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The rational sectional category of certain maps

JOSE GABRIEL CARRASQUEL-VERA

Abstract. We give a simple algebraic characterisation of the sectional category
of rational maps admitting a homotopy retraction. As a particular case we get the
Felix-Halperin theorem for the rational Lusternik-Schnirelmann category and we
prove the conjecture of Jessup-Murillo-Parent on rational topological complexity.
We also give a characterisation for relative categories in the sense of Doeraene-El
Haouari.

Mathematics Subject Classification (2010): 55M30 (primary); 55P62 (sec-
ondary).

1. Introduction

Throughout this work we consider all spaces to be of the homotopy type of simply
connected CW-complexes of finite type and we use the standard rational homotopy
techniques which are explained in the excellent text [13]. The sectional category
is an invariant of the homotopy type of maps introduced by Schwarz in [21]. If
f: X — Y is a continuous map, its sectional category is the smallest m for which
there are m + 1 local homotopy sections for f whose sources form an open cover
of Y. Its most studied particular case is the well-known Lusternik-Schnirelmann
(LS) category of a space X introduced in [18] as a lower bound for the number of
critical points on any smooth map defined on a smooth manifold X. Namely, the
LS category of a pointed space X, cat(X), is the sectional category of the base point
inclusion map, * < X.

A remarkable theorem of Félix-Halperin [12, Theorem 4.7] gives an algebraic
characterisation of the LS category of rational spaces in terms of their Sullivan
models. Explicitly, if X is a space modelled by (AV, d) and X is its rationalisation
(see [13,23]) then cat(X() is the smallest m for which the commutative differential
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graded algebra (cdga) projection

) AV —
Pom: (AV,d) — A>mV’d

admits a homotopy retraction, that is, a strict retraction for a relative Sullivan model
for o, .

Let f: X — Y be a map such that its rationalisation fy admits a homo-
topy retraction r. Then, through standard rational homotopy techniques f can be
modelled by a retraction ¢: (B ® AW, D) — (B, d) of a relative Sullivan alge-
bra (B,d) — (B ® AW, D) modeling r. For simplicity in the notation, write
¢: A — B and call it from now on an s-model of f.

Theorem 1.1. The sectional category of the rationalisation of f, secat( foy), is the
smallest m for which the cdga projection

A A
_- -
(ker )m+1

admits a homotopy retraction.

Observe that, choosing ¢: (AV,d) — Q, this theorem reduces to the Félix-
Halperin theorem for rational LS-category. On the other hand, it also generalises the
Murillo-Jessup-Parent conjecture on rational topological complexity [16]. Indeed,
in his famous paper [9] M. Farber introduced the concept of topological complexity
of a space X, TC(X), which can be seen as the sectional category of the diago-
nal map A: X — X x X. This invariant is used to estimate the motion planning
complexity of a mechanical system and also has applications to other fields of math-
ematics [10]. As a direct generalisation of this invariant, Rudyak introduced in [20]
the concept of higher topological n-complexity of a space, TC,, (X), as the sectional
category of the n-diagonal map A,: X — X". Several explicit computations of
topological complexity of rational spaces have been performed in [2,15-17]. In-
spired by the Félix-Halperin theorem, Jessup, Murillo and Parent, conjectured that
TC(Xp) is the smallest m such that the projection

AVRAV —
(AV®AV,d) — <W d)

admits a homotopy retraction, where K denotes the kernel of the multiplication
morphism py: AV® AV — AV.

Theorem 1.1 applied to higher topological complexity is a bit more general
than the Murillo-Jessup-Parent conjecture. Namely, if A is any cdga model for
a space X, then A, admits an s-model of the form ¢ = (Ida,n,....,n7): A ®

(AV)®"~1 . A where n: AV —=» Ais a Sullivan model for A. From Theorem
1.1 we immediately deduce:
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Theorem 1.2. Let X be a topological space. Then TC,,(Xq) is the smallest m such
that the projection

AQ (AV)®n]
AR (AV)®”*1 N L
(ker (p)m-i-l

admits a homotopy retraction.

We remark that, since secat( fp) < secat(f) [2], we get algebraic lower bounds
for integral sectional category which are better than nilker f*. Some of the ideas
in this paper come from [4].

ACKNOWLEDGEMENTS. The author is grateful to the referee for his or her helpful
remarks.

2. Fibrewise pointed cdgas and relative nilpotency

In this section we develop some technical tools that will be needed later on. Let
C be a J-category in the sense of Doeraene [5,6] or a closed model category in
the sense of Quillen [19] and fix an object B of C. Consider the fibrewise pointed
category over B [1, page 30], denoted by C(B), whose objects are factorisations of

Idg, B Sxox PX B, and whose morphism are morphisms inC, f: X — Y, such
that f o sy = sy and py o f = px. Such a morphism is said to be a fibration (—),
cofibration (—) or weak equivalence (i>) if the underlying morphism f is such in
C. With these definitions C(B) is also either a J-category or a closed model category
(note that this structure is not the same as that of [14]). We denote by [X, Y]p the
homotopy classes of morphism in C(B) from the fibrant-cofibrant object X into Y.

