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Renormalized volume on the Teichmiiller space
of punctured surfaces

COLIN GUILLARMOU, SERGIU MOROIANU AND FREDERIC ROCHON

Abstract. We define and study the renormalized volume for geometrically finite
hyperbolic 3-manifolds, including those with rank-1 cusps. We prove a varia-
tion formula, and show that for certain families of convex co-compact hyperbolic
metrics ge degenerating to a geometrically finite hyperbolic metric gg with rank-
1 cusps, the renormalized volume converges to the renormalized volume of the
limiting metric.

Mathematics Subject Classification (2010): 51M10 (primary); 53A30, 58J32
(secondary).

1. Introduction

The renormalized volume is a geometric quantity for certain infinite-volume hyper-
bolic 3-dimensional manifolds, namely those which are convex co-compact. Such a
manifold X can be compactified into a smooth compact manifold with boundary X
in such a way that its metric g has the following property: for any smooth function
p € C%(X) which is a boundary defining function (i.e., p > 0, p~1(0) = aX
and dp|,% does not vanish), p2g extends to a smooth metric on X. This induces a
natural conformal class on the boundary M := X by picking the conformal class
[h] of h = (pg)|rm. We call (M, [h]) the conformal boundary of X. We say
that a boundary defining function p is a geodesic boundary defining function in X
if |dlog(p)|g = 1 near the boundary M. Notice that such a function induces an
equidistant foliation near M, given by the level sets of p. It turns out that there is
a one-to-one correspondence i = e2*h € [h] — p between geodesic boundary
defining functions (or equivalently, equidistant foliations) near M and the elements
of the conformal class [i] on M, where p solves the Hamilton-Jacobi equation
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near M R
dp

= (P2Q)|rm = h. (1.1)

The renormalized volume of (X, g) is the function on [/] defined by
Volg(X, g; h) = FPZ:o/ p*dvol,
X

where p is any smooth positive extension to X of the function solving (1.1) and
FP,—¢ denotes the finite part (or regular value) at z = 0 of a meromorphic function
in the variable z € C. In a way, this definition has similarities with the renormal-
ization used to define the determinant of the Laplacian on a compact manifold. In
fact, the functional ¢ — Volr (X, g; ez“’h) varies in the same exact way as do the
Liouville functional and the logarithm of the determinant of the Laplacian viewed
as functionals on [#]. Among metrics in the conformal class [4] of constant volume
27| x (M)], it is maximized at the hyperbolic metric h"P € [h], and we define the
renormalized volume of (X, g) by

Volg(X, g) := Volg(X, g; h™P).

We remark that the renormalized volume could equivalently be defined by

Volr (X, g; fz) = ap, where qag is defined by the asymptotic expansion (for some
ajeR)ase - 0

/ dvol, = are "% + ay log(e) + ag + O(e).
p=e

In this setting, the first general study was done by Krasnov-Schlenker [18], although
earlier works of Takhtajan-Teo [28] considered this quantity, and for more gen-
eral Poincaré-Einstein manifolds the renormalized volume appeared even earlier
in works of Henningson-Skenderis [15] and Graham [11] in AdS/CFT correspon-
dence.

When defined in this way, the renormalized volume has many interesting prop-
erties:

e the renormalized volume is a Kéhler potential for the Weil-Peterson metric on
the Teichmiiller space of the conformal boundary, when viewed as a function on
the deformation space of convex co-compact hyperbolic 3-manifolds. This was
proved by Takhtajan-Teo [28] for a class of Kleinian convex co-compact groups,
by Krasnov-Schlenker [18] for quasi-Fuchsian manifolds and by Guillarmou-
Moroianu [13] for all geometrically finite hyperbolic 3-manifolds without cusps
of rank 1;

e Volg(X, g) can be compared to the volume of the convex core Vol(C (X)) by

Vol(C (X)) — 10x (M) < Volg(X, g) < Vol(C(X)).
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This inequality is proved by Schlenker [27] for quasi-Fuchsian manifolds, and
extended by Bridgeman-Canary [4] to convex co-compact 3-manifolds with in-
compressible boundary;

e Schlenker [27] proves that for quasi-Fuchsian manifolds, Volg (X, g) is com-
parable to the Weil-Petersson distance between the two connected components
(M, hy) of the conformal boundary. Namely he shows that

Volg(X, 8) < 3v/27 x (X)dwe (hy, h-), (1.2)

improving a weaker inequality due to Brock [5]. Moreover, using [5], Schlenker
obtains that there exists some kj, k» > 0 such that

kidwp(hy, h_) —ky < Volg(X, g).

These inequalities have interesting implications about the geometry of hyper-
bolic 3-manifolds fibering over the circle, cf. [17], [6];

e Ciobotaru-Moroianu [8] prove that for almost-Fuchsian manifolds, the renor-
malized volume is positive except at the Fuchsian locus where it vanishes';

e Moroianu [25] proves that the renormalized volume has a critical point on the
deformation space of convex co-compact 3-manifolds if the convex core has
smooth totally geodesic boundary, and the Hessian of Vol is positive definite
there. Another proof appeared recently in [30].

Like in the estimate (1.2), it is of interest to understand the properties of Volg on
the deformation space of convex co-compact hyperbolic 3-manifolds with a given
topology. For example, (1.2) shows that Volr does not explode as one approaches
the boundary of the Teichmiiller space viewed as a Bers slice in the quasi-Fuchsian
space.

The first goal of this work is to define the renormalized volume for geomet-
rically finite hyperbolic 3-manifolds, focusing on the rank-1 cusps. Contrary to
the convex co-compact setting, the existence of equidistant foliations via geodesic
boundary defining functions turns out to be quite tricky in the case of rank-1 cusps.
A geometrically finite hyperbolic manifold (X, g) = I'\H? with rank-1 cusps is
the interior of a smooth non-compact manifold X = I'\(H> U Qr) with bound-
ary, where Qr C S? is the discontinuity set of the Kleinian group I' C PSL(C).
The smooth manifold with boundary X has a non-compact boundary M = T'\Qr
equipped with a conformal class [/#] induced from the hyperbolic metric g. On this
conformal boundary (M, [k]), we show in Proposition 2.3 that there exists a unique
complete hyperbolic metric 2"YP € [A] with finite volume and cusps.

Theorem 1.1. Let (X, g) be a geometrically finite hyperbolic 3-manifold with rank-
1 cusps, let (M, [h]) be its conformal boundary and let h"™P be the complete hy-
perbolic metric with finite volume in the conformal class [h]. Then there exists a

! The normalization to make it 0 at the Fuchsian locus is actually to choose the metric in the
conformal boundary to have Gaussian curvature —4. The same normalization is used in [18]
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non-negative smooth boundary defining function p on X such that p>g|ry = h™P
and, outside a finite volume region V C X, |dlog(p)|; = 1. The function z —
/ X\ p*dvol, admits a meromorphic extension from Re(z) > 2 to a neighborhood

of z=0.

We define the renormalized volume by

Volr (X, g) := Vol,(V) + FPZ:()/ pdvolg.
X\V

In fact, in Proposition 2.4, we show a stronger statement: we prove that for each
conformal representative in [A#] with certain asymptotic properties near the cusp,
there is an associated geodesic boundary defining function and an equidistant folia-
tion, allowing to view Volg as a function on [/] like in the convex co-compact case.
In Proposition 7.1, we show a variation formula similar to that of the determinant
of the Laplacian [2, Theorem 2.9] or the Liouville functional:

1
Vol (X. g: €M) = Volg (X, g: i™P) - £ / (196120 — 20 ) dvolynp.
M

There is a diffeomorphism ¥ : [0, &), x M — X \ V such that ¥*p = x, and the
metric has a finite expansion in powers of x:

dx? + ho + x%2hy + x*hy

Vg (1.3)

where the coefficients hg, hy and h4 are symmetric tensors on M and such that
ho = h"P, hg = hy — %hhyp is trace-free and divergence-free with respect to
AP and hy = }ho(A%.,-) if A is the endomorphism defined by hy = ho(A-, -).
The tensor hg can thus be identified to a cotangent vector to the Teichmiiller space
T (M) of M at the metric hg = A™P and the pair (o, hg) € T*T (M) characterizes
uniquely g. We call hg the second fundamental form of g at M .

