity of 1. Namely, let us start with
g € R-Cent B. There is an ordering 8 € Spec, B whose support is q and moreover
there is a specialization B — B in Spec, B such that the support of g’ is the nil
ideal. Taking inverse images, one gets a specialization &’ — « in Spec, A. By
injectivity of ¢, the support of «’ is also the nil ideal and hence, the support of «
lies in R-Cent A. It follows that g (q) = supp() € R-Cent A.

Let us prove (2). Let p’ € R-Cent A. So p’ is the support of &’ € Spec, A and
moreover there exists & € Spec, K N Spec, A such that — o’.

Since A and B have same fraction field K, there is 8 € Spec, B N Spec, K
over «. By the real going-up for the real spectrum (Proposition 2.5), one deduces
the existence of B’ € Spec, B over o’ such that 8 — B’ and hence 8’ € Cent B.
It implies also that the support of B’ is a real prime ideal q' € R-Cent B lying-
over p’. O

Note that property (2) remains valid as soon as any ordering on the total ring
of fractions of A does extend to an ordering on the total ring of fractions of B. This
is the case, for instance, if the fraction fields extension has odd degree.

Now, we come to the reducible case. Recall first that ( [25, Theorem 9.3 (ii)]),
given an integral extension A — B, a prime ideal of B lying-over a minimal prime
ideal of A is a minimal prime ideal of B. Note also that a minimal prime ideal of B
does not necessarily lies over a minimal prime of A.

Naturally, we will moreover assume that our rings have real minimal primes,
namely that they satisfy (MP). One main difference with Proposition 2.7 for do-
mains is that we do not necessarily get an induced morphism R-Cent B — R-Cent A.
Take the example for A of the coordinate ring of a cubic curve with isolated point
and B = A x A/p where p is the maximal ideal corresponding to the isolated point.

Nevertheless, one gets such a morphism when A and B have same total ring of
fractions. This context will be sufficient for us in the paper.

Proposition 2.8. Let ¢ : A — B be an integral injective morphism of rings satis-
fying (MP). If A and B have same total ring of fractions, then the morphism Y
induces a mapping from R-Cent B to R-Cent A and this mapping is surjective.

Proof. 1t suffices to argue on each component and use Proposition 2.7.

Namely, let py, ..., p, all the minimal primes of A and qy, ..., gy all the min-
imal primes of B. Since A and B have same total field of fractions, one gets r = s
and, up to re-indexation, A/p; — B/p; is an integral extension of domains having
the same fraction field.

As a particular consequence, any real minimal prime in B lies over a real min-
imal prime in A. O

Our standard geometric setting will be when A = P(X) and B = P(Y) are the
polynomial rings of two given algebraic subsets X and Y together with a birational
polynomial morphism ¥ — X.
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The fact that the maximal ideals of P (X) that lie in the central locus can be
associated to points in Cent X can be recovered by the following key lemma which
relates the geometric and algebraic notions of centrality. Let us emphasize that its
proof is really of a semi-algebraic nature, generalizing the example of the Whitney
umbrella exposed above.

Lemma29. Let V C X C R" be two algebraic sets where V.= Z(p) with p a
non-zero real prime ideal of P(X). Then, p € R-Cent P(X) if and only if Z(p) is
central in X .

Proof. Let us assume first that V = Z(p) is central in X. By Lemma 1.9, we
may assume X is irreducible. Note that then V is also the Zariski closure of
CentV NCentX. Set 7T = CentX and S = Cent V N Cent X. Note that S and T
are two closed semi-algebraic subsets of X. Our aim is to exhibit two orderings «
and B respectively represented as ultrafilters in S and 7 and such that « is a special-
ization of 8. To do so, we refer to the description of orderings in R[xy, ..., x,] as
ultrafilters of semi-algebraic sets given in [6, Proposition 7.2.4 and Remark 7.5.5].

Let x be an arbitrary point in S. The question being local and semi-algebraic,
up to a semi-algebraic triangulation ([6, Theorem 9.2.1]), one may assume that
there is a semi-algebraic neighborhood U of x which can be taken to be the origin
of R", S contains U N (RT)4MV » 0) and T contains U N (RT)4™X | [t is then
classical to construct an ordering o whose support is p and an ordering 8 whose
support is (0) such that o specializes 8 (which itself specializes to x). It shows that
p € R-Cent P(X).

Let us assume now that p € R-Cent P(X). Take « an ordering whose support
is p and B another ordering whose support is a minimal prime ideal q of P(X)
and such that g specializes into «. Replacing X by the irreducible component of
X corresponding to ¢ then we may assume X is irreducible and q = (0) and it is
clearly sufficient to consider that situation. Note first that o specializes to a maximal
point y of the real spectrum P(X) but this ¥ does not necessarily correspond to a
geometric point, for instance y could corresponds to a branch going to infinity.
Nevertheless, one may use the same arguments as previously. Thinking at points
of the real spectrum of P(X) as ultrafilters of semi-algebraic subsets in X (see
again [6, Proposition 7.2.4 and Remark 7.5.5])), there are semi-algebraic subsets

A C V and B C Cent X representing « and 8 such that A7 =Vand A C B.Asa
consequence

V=4’ cVnCentX CV
therefore V is central in X as required. O

Definition 2.10. Let 7 : ¥ — X be a finite birational morphism and V C X be
an irreducible algebraic subset. We say that an irreducible algebraic subset W of Y
lies over V if Z(W) lies over Z(V) in the integral extension P(X) — P(Y).

The following lemma states that for a finite birational morphism with target
X then, generically, the fibers over points in V N Cent X, for V central in X, are
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contained in the union of the central sets lying-over V. This result will be crucial
for the proof of two important results, Proposition 3.13 and Theorem 4.21.

Lemma 2.11. Let 7 : Y — X be a finite birational morphism and V. C X be an
irreducible algebraic set central in X. Let Wy, ..., W, be the irreducible algebraic
subsets of Y lying-over V and central in Y . There exists an algebraic subset Z C 'V
with dim Z < dim V such that the following inclusion holds:

77 ((V\Z)NCentX)NCentY C WiU---UW,.

Proof. Consider the decomposition of the algebraic subset 7 ~!(V) of Y into irre-
ducible components. Let W be one of this components. Then dim W < dim V by
finiteness of 7, and assume that the dimension of the semialgebraic set W N Cent Y
is dim V. Then this dimension is equal to dim W too, so that W is central in Y by

Lemma 2.9. In particular W is equal to one of the W;, withi € {1, ..., r}.
Denote by W' the union of the irreducible components of 7! (V) different
from Wy, ..., W,. Then we have just proven that

dim W' NCentY < dim V.

Thus the algebraic subset Z of V defined by

Z=7(W NCent?)”
satisfies the required conditions. O

Example 2.12. Consider the normalization X' = Z(z? — (1 + x2)) C R3 of the
surface defined by X = Z(z2—(1+x?)(x24+y%)?) in R3. Note that X together with
X' are central, X has a unique singular point at the origin, and that 7 : X’ — X is
defined by (x, y, z) — (x, Yy, z7(x% + y2)).

There is a unique irreducible curve W lying-over the irreducible curve V C X
defined by x = 0 and z = y*, and W is the line given by x = 0 and z = 1. However
the preimage of the origin in V consists of the points (0, 0, 1) and (0, 0, —1), with
(0, 0, —1) that does not belong to W. Here Z consists of the originin V.

To end this section let us note that from Proposition 2.8 and Lemma 2.9, we de-
duce some central lying-over properties for integral extensions of geometric rings.

Proposition 2.13. Let m : Y — X be a finite birational morphism between alge-
braic sets. Then the mapping R-Cent P(Y) — R-Cent P(X) is surjective. When X
is central, P(X) — P(Y) satisfies the real lying-over property.

In the forthcoming subsection, we come back to the algebraic setting and study a
property stronger than the central lying-over.
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2.4. Central subintegral extensions

Recall [33] that an integral extension A — B is said subintegral if for any prime
ideal p € Spec A, there exists a unique prime ideal q € Spec B lying-over p and,
moreover, the induced injective map on the residue fields k(p) — k(q) is an iso-
morphism.

One natural way to define a real subintegral extension A — B would be: it is
an integral extension and given any real prime ideal p of A, there exists a unique
real prime ideal q of B lying-over p and the induced map on the residue fields
k(p) — k(q) is an isomorphism. Due to centrality issues, we have to take into
account central loci also and this leads to the following:

Definition 2.14. Let A — B be an integral extension of rings satisfying (MP).

(1) We say that A — B is centrally weakly subintegral (w.-subintegral for short)
if, given any real maximal ideal p € R-Cent A N MaxA, there exists a unique
real maximal ¢ € R-Cent B N MaxB lying-over p and the induced injective
map on the residue fields k(p) — k(q) is an isomorphism;

(2) We say that A — B is centrally subintegral (s.-subintegral for short) if,
given any real prime ideal p € R-Cent A, there exists a unique real prime
q € R-Cent B lying-over p and the induced injective map on the residue fields
k(p) — k(q) is an isomorphism.

The definitions of w, and s.-subintegral extensions will lead to the notion of weak-
normalization and seminormalization relative to the central loci introduced in 4. It
is worth mentioning that replacing prime ideals with maximal ideals in the defini-
tion of subintegral extension gives rise to the same notion, at least for geometric
rings. On the contrary, if a s.-subintegral extension is indeed a w.-subintegral ex-
tension, the converse is false in general. Example 3.9 illustrates for instance that
we may keep a bijection at the level of prime ideals, but loosing the equiresiduality
condition. Example 3.11 shows that we may loose the bijection between central
real prime ideals too.
Centrally (weakly) subintegral extensions are stable under composition:

Proposition 2.15. Ler A f) B i C be two integral extensions of rings. Assume
either that A, B, C are domains, or A, B, C satisfy (MP)and have same total ring
of fractions. One has:

(1) If ¢ and ¥ are both w.-subintegral, then ¥ o ¢ is also wc-subintegral;
(2) If ¢ and ¥ are both s.-subintegral, then ¥ o ¢ is also sq-subintegral.

Proof. The existence and the equiresiduality properties are clear by transitivity. The
uniqueness property comes from Propositions 2.7.1) and 2.8. O

In [12] has been introduced the concept of biregular extensions of rings; it
happens that these extensions are examples of w. and s.-subintegral extensions.
Let us explain this fact now.
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Recall that the ring O(A) of regular fractions of elements in A is obtained from
A by inverting all elements in 1 + ) A2, and moreover that O(P (X)) coincides
with the usual ring of regular functions when X is an algebraic set.

In case O(A) — (O(B) is an isomorphism we say that the extension A — B
is biregular.