Now, and for the rest of the paper, we particularise on C = cdga. Remark
that the fibrant-cofibrant objects of edga(B) are precisely the relative Sullivan al-
gebras (B @ AW, D) with the natural inclusion B < (B ® AW, D) and endowed
with a given retraction. In this context, the general property [19] by which weak
equivalences induce bijections on homotopy classes reads:

Lemma 2.1. Suppose 0: A — C is a quasi-isomorphism in cdga(B) and
(B ® AV, D) a fibrant-cofibrant object of cdga(B), then composition with 6 in-
duces a bijection 0y: [BQ AV, Alp — [B® AV, C]p.

Definition 2.2. Let A € cdga(B), its relative nilpotency index, nilg(A), is the
nilpotency index nil ker p 4 of the ideal ker p 4.

The following lemma is crucial. It tells us that we can control the relative
nilpotency index of certain homotopy pullbacks of cdga(B).
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Lemma23. Leti: C — (C ® AV, D) be a cofibration in cdga(B) such that
D(V) C (ker pc) ® (C ® ATV) and pcgav (V) = 0. Then there is an object
N € cdga(B) weakly equivalent to the homotopy pullback of i and scgav for
which nilp N =nilp C + 1.

h
Proof. In edga(B), factor scgay as B L s ® AV where
S=B®(CRAV®At(td)),

in which ¢ has degree 0, b(cQVRE) = sc(b)c®vRE,and h(cRQVR1t) = cQv. As
C ® AV ® AT (¢, dt) is acyclic, o is a quasi-isomorphism and thus, the homotopy
pullback of i and scga v is the pullback

M C

|

ST»C@AV

of i and h. This is in fact a pullback in edga(B) by choosing py = pc o h
and spy = («, sc¢). To finish, we will construct an object N of cdga(B) weakly
equivalent to M’ with nilg N = nilg C + 1.

Write K. = kere where €: AT (¢,dt) — Q is the augmentation sending  to
1, and consider the cdga(B) isomorphism

N M —> M,
in which:
M=B®(C®AT(t,d))®(COATV®K.),
smb) =0, pub)=>b, puc®E) =pc)el), pulc®vw) =0,
nb) = (b,sc®d), ncRE) = (cRIRE, ce(§)), n(c@VBw)= (cRVw,0),
withb € B,c e C,& e AT(t,dt),ve Vandw € K.
Next, write C = ker pc @ R and consider
N=B® (kerpc ® AT (1,d1)) ® (kerpc ATV @ Kc) & (RQ ATV ® dt)

which, since D(V) C (ker pc) ® (C ® ATV), is a sub edga(B) of M. More-

over, the inclusion N < M is a weak equivalence in cdga(B) as the subcom-

plexes (ker pc ® AT (t,dr)) @ (ker pc ® ATV ® K¢) and (C @ AT(r,d1)) @

(ker PcOATV ® KG) are quasi-isomorphic and the inclusion of quotient com-

plexes B® (R® ATV ®@dt) — B® (R® ATV ® K.) is a quasi-isomorphism.
Finally, we have that

ker py = (kerpc ® AT, dt)) ® (kerpc QATV ® KG) ® (R QATV ® dt) ,

and thus, a non-trivial product of maximal length in this ideal is given by z(1 ® v ®
dt) where z is a non-trivial product of maximal length in ker pc ® A (¢). This
proves that nilg N = nilpC + 1. O
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3. The main result

Let f: X — Y be a continuous map. Recall from [1,3,11] that, by iterated joins,
one can construct an m-Ganea map for f, G, (f), fitting into a commutative dia-

/\

PPN —g Gm(f)

and that secat(f) < m if and only if G,,(f) admits a homotopy section. Also, if
¢: A — B is a surjective model for f, then Diagram (3.1) can be modelled by a
diagram

3.1

A—>Cm

N

where k, models G,,(f) and can be constructed inductively by taking the homo-
topy pullback of the induced maps by the homotopy pushout of ¢ and any model,
g: A — D,of G,,—1(f). Standard arguments show that secat( fo) < m if and only
if k;, admits a homotopy retraction. One can extend this to:

Definition 3.1. Let f: X — Y be a continuous map. Then:

(i) msecat(f) < m if and only if «,, admits a homotopy retraction as A-module;
(i) Hsecat(f) < m if and only if «,, is homology injective.