Theorem 1.2. For t € (—1,1), let (X, g") be a smooth family of geometrically
finite hyperbolic metrics with cusps of rank 1 and let h' be the unique finite volume
hyperbolic representative of the conformal boundary of (X, g'). Then,

3,Volg (X, g')|,_, = _% /M (i hg>h dvoly,

with h = 8,h'|;—o, h = h'|;—o, and hg is the second fundamental form of g = g'|;—0
at M.

The equivalent result was shown by Krasnov-Schlenker [18] (see also [13] for
another proof) in the convex co-compact setting. This implies, using a theorem
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of Marden [20], that the deformation space of a geometrically finite hyperbolic 3-
manifold (X, g) with rank-1 cusps can be viewed as a Lagrangian submanifold H C
T*T (M), the graph of the exact 1-form on 7 (M) given by the exterior differential
of the renormalized volume functional Volg (X, -) : 7 (M) — R. Equivalently, the
restriction to H of the Liouville 1-form on T*7 (M) is exact, and a primitive is
given by Volg (X, -) if we identify H with 7 (M) by the canonical projection; we
refer to [13] for details in the convex co-compact setting.

Ahlfors-Bers simultaneous uniformisation theorem shows that if (M, h_) and
(M, h) are two hyperbolic surfaces of finite volume with n cusps, there exists a
unique (up to diffeomorphism) complete hyperbolic metric g(;_ 5. ) on the cylinder
X := R, x M, which is realized as a quotient "'\ H?> for some quasi-Fuchsian
group I' C PSL,(C) and the obtained manifold is geometrically finite with cusps of
rank-1. The quasi-Fuchsian space is the deformation space of such quasi-Fuchsian
groups and it identifies to 7 (M) x T (M) where T (M) is the Teichmiiller space
of M. Fixing h_, the map h4 — g_ 5, provides an embedding of 7 (M) into
the quasi-Fuchsian deformation space and we view the renormalized volume as a
function on 7 (M): hy — Volg(X, &(h_,ny))- We extend to the case with punctures
the result proved in the convex co-compact case by Takhtajan-Teo [28], and later
by Krasnov-Schlenker [18], Guillarmou-Moroianu [13].

Theorem 1.3. Set h_ = hg € T (M), the map Vi, : hy > VOIg(X, &(no.hy)) IS

a Kdbhler potential for Weil-Petersson metric on T (M); more precisely 39 Vi =

%a)wp where wwp is the Weil-Petersson symplectic form.

Notice that the same result was proved independently by Park-Takhtajan-Teo [29].
Our last result consists in analyzing the renormalized volume of families of

convex co-compact hyperbolic 3-manifolds degenerating to a geometrically finite

manifold with rank-1 cusps. We define precisely an admissible degeneration of
convex co-compact metrics in Definition 6.1, but essentially such a family of metrics

(gc)e=o on X cozesponds to having a disjoint union H = Uj': (Hj of ji simple
curves in M = 9X such that:
(1) outside a uniform neighborhood U of H, p*g, converges smoothly to a metric

on X \ U if p is a fixed boundary defining function of 3 X;
(2) in U near H;, the metric g, is isometric to a certain region of (yje)\IHI3 where

yj‘? € PSL,(C) is a loxodromic element converging as ¢ — 0 to a parabolic
element y; in such a way that o;(¢)/£ () converges , where £;(¢g) and o (¢)
are respectively the translation length and the holonomy angle of yf G.e., yf is
conjugated to z > ¢“@Fi@j(®) 7).

Our last theorem is:

Theorem 1.4. Assume g. is an admissible degeneration of convex co-compact hy-

perbolic metrics on X, in the sense of Definition 6.1, to a geometrically finite hy-
perbolic metric go with rank-1 cusps on X. Then

lirr(l) Vol(X, g¢) = Volg (X, go)-
g—>
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Figure 1.1. We consider a case when the curve H is being pinched in the boundary M.
The equidistant foliation is represented by the dotted lines. The first picture corresponds
to the convex co-compact case and the second picture is the hyperbolic 3-manifold with
arank-1 cusp. The dark regions are the convex cores.

We show in Proposition 6.2 that such admissible degenerations happen for instance
on the boundary of the classical Schottky space. In [4, Theorem 1.3], Bridgeman
and Canary show that in other asymptotic regime (when the radius of injectivity of
the hyperbolic metric in the domain of discontinuity is going to 0), the renormalized
volume tends to —oo.

ACKNOWLEDGEMENTS. We thank R. Canary and J.-M. Schlenker for helpful dis-
cussions.

2. Renormalized volume for geometrically finite hyperbolic 3-manifolds

2.1. Geometrically finite hyperbolic 3-manifolds

In this section we recall the geometry of geometrically finite hyperbolic manifolds
of dimension 3. For more details, we refer to the paper of Bowditch [3] (see also
[22, Mazzeo-Phillips] or [12, Guillarmou-Mazzeo]). A manifold X of dimension
3 is said to be geometrically finite hyperbolic if it can be realized as a quotient
X = 1”\]1-]13 by a Kleinian group I' € PSL,(C) ~ PSO(3, 1), so that its action on
H? has a fundamental domain with finitely many side. In higher dimension, this
definition is not very natural and the correct one is given by Bowditc; however we
shall restrict here to the 3-dimensional case. If we view H? as the open unit ball in
IR3, it can be naturally compactified into the closed unit ball H3 = H3 U S?, and
elements of PSL,(C) acts on H3. We say that X has cusps if I" contains parabolic
elements in PSL,(C), i.e., elements which fix only one point in the closed unit ball
H3. If for each point p € S? fixed by a parabolic transformation yp € I', the
subgroup I', C T fixing p is the cyclic group generated by the element y,,, then
we say that X has only cusps of rank 1, and we will make this assumption for what
follows.?

2 Cusps of rank 2 are trivial to deal with for what concerns renormalized volume questions, since
they generate ends with finite volume in X.
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We view H? as the unit ball in R*. We can add to X a conformal boundary by
defining

X :=IN\HUQ)

where Q@ C §? is the domain of discontinuity of the group I', i.e., the complement
in §2 of the limit set Ar consisting of accumulation points in the closed unit ball
of the orbit of any given point m € H?>. The manifold X is a smooth manifold with
boundary and its boundary

M :=T\Q=0X

is a union of smooth Riemann surfaces, which has cusps if and only if I" has rank-
1 cusps. It inherits a conformal class which is defined to be the conformal class
of p?g|rm where g is the hyperbolic metric on X and p is any smooth boundary
defining function in X (i.e., p > 0, M = {p = 0} and dp|ys never vanishes on M).
Note that X is not compact if I" has cusps.