When A — B is an integral extension of rings satisfying (MP), by [12, Propo-
sition 4.11], we know that the extension A — B is biregular if and only if one of
the following equivalent conditions holds:

(1) Given any ideal m € R — MaxA, there exists a unique maximal m" € MaxB
lying-over m and moreover m!’ is real and the map Ay, — Byy is an isomor-
phism.

(2) Given any real prime ideal p € R-Spec A, there exists a unique prime ¢ €
Spec B lying-over p and moreover ¢ is real and the map A, — By is an
isomorphism.

It is clear from this characterization that:

Corollary 2.16. Let A — B be a biregular integral extension of rings satisfying
(MP). Then A — B is sc-subintegral and w.-subintegral.

2.5. Weak-normalization and seminormalization relative to the central locus
of a ring

In close relation with the notion of normalization, Traverso [31] has introduced the
seminormalization of a ring A with integral closure denoted by A’, to be the ring

TA={f € A|VpeSpecA, fpe Ap+Rad(A})}

where fj, is the image of f by A" — A; and where Rad(B) denotes the Jacobson
radical of B, i.e., the intersection of all maximal ideals in the ring B. Notice that for
aring C and a multiplicative closed subset S of C, there is no confusion in writing
C since (Cs)' =~ (C")s ([5, Proposition 5.12]).

Inspiring from [4], where only complex analytic varieties are considered, one
may also define the weak-normalization of A as the ring

{f € A'|Vm € MaxA, fy, € A + Rad(A])}.

Note that for finite type algebras over an algebraically closed field of characteristic
zero, these two notions of semi and weak normalization coincide as it is shown
in [22, Theorem 2.2] (when the characteristic is not zero see [33]).

We are going to define real counterparts of these two notions, relatively to the
central locus of a ring; it is worth to advertise already that in our context, the two
notions will be distinct.

We start with defining, for any ring A, the central radical Rad® A of A to be the
intersection of all real maximal ideals m which are also in R-Cent A. In case the
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ring A is central, the central radical of A coincides with the real Jacobson radical of
A, i.e., the intersection of all real maximal ideals.

Now, we particularly focus on properties of integral extensions of rings con-
tained in the integral closure. Let A be a ring satisfying (MP) and with minimal
prime ideals py, ..., p;. By Proposition 1.1, the total ring of fractions K of A is
givenby K = ]_[f: 1 k(p;) (where k(p;) denotes the residue field at p;) and the inte-
gral closure A’ of A is given by [];_,(A/p;)’. It follows that A’ satisfies also (MP),
the minimal prime ideals of A’ are in bijection with those of A and K is also the
total ring of fractions of A’. The same properties remain for any intermediate ring
between A and A’ which yield:

Proposition 2.17. Let A — B — A’ be a sequence of ring extensions where
A satisfies (MP) and A’ is the integral closure of A. Then, one has a surjective
mapping from R-Cent B to R-Cent A.

Proof. According to [12, Lemma 2.8], B satisfies also (MP), the minimal prime
ideals of B and A are in bijection and A — B induces an isomorphism between the
total rings of fractions. It suffices then to apply Proposition 2.8. O

We prove that sub-extensions of (weakly) centrally subintegral extensions con-
tained in the integral closure are (weakly) centrally subintegral.

Proposition 2.18. Let A — C — B — A’ be a sequence of ring extensions where
A satisfies (MP) and A’ is the integral closure of A. One has:

(1) If A — B is w.-subintegral then A — C is also w.-subintegral;
(2) If A — B is s.-subintegral then A — C is also sc-subintegral.

Proof. Notice that the rings A, B, C and A’ satisfy (MP) and have isomorphic
total rings of fractions [12, Lemma 2.8]. Assume A — B is w-subintegral and let
p € R-Cent A N MaxA. By Proposition 2.17 we know that the maps R-CentC N
MaxC — R-Cent A N MaxA and R-Cent B N MaxB — R-CentC N MaxC are
surjective and moreover R-Cent BN MaxB — R-Cent A N MaxA is bijective (A —
B is wc-subintegral). It follows that there exists a unique central maximal ideal of
C lying-over p and this ideal is N C where q is the unique central maximal ideal of
B lying-over p. We get a sequence of finite extensions of fields k(p) — k(qNC) —
k(q) and since k(p) and k(q) are isomorphic then the proof of (1) is done. The proof
of (2) is similar replacing maximal ideals by prime ideals. O

Here is the central version of weak-normalization:

Definition 2.19. Let A be a ring which has an integral closure denoted by A’. The
ring

A% = {f € A'|Vm € R-Cent A N MaxA, fy, € Ay, 4+ Rad®(A])}

is called the weak-normalization of A relative to its central locus, or w.-normalization
for short. In case A = A%<, we say that A is centrally weakly-normal.
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The weak-normalization relative to the central locus satisfies a universal prop-
erty, that will be an important step for the study of the geometric w.-normalization
in the sequel.

Proposition 2.20. Let A be a ring satisfying (MP) which has an integral closure
denoted by A’. For an extension A — B which injects into A’ the following prop-
erties are equivalent:

(i) The extension A — B is w.-subintegral;
(i) B C AVe.

Proof. We begin by showing that A — A™¢ is w.-subintegral. Let us mention first
that, according to Proposition 2.17, one has a canonical surjection from R-Cent A%<N
MaxAVYe onto R-Cent A N MaxA. To show the injectivity, let us consider ¢; and qp
in R-Cent A% N MaxA%e lying-over p € R-Spec A N MaxA. Using again Propo-
sition 2.8, one has two central maximal ideals t; and t; in R-Cent A’ N MaxA’
lying-over ¢y and q; respectively. Let f € ¢, then f, = o + B where « € Ap
and 8 € Rach;J. Then, B € vy Nt and hence B € q2(A™), and @ € pA,.
We get then f € q2(AY¢)y, for any maximal ideal m in A (if m # p, one has
q2(AY)m = (A%)y). This shows (using for instance [25, Theorem 4.6]) that
f € q2 and hence q1 C gq2. By symmetry q; = q2.

It remains to show that A™¢ is equiresidual over A at any central maximal
ideal m in A. Let us consider the ideal m%“c = (RadCA:n) N (A%Y¢)m. Using the
natural identification between the prime ideals in A’ lying-over m and the maximal
ideals of A’ lying-over mAy,, it is clear that, over m™¢ in Ain lie all the central
maximal ideals of A, and hence m™¢ is maximal and central. Moreover m™¢ lies
over mAy, Then, m™e is the only central real maximal ideal of (AY¢)y, lying-over
mAn,. Moreover, one clearly has A/m =~ (AY¢);,/m™¢ and thus A — AV¢ is
w,-subintegral.

Consider an extension A — B which injects into A’. If B C A% then A — B
is wc-subintegral by 1) of Proposition 2.18. It follows that (ii) implies (i).

Let us show now that (i) implies (ii). Assume A — B is w,-subintegral and
B C A’. By definition of A%, one has to show that B, C Ap + Rad® Ay, for any
maximal p in R-Cent A. Let us denote by g the unique maximal ideal in R-Cent B
lying-over p. By Proposition 2.17, one has qA;3 C RadCA;g which shows that

qBy C Rad® A;J. We use the following commutative diagram

k(p) =~ k(q)
1 0

Let b € B. There exista € Aands € A\ p such that a/s = b in k(q). Hence
a—sb e qandthus b —a/s € qBy = ker(By, — k(q)). We getb € A, —I—RadCA;.
This concludes the proof. U



WEAK- AND SEMI-NORMALIZATION IN REAL ALGEBRAIC GEOMETRY 1533

Using Propositions 2.15 and 2.20, one readily derives an idempotency prop-
erty:

Proposition 2.21. For any ring A satisfying (MP), the ring A% is centrally weakly
normal.

We introduce now the concept of seminormalization relative to the central locus.

Definition 2.22. Let A be a ring which has an integral closure denoted by A’. The
ring
A% =(f € A'|¥p e R-Cent A, f, € Ap+Rad“A})

is called the seminormalization of A relative to its central locus, or s.-normalization
for short. In case A = A%, we say that A is centrally seminormal.

The seminormalization relative to the central locus satisfies a universal prop-
erty in the same spirit as the weak normalization to the central locus, and the proof
is similar as that of Proposition 2.20 (it suffices to replace maximal ideals with
prime ideals). It will be an important result for the geometric s.-normalization in
the sequel.

Proposition 2.23. Let A be a ring satisfying (MP) which has an integral closure
denoted by A’. For an extension A — B which injects into A’ the following prop-
erties are equivalent:

(i) The extension A — B is sq-subintegral;
(ii) B C A,

Remark 2.24. We have a sequence of inclusions
ACTAC A* C AV c A/,

so that a centrally weakly-normal ring is automatically centrally seminormal, and
similarly a centrally seminormal ring is automatically seminormal.

Using Propositions 2.15,2.21 and 2.23, one readily gets an idempotency prop-
erty:

Proposition 2.25. For any ring A satisfying (MP) one has:

(1) ASc is centrally seminormal;
(2) (A%e)%e = AVe;
(3) (A%)% = A%,

We end this section with a comparison with the biregular integral closure that has
been defined in [12], in relation with the notion of biregular extension recalled in
Section 2.4.

Let A be a ring satisfying (MP). The biregular integral closure A” of A is the
integral closure of A in O(A), namely Al = A/O(A)‘ By [12, Theorem 4.12], Al is
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the biggest ring contained in A’ which is a biregular extension of A. Since biregular
extensions are s.-subintegral by Corollary 2.16, we have a sequence of inclusions

AcC AP c A c AV c A,

It follows also that a centrally seminormal ring (which is automatically seminormal)
is equal to its biregular integral closure.

3. Finite birational morphisms and continuous functions

This section is devoted to a topological study of finite birational morphisms in real
geometry. We begin with considering Euclidean topology, and the restriction of
the morphisms to the central loci. We study later the action of finite birational
morphisms on continuous rational functions, respectively hereditarily continuous
rational functions, on the central loci. The main result is Theorem 3.6 (and The-
orem 3.14 for the hereditary case) which gives necessary and sufficient conditions
on the restriction to the central loci to be an homeomorphism.

3.1. Properties of finite birational morphisms

Recall that a birational morphism 7 : ¥ — X between algebraic sets is a polyno-
mial morphism which is a birational map i.e that induces an isomorphism from a
Zariski-dense open subset of Y to a Zariski-dense open subset of X. Equivalently,
7t is birational if and only if 77 induces an isomorphism [C(X) ~ IC(Y) at the level
of the total rings of fractions. Such a map 7 is defined everywhere, but its inverse
is only rational and may have indeterminacy points. Recall that 7 is finite if the
associated ring morphism P(X) — P(Y) makes P(Y) a finite P(X)-module, a
property which implies that the ring extension P(X) — P(Y) is integral.