We now give the key model for the m-Ganea map G, (f):

Proposition 3.2. Let f be a map such that fy admits a homotopy retraction and let
¢: A — B be an s-model for f. Then there is a model X\, for G, (f) which is a

morphism in cdga(B),
B
SN
Am
A - Cm
B 9

Proof. We will proceed by induction. For m = 0 the assertion holds since pg =
Idp. Suppose A,,—1 exists. Since ¢ is surjective, one can take a relative Sullivan
model for ¢, 6: (A® AV, D) — B, such that D(V) C (kerg) & (A ® A+V)
and 6(V) = 0. Now take the homotopy pushout

with nilg C,,, = m.
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and factor A,—1 ®Idasgow withg: E — Cp,,—1 ® AV a surjective cdga morphism
and w: AQ AV — E aweak equivalence. Then the pullback’s universal property

Am—1

T —">Cpi

|

E T>> Cm—l AV,

gives a model g for G, (f) which can be seen as a morphism in cdga(B) by taking
pPr = Pm—10q and st = gos. Now,define 8 =iosy_1: B— Cp,—1 ® AV and
consider the factorisation of 8 = ¢ o (w o j o s) as a quasi-isomorphism followed
by a fibration. On the other hand, consider also the factorisation of 8 = h o & as in
the proof of Lemma 2.3. Applying [6, Lemma 1.8] to previous factorisations and
the following commutative square in cdga(B),

Sm—1
—m>Cm—1

B
Idgl Ii
B

we get quasi-isomorphisms M’ < o —> T. Now, applying Lemma 2.3 to
Cn-1— Cpu1 ® AV, with sc,_,oav = B and pc, ,@av = (0, pn—1) We get
an object C,, of edga(B), with nilg C,, = m, which is weakly equivalent M. Ob-
serve that we cannot use the pullback’s universal property to get a model of G, (f)
because, in general, 8 o ¢ does not coincide with 7 o A,,—1. We get then a diagram
in cdga(B)
ALoT<E e Zs y<=—C,.

Since A is a fibrant-cofibrant object of cdga(B), we can apply Lemma 2.1 to get a
model for G,,,(f) in edga(B), A,: A — Cp,, withnilg C,,, = m. O
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Given ¢: A — B a surjective cdga morphism, consider, for each m > 0, the
cdga projection
A

o\ _
Prm - (ker )+

Then Theorem 1.1 is just statement (i) in the following:

Theorem 3.3. Let ¢: A — B be an s-model for a map f such that fo admits a
homotopy retraction. Then:

(i) secat(fo) is the smallest m for which p,, admits a homotopy retraction;
(i) msecat( fo) is the smallest m for which p,, admits a homotopy retraction as
A-module;
(iii) Hsecat(f) is the smallest m such that H (py,) is injective.

Proof. Take from Proposition 3.2 a morphism of edga(B), A,,: A — C,,, mod-
elling G, (f) withnilg C,, = m. Since X, ((ker @)™t =0 we get a commutative

diagram
Pm l i Pm
Am

(ker (p)m+] ? B

and the result follows by standard rational homotopy techniques and [2, Proposition
12]. O

Observe that [2, Example 10] shows that the hypothesis s is a cofibration is
necessary.

In [22] D. Stanley gives an example of a map f for which fy does not admit a
homotopy retraction and msecat( ) < secat(fp). Here we state:

Conjecture 34. If f is a map and fp admits a homotopy retraction, then
msecat( ) = secat( fp).

Concerning the rational topological complexity of a given space X and, with the
notation in Theorem 1.2, we may define mTC(X) as the smallest integer m for
which the projection

AQAV

AQAV —» 221
OAV = Gergyrtl

admits a homotopy retraction as A ® A'V-module. Then Theorem 3.3 (ii) combined
with [16, Theorem 1.6] gives the Ganea conjecture for mTC.

Theorem 3.5. Given any space X then mTC(X x §") = mTC(X) + mTC(S").
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We finish by presenting, via Theorem 3.3, an algebraic description of the ra-
tional relative category. Recall [7] that the relative category, relcatf, of a map f
is the smallest m for which G, (f) of Diagram (3.1) admits a homotopy section s
such that s o f >~ (. Also, in [7], Doeraene and El Haouari proved that secat( f)
and relcat(f) differ at most by one and conjectured in [8] that they agree on maps
admitting a homotopy retraction. Consider then such amap f and ¢: A — B and
s-model for f. This gives a diagram

(A® AZy, D)
9"1

m A
(ker ¢)m+1

T
) /

where i,, is a relative Sullivan model for o, .

im
A/ P
\
B

Theorem 3.6. With the previous notation, relcat( fy) is the smallest m such that iy,
admits a retraction r verifying ¢ or >~ @ o 0y, rel A.

Proof. Consider the commutative diagram in the proof of Theorem 3.3, where p,,
is a model for ¢ in Diagram (3.1). Taking j, a relative model of A,, and applying
Lemma 2.1 we get a diagram in cdga(B)

(AQ AZ,,, D)
A r (A® AWy, D).

If j,, admits a retraction r’ such that ¢ or’ >~ p,, rel A then i,, admits a retraction
r:=r'owsuchthatpor =gor’ ow >~ p, ow =@ o6, rel A. O
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