The important geometric fact that we shall use is the following: there exists a
compact set K C X such that X \ K = U‘Jl.lzll/l]‘f where Z/{jc. are disjoint open sets of
X, called cusp neighbourhoods, so that g on Z/{]‘f N X is isometric through a map ¢
to

{@=y+ixw e B x (R/AZ); 1ol = R},
dx?* + dy?> + dw?
X2

(2.1)

with metric g =

for some R; > 0; here H? = {z € C; Im(z) > 0} is viewed as the upper half plane.
We shall therefore identify Z/l]‘f with the region in (2.1). Here jj is the number of

rank-1 cusps. The compact K in X decomposes further into X = Ko U " where
Ko is compact in X and U" is a compact set of X such that the hyperbolic metric g
in the interior of " near M is of the form g = g/p? where p is a smooth boundary
defining function of M and g is a smooth metric on /C. The boundary M is a non
compact Riemann surface with 2 j; cusps, and M equipped with the conformal class
[,02g|T m] is called the conformal boundary of X. Notice that, using an inversion
(v +iu) = —1/(y + ix) in the H? factor of (2.1), the neighborhood LIJC. N X with
metric g is also isometric to

{(z — vt iu, w) € H? x (R/%Z); Iz < R;‘},
du® + dv? + u? + v?»)2dw?
. .
u

(2.2)

with metric g =

Using this model for I/{]C. , we see that we can compactify X into a compact smooth
manifold with boundary, denoted X, by compactifying the open set (2.2) to

{(z =v+iu,w)e H2 x <R/%Z); lz| < Rj—l} (2.3)
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if H2 is the closed upper half-plane of C, and with the smooth structure given by
the smooth structure on H? x (R/ %Z). This compactification amounts to adding a
circle at each cusp of X, and clearly the interior of X is X and X is an open set in

X. We denote by H; each of these circles defined by {u = v = 0} in (2.3), and let
N .
H:=U_ H,. B
There is another natural compactification of X (and X) that arises, which cor-
responds to the real blow-up of H in 0X in X, which we denote by X.. This is a

smooth manifold with corners of codimension 2 defined as follows: by taking the
representation (2.2) of Z/{;, we see that this has closure in X diffeomorphic to

{(u, v,w) e Ry xR x (R/%Z) cu? 4 0? < R;z}
and to define X ., we replace this chart by the chart
{(r,@, w) € [0, Rj_l) X [—%, %] X <R/%Z)}

where r := v/u? + v? and 6 := arctan .. This corresponds to a real blow-up (de-
noted X, = [X; H] in [23, Chapter 5]) of the submanifold {(u«, v, w) € US;u =

v = 0}, which is a circle. In this way, the manifold with corners X . has two bound-
ary hypersurfaces. One, given by 6 = &7, is denoted M and is a compactification
of M to a smooth surface with boundary, while the other, the cusp face, denoted cf,
is given by r = 0 and is diffeomorphic to a cylinder [-7, F1g x (R/ %Z)w if there
is only one cusp of rank 1. More generally, the connected components of cf are in
one-to-one correspondence with the cusps of rank 1 of X with each connected com-
ponent diffeomorphic to [—%, %]9 x (R/ %Z)w. We will use this extended space

X, to 'describe the analytic structure of the geodesic boundary defining function of
M in X near the cusps, which allows us to define the renormalized volume in that
setting. To summarize, we have the following manifolds and inclusions

IX=MCM, XCcXcX, XcXcX.=[XH].

2.2. Renormalized volume in the convex co-compact case

A geometrically finite hyperbolic 3-manifold X = I'\H? with no cusps is called
convex co-compact. Such a manifold X can be decomposed as X = K U where
K C X is a compact region with smooth boundary and I/ is isometric to

dp* + h((d + 3p?A)?-, )
02
where M = I'\Q2 is a compact surface (not necessarily connected), 4 is a metric

on M, A is a symmetric endomorphism of 7'M satisfying the trace and divergence
properties

M x (0, 68),, with metric g =

2.4)

Tr(A) = —4Scaly,  8,(A) = 1d Scaly, 2.5)
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Figure 2.1. The manifold with corners X, (the circle variable w is not represented).
The region V has finite volume and appears in the statement of Proposition 2.4. It cor-
responds to the region where the geodesic boundary defining function is well-defined.

see [10, Theorem 7.4] or [18] for details. The product form (2.4) will also be written

dp® + ho + phy + p*hy
8= 2

Il
with hg = h, ho(-,-) = h(A-,-) and h4(-,-) = }th(Az-, -). The manifold M
is compact and, when equipped with the conformal class [,ongT m] = [h], is the
conformal boundary of X. As above, X can be compactified smoothly into X with
boundary 3X = M and p, viewed as a function on X \ X, is a smooth boundary
defining function. The function p in U/ so that the metric has the form (2.4) is not

unique and is characterized by the property
dp

0

=1 in U, and (,ozg)|TM =h.
g

In fact, for each metric h conformal to h, there is a unique function o near X
satisfying |dp/plg = 1 and ﬁ2g|ﬁ=0 = h, and we call p the geodesic boundary
defining function associated to the conformal representative h. We justrecall briefly
the argument of Graham [11], as it will be useful later for the cusp case: take p a
boundary defining function of X, then the structure of the hyperbolic metric on H?3
near its boundary implies that g = p®g is smooth up to dX and |dp/p| ¢ 1s smooth
on X and equal to 1 at X (that follows from the fact that g has curvature —1 in U,
see [21]). Then writing & := (p2g)|rm and p = pe® the equation ldp/plg =1
with the condition 5%g| 9 = h = ¢*h for some ¢ € C®(M) is equivalent to the
equation
2{dw, dp); + ,0|da)|g = % with boundary condition w|,v = ¢
’ 8 g ’ X .
This is a non-characteristic Hamilton-Jacobi equation with smooth coefficients
which can be solved near the boundary by the method of characteristics and the
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solution is unique. We then extend p smoothly outside this neighborhood as a posi-
tive function in any fashion. The form of the metric g in the collar neighborhood of
M = 3X induced by the gradient flow of 5 with respect to the metric p2g is of the
form g = (dp? + h(p))/p* for some one-parameter smooth family h(p) of metrics
on M parametrized by p, and the constant sectional curvature —1 implies the form
(2.4) with (2.5) (using Gauss and Codazzi constraint equations).

If p is a geodesic boundary defining function near 3 X associated to a conformal
representative i € [h], extended smoothly as a positive function on X, then the form
(2.4) of the metric in ¢/ implies that the Riemannian volume measure in I/ has the
form p’3dvolg = G(p)dp dvol;, for some smooth function G € C*°([0, §)). It is
direct to see (see [1,14] for details) that

H(z) ::/ p*dvol,
X

has a meromorphic extension from {z € C; Re(z) > 2} to C, with a simple pole at
z = 0 and the value of the finite part of H(z) at z = 0 is independent of the value
of p in any fixed compact set L C X: in fact

FP,—0H(z) = <FPZ:0/ pzdvolg> + Vol (K).
X

\K

We define the renormalized volume of X with respect to the conformal representa-
tive h € [h] as

Volg(X, h) = FPZZO/ pdvoly.
X

As a function on the set of metrics in the conformal class [/] with volume 27 x (3 X),
the functional Volg (X, /) has a unique maximum at 4 = h"™P, the unique hyper-
bolic metric in the conformal class, see for instance [14, Proposition 3.1].

Definition 2.1. Let X be a convex co-compact hyperbolic 3-manifold with confor-
mal boundary (M, [h]) a Riemann surface admitting a hyperbolic metric, i.e., M
does not contain genus-1 connected components. Let 2P e [/] be the unique hy-
perbolic representative in the conformal class [4], and let p be the geodesic bound-
ary defining function associated to h/™P, defined uniquely near M and extended
smoothly as a positive function in X. The renormalized volume of X is defined to
be

Volg(X) := FP,_q / pidvoly = Volg (X, n"7)
X

where g is the hyperbolic metric on X .