Lemma3.1. Let 7 : Y — X be a birational morphism between algebraic sets.
The induced ring morphism P(X) — P(Y) is injective. If moreover m is finite,
then the map 1 is proper (and hence closed) for the Euclidean topology.

Proof. The ring morphism P (X) — P(Y) is injective since x is birational and thus
dominant.

Assume moreover that 7 is a finite birational morphism. We show that the map
7 is closed and proper with respect to the real spectrum topology, then with respect
to the semi-algebraic topology and finally with respect to the Euclidean topology.
By [2, Propositions 4.2-4.3], the induced map Spec, P(Y) — Spec, P(X) is closed
for the real spectrum topology. According to [6, Theorem 7.2.3], there is a bijective
correspondence between open (resp. closed) semi-algebraic subsets of X (resp. Y)
and open (resp. closed) constructible subsets of the real spectrum Spec, P (X) (resp.
the real spectrum Spec, P (Y)). It follows that the image by 7 of every closed semi-
algebraic subset of Y is a closed semi-algebraic subset of X. Now it is classical ([9]
for instance) to conclude that 7 is closed for the Euclidean topology.

The morphism 7 being finite, it has compact fibers and hence is proper. O
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We will often consider intermediate algebraic sets between a given algebraic
set and its normalization, in the sense of the next statement. Before recall that,
given a ring extension A; — A (an injective ring homomorphism), the ring A
is said to be an intermediate ring between A; and A if one has a factorization
A; — A — Aj where the morphisms are extension rings.

Proposition 3.2. Let X be an algebraic set and w : Y — X be a finite birational
morphism between algebraic sets. Let A be an intermediate ring between P(X)
and P(Y). There exists a unique algebraic set Z such that A = P(Z). Moreover
the induced morphisms Y — Z and Z — X are finite and birational.

When the conditions of Proposition 3.2 are satisfied, we say that Z is an intermedi-
ate algebraic set between X and Y.

Proof. Note that A is integral over P(X) since P(X) — P(Y) is an integral mor-
phism. Moreover P(X) € A C K(X) since 7 is birational and A is integral
over P(X) therefore A C P(X’). In particular A has K(X) as total ring of frac-
tions [12, Lemma 2.8]. First note that P(X’) is a finite 7?(X)-module (this property
is known to be satisfied for the so-called Mori rings, a sup-class of finite-type R-
algebras). Since A is integral over P(X) then A is a submodule of the Noetherian
P(X)-module P(X’) so that A is a finite P(X)-module. As a consequence A is a
finitely generated R-algebra, so that there exists an ideal I of some R[ X7, ..., Xn]
such that A is isomorphic to R[X, ..., X,,]/1. Note that I is a real ideal since the
total ring of fractions of A is KC(X), so that A is the ring of polynomial functions
of an algebraic set Z by the real Nullstellensatz (see Subsection 1.1). The induced
morphisms ¥ — Z and Z — X are clearly finite by the above arguments. 0

As already mentioned a finite birational morphism is not necessarily surjective
in general. This is the motivation to restrict our attention to the central loci.

Proposition 3.3. Let 7 : Y — X be a finite birational morphism between alge-
braic sets. Then

(1)  : CentY — Cent X is well defined and surjective;

(2) m : CentY — Cent X is a quotient map for the Euclidean topology.

(3) The composition by 7 gives an isomorphism between the ring K°(Cent X)
and the subring of functions in K°(CentY) that are constant on the fibers of
m:CentY — CentX.

Proof. The fact that = maps surjectively Cent Y onto Cent X is given by Proposi-
tion 2.8.

By (1) and Lemma 3.1 the map 7 is continuous, surjective and a closed map
for the Euclidean topology; this gives (2). It means that a map is continuous on
Cent X if and only if the composition by 7 is continuous on Cent Y. Consequently,
for a continuous function f : CentY — R constant on the fibers of 7 then there
exists a (unique) continuous function g : Cent X — R such that f = g o 7. Using
moreover that 7 is birational, we get (3). ]
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Note that we cannot replace continuous rational functions by continuous hered-
itarily rational functions in the third point as illustrated by Kollar’s surface. Note
moreover that if X is central, this point says that the composition by 7 gives a injec-
tive ring morphism o : K°(X) < K°(¥) whose image is the subring of functions
in /C°(Y) that are constant on the fibers of 7.

Given an algebraic set X, we investigate now the action of adding to P(X) a
continuous rational function f which is integral over P (X). Forgetting first about
the continuity, this is done as follows. The canonical morphism P(X) — K(X)
factorizes through the morphism ¢ : P(X)[t] — K(X) defined by ¢ +— f, in-
ducing a morphism P(X)[t]/Ker¢ — K(X). Since f is integral, the ring ho-
momorphism P(X) — P(X)[t]/Ker¢ is finite and P(X)[t]/ Ker ¢ is the coor-
dinate ring P(Y) of an algebraic set Y. In this setting, f corresponds to the new
variable 7.

Taking into account the continuity, we obtain the following:

Proposition 3.4. Let X be an algebraic set. Let [ be a rational function on X that
is integral on P(X) and assume that f € K°(Cent X). Denote by Y the algebraic
set such that P(Y) = P(X)[f], t the polynomial function in P(Y) that corresponds
to fandm : Y — X the associated finite birational morphism. Then the continuous
rational function f o m coincides with the polynomial function t on CentY .

Proof. The function 7 is a polynomial extension to Y of fiy o m,-1(y) Where
(fiu, U) is aregular presentation of f. It follows that f o = ¢ on a Zariski-dense
open subset of Y and we conclude by density with respect to Euclidean topology
that both functions coincide on Cent Y. O

Note that in general f o 7 does not coincide with ¢ on the whole of Y even if
f is continuous rational on the whole X.

In general, the issue whether a given continuous rational function may be lifted
to a polynomial one via a finite birational morphism is crucial in our discussion.
Next lemma illustrates two situations that will be useful in the sequel.

Lemma 3.5. Let X be an algebraic set with normalization n’ : X' — X. Let Y be
an algebraic set such that there exist finite birational morphisms w : Y — X and
¢ : X' — Y satisfying 7’ = 7 o ¢. Then

(1) Let f € P(Y) andfe K°(Cent X). Then f = fon on CentY if and only if
fop=fon" onCentX'; 5 3

(2) Assume Y is central. Let f € P(Y) and f € K°(X). Then f = fomonY if
andonlyif fop = fon' onX'.

Proof. The proof follows from the surjectivity of the maps Cent X’ — Cent X,
Cent X’ — CentY, CentY — CentX, and also X’ — Y in the case Y is central,
given by Proposition 3.3. O]
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3.2. Finite birational bijection on the central locus

The normalization process allows to simplify the singularities of an algebraic set
X by adding integral rational functions to the polynomial ring of X. Requiring
an additional continuity of the integral functions leads to simplify the singularities
without loosing some bijectivity property with some part of X.

This is the main result of this section.

Theorem 3.6. Let w : Y — X be a finite birational morphism between algebraic
sets, and denote by mw|centy @ CentY — Cent X its restriction to the central loci.
The following properties are equivalent:

(1) 7| Centy Is a bijection;
(ii) The ring morphism my : K°(Cent X) — K°(CentY) is an isomorphism;
(ili) Forall g € P(Y) there exists f in K°(Cent X) such that g = f om on CentY;
(iv) 7| Centy is an homeomorphism for the Euclidean topology;
(v) The morphism P(X) — P(Y) is centrally weakly subintegral;
(vi) The rational map 7~ Y admits a (rational) continuous extension to Cent X .

Note that in (vi), the restriction of 7 ~! to Cent X is not defined entirely on Cent X,
but only on a subset dense in Cent X with respect to Euclidean topology. So that
(vi) means precisely that there exists a continuous map on Cent X which admits
7! as a rational model.

Proof. Let’s prove first the equivalence between (i) and (ii). The fact that (i) implies
(ii) is a direct consequence of 3) of Proposition 3.3. To prove the converse impli-
cation, assume that g : %(Cent X) — K°(CentY) is an isomorphism whereas
7| centy 18 Mot bijective. There exists x € Cent X such that we have {y, y2} C
7' (x) N CentY and y; # y,. There exists p € P(Y) such that p(y;) # p(y2).
By 3) of Proposition 3.3, we get that p € K%(CentY) \ 7o(X°(Cent X)) since p
is not constant on the fibers of 7| centy, @ contradiction. We have proved that (ii)
implies (i).

Since (ii) implies clearly (iii) then (i) implies (iii). To show that (iii) implies (i)
it suffices to see that for any y1, y; in Cent Y such that 7 (y;) = 7 (y2) = x and for
any g € P(Y) such that g(y;) = 0, on has also g(y2) = 0. Since there exists f in
K0 (Cent X) such that g = f o 7 on Cent Y, on gets the result.

Note that (iv) implies trivially (i), whereas (i) implies (iv) since 7 is closed
with respect to Euclidean topology by Lemma 3.1.

We clearly have that (v) and (i) are equivalent since R-Cent P (X)NMaxP (X) =
Cent X and R-Cent P(Y) N MaxP(Y) = Cent Y.

Note that (vi) implies (i) since the rational inverse 7~ ! admits a continuous
extension along Cent X, which is indeed an inverse for 7| cency by continuity with

respect to Euclidean topology. To show the converse, we need to prove that 7T|_C1ent v

is a rational continuous map. Consider ¥ C R” and choose a coordinate function y;

onY fori € {1, ..., n}. We want to prove that the rational function z; = y; OTT | Cent ¥
is continuous on Cent X. However z; o 7| centy 1S polynomial on Cent Y, so that,
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by (ii), z; belongs to K°(Cent X) and thus n‘_clem y : Cent X — Cent Y is a rational
continuous map. O

The centrality of an algebraic set is not preserved under finite birational mor-
phisms in general. However it will be the case if we assume moreover the morphism
to be bijective. The following result enumerates the properties of a bijective finite
birational morphism onto a central algebraic set.

Proposition 3.7. Let m : Y — X be a finite birational morphism between alge-
braic sets where X is central. Let us assume that 7 is a bijection. Then, one has the
following properties:

(1) Y is central;

(2) The canonical morphism Ko(X) — K°®Y) is an isomorphism;
(3) & is an homeomorphism for the constructible topology;

(4) The morphism P(X) — P(Y) is centrally weakly subintegral;
(5) 7~ is rational continuous.

Proof. Since X is assumed to be central, we know by Proposition 3.3 that 7| cent v
is surjective onto X. In particular, if 7 is assumed to be bijective, then Y is auto-
matically central.

Note that (2), (4) and (5) are direct consequences of Theorem 3.6.