The choice of the conformal representative /"™ e [h] to be hyperbolic is
important and yields particularly interesting properties of the renormalized volume
related to quasi-Fuchsian reciprocity and construction of Kihler potential for the
Weil-Peterson metric; see [14,18].
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2.3. Uniformisation of Riemann surfaces with cusps

Definition 2.2. A hyperbolic cusp is a region {y > R} of the quotient (z — z +
%)\H2 for some R > 0, where z = y 4+ iw are coordinates on the hyperbolic

half-plane H?.

This set is also isometric to

dy*+dw? dv?
1 — ~ 1 1 _ 2 2
((R,oo)yx(]R/QZ)w,h— ;7 >_((O,F)UX(R/§Z>w,h_—v2 +vedw” .

A surface with hyperbolic cusps (M ,h) is a surface isometric outside a compact set
to a finite disjoint union of hyperbolic cusps.

We can compactify M into a smooth compact surface M with boundary by
replacing each cusp end (0, %)v X (R/%Z)w by [0, %)U X (R/%Z)w, that is, by
adding circles at infinity of the cusp end.

We can also compactify M to a compact surface X by adding a finite number
of points, one for each cusp. Define a conformal coordinate near such a point by
¢ = exp(@n(—y + iw)). (The factor 47 is needed in order for e 10 be well-
defined for w € R/ %Z.) We compute

d¢|? = (4m)* |2 (dy? + dw?) = (4m)?(¢ 2 y2h. (2.6)

Since 4 is conformal to |d¢|?, we get in this way a conformal structure on . If M
is oriented, X becomes a compact Riemann surface.

If we take a boundary defining function p in a geometrically finite hyperbolic
3-manifold with a certain behaviour near the cusps, we see that the conformal in-
finity M = 98X will have a metric with a hyperbolic cusp in the conformal class:
indeed, set p to be a smooth boundary defining function for M in X such that

X

p=——— in US.
Vx4 y? !
Then the metric & := p’g|7 is a smooth metric on M which is given near the

cusps, that is in U5 N M = {y € R; |y| > R;} x (R/3Z),by

_ dy* + dw?

h 2 . Iyl > Ry, weR/%Z

or equivalently, using the coordinates (u, v, w) of (2.2), p = u/~/u? + v? and

dv?
b= D2 a0 <ol < 1Ry w e RIS

We define on M the space C>(M) to be the Fréchet subspace of C*° (@ consisting
of functions vanishing to infinite order at 9. We also define C2°(M) to be the
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subspace of C*®°(M) consisting of functions f such that 3, f € Co° (M). This
corresponds to smooth functions whose Taylor series at the boundary is of the form

fx0) ~ Y apt 2.7)
k=0

where a; are constants, rather than functions of w. On a surface (M, h) with hy-
perbolic cusps, we say that a symmetric tensor i’ € C®°(M; S>(T*M)) is a cusp
symmetric tensor if there exist A € C*°(M; End(T M)) self-adjoint with respect to
h such that 4/ (-, ) = h(A-, ).

We first claim the following uniformization theorem, see [26, Theorem 3] for
a related result for Kédhler-Einstein metrics.

Proposition 2.3. Let h be a metric on a surface M with hyperbolic cusps and
let M be the compactification as above. There exists a unique conformal factor
@ € C®(M) N L®(M) such that WP = ¢*?h has constant curvature —1 on M.
Moreover, ¢ € CX° (M) and ¢lya7 = 0. More precisely, in every cusp of M,

@(v, w) + log(1 + av) € C®(M)

for some a € R depending on the cusp.

Proof. The surface (M, h) is conformal to the compact Riemann surface ¥ with a
finite number of points removed, hence its fundamental group is non-commutative
and free. The Poincaré—Koebe uniformization theorem implies that M with its in-
duced conformal structure is conformal to a complete hyperbolic quotient. In other
words, there exists a unique conformal factor ¢ € C°°(M) such that the Riemannian
metric AP = 2%} is hyperbolic and complete. The complete hyperbolic metric
on a punctured Riemann surface is known to have hyperbolic cusps near the punc-
tures, hence there exist isometries ® between the hyperbolic cusps of 4 and h"YP
near the punctures. Such a @ is a holomorphic self-map of X defined only near the
punctures, and ®*h = e**h.

Note that @ is an isometry, hence it is proper. It follows that it extends con-
tinuously as the identity on the punctures. The possible singularities of & at the
punctures are thus removable since the target surface ¥ is compact, so in terms
of the complex variable ¢ = exp(dn(—y + iw)), we have ®(¢) = ¢f(¢) with
f(0) = ®'(0) # 0. Then using (2.6)

_ o lagr de|?
1672(¢12y%  |¢[2log? |¢|
This implies
f1© 2
'()de? I+l

d>*

N 2]og? B log F©1\2
[Cf ()% log” [£f(Z)] (1+ ligflfl )
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In terms of the boundary-defining function v = 1/y,

4 1'©)

log|¢| = ——, C 0 € C®°(M), log|f(¢)| —log|f(0)] € C®(M).

Thus the conformal factor ¢%¢ = q’T*h satifies ¢ + log(1 — %ﬁ(o)lv) e C®(M)
near the cusp. O

2.4. The renormalized volume of geometrically finite hyperbolic 3-manifolds

We now wish to define a renormalized volume for a geometrically finite hyperbolic
3-manifold X with rank-1 cusps. We proceed like in the convex co-compact case,
by first uniformizing the conformal infinity (M, [#]) with the choice of the finite
volume hyperbolic metric /4 in the conformal class and then constructing a geodesic
boundary defining function p in X associated to 4. The difficulty here is that the
conformal boundary is non-compact and it is not clear what is the behavior of the
function p near the cusp in X. We proceed as in Section 2.3: we start by choos-
ing p as a smooth boundary defining function near X = M which is equal to
o = u/~/u?+ v? in the model (2.2) of each cusp neighborhood Z/{JC.; the metric

h € [h] obtained by & = p?g|7 in the conformal infinity is then hyperbolic out-
side a compact region of M. Then by Proposition 2.3 we know that there exists a
hyperbolic metric AP = ¢**h, with ¢ € C>(M) and ¢|,3; = 0. We obtain the
following Proposition, whose proof is done in Section 6.3.

Proposition 2.4. Let X be a geometrically finite hyperbolic 3-manifold with rank-1
cusps. Let (M, [h]) be the conformal infinity and h™P be the complete hyperbolic
metric with cusps in the conformal class obtained from Proposition 2.3. For each
Y e CX (M), consider the conformal representative h = eV h"YP. There exists a
smooth boundary defining function p € C* (X.) of the boundary hypersurface M
in X and a closed set Y C X with finite volume, intersecting dX . only at cf, such
that

dp

P g

=1inX\V, pglru =h. 2.8)

The function p is defined uniquely near M. There is a smooth diffeomorphism
¢: M x[0,€)y — X\ V such that ¢*p = x and ¢p* g admits a finite expansion in
powers of x,

de =+ fl() =+ xzﬁz + %x4fl4

x2

p*g = (2.9)

where the coefficients ho = h and hy, ha are cusp symmetric tensors such that

~ 1
Trilo(hz)Z—EScalflo and 3§, (hz)_ dScalA
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and ha(-,) = Lho(A%, ) if ha(-, ) = ho(A-,-). Finally, the function H(z) :=
/ x p*dvolg admits a meromorphic extension from Re(z) > 2 to a neighborhood of
z = 0, with pole of order 1 at 7 = 0.

A smooth boundary defining function of M in X, is called geodesic boundary

defining function associated to h if it satisfies (2.8). Similarly to the convex co-
compact case, the value of the finite part at z = 0 of the integral in any compact
subset V C X, \ M is independent of the value of p in V:

FP,_0H(z) = (FPZ=0 / W pZdV01g> + Volg(V).
X

This is a consequence of the fact that ) has finite volume. In other words, FP,_o H (z)
depends only on the values of p in arbitrarily small neighborhoods of M in X, and
thus it depends only on the conformal representative h € [h] in the conformal infin-
ity.
Now we can define the renormalized volume in this setting:

Definition 2.5. Let X be a geometrically finite hyperbolic 3-manifold with rank-
1 cusps, and with conformal boundary (M, [h]) admitting a complete hyperbolic
metric. Let A™P e [h] be the unique hyperbolic representative in the conformal
class [h]. For ¢ € C®(M), let p € C®(X,) be the geodesic boundary defining
function of M associated to & := 2 h™P defined uniquely by Proposition 2.4
in a neighborhood of M in X. and extended in any fashion as a positive smooth
function in X. \ M. The renormalized volume of X associated to the conformal
representative h = €2V P is defined to be

Volg(X, h) := FP,— / f° dvol,
X
where g is the hyperbolic metric on X. We define the renormalized volume of X by

Vol (X) := Volg (X, hhyp) .

3. Formation of a cusp from Schottky groups

3.1. Notation

We shall use mainly the representation of H> as a half-space R} x C, in R3, the
boundary then becomes dH> = {0} x C ~ C.

The intersection of H? = R} x C, with the Euclidean ball of radius r > 0
centered at a boundary point z € dH? is called a half-ball of H?, and we denote
it by B(z,r). The boundary of a half-ball B(z,r) in HP is called a half-sphere of
center z € C and radius r > 0, and is denoted by H(z, r). In terms of hyperbolic
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geometry, B(z,r) is an unbounded domain with totally geodesic boundary given
by the half-sphere H(z,r) = dB(z,r) N H>. We say that the ball is supported by
the disc D(z,r) C C of center z and radius r (this corresponds to OH3 N B(z, 1)).
Similarly we say that H(z,r) is supported by the circle C(z,r) = dD(z,r) in
dH3 ~ C (this corresponds to dH> N H (z, r)).

3.2. Schottky groups

We shall analyze the behaviour of Volg(X?) for a family (X®).~o of convex co-
compact hyperbolic 3-manifolds such that, as ¢ — 0, X? converges to a hyperbolic
3-manifold X° with rank-1 cusps. Here, we take ¢ > 0 to be a continuous parame-
ter, but one could of course also consider sequences. The case that we consider is a
smooth (in ¢ > 0) family of Schottky groups I'® with certain loxodromic generators
of PSL,(C) converging to parabolic transformations of PSL;(C).

We recall that a marked Schottky group T' C PSL,(C) of genus g with standard
generators yi, ..., Y, € PSLy(C) is a group generated by these generators such
that there exist 2g disjoint Jordan curves (C;)j=1.. ¢ in S? = oH?3 bounding a
connected open domain D C S? with yi(D)ND = ¥ and y;(C_;) = Cqyj.
Then I' is free and contains only loxodromic elements, with fundamental domain
D U, Cy; C S? for the action of T" on the discontinuity set & C S? (which is
connected open and dense set in S?). It is shown by Chuckrow [7] that every set
of g free generators of a Schottky group is in fact a set of standard generators. A
Schottky group is said to be a classical Schottky group if there is some set of free
generators for which the curves C; can be taken to be circles. A family of circles
associated to the generators satisfying the conditions as above will be called a set
of adapted circles. Such a set is of course not unique. We can view I as a discrete
group of isometries acting freely and discontinuously on H?, and as a group of
conformal transformations acting freely and discontinuously on the discontinuity
set © C S?. To define the Schottky space S, we follow Chuckrow [7]: PSL,(C)
identifies with P3(C) \ Y where P3(C) is the 3-dimensional complex projective
space, and Y the algebraic submanifold {y € PSL,(C); dety = 0}. Consider the
subset U, of (PSL(C))# consisting of groups with g generators y1, ..., y, such
that there are at least 3 distincts fixed points among those of y;. Then U4, is an open
and connected subset of (P3(C) \ Y)8. There is an action of PSL>(C) on U, by
conjugation:

(B, (y1,---,¥e) = (ByB™', ..., By,B™")

and U, /PSL(C) is a complex manifold of dimension 3g — 3 with the natural topol-
ogy inherited from (PSL;(C))8. One way of fixing coordinates on this space is to
fix 3 distincts fixed points of the generators by conjugating the group with an ap-
propriate element of PSL,(C). More precisely near a I' € U, /PSL,(C), up to
conjugation, we can choose the generators y; so that 0, 1 and oo are the three
distinct fixed points among the generators, then there are local complex coordi-
nates on Uy /PSLy(C) near [I'] given by the coefficients aj,b;,c;j,d; € C so
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that y;(z) = (ajz + bj)/(cjz + d;) with ajd; — bjc; = 1 (notice that 3 com-
plex parameters among the y; are fixed). The Schottky space S, is the subset of
Ug /PSL(C) corresponding to equivalence classes of marked Schottky groups. For
agroup I' € S,, we can always choose the three distinct fixed points to be the re-
pulsive and attractive fixed point of y; and the repulsive fixed point of y», and one
then gets global complex coordinates by conjugating the groups so that O and co are
the attractive and repulsive fixed point of y; and 1 is the repulsive point of y». This
system of coordinates is not well adapted to the description of groups tending to the
boundary of S with y; becoming parabolic. Chuckrow [7, Lemma 5] showed that
S, is a connected open subset of U, /PSL,(C). The Schottky classical space Sg
is the open subset of those groups which are classical. Chuckrow [7, Theorems 4
and 5] also showed that boundary points in S, are free groups with g genera-
tors, without elliptic transformations, which either have a parabolic element or are
not discontinuous, and both cases may happen. Marden [19] proved that groups
in 0S, are discrete, that Sg \ Sg is a non-empty open set, and groups in 882, are
discontinuous. Later Jorgensen-Marden-Maskit [16] proved that all points in 882,
are geometrically finite Kleinian group with parabolic elements. Thus Sg is better
behaved and we will only focus on this space.

3.3. Admissible Schottky groups

We consider a sequence of classical Schottky groups I'® € Sg where (yf, ..., ¥g)
converge to (ylo s gO) with ' generated by these elements in BS(g) NS, as

e — 0, so that I'" is a geometrically finite free group with g generators, with
parabolic elements. We assume that y]‘? is smooth in € € [0, 1] for j < g. We use

the coordinates on S, as above, so that the fixed points of yf are 0 and oo, and the
repulsive point of y; is 1. For notational simplicity, we shall sometime remove the

0 superscript for the limiting objects at ¢ = 0, for instance we shall use y; for yj(.).
We write these elements of PSL;(C) as

ajz+bj £(z) = aj(e)z+bj(e)
CjZ—}—dj’ Vit = Cj(S)Z‘l‘dj(g)’
with ajdj —bjCj =1 andaj(s)dj(e) —bj(S)Cj(S) =1.

vi(z) =

For j < jo, the fixed points of y; are denoted p j(¢) and given by

aje)=dse) YT G.D)

pxje) = 2¢j(e) 2¢j(e)

(we use the determination of /- on C \ R_). Up to possibly exchanging y]'? by its
inverse in our choice of generators, we can assume that p ;(¢) is the attractive, and
p—j(e) the repulsive fixed point. The geodesic in H3 relating p_ j(e) to pyj(e)is
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called the axis of y]‘?. The Euclidean distance in C between the two fixed points of
y; is
| Tr(y)? — 4)2 i)
lp+j(e) —p-jE)l = ——————. (32)
! ’ BLo]