Let us show (3). By Lemma 3.1, 7 is closed for the Euclidean topology so
that using [21, Corollary 4.9], the image by 7 of a Zariski constructible closed
subset of Y is a Zariski constructible closed subset of X. It follows that 7 is an
homeomorphism for the constructible topology. O

Remark 3.8. Note that a bijective finite birational polynomial morphism onto a
central algebraic set is not necessarily an isomorphism while it is an isomorphism
in the category of rational continuous maps by property 5). For instance, let X
be the cuspidal curve given by y> = x3 in R?, and X’ be its normalization. The
normalization morphism 7z : X’ — X is birational, finite and bijective. It is even an
homeomorphism with respect to the Zariski topology (the curves are irreducible, so
the Zariski subsets are just points). However X is singular whereas X’ is smooth.

3.3. Finite hereditarily birational bijection on the central locus

In this subsection we restrict our attention to continuous hereditarily rational func-
tions.

Recall that the restriction of a rational continuous functions does not remain ra-
tional in general. This phenomenon appears also for birational morphisms. Namely,
let w : Y — X be a finite birational morphism between algebraic sets. By Lemma
3.1 the corresponding morphism P(X) — P(Y) is injective and integral. Let W
be an irreducible algebraic subset of Y. There exists g € R-Spec P(Y) such that
W = Z(q). We denote by p the real prime ideal g N P(X) and by V the real irre-
ducible algebraic subset of X given by Z(p). The restriction of 7 to W gives clearly
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a morphism my : W — V which is finite since the corresponding morphism of
polynomial functions

PX) PO
L N o
p q

is integral. The residue field k(q) = (W) is an algebraic extension of k(p) =
KC(V). Then, mw remains birational if and only if 7 induces an isomorphism
k(p) =~ k(q).

Example 3.9. Consider Kollar’s surface X = Z(x? — y>(1 + z?)). Its normal-
ization is given by P(X') = P(X)[x/y]l = P(X)/(t® — (1 + 22, yt — x) =~
R[z, v, 2]/t — (1 4+ z%)), setting r = x/y. Let p = (x, y) € R-Spec P(X) and let
q € R-Spec P(X’) be the unique real prime ideal of P(X’) such that qNP(X) = p.
We have k(p) = R(z) and k(q) = R(z)Cv/1+ z2) % k(p). Here, the normaliza-
tion morphism 7’ : X’ — X (y,t,z) — (ty,y,z) is a bijective finite birational
morphism which is not hereditarily birational in the sense that 7’ is birational but

7r|/ 2@ Z(q) — Z(p) is not birational. The morphism 7’ has an inverse bijection

7'~ given by (x, y,z) + (y,x/y,z) if y # O (the inverse of 7’ as a birational

map) and (0,0, z) — (0,3 V1 + 22, 7). We see that 7/~! is rational continuous but
not hereditarily rational. Moreover, P(X) < P(X’) is w.-subintegral but not s.-
subintegral and one may also notice that P(X) — P(X )x2 /y]is sc-subintegral.

This consideration leads us to the definition of hereditarily birational maps on
the central locus, inspired by [17].

Definition 3.10. Let 7 : ¥ — X be a birational morphism between algebraic
sets. We say that 7 is hereditarily birational on the central locus of Y if for every
irreducible algebraic subset W central in Y, the restriction 7w is birational with the
Zariski closure of its image.

Example 3.9 provides a finite birational bijection between central algebraic sets
such that the natural map R-Cent P(Y) — R-Cent P(X) is a bijection, but which
is not hereditarily birational.

Note moreover that a finite birational morphism 7z : ¥ — X such that P(X) —
‘P(Y) is centrally weakly subintegral and hereditarily birational on the central locus
of Y does not necessarily give rise to a centrally subintegral extension:

Example 3.11. Consider the surface X = Z(yz*— (y?>—x*)*)) in R3. The rational

2— 4 . . . . .
function f = (2 Zx )2 is integral over P(X) and admits a continuous extension to

Cent X by +,/y. The algebraic set obtained by adding f to P(X) as in Proposition
3.4 is isomorphic to ¥ = Z(yz? — (y* —x*)?) c R>. The restriction of the induced
finite birational morphism 7 : ¥ — X to the central loci is a bijection, so that the
extension P(X) — P(Y) is w-subintegral.

Consider V C X the parabola defined by z = 0 and y = x?. Then V C
Cent X, and there exist two irreducible curves central in Y and lying-over V: the
lines Wy given by z = 0 and y = £x. In particular the extension P(X) — P(Y)
is not centrally subintegral. However both of these lines are isomorphic to V via
the restriction of m, so that 7 is hereditarily birational by restriction to W, and W_
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and moreover 7 is hereditarily birational on the central locus of ¥ since W, U W_
is the inverse image by 7 of the indeterminacy locus of f.

Note moreover that just half of each line is included in Cent Y, and that the
restriction of 7! to V is given by the semialgebraic function x — (x, |x|,0). It
shows that the inverse bijection (77| cent y)~!: Cent X — CentY is rational contin-
uous but not hereditarily rational.

However, we readily get:

Lemma 3.12. Let w : Y — X be a finite birational morphism between algebraic
sets. The morphism P(X) — P(Y) is centrally subintegral if and only if 7 is
hereditarily birational on the central locus of Y and the map R-CentP(Y) —
R-Cent P(X) is a bijection.

We aim to characterize the central subintegrality of a finite birational morphism
by hereditary properties of the inverse birational map. More precisely, we are going
to consider birational morphisms of the form 7 : ¥ — X such that 7! is heredi-
tarily rational on the center of X. This property is strictly stronger than 7 ~! being
only rational continuous as noticed in Examples 3.9 and 3.11. Beware moreover
that a birational morphism bijective between the central loci and hereditarily bira-
tional does not necessarily satisfy that 7! is hereditarily rational on the center of
X as illustrated by Example 3.11.

The subtle differences between hereditarily birational maps and rational mor-
phisms satisfying that 7! is hereditarily rational is crucial in this section.

Proposition 3.13. Let 7 : Y — X be a finite birational morphism between alge-
braic sets. Then w~" is hereditarily rational on the center of X if and only if 7 is
hereditarily birational on the central locus of Y and R-Cent P(Y) — R-Cent P(X)
is a bijection.

Proof. Assume 7 ~! is hereditarily rational on the center of X. Let W be an irre-
ducible subset central in Y, and denote by V C X the Zariski closure of = (W).
Note that 7| is still a finite polynomial map, and that V' is central in X.

The restriction of (77| Cent y)~!to VNCent X coincides on V NCent X with the
continuous extension of a rational map ¢ on V by assumption on 7. In particular
¢ is a regular inverse of my on a Zariski dense open subset V’ C V intersected
with Cent X. Since V is central in X, it implies that ¢ is a rational inverse for )y .
Therefore 7 is hereditarily birational on Cent Y.

For V irreducible and central in X, let W; be the central subsets of Y lying-
over V fori =1, ...,r, all equipped with a rational inverse ¢; : V — W; of my,
(we have already shown that 7 is hereditarily birational on Cent Y'). However these
inverses coincide with (77| cent y)~! on a Zariski dense open subset of V intersected
with V N Cent X, so that they coincide with a common rational map ¢. In particular
there exists a semialgebraic subset S of V NCent X of maximal dimension on which
¢ is injective, and ¢ (S) C W, fori =1,...,r. Asaconsequence W; = --- = W,
by centrality of the W;’s in Y. We have proved that R-Cent P(Y) — R-Cent P(X)
is a bijection.
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Conversely, let V be central in X and denote by W the unique central set in ¥
lying-over V. By assumption 7w : W — V is birational, and we aim to prove that
its inverse is a rational model for the restriction of (77| cent y) "1 to VNCentX.

By Lemma 2.11, there exists Z C V withdim Z < dim V such that the inverse
image by  of (V \ Z) N Cent X is included in W N Cent Y. In other terms

(VNZ)NnCentX C m(WNCentY),

so that the restriction to V N Cent X of the continuous map (77| cent y)~! coincides
with the rational map (mw)_1 on the intersection of V N Cent X with a Zariski

dense open subset of V. It means that 7! is hereditarily rational on the central
locus of X. O

To emphasize a crucial point in the preceding proof, note that the very last
argument fails in Example 3.11 since for both W over V, the image 7 (W NCent Y)
does not contains generically V N Cent X = V, but only half of it.

Note that a finite birational morphism 7 : ¥ — X induces a morphism
RO(Cent X) — R°(CentY) given by composition with 7. With this in mind, we
characterize centrally subintegral extensions using hereditarily rational functions.
This provides an analog of Theorem 3.6 in the hereditary context.

0.

Theorem 3.14. Let 7 : Y — X be a finite birational morphism between algebraic
sets. The following properties are equivalent:

(i) The ring morphism 7° : R°(Cent X) — R%(CentY) is an isomorphism;
(ii) For all g e P(Y) there exists an hereditarily rational function f in R°(Cent X)
suchthat g = f om onCentY;
(iii) The rational map =" is hereditarily rational on the center of X ;
(iv) The extension P(X) — P(Y) is centrally subintegral.

Proof. Note first that (iii) and (iv) are equivalent by Lemma 3.12 and Proposition
3.13. It is immediate that (i) implies (ii) since P(¥Y) C R%(CentY).

Assume (ii). Note first that m|cency i bijective by Theorem 3.6. Assume
moreover ¥ C R” and consider a coordinate function y; on Y. By assumption
there exists f in RO(Cent X) such that y; = f om on CentY. This implies that the
function y; o (77| Cent y) " lisan hereditarily rational function on Cent X . In particular
we have (iii).

Assume (iii). The proof of (i) comes down to prove the surjectivity of 7°.
So for g € R(CentY), we have to prove that f € K°(CentX) given by f =
g o (m Centy) ! is in fact in R%(Cent X). So let V be central in X. Using Proposi-
tion 3.13, there exists a unique central set W in Y lying-over V,and mjw : W — V
is birational. The restriction of g to W is rational by assumption on g, so that the
composition is again rational, giving (i). O

In particular in the central case, we deduce from Theorem 3.14 an hereditary
version of Proposition 3.7.
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Proposition 3.15. Let 7 : Y — X be a finite birational morphism between alge-
braic sets where X is central. Let us assume that mw is bijective and hereditarily
birational. Then, one has the following properties:

(1) Y is central.

(2) The morphism R%(X) — RO(Y) f +— f om is an isomorphism;
(3) The extension P(X) — P(Y) is centrally subintegral;

(4) The rational map 7w=" is hereditarily rational.