Take a family of adapted circles C ; bounding a fundamental domain D?. Notice
that D has compact closure contained in the region bounded by C* | and C% | in C.
If the circles C ;| are not contained in a compact set of C independent of ¢, then all
the fixed points of a subsequence of yjs for j > 1 tend to oo, and that is not possible
since the limiting transformations y; and y; can not have common fixed points if
J # k, according to [19, Lemma 2.3]. For the same reason, D? can not shrink to
0 and more generally to a point of C. Up to extraction of a subsequence ¢, — 0,
the circles Ci’j then converge to circles or points, and for j = 1 the limits C1| are

circles. If they are disjoint then the limiting domain D° is non-empty and thus, if
some circle C_fc" ; converge to a point p, we obtain a contradiction since y; would
have to map D to p. This shows in that case that all Ci’j converge to circles Cx ;.
If C41 = C_1, then since yf — 1, we necessarily have that y; is elliptic or the
Identity, but this can not happen by [7] since I'° can not contain elliptic elements
and must be a free group with g generators given by y1, ... y,. We thus conclude
that D®» — DY non-empty, bounded by circles C1 j- Necessarily, at least two of
the circles C4 ; must intersect at a point since we assume that % is not in Sg. We
will make the assumption that the limiting circles satisfy

CijN(CiUC_y) =0, if j # k. (3.3)

Thus there are g — jjy of the generators y; that are parabolic for some 0 < jo < g—1.
Without loss of generality, we choose them to be y; for j = jo+ 1,...,g. For
J = Jo the y; are loxodromic. If j > jo, we have Tr(y;) = 2 at the limit and

the unique fixed point of the parabolic transformation is p; = 4—d; , and we have

2L
that |Tr(y;) - 2|%/|Cj(8)| — 0 as ¢ — 0. The fundamental domain D? for I'? is
uniformly bounded in C, and ¢;(¢) 0 for j > 1 in order to have adapted circles
Cci ; associated to y]'? . To be adapted, the disk bounded by the circle C%. ; has to
contain the point z = a;(¢)/c;(¢) (which is the image of oo by ya) and the disk
bounded by the circle CS has to contain z = —d(¢)/c;(¢) (which is mapped to oo
by y_/) since C¢. also contams p+j(e), we deduce that when j > joand ¢ — O,
the fact that p; (e) — p;j implies that the radius of C i is bounded below by

( Tr(yf)| - |Tr(yf) - 2|%)/4|c] (¢)| for small & > 0. In particular c;(¢) converge

to ¢; # 0 as otherwise the radius of the adapted circles would tend to co. There is
a subsequence &, where for each j there are adapted circles C%" £ associated to the

" that converge to circles C +; (also denoted Cv ), which are tangent if and only
if j > jo and with C; N C_; = p; being the fixed point of y;. Then the limiting
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(tangent) adapted circles for j > jjo have radius bounded from below by 1/2|c;]|.
Moreover, an easy computation shows that y; preserve the line c}l (aj+R)cC
that we call the axis of y;.
The element y; is of the form
n@=q@Ez q)eC, lq@)l>1

and each yja for j > 1 can be written as the transformation of C ~ S? \ {oc}
satisfying
z— p-j(&)
z— p+j(€)
where p+;j(e) € C are the two fixed points of yj’? and g;(¢) € C is the complex
multiplier with |g;(¢)| > 1 (we take p4 j(e) to be the attractive fixed point). The
multiplier will also be written as

q] (8) — e(j(s)-‘riaj(s) (34)

for some £;(¢) > 0 and a;(e) € [0,2m). Since for j > o, ng converge to

0% 0 yE (@) = qj(e)85 (), 05(2) = —

a parabolic element y; with fixed point p;, then g;(¢) — 1 since Tr(yf )2 —4 =
(gj(e)— 1)2/qj (¢) must converge to 0. The axis of yj is mapped to R* x {0} ¢ H?
by (6% )~! in the half-space model H*® = R} x C,

The set D? is a fundamental domain for the action of I'? on the discontinuity
set Q¢ C C. The group acts properly discontinuously on 2° by conformal trans-
formations and the quotient M¢ = I'*\D?® = '\ Q¢ is a closed Riemann surface
of genus g, with conformal structure induced by that of C. It is the conformal
boundary of the hyperbolic 3-manifold X¢ := I'*\H>. We denote by F¢ c H?
the fundamental domain for the group I'® with totally geodesic boundary satisfying
dF¢ N AH3 = D?; in particular X¢ = I'*\ F¢. Up to extraction of a subsequence,
these fundamental domains converge to DY and FO (that we also denote D and F)
and X% = '\ FO is a geometrically finite hyperbolic manifold (that we also denote
X).

We define the parameters

P+ (&) = p—j ()] _ @)
e

Lj(e)
Since ¢ (g) is smooth in [0, 1] and Tr(y;) =gqj (8)% +gq; (8)_% , we see from (3.2)
that if v;(¢) is smooth, then A ;(¢) extends smoothly in ¢ € [0, 1] and

Aj(e) = . vjle): 3.5

. 1
Aj = lim 2 () = (1 +v9)7/lcjl. (3.6)

In fact, if v (¢) is smooth, then by (3.1) we have that %

to ¢ = 0 with

extends smoothly

p+j(&) — p—j(e)
L;(e)

— (1+ivj)/c; ase — 0. 3.7
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Definition 3.1. For a smooth family of multipliers ¢ — ¢(g) € C*([0, 1]; C \
D(0, 1)) with g(0) = 1 and |g(¢)| > 1 if ¢ > 0, we say that g (&) is admissible
if g(e) = e!@U+E) for some real valued functions £(¢), v(g) smooth in & €
[0, 1]. We say that a smooth family I'® of classical Schottky groups of genus g
is admissible if each multiplier g;(¢) of the generator y; is either admissible or

Vi = y](.) is loxodromic, and if there is a subsequence &, — 0 for which there are
2g adapted circles Cjc”j converging to C ; such that if two of the limiting 2g circles

C4 j intersect, this can only be C; N C_; = {p;} for j so that y; is parabolic with
fixed point p;.

3.4. Canonical circles

The adapted circles C%. ; associated to the elements y ]E can actually be taken smoothly
in ¢ > 0, but they are not in general of the best form to get a local model descrip-
tion of the geometry with respect to ¢ — 0. In addition it is not clear if they can
be taken smoothly down to ¢ = 0, but we will show below that if the family of
Schottky groups I'¢ is admissible, then we can find a smooth family of fundamental
domains down to ¢ = 0, which are bounded by pieces of circles near the punctures.

For this purpose and to obtain a nice description of the degeneration near the
punctures, we define the notion of canonical circles for a loxodromic transforma-
tion.

If y € PSL,(C) is loxodromic with fixed points p_ and p4 and multiplier
g = "0+ with ¢ > 0 and 6 o ¥ 0 81 (z) = gz for some & € PSL,(C), the
canonical circles for y will be the circles

~

Cy =071 ({z; 2| = e* }) ={z€C;lz—z+| =r}, with

PE—px |p+ — p-|
l—et’ 2sinh(£/2)

3.8)
g = px+

Lemma 3.2. Let y € PSL,(C) be loxodromic with multiplier ¢ = e+ and
fixed points p_, py € C, and let Cx be its associated canonical circles, defined by
(3.8). Then the transformation y maps the exterior of the disk D_ bounded by C _
to the interior of the disk D1 bounded by C .

Proof. Consider the two concentric circles S1 := {|z] = ei%z} and let m(q) be the
complex dilation by ¢ in C. Consider the transformations

_z-1 Ly Pt _pe=p-(®)
¢(z)—z+1, 1//(z)—z+p+_p_, n(2) = > Z.

39
The composition ¢ maps {0, 00} to {p—, py} and y = (ydpIm(q)(nyr¢p)~".
The circles C+ are mapped by 0 := @)~ ! to {|z] = e*¥/?} and the lemma
follows directly. O
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We shall denote by C i j the canonical circles of ng; a priori they are not
adapted circles for the group. For j > jy, assuming that v;(¢) is smooth in
e € [0, 1], we see by (3.8) and (3.7) that C%. j extends smoothly to ¢ = 0 with

limiting circles cY ;- tangent at p;, with radius r; and center z+; given by
(1 + iVj)

/1—|—vJ2.
kj=piF——— Ij=Aj=—.

Cj |C j |
Note that the lines passing through the centers z ; and z_; intersect the axis of the
parabolic transformation y; at an angle arctan(v;).

3.5. Good fundamental domains

For I'® a family of admissible Schottky groups we have a subsequence of funda-
mental domains F# with totally geodesic boundary and with D% = 9H?3 N 9 Fé»
bounded by the adapted circles CS"/., and Fé and D® are converging to F° and
D, where DY is bounded by the limiting circles C j- From the limiting domain
F°, we shall construct new fundamental domains F¢ for I'¢ for small & > 0, called
good fundamental domains and constructed by combining canonical circles with
the limiting adapted circles C+ ;. The domain D® = 9F*® N dH? will be bounded
by Jordan curves instead of circles, but their form near the parabolic points p; will
be a good model for the geometry as ¢ — 0 near the punctures.

Notice that we can always choose §p > 0 and g9 > 0 small enough so that for
each j > joand § € (0,8p), for all 0 < & < gg the half-ball B(p;, ) C H3 is
at positive Euclidean distance from all connected components of d FO \ 8 FO N 9H?
except those half—spheres supported by C ;.

Recall that C i are the canonical circles of y and denote by th C C the

disk bounded by C i i We then show the existence of good fundamental domains:

Lemma 3.3. There exists § € (0, 8) such that for all ¢ € [0, go], there exist funda-
mental domains F¢ for T'¢ acting on H3 with the following properties:

e the boundary dF* is a smooth in ¢ € [0, eo] collection of 2g smooth hypersur-
faces (H ]-) j=1.....g homeomorphic to half-spheres: more precisely H? j is the

image of Hi j by a smooth in ¢ € [0, &o] family of diffeomorphisms of H3 equal
to Id at ¢ = 0. The closures of Hj:j in H3 are all disjoint except when ¢ = 0
whereHEjﬂHj)_j:{pj}forj>j0; B

e cach yj maps the exterior of the compact domain bounded by H® j in H3 to the

interior of the compgct domain boundef by H j in @; ~

e for each j > jo, F* N B(pj,8) = FJS N B(pj,é) sz]g is the fundamental
domain with totally geodesic boundary for the cyclic group (yje) and satisfying
afj NOH® =C\ (5ij U 58_j).
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Proof. For j < jo, we can take H® ; = H? to be the half-spheres supported by the
circles CO_j and Hij = y]'? (Hﬁ.)). Since y]‘? — y; and C4; are adapted circles for
the limiting y;, clearly for small enough ¢ the hypersurfaces H{ j satisfy the desired
properties. Now we deal with the more delicate part, that is when j > jp and the
limiting y; is parabolic. We take § small, but independent of ¢ > 0, and take a large
C > 0O so that B(p;, C9) is at positive distance from the half-spheres supported by
the limiting C+ at 9H? for k # j. Note that C can be taken large by taking § small
(for_instance C =~ 87172 works). We start with ¢ = 0, where we will modify F 0
to FO near the parabolic points p;. We may assume that C® 5 #C° ; as otherwise
it suffices to take H{ ; to be the half-spheres supported by D%, j» Which satisfy the
desired properties. By conjugating by ¢ : z — 1/(z — p;) the parabolic element
v becomes a parabolic transformation fixing oo, thus of the form z - z + ¢ for
some ¢ € C, which in H? acts by T, : (x, z) — (x, z 4 ¢). The half-balls B(pj,9)
and B(p;, Cé) are mapped by the Poincaré extension ® of ¢ to (the interior of)
H?3 \ B(0,5~ ") and H? \ B(0, (C8)~"). The circles C° j and cY ; are mapped to
lines L and L of C with respective tangent vector T € C and T € C, and ¢(C g ;)
and ¢('c‘9j) are images of these lines by z + z + ¢, that is L + ¢ and L +c.
The half-spheres of H3 supported by c® i and 50_ j are mapped to vertical planes

Rt x Land Rt x L by &, and the image of the half-spheres supported by C 3 j and
59”. are RT x (L +c) and RT x (L +c¢). Note that S := ®(FO N B(p;, C8)NIH>
and S := dD(F]() N B(p;,Cs))N oH? are strips in C \ D(0, (C8)~1) bounded by L

and L + c (resp. Land L + ¢). For the following part of the proof, we recommend
the reader to see Figure 3.1 while reading the argument.

Figure 3.1. The new fundamental domain D in dH> ~ C before smoothing is given by
the dark region



344 COLIN GUILLARMOU, SERGIU MOROIANU AND FREDERIC ROCHON

For C > 0 large and § > 0 small, consider the annulus As := (€O < |z| <
871} in C viewed as the boundary of the half-space H>. If § > 0 is chosen very
small, then in A the strips bounded by L and L + ¢ and the strips bounded by L and
L +c are at a positive distance. We can then take two segments 77 and 73 in As with
extremities on L and L, which are transverse to the lines with tangent vector ¢ € C.
Then P; = Ur—elo, 11(T; + tc) fori = 1, 2 are two parallelograms with vertices on
L,L+c,L,L+ c. Then there is a unique fundamental domain D C C for the
translation z — z + ¢, with boundary made of two piecewise linear curves Z and
Z+c, with Z containing 5 segments, and such that D is equal to S outside lz| <871,

to S inside |z| < (C8)~', and contains the parallelograms P; and P,. The two
points of D at the largest distance from S are the vertices v| and vy of P; and P> (we
choose v to be the one on L), and there is a homotopy 4, (for 7 € [0, 1]) between
D and S which can be done in the obvious way by moving v; along L toward v/ :=
LNL and vy along L + ¢ toward v}, := (Z +c¢) N (L +c) linearly in ¢. By choosing
C > 0 large enough, there exists a height xo € ((C8)~',87") so that in the half-
space 3, U;cj0.1({txo} x k(P U Py)) is contained in B(0, 8~ 1) \ B(0, (C8§)~1).
We thus take the fundamental domain F C R} x C = H? for the quotient (7)\H?
given by

F=( U o} x (D)) U (1x0, +00) x 3).
1€(0,1]

This has a piecewise smooth boundary, and can be smoothed out by an arbitrar-
ily small perturbation in B(0,8~") \ B(0, (C8)~"). For convenience we keep the
same notation for the smoothed fundamental domain. By construction, ®~ WF )N
B(pj, Cé) gives the desired modification of F O inside B(p; j» C8) to produce F™. FO

This construction defines the hypersurfaces HY ey which are the connected compo-
nents of 3 F° \ 3F0 N oH>.