Proof. By Proposition 3.13 and Theorem 3.14, we only have to prove that
R-Spec P(Y) — R-Spec’P(X) is injective. Let p € R-Spec’P(X) and q1,q2 €
R-Spec P(Y) lying-over p. Since mz(g;) : Z2(q;) — Z(p) is birational, for i €
{1, 2}, and 7 is bijective, it follows that Z(q;) = Z(g2) and the real Nullstellen-
satz [6, Theorem 4.1.4] implies that q; = ¢». O

Remark 3.16. An algebraic set X has a totally real normalization if (7’ )(El (X)) =
X’ where 7’ : X’ — X is the normalization morphism. It is shown in [12] that
finite birational morphisms onto an algebraic set with totally real normalization
have remarkable properties. Notably, from [12, Theorem 3.9] we know that a
finite birational bijection with target an algebraic set with totally real normalization
admits a rational inverse which is hereditarily rational on the central locus, and
moreover it is an homeomorphism for the Zariski topology.

4. Weak-normalization and seminormalization relative to the central
locus

We introduce in this section the weak-normalization and seminormalization of an
algebraic set, relative to its central locus. We develop the theory in parallel with the
classical notion of normalization (and make some connection too with the biregular
normalization defined in [12]), meaning in particular that we define them via inte-
gral closures in well-chosen rings of functions. We make latter the connection with
the algebraic notions of weak-normalization and seminormalization relative to its
central locus considered in Section 2.5.

4.1. Integral closure in rings of continuous functions

Let X be an algebraic set. The normalization X’ of X is the algebraic set whose
ring of polynomial functions is the integral closure of P(X) in JC(X). The biregular
normalization X? of X is the algebraic set whose ring of polynomial functions is the
integral closure of P(X) in O(X). Taking advantage of the sequence of inclusions

P(X) = OX) = R(Cent X) — K°(Cent X) — K(X)

we define, using Proposition 3.2, two intermediate algebraic sets between a given
algebraic set and its normalization.
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Definition 4.1. Let X be an algebraic set.

(1) The weak-normalization relative to the central locus (or w.-normalization)
XVe of X is the algebraic set whose ring of polynomial functions is the integral
closure of P(X) in K°(Cent X);

(2) The seminormalization relative to the central locus (or s.-normalization) X5
of X is the algebraic set whose ring of polynomial functions is the integral
closure of P(X) in R%(Cent X).

The natural finite birational morphisms 7% : X% — X and 7% : X% — X
are respectively called the w.-normalization morphism and the s.-normalization
morphism. The algebraic set X is called centrally weakly-normal if X = X"V and
centrally seminormal if X = X5¢.

In particular, the sets XV and X* are intermediate algebraic sets between X
and X', and we derive a sequence of finite birational morphisms

X > X% > X% » x0 5 x

that will be the object of study in the rest of the paper.

Example 4.2. As a first example, consider Kollar’s surface X = Z(x3 — y>(1 +
z%)). The polynomial ring of the normalization is given by P(X’) = P(X)[x/y]
and the rational function x/y can be extended to a continuous function on X. As a
consequence X’ coincides with X%¢, whereas x/y is not hereditarily rational. Note
that X % X% more precisely X has coordinate ring P(X)[x2/y].

Remark 4.3. It would make sense algebraically to replace P(X) by O(X) in Defi-
nition 4.1. However in general, the integral closure of O(X) in K(X) or K°(Cent X)
or RY(Cent X) is not the ring of regular functions of an intermediate algebraic set
between X and X’ (see [12]). This justify why we have decided to work with PP (X)
rather than O(X) (contrarily to [24]).

From the very definitions of w.-normalization and s.-normalization, we get
that, for an irreducible algebraic set X, if ?(Cent X) = R°(Cent X) then X% =
XVe, In particular, this is the case for curves or more generally varieties with iso-
lated singularities.

On a complex algebraic variety which is normal, a rational function admitting a
continuous extension at its poles is automatically regular by Riemann extension the-
oRemark We characterize, by universal properties closed to the Riemann extension
theorem, the algebraic varieties that are “normal” for the different normalizations
we have encountered.

Proposition 4.4. Let X be a real algebraic set. Then:

(1) X is normal if and only if every rational function in K(X) bounded on Xc is
polynomial on X ;

(2) X is seminormal if and only if every rational function in K(X) integral over
P(X) and continuous on X¢ is polynomial on X;
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(3) X is biregularly normal if and only if every regular function on X integral over
P(X) is polynomial on X ;

(4) X is centrally seminormal if and only if every function in R°(Cent X) integral
over P(X) is the restriction to Cent X of a polynomial function on X ;

(5) X is centrally weakly-normal if and only if every function in K°(Cent X) inte-
gral over P (X) is the restriction to Cent X of a polynomial function on X .

Proof. Notice that a regular function on X¢ is polynomial on X¢. By the Riemann
extension theorem then we get (1). Statement (2) follows from [3,4] and [31]. The
last three statements are direct consequences from the definitions of the biregular,
centrally weakly and centrally semi-normalizations. O

Remark 4.5. We see by Proposition 4.4 that w.-normalization does not correspond
to w.-normalization of the irreducible components like classical normalization does
(and the same remark holds for the s.-normalization). More precisely, it may hap-
pen that every irreducible component of a non centrally weakly-normal algebraic set
is centrally weakly-normal. Consider for instance the union of three distinct two-
by-two lines passing through the origin in R2. In that case the w,.-normalization is
the union of the three axes in R? and it is also the s.-normalization (see the next
section).

We can identify the functions in P(X%¢) with the rational functions in KC(X)
that are integral over P(X) and that admit a continuous extension to Cent X. Sim-
ilarly, the functions in PP (X*¢) are the rational functions in /C(X) that are integral
over P(X) and that admit an hereditarily rational extension to Cent X . We state this
fact as a lemma for further reference.

Lemma 4.6. Let X be an algebraic set and ' : X' — X be the normalization
morphism.

(1) The polynomial functions on XV¢ form the subring of P(X') given by
P(X%) = {g € P(X")|3f € K°(Cent X) suchthat f o 7’ = gon Cent X'};

(2) The polynomial functions on X* form the subring of P(X’) given by
P(X%) ={g € P(X)|3f € R°(Cent X) suchthat f o 7’ = gon Cent X'}.

We aim to prove that the ring P (X% ) is the weak normalization relative to the
central locus of the ring P(X), together with the analogous statement for P (X5)
with respect to the seminormalization. Next result can be viewed as a first step in
this direction.

Proposition 4.7. Let X be an algebraic set.

(1) The morphism t¥¢ : XVe — X is a bijection between the central loci and its
inverse map is rational continuous on the center of X ;
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(2) The morphism ¢ : X% — X is a bijection between the central loci and its
inverse map is hereditarily rational on the center of X .

Proof. Consider the case of the weak-normalization relative to the central locus.
Denote by v the morphism X' — XY¢, Let g € P(X™<). By Lemma 4.6, there
exists a continuous function f € K°(Cent X) such that g oy = f o’ on Cent X'.
By Lemma 3.5, we get that g = f o 7% on Cent XV¢. As a consequence the
map % : Cent X% — Cent X is bijective or equivalently 7% : X% — X isa
bijection on the central loci and its inverse is rational continuous by Theorem 3.6.
The proof in the seminormal case is similar using Theorem 3.14. O

Before establishing the universal property satisfied by the weak-normalization
(respectively seminormalization) relative to the central locus, and make the con-
nection with its algebraic counterpart, we discuss several examples of curves and
surfaces in order to give the reader some familiarity with the new sets introduced.

Let us begin the discussion with the case of curves, where the w.-normalization
and the s.-normalization coincide. To illustrate the reducible case, note that two
crossing lines in the plane give a centrally seminormal curve contrarily to three
lines crossing in a common point.

Concerning irreducible plane curves, the s.-normalization of the cuspidal plane
cubic X = Z(y* — x3) coincides with its normalization, and X = X? ¢ X% =
X’. The nodal plane curve X = Z (y2 —x2(x 4+ 1)) is centrally seminormal, and
X = X? = X% c X’'. Of course the seminormalization with respect to the central
locus can be different from X and X', consider the curve X = Z(y? — x*(x + 1))
(whose unique singular point is the origin, where two distinct branches intersect
with tangency).

Considering surfaces in R3, remember that for Kollar’s surface the weak-nor-
malization relative to the central locus differs from the seminormalization rela-
tive to the central locus. Note however that in the case of isolated singularities
(which are not necessarily normal if the complex singularities are not isolated),
the rational continuous and hereditarily rational functions coincide, so that the w,-
normalization and the s.-normalization will be the same.

The union of two intersecting planes in R> defines a centrally seminormal
surface, or more generally the union of the coordinates hyperplanes in R” is cen-
trally seminormal. Consider finally two classical umbrellas. The normalization
of the (non-central) Whitney umbrella X = Z(x? — y?z) is the affine plane, and
the normalization morphism is not a bijection on the central loci, so that X =
Xb = XWe = X% The normalization of the (non-central) Cartan umbrella X =
Z(x3 — (x% 4 y?)z) is given by P(X’) = P(X)[yz/x]. The rational function yz/x
admits a continuous extension by zero along the y-axis, which is the intersection of
its indeterminacy locus with the central part of X, so that X’ = XY¢. Moreover the
restriction of yz/x to the y-axis is a constant function so it is still rational, so that
XWe = X5, Since yz/x is not regular on the Cartan umbrella, it can be concluded
that X = X?.
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4.2. Universal properties for the w.-normalization

We give the universal property satisfied by the w.-normalization in light of the
universal property of the normalization.

Theorem 4.8. Let X be an algebraic set. Let Y be an algebraic set equipped with
a finite birational morphismm : Y — X.

Then 7 induces a bijection from Cent Y to Cent X if and only if w%¢ : XV¢ —
X factorizes through .

Proof. Let X’ be the normalization of X. Notice first that from Proposition 4.7 we
know that the restriction of 7%¢ : X%e — X to the central loci is a bijection. Let Y
be an algebraic set with finite birational morphisms 7 : ¥ — X and¢ : X’ — Y.

Assume first that 7% factorizes through 7. By Theorem 3.6 the extension
P(X) — P(XW) is we-subintegral and thus P(X) — P(Y) is also w,-subintegral
(Proposition 2.18). From Theorem 3.6 again then it follows that w : CentY —
Cent X is a bijection.

Assume now that 7 : CentY — Cent X is a bijection. Let g € P(Y). By
Theorem 3.6 there exists a continuous function f € K°(Cent X) such that g = for
onCentY. By Lemma 3.5,then gop = fon’ on Cent X’ and thus gog € P(X"Y¢)
(Lemma 4.6). Since the composition by ¢ gives the inclusion P(Y) C P(X’) then
we get an inclusion P(Y) € P(XW¢) and thus 7% : XV — X uniquely factors
through 7 : ¥ — X. O

From Theorems 3.6 and 4.8, we deduce that the w.-normalization X%¢ of X
is the biggest set among the intermediate algebraic sets between X and X’ whose
central loci are birationally continuously isomorphic with the central locus of X.

Note that if the w.-normalization morphism 7% : X% — X is bijective by
restriction to the central locus, it is not a bijection in general even if we assume X
to be central.

Remark 4.9. The w.-normalization of a (non-normal) toric variety coincides with
its normalization. Indeed, the normalization is obtained by saturation of the semi-
groups, giving rise to a normal toric variety with the same torus decomposition into
orbits. In particular a toric variety and its normalization are in bijection.

We prove that in the geometric setting we recover the algebraic w.-normal-
ization.

Theorem 4.10. Let X be an algebraic set. We have
POO" = PX™).

Proof. Let X’ be the normalization of X. The morphism P(X) — P(X)Y being
wc-subintegral (see Proposition 2.20), it induces a bijection in restriction to the
central maximal ideals and thus a bijection from Cent Y onto Cent X where Y is the
algebraic set with P(X)%e as ring of polynomial functions (see Proposition 3.2). By
the universal property Theorem 4.8, on gets that Y is an intermediate algebraic set
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between X and X%¢, and hence P(X)¥ = P(Y) C P(X% ) (recall that P(X)%e
and P(XVY¢) are both viewed in P(X")).

To show the converse inclusion, let us note that it follows from Theorem 3.6
and Proposition 4.7 that the extension ring P(X) — P(X%¢) is w,-subintegral.
Then, by the universal property Proposition 2.20, one derives a factorization mor-
phism P(XVe) — P(X)We. O

As direct consequence of Theorem 4.10 and Proposition 2.21, one gets the
idempotency of the w.-normalization:

Corollary 4.11. Let X be an algebraic set. Then, (XVe)WVe = XWe,

The inverse of a finite birational morphism that induces a bijection between the cen-
tral loci is known to be rational continuous (see Theorem 3.6). Next result gives a
stronger statement, when we assume that the target variety is centrally weakly nor-
mal. It is a direct application of our universal properties (Theorem 4.8 and Proposi-
tion 2.20) and it gives a real version of [22, Corollary 2.8].

Proposition 4.12. Let X be an algebraic set. Suppose that X is centrally weakly-
normal and that ¢ : Y — X is a finite birational polynomial morphism with Y
an algebraic set. Then ¢ is a bijection on the central loci if and only if ¢ is an
isomorphism.

Note that it is not possible to remove the “finite” hypothesis in the previous propo-
sition. For instance, let X be the nodal curve given by y?> = x2(x 4+ 1) in R?, and
Y be the hyperbola given by xy = 1 in R2. They are both centrally weakly normal
and both in polynomial bijection with the punctured line R \ {1} however they are
not isomorphic curves since X is singular whereas Y is smooth.

Centrally weakly normal sets are stable under the product of varieties.

Proposition 4.13. Let X and Y be centrally weakly-normal algebraic sets. Then
X x Y is centrally weakly-normal.

Proof. We use the same strategy as in [22, Corollary 2.13]. Let f be a rational
continuous function on Cent(X x Y) which is integral over P(X x Y). By Propo-
sition 4.4, we have to show that f is polynomial on Cent(X x Y). Then, for any
x € Cent X, the restriction f, of f to {x} x Y satisfies an integral equation over
P(Y). Note however that, if fy is not necessarily a rational function on Y, there
exists a Zariski dense subset U in X such that f, is rational for any x € U. By in-
tersecting U with the union of the non-singular loci of the irreducible components
of X then we may assume U C Cent X. By w.-normality of Y, it follows that f; is
polynomial on Cent Y for any x € U. Similarly, there exists a Zariski dense subset
V in Y such that V C CentY and fy is polynomial on Cent X forany y € V.

We want to conclude that f coincides with a polynomial function on Cent(X x
Y). We know by Palais [27] that f is polynomial on U x V, so that there exists
a polynomial function p € P(X x Y) such that f = pon U x V. Since f is
continuous, it implies that f = p on Cent(X x Y) i.e f is polynomial on Cent(X x
Y). As a consequence X x Y is centrally weakly-normal. O
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4.3. Universal property for the s.-seminormalization

Here is the universal property for the seminormalization relative to the central locus.

Theorem 4.14. Let X be an algebraic set. Let Y be any algebraic set equipped
with a finite birational morphism : Y — X.

Then =" is hereditarily rational on the center of X if and only if T : X% —
X factorizes through .

Proof. Let X’ be the normalization of X . Notice first that from Proposition 4.7 we
know that the rational inverse of 7 is hereditarily rational on the center of X.

Assume 7% : X5 — X factorizes through 7r. We know by Proposition 4.7 and
Theorem 3.14 that P(X) — P(X%) is centrally subintegral. Then it follows from
Proposition 2.18 that P(X) — P(Y) is centrally subintegral. From Theorem 3.14
we conclude that the rational inverse of 7 : ¥ — X is hereditarily rational on the
center of X.

Assume now w : ¥ — X is a finite birational morphism whose inverse is
hereditarily rational on the center of X. By the universal property of the normal-
ization, the normalization morphism 7’ factorizes by 7 and let ¢ : X’ — Y be the
finite birational morphism such that 7/ = 7 o ¥. Let g € P(Y). By Theorem 3.14,
there exists f € RY(Cent X) such that g = f o7 on CentY. By Lemma 3.5, we
getgoy = fom’ onCent X’ and thus g oy € P(X5) (Lemma 4.6). It shows that
P(Y) C P(X*) and the proof is done. O

From Theorems 3.14 and 4.14, we deduce that the s.-normalization X5 of X
is the biggest set among the intermediate algebraic sets between X and X’ equipped
with a morphism to X whose rational inverse is hereditarily rational on the center
of X.

Let us now show how we recover the algebraic s.-seminormalization:
Theorem 4.15. Let X be an algebraic set. We have P(X)% = P(X*).

Proof. Let ' : X’ — X be the normalization morphism. Let us see first that we
have P(X)% C P(X*). Let Y be the algebraic set associated to the ring P (X)%
(see Proposition 3.2). The morphism P(X) — P(X)* being centrally subintegral
(see Proposition 2.23), from Theorem 3.14 it follows that the finite birational mor-
phism ¥ — X induces a bijection from Cent Y onto Cent X and its rational inverse
is hereditarily rational on the center of X. By the universal property of Theorem
4.14, one gets that Y is an intermediate algebraic set between X and X5, and hence
P(X) =P(Y) C P(X%).

To show the converse inclusion, it follows from Proposition 4.7 and Theo-
rem 3.14 that the extension ring P(X) — P(X*) is centrally subintegral. Then,
by the universal property Proposition 2.23, one derives a factorization morphism
P(X5) — P(X)5. O
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Combined with the idempotency properties of the algebraic s.-seminormal-
ization (Proposition 2.25), we obtain:

Corollary 4.16. Let X be an algebraic set. Then

(1) (X% = X*;
(2) (X = X
(3) (X" = X,

An immediate application of Theorem 4.14 gives a seminormal version of Proposi-
tion 4.12.

Proposition 4.17. Let X be an algebraic set. Suppose that X is centrally seminor-
mal and that ¢ : Y — X is a finite birational polynomial morphism with Y an
algebraic set. Then ¢~ is hereditarily rational on the center of X if and only if ¢
is an isomorphism.

Centrally seminormal sets are stable under the product of varieties.

Proposition 4.18. Let X and Y be centrally seminormal algebraic sets. Then X xY
is centrally seminormal.

Proof. We use the same proof as in Proposition 4.13. Note that the proof is even
simpler since the restriction of an hereditarily rational function is rational so that
we can choose U and V to be respectively the union of the non-singular loci of the
irreducible components of X and Y. O

4.4. Up to biregular isomorphisms

From Subsection 1.1, the constructions of the weak- and semi-normalizations we
have made for real algebraic sets can be extended to affine real algebraic varieties
(such that the set of real closed points is Zariski dense in the set of closed points). It
is in particular clear that isomorphic affine real algebraic varieties have isomorphic
weak- and semi-normalizations. We prove moreover in this section that biregular
affine real algebraic varieties have biregular weak- and semi-normalizations. Com-
bined with the fact that the real closed points of a quasi-projective variety defined
over R are always included in an affine variety via a regular morphism, this proved
that the weak- and semi-normalizations are well defined for quasi-projective real
algebraic varieties in the sense of [6].

To go toward the proof, we begin with the fact that our constructions commute
with the localization along the multiplicative part S defining the regular functions
on an algebraic set X C R”, namely § = 1 + ) P(X )2. This result has to be
compared with the results in Subsection 4.5.

Lemma 4.19. Let X be an algebraic setand S=1+) P(X)2. Then S~'P(XVe) ~
O(X)¥ and STIP(X5) = O(X)%.
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Proof. Let us deal with w.-normalization. We aim to prove that the second inclu-
sion in the sequence of natural inclusions

OX) = S~IP(X¥) > OX)™

is an isomorphism. Let f be an element in O(X)%<. Note that O(X)™¢ is included
in O(X)’, this latter being isomorphic to § ~1P(X’) since normalization commutes
with localization, so that there exists s € S such that sf belongs to P(X’). So it is
sufficient to prove that sf belongs to P(X%¢) = P(X)"<. Note that we have a nat-
ural bijection R-Cent P(X) — R-Cent O(X), p — S~!p that gives also a bijection
by restriction on maximal ideals on both sides (see [12]). Let m be a central max-
imal ideal in P(X), and denotes by m the corresponding maximal ideal in O(X).
Note that P(X)m =~ O(X)# and P(X ) = O(X') . Then by assumption

)i € OX)am + Rad®OX )

so that
5f)m € P(X)m + Rad“P(X' ),

proving that sf € P(X%¢) as expected.
For s.-normalization, we proceed similarly considering central prime ideals
rather than maximal ones. O

With this in hand one can prove the desired result.

Theorem 4.20. Let X and Y be biregular real algebraic sets. Then XV¢ is biregular
to Y¥<, and X3¢ is biregular to Y*c.

Proof. Let us prove the result about w.-normalization, we proceed likewise for s.-
normalization.

Using Theorem 4.10 and Lemma 4.19, one has a canonical commutative dia-
gram of injective morphisms

PX) — O(X) ~ o) ~ P)
\ ¥ \ ¥
PX)Ye — STIP(X)Ye = O(X)Ye =~ OY)Ye = TIP(Y)¥e « P(¥)%e
N ¥ \ v

SodP(XYe) = O(X™e)  TJ'P(YYe) = O(Y™)

where we have set § = 1 + Y P(X)%, Sy, = 1 + Y. P(X9)2, T =1+ P(Y)?,
T, =1+ P(Ye)

Producing a canonical morphism from one bottom ring to the other one will
show, by symmetry, that they both are canonically isomorphic.

Using the horizontal middle morphisms, one has a canonical morphism

PX)Y — T PEY).
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To show that it factorizes through S\;CIP(X We), it is enough to prove that any
element of Sy, becomes invertible in T\ P (yYe).

Let us then consider s = 1 + Zaiz where a; € P(X"Y¢). There exist b; €
P(Y¥e) and t; € T such that g; is sent to b; /t; in T~ P (Y)". Since tl.2 eT CTy,
is invertible in T, I'P(y¥e), it is enough to show that f = 1> + 3 cl.2 is invertible
in T, "P(Y¥e) fort € T and ¢; € P(Y)™. Since t = 1 + Y u} withu; € P(Y),
we get that f € Ty, . This gives the result. O

Note that the same proof adapts to the case of the normalization (stated in [6,
page 75]) since the normalization process commutes with localization.

4.5. Commutation with localization

It is known, for example from [22, Corollary 1.6], that the standard seminormaliza-
tion T A commutes with localization. The proof of this result follows quite directly
from the conductor criterion for seminormal extensions as stated in [22, Proposition
1.4]. Unfortunately, this criterion appears not to have a clear counterpart in our real
central setting. Hence, we produce here a new argument based on an induction on
the dimension. Namely, we get that the central seminormalization commutes with
localization at a prime ideal:

Theorem 4.21. Let X be an algebraic set and p be a prime ideal in P(X). Then
(P(X)p)* = P(X*)y.

Remind that the commutation of the integral closure with the standard normal-
ization is formal. It is no more formal for s.-normalization although it is a still an
integral closure by Theorem 4.15. One reason is that the localized ring is no more
the polynomial ring of a real algebraic variety. Another reason is that the commuta-
tion is false for central w.-normalization although this latter ring is still an integral
closure by Theorem 4.10.

Remark 4.22. The result is false for the w.-normalization. Consider for instance
the Whitney umbrella X = Z(y? — zx?), for which the inclusion P(XV¢),, C
(P(X)m)Ye is strict with m = (x, y, z) (the rational function f = y/x € K(X)
belongs to the right-hand side, but not to the left-hand side).

We cut the proof of Theorem 4.21 into several lemmas, starting with the first
key Lemma 2.11 and also the following one which translates geometrically the
belonging of a rational function to the s.-normalization of the localization of P(X)
at some prime ideal:

Lemma 4.23. Let m1 : X' — X denote the normalization morphism, and [ €
K(X) be a rational function integral over P(X). Let V be an irreducible component
of the polar locus of f,with V central in X . Assume that the localization (f o)z (v)
along T(V) of the polynomial function f o w on X' satisfies

(f o) z(v) € P(X)7(vy + Rad“P(X )7 (v).
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Then there exists an algebraic subset Z C V with dim Z < dim V such that

(1) The rational function f can be extended continuously along Cent X N(V \ Z);
(2) The extension remains rational restricted to any irreducible subset of V cen-
tral in X and not included in Z .

Proof. Let Wy, ..., W, C X' be the irreducible algebraic sets central in X’ lying-
over V.

By assumption on f, there existg € P(X)\ Z(V), p € P(X) and h € P(X’)
(we see h as a rational function on X (integral over P(X))) such that

hom e |Z(W;)

r
i=1

and
af =p+h
as rational functions on X.

Let Z be the algebraic subset of V given by Lemma 2.11. Let x € (V \ Z)N
Cent X. By Lemma 2.11, the set I (x) N Cent X’ is included in Wy U --- U W,,
so that & o 7 vanishes on 7' (x) N Cent X’. This means that & can be extended
continuously at x by setting 2(x) = 0. Note moreover that property (2) holds for %
with respect to Z.

Now let Z be equal to ZU(Z(g)NV). We still have dim Z < dim V since g ¢
Z(V),and p being polynomial on X, properties (1) and (2) hold for f = pTJrh. O

The next lemma is crucial for the induction step in the proof of Theorem 4.21.

Lemma 4.24. Let 7 : X' — X denote the normalization morphism, and let p be
a prime ideal in P(X). Let f € K(X) be a rational function integral over P(X)
such that for any q € R-Cent P(X) included in p, the localization (f o )4 along q
of the polynomial function f o w on X' satisfies

(f om)q € P(X)q+ Rad“P(X'),.
Then there exist ¢ € P(X) \ p such that qf € R°(Cent X).

Proof. Consider the central part indet® (f) of the polar locus of f, namely

indetC (f) = Cent X N indet(f)~.

Denote by V1, ..., V; the irreducible components of indet® (f) which are central in
X,and set q; = Z(V;). Assume q; C p if and only if i </, with0 < r’ < r. For
any i > r’, choose g; € q; \ p and consider fi = f[[;,., qi.

Fori > r’, the function f] can be extended continuously along V; by imposing
the value zero (the rational function f is locally bounded on X).

Fori < r/,take Z; C V; given by Lemma 4.23 applied to fi, and set Z! =
Ui < Z;. Remark that dim Z I < dim indet® ( ).
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As a consequence:

(1) The rational function f] can be extended continuously along Cent X N(indetC ( N\

VASE
(2) The extension remains rational restricted to any irreducible subset of indet® f)
not included in Z!, and central in X.

We apply now the same construction to f; in place of f, and to Z! in place of
indet® (). We obtain likewise a polynomial function ¢ ¢ p vanishing of the irre-
ducible components of Z! central in X and not containing Z(p), and an algebraic
subset Z2 C Z! with dim Z% < dim Z! such that:

(1) The rational function f; = f1g> can be extended continuously along Cent X N
(Z'\ 7%);

(2) The extension remains rational restricted to any irreducible subset of Z! not
included in Z2, and central in X .

It remains to repeat finitely many times the construction to achieve the proof. [J

Proof of Theorem4.21. Let 7 : X’ — X be the normalization of X. Note that
(P(X )q)’ =PX ’)0l for any prime ideal q in P(X) since localization and normal-
ization commutes.

We aim to prove that the natural inclusion P(X%¢), C (P(X)p)™ is an equality.
Let ¢ belongs to the right-hand side, so that by definition

Vg € R-Cent P(X)p, ¢g € (P(X)p)g+Rad (P(X')p)g = P(X)q+Rad“P(X')q.

In other words, there exists a € P(X) \ p such that f = a¢ € K(X) is an integral
function verifying:

Vg € R-CentP(X), q Cp, (fom)ge P(X)q+ RadP(X'),.

By Lemma 4.24, there exists ¢ € P(X) \ p such that gf € R°(Cent X), meaning
that ¢ f is in P(X*) by Theorem 4.15. As a consequence f belongs to P(X®), as
required. O

5. Curves

The last section is devoted to centrally seminormal curves. In that situation, sev-
eral particular phenomena appear. First of all, as already mentioned, continuous
rational functions and hereditarily rational functions coincides on real curves, so
the w.-normalization and s.-normalization coincide. We will show moreover that
centrally seminormal curves are central. Nonetheless, the irreducible components
of a centrally seminormal curve are also centrally seminormal. We end the section
with a characterization of the singularities of centrally seminormal curves.

We are going to prove that a centrally seminormal curve is central. In partic-
ular, the seminormalization of any curve, relative to its central locus, becomes a
central curve.
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Proposition 5.1. A centrally seminormal curve is central.

Proof. Let X C R”" be a centrally seminormal curve. Assume X is not central, with
x € X anon-central point. Let Y — X be the finite birational morphism obtained
by normalizing the point x. The fiber of ¥ — X over x is empty and Cent Y is in
bijection with Cent X. This is in contradiction with the universal property of the
we-normalization (Theorem 4.8). ]

It may happen that an irreducible component of a seminormal complex alge-
braic set is not seminormal [13, Example 2.11] but never for a curve [13, Corol-
lary 2.9]. We prove a similar result for centrally seminormal real curves.

Proposition 5.2. Let X be areal algebraic curve. If X is centrally seminormal then
every irreducible component of X is centrally seminormal.

Notice that the converse of the statement of Proposition 5.2 is false, as illus-
trated by the example of three lines in the plane intersecting in a common point.

Proof of Proposition 5.2. Let X1, ..., X; be the irreducible components of X, with
t > 2. Note that X is central by Proposition 5.1 and that X is the union of the
central locus of its irreducible components, which intersect two-by-two in at most
finite of points.

Let f € P(X ‘INC), we see the function f both as a polynomial function on
X ‘INC or X/ and as a continuous rational function on Cent X which is integral over
P(X1). We complete f with polynomial functions p; € P(Xy) such that the ra-
tional continuous functions of the ¢-tuple (f, p2, ..., ps) € ICO(CentX 1) X -+ X
K%(Cent X;) coincide on the finite (if not empty) sets Cent X; N Cent X ; for all
i,je{l,...,t}. From Proposition 1.6, we see that (f, p2, ..., p;) induces a con-
tinuous rational function g € K°(Cent X), which is integral over P(X) because
g € P(X)) x---xP(X;) = P(X') (Proposition 1.1). Since X is centrally seminor-
mal then g is polynomial on X as a consequence of Proposition 4.4. By continuity,
it follows that f is polynomial on Cent X; and we conclude that X; is centrally
seminormal again by Proposition 4 4. O

To finish to characterize centrally seminormal curves, we are lead to determine
their singular points. In the case of seminormal complex curves, the singularities are
only ordinary k-fold points. We say that a point x of a complex algebraic curve X is
an ordinary k-fold point if x is a point of multiplicity k£ with & linearly independent
tangents. It other words, the singularity at x is analytically isomorphic to the union
of the k coordinate axes in Ck (see [15] for instance). Then by [7], a complex
algebraic curve X is seminormal if and only if the singularities of X are ordinary
k-fold points.

Coming back to a centrally seminormal real algebraic curve X, we know that
P(X) is a seminormal ring (in Traverso’s sense). As a consequence P(X¢) and
X are seminormal by [13, Corollary 5.7] and therefore the singularities of the
complexification X¢ are ordinary k-fold points.
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We will see below that when these complex singularities are moreover real,
and with an additional condition it gives a characterization of centrally seminormal
real curves.

Proposition 5.3. Let X be a real algebraic curve and ©’ : X' — X be the nor-
malization morphism. Then X is centrally seminormal if and only if the following
properties are satisfied:

(1) The singularities of X¢ are ordinary k-fold points;
(2) The singular points of X¢ are real;
(3) For any singular point in Xc, the fiber ﬂé:_l (x) is totally real.

Proof. Assume X is centrally seminormal. Then X is central by Proposition 5.1,
and (1) holds by seminormality of P(X) as explained above.

Assume X ¢ admits as singularities two complex conjugated points (which are
then non-real ordinary k-fold points). We normalize at these two points and we
get an algebraic curve Y such that the morphism ¥ — X is birational, finite, and
bijective since the real points are not impacted, but it is not an isomorphism (the
map Yo — Xc is not bijective). This is in contradiction with Proposition 4.12, so
we have proved (2).

Assume now there exists x € Sing(X) such that the n(./c_l (x), which contains
at least a real point by centrality of X, is not totally real. We normalize at the point
x and then we glue together the real points over x (as explained in [29]). We get a
real algebraic curve Y such that the morphism ¥ — X is birational, finite, bijective
but not an isomorphism since Y¢ — X is again not bijective. By Proposition 4.12
we get a contradiction and it proves (3).

Assume now the curve X satisfies the three properties of the proposition. Re-
mark that (3) implies that X is central. From (2) and (3), it follows that X is centrally
seminormal if and only if X is seminormal. Then (1) implies that X¢ is a seminor-
mal algebraic curve by [7]. As a consequence P(X¢) is seminormal, which implies
that P (X) is seminormal by [13, Corollary 5.7] as expected. ]

In the situation of Proposition 5.3, we say that the real curve admits only real
ordinary k-fold singularities.

We recover from Proposition 5.3 that the nodal curve Z (y2 —x%(x + 1) is
centrally seminormal, whereas the cuspidal curve Z(y?—x3) or the union Z (xy(x—
y)) of three lines in a plane are not centrally seminormal.

The notion of central seminormalization enables to initiate the classification of
central real algebraic sets up to finite birational homeomorphism (a finite birational
polynomial morphism which is an homeomorphism for the Euclidean topology),
by establishment of the classification in the case of curves. This classification can
be seen as a bridge between the topological study of (smooth) real algebraic sets,
personalized for curves by the first part of the famous Hilbert sixteen problem, and
birational geometry.
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Theorem 54. Let X C R" be a central algebraic curve. Then X is finitely bira-
tionally homeomorphic to a central algebraic curve with only real ordinary k-fold
points.

Proof. The finite birational model homeomorphic to X having only ordinary k-fold
real singularities is provided by its central seminormalization. O

A consequence of the classification is that a topologically smooth real algebraic
curve is finitely birationally homeomorphic to a nonsingular real algebraic curve. It
would be interesting to investigate further the surface case.

We end the paper with the promised example showing that there does not exist
in general a biggest algebraic set in finite birational bijection with a given algebraic
set, contrary to the situation in complex algebraic geometry.

Example 5.5. We are going to construct a curve X which does not admit a biggest
algebraic curve in finite birational bijection with itself. We produce X from a non-
singular real curve Y by contracting pairs of complex conjugated points. The key
point is to choose for Y a curve without non-trivial automorphism, like for instance
Y =P} \ {4 real points}.

The construction goes as follows. Let (P, P1) and (P», P>) be two distinct
pairs of conjugated points of Yc. Let ¥; be the nodal curve obtained from Y by
gluing together P; and P;, for i € {1,2}, and X be the curve obtained from Y by
gluing together the four points Py, Ps, Py, P,. The curves Y;, Y, and X are real
curves with a unique singular point which is an isolated real point, and Y is their

common normalization:
Y - Y, 1

Lo
YQ—)X.

Assume there exists a biggest element Z among the real algebraic curves with a
finite birational morphism onto X that is bijective in restriction to the real points.
Remark that Z has necessarily a unique singular point which is real and isolated.

By assumption on Z, there exist finite birational morphisms Z — Y; and
Z — Y3, and they induce bijections at the level of complex points. Moreover Y]
and Y, are seminormal (as complex curves) and thus the maps Z — Yy and Z — 1>
are automatically isomorphisms. We derive an isomorphism ¢ : Y1 — Y> which
necessarily maps the unique singular point of Y; onto the unique singular point
of Y2 .

We are going to lift ¢ to a non-trivial automorphism of Y, obtaining therefore
a contradiction. Denote by 71 : ¥ — Y| and mp : ¥ — Y3 the normalization
morphisms. Since ¢ o ] : ¥ — Y is finite and birational, there exists a finite
and birational morphism ¥ : ¥ — Y such that mp = ¢ o | o Y by the universal
property of the normalization of Y;. Note that ¥ ({ P2, P2}) = {P;, P}, so that
Y is non trivial. Moreover it is an automorphism, whose inverse is constructed
similarly by applying the universal property of the normalization of Y] to the map
o lom:Y = Y.



WEAK- AND SEMI-NORMALIZATION IN REAL ALGEBRAIC GEOMETRY 1557

References

(1]
(2]

(3]
(4]

(5]

(6]

(71

(8]
(9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

(18]
(19]

[20]

[21]

F. ACQUISTAPACE, F. BROGLIA and A. TOGNOLI, Sulla normalizzazione degli spazi
analitici reali, Boll. Un. Mat. Ital. (4) 12 (1975), 26-36.

C. ANDRADAS, L. BROCKER and J.M. Rul1z, “Constructible Sets in Real Geometry”,
Ergebnisse der Mathematik und ihrer Grenzgebiete (3), Vol. 33, Springer-Verlag, Berlin,
1996.

A. ANDREOTTI and E. BOMBIERI, Sugli omeomorfismi delle varieta algebriche, Ann.
Scuola Norm. Sup Pisa CI. Sci. (3) 23 (1969), 431-450.

A. ANDREOTTI and F. NORGUET, La convexité holomorphe dans I’espace analytique
des cycles d’une variété algébrique, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (3) 21 (1967),
31-82.

M. F. ATIYAH and I. G. MACDONALD, “Introduction to Commutative Algebra”, Trans-
lated from the 1987 French original, Revised by the authors. Ergebnisse der Mathe-
matik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], 36.
Springer-Verlag, Berlin, 1998.

J. BOCHNAK, M. COSTE and M ..-F. ROY, “Real Algebraic Geometry”, Translated from
the 1987 French original, Revised by the authors. Ergebnisse der Mathematik und ihrer
Grenzgebiete (3) [Results in Mathematics and Related Areas (3)], Vol. 36, Springer-
Verlag, Berlin, 1998.

E. BOMBIERI, Seminormalita e singolarita ordinarie, In: “Symposia Mathematica, Vol.
XI (Convegno di Algebra Commutativa, INDAM, Roma, Novembre 1971)”, Academic
Press, London, 1973, 205-210.

E. D. DAVIS, On the geometric interpretation of seminormality, Proc. Amer. Math. Soc.
(1) 68 (1978), 1-5.

L. VAN DEN DRIES, “Tame Topology and O-minimal Structures”, London Mathemat-
ical Society Lecture Note Series, Vol. 248, Cambridge University Press, Cambridge,
1998.

G. FicHOU, J. HUISMAN, F. MANGOLTE and J.-P. MONNIER, Fonctions régulues, J.
Reine Angew. Math. 718 (2016), 103-151.

G. FICHOU, J.-P. MONNIER and R. QUAREZ, Continuous functions on the plane reg-
ular after one blowing-up, Math. Z. 285 (2017), 287-323.

G. FICHOU, J.-P. MONNIER and R. QUAREZ, Integral closures in real algebraic ge-
ometry, J. Algebraic Geom. 3 (2021), 253-285.

S. GRECO and C. TRAVERSO, On seminormal schemes, Compos. Math. (3) 40 (1980),
325-365.

J. KOLLAR and S. KOVACS, “Singularities of the Minimal Model Program”, Cam-
bridge Tracts in Mathematics, Vol. 200, Cambridge University Press, Cambridge, 2013.
J. KOLLAR, Variants of normality for Noetherian schemes, Pure Appl. Math. Q. (1) 12
(2016), 1-31.

J. KOLLAR, W. KUCHARZ and K. KURDYKA, Curve-rational functions, Math. Ann.
370 (2018), 39-69.

J. KOLLAR and K. NOwWAK, Continuous rational functions on real and p-adic varieties,
Math. Z. 279 (2015), 85-97.

G. KREISEL, Review of Ershov, Zbl. 374 (1978), 02027.

W. KUCHARZ, Rational maps in real algebraic geometry, Adv. Geom. 9 (2009), 517—
539.

W. KUCHARZ and K. KURDYKA, Stratified-algebraic vector bundles, J. Reine Angew.
Math. 745 (2018), 105-154.

K. KURDYKA and A. PARUSINSKI, Arc-symmetric sets and arc-analytic mappings, In:
“Arc Spaces and Additive Invariants in Real Algebraic and Analytic Geometry”, Panor.
Syntheses. Soc. Math. France, Vol. 24,2007, 33-67.



1558

(22]
(23]

[24]

[25]
[26]
(27]
(28]
[29]
(30]
(31]
(32]

(33]

GOULWEN FICHOU, JEAN-PHILIPPE MONNIER AND RONAN QUAREZ

J. V. LEAHY and M. A. VITULLI, Seminormal rings and weakly normal varieties,
Nagoya Math. J. 82 (1981), 27-56.

F. MANGOLTE, “Variétés Algébriques Réelles”, Cours spécialisés, collection SMF,
Vol. 24,2017.

M. G. MARINARI and M. RAIMONDO, Integral morphisms and homeomorphisms of
affine k-varieties, In: “Commutative Algebra”, Lecture Notes Pure Appl. Math., Vol.
84, Marcel Dekker, New York, 1983, 183—-196.

H. MATSUMURA, “Commutative Algebra”, Cambridge Stud. Adv. Math., Vol. 8, Cam-
bridge University Press, Cambridge, 1989.

J.-P. MONNIER, Semi-algebraic geometry with rational continuous functions, Math.
Ann. 372 (2018), 1041-1080.

R. PALAIS, Some analogies of Hartogs’ theorem in an algebraic setting, Amer. J. Math.
100 (1978), 387-406.

M. RAIMONDO, On normalization of Nash varieties, Rend. Sem. Mat. Univ. Padova 73
(1985), 137-145.

J.-P. SERRE, “Groupes Algébriques et Corps de Classes”, deuxieme édition, Publi-
cations de I'Institut de Mathématique de 1’Université de Nacango No. VII, Actualités
Scientifiques et Industrielles, Vol. 1264, Paris, Hermann, 1975.

R. G. SWAN, On seminormality,J. Algebra 67 (1980), 210-229.

C. TRAVERSO, Seminormality and Picard group, Ann. Scuola Norm. Sup. Pisa CI. Sci.
(3) 24 (1970), 585-595.

M. A. VITULLI, Corrections to ”Seminormal rings and weakly normal varieties”,
Nagoya Math. J. 107 (1981), 27-56.

M. A. VITULLI, Weak normality and seminormality, In: “Commutative Algebra —
Noetherian and non-Noetherian Perspectives”, Springer, New York, 2011, 441-480.

Université Rennes, CNRS
IRMAR - UMR 6625

F-35000 Rennes, France
goulwen fichou@univ-rennes| .fr

LUNAM Université
LAREMA, Université d’ Angers
jean-philippe.monnier@univ-angers.fr

Univ Rennes

Campus de Beaulieu

35042 Rennes Cedex, France
ronan.quarez@univ-rennes| .fr