Next we want to use a perturbation argument to construct H? from HY 0 . For
each j > jo, there exists a smooth family in e € [0, &] of Moblus transformatlons
AS € PSL,(C) which map CO onto Ce . It is just a composition of a translation
and a dilation, and equals Id at e=0. Then H? j= Aj- H° ; 1s a smooth hypersur-
face and define HY ; := y;(HZ ;); both hypersurfaces are disjoint from other Hf,

for small ¢ since it is the case for ¢ = 0. The point d;/c; € C that is mapped to
00 by y; is in the disk D_; bounded by C_;, and since A‘S — Idase — 0, we

see that for ¢ > 0 small enough d(¢)/c(¢) is in the domam bounded by the curve
8H £, ;N dH? c C and thus property 2) in the lemma is satisfied for this choice of

.. By construction, in B ( pj,8) the hypersurfaces H: j are given by pieces of
half—spheres supported by Ct Y and outside B(p|, §) they are arbitrarily close to
Hij since A*; — Id in C¥-norms, thus we deduce that Hfj N Hij =@Pfore >0
small enough. These conditions ensure that the domain F¢ bounded by the hyper-
surfaces HY j is a fundamental domain for I'® satisfying all the desired properties
of the lemma. 0
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4. Analysis of the model degeneration

In this section we shall describe more precisely the model geometry for the degener-
acy to arank-1 cusp. Let y; € PSL,(C) be loxodromic with multiplier g = ¢®(+V)
and fixed points p_ = 0 and py = AL for some A > 0; we write L = (£, v, A) and
we take

LeQ:=(0,1]x[-N,NIx [N, N] (4.1)

for some N > 0 fixed. Using (3.7), the set of those y1. such that L € Q has closure
such that the boundary {¢ = 0} corresponds to parabolic elements

1+iv

z
= —— withec = , L=@O,v, A
vL(2) po— c O, v, )

fixing p— = p+ = 0. We denote by Q the closure of Q, and we define the parabolic
boundary of Q as the set {£ = 0}. There is a smooth fibration

M: X — Q, with fibers the manifolds

1 - 3 4.2)
(L) = Xp = (ye)\(H" U Qp)
where Q; = 9H3 \ {0, A£} the discontinuity set of the cyclic group (yr). A cusp
region of X is the image of a neighborhood B(0, §) of 0 € dH3 by the covering
map 7, : (H> UQz) — X and we say that U.amea Ty (B(O, 8)) is the cusp
region of X.
If |q| > 1, consider the isometry of the hyperbolic space H? = R} x C,

m(q) : (x,2) = (lq1x, qz) (4.3)

and the quotient of H? by the elementary group (m(g)) generated by m(q)
Xon(g) = (m (q))\]HI3 with covering map 7,,(y) : H — (m(q))\H3. 44

Lemmad.1. For L = (£,v,)) € Q, let yr € PSLy(C) be loxodromic with mul-
tiplier q = etV and fixed points p_ = 0 and p, = A € (0,00), and let
Ck be its associated canonical circles, defined by (3.8). Let DX C C be the disk
bounded by Ei and F, 1 C H? the fundamental domain for the cyclic group (yr)
with totally geodesic boundary satisfying E)I?L NoH? = C\ (5JLr u 55) Let
Ty, H? — (yr)\H? denote the covering map, then for § > 0 small and for
M < 6, the set _

U =, (BO,8) N Fr) (4.5)

is isometric to

Tnta) ({(m) e B\ Ble, p): e 2 < \/x2 422 < e%f}) (4.6)
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where e(L) € C C 3H? and p(L) > 0 have asymptotics for small £

e(L)=—1-2C L 0L, pL) =2 +0EL), @)

The isometry from (4.5) to (4.6) is given by

(4.8)

XAl —x2 — |z]? + Mz
Or(x,z):= ( id

|z — M2+ x27 |z — A2+ x2

Proof. We use the notations of the proof of Lemma 3.2. We have a composition
ny¥ ¢ which maps {0, oo} to {0, A4} and y = nyv¢ m(q)(mﬁqb)_l. We define ®
to be the Poincaré extension of & = (7y¢)~! to the half-space H?, thus given by
(4.8). We check that the image of B(0, §) under (@)~ is the complement of the
half-ball B(e, p) as claimed in the statement of the lemma: 1/f_1 77_1 maps B(0, §)
to the half-ball centered at (x, z) = (0, —1) and radius 25/1¢, then o ! maps it to
the complement of the half-ball with center and radius

.2 0 1 2202 Sal
X, = sy LT T 0 ) = T
¢ 2] T

which proves the claim. O

The following Proposition describes the model manifold X, ) with more ap-
propriate coordinates; since the proof involves a sequence of tedious (and not very
enlightning) computations, we have deferred it in the Appendix.

Proposition 4.2. Assume that L = (£,v,A) € O with the notation (4.1); then
there is an isometry ® between the solid torus (4.4) and the manifold (R/ %Z)w X

H?:v +iu €quipped with the metric
du? +dv?+((1+vH) R*—4v20%2u?)dw? 4+ 2v (R —2u?)dwdv+4vuvdudw
gL=

l/l2
“4.9)
where R := ~/u? +v2 + (2. With e(L), p(L) given by (4.7), the neighborhood

TTm(q) ({(X, 2) € H3\ Be, p); e 2t < Vx4 z2 < e“}) (4.10)

is mapped by ® to the set
5 11 2
Wy i=my [{(w, Q) € —11)% H%; 16 —vp(w)] < to.(w) (4.11)
where T, : R x H? — (R/%Z) x H? is the covering map, and T (w), vy (w) are

smooth functions of w € [ - }1, }T) which converge uniformly as £ — 0 to some
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T v(w) and vy, (w) satisfying vy ,(w) = O(83) and T(w) = 26/A + 083
uniformly in |w| < 1/4. Finally, the map

(L,x,2) > (L, ®L 0 OL(x,2)) € (Q x <R/%Z) x @)

extends smoothly to a neighborhood of the cusp region of X and is a diffeomorphism
with image V \ {£ =0, ¢ = 0} where V is some neighborhood of {£ = 0, ¢ = 0}.

Notice that when £ — 0, the limiting model in Proposition 4.2 is (R/3Z)

x H?2

r=vtiu equipped with the metric

du® 4+ dv? + (1 +vH) u? +v2)2dw? + 2v(v? — u?)dwdv + 4vuvdudw
80= :

Lt2
(4.12)

Writing x := MZ”W, y = this becomes

__v
u24v?2°

. dx?* + dy?* + (1 +v3)dw? + 2vdwdy
- 2
X

80

x
142’

vy
1+v2

and thus taking (x, y', w’) = ( #, w + ) and the inverted coordi-
X S / .
nates (u' = —*— SV =g v ). we obtain

B dx/z—l—dy’z—l—dw/z B du/2+dv/2+(u’2—i—v’2)2dw’2

7 o (4.13)

80

which is exactly the model metric of (2.2). We can then write this change of variable

2.2 2.2
=) 1 , 1/:(1 vz)v [P
W= I oy 12 + W21+ v2) + 02

V v

/
w=w—-————s
1+v2 v2 4 u?

4.14)
. . 11 2 1 2
and if we take the fundamental domain [— I Z]w x Hz, ., for (R/QZ)W x H?, we
see that the corresponding fundamental domain in the coordinates (u’, v, w’) for
the action w’ — w’ + % becomes

o /i / 2. ../ v v L1
D = {(w,lu +v) e R x H w + I B € [ 4,4]}. (4.15)
This explicit isometry will be used later since it is sometimes more convenient to
work in the model (4.13) than in the model (4.12).

The function U := % in Wg defines the boundary corresponding to dX; via
®7 o ®p. We will see later that, near the cusp, this function is a boundary defining
function on a space that compactifies X" as a manifold with corners. This function
will essentially give the form of the equidistant foliation near the pinched geodesic.
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Lemma 43. Let U := & be the chosen boundary defining function in W ; then
the metric hy = (1 + vz)(UQgL)IUZO in the conformal infinity induced by the
defining function U~/1 + v2 is given by

dv?
hp = (142
L (+U)(v2+€2

+ W + 21 +v3)dw? + 2vdvdw)

and has constant Gaussian curvature —1.

€2

: : b _
Proof. First we notice that h; := R

hr is flat, since it is given by

) = do* + (1 +vHdw? + 26vdodw

with 6 := arctan(v/£), and thus the Gaussian curvature of /i, is given by

2 2
log (U +e )) = (cos 0)2892(10g cos(f)) = —1

which finishes the proof. U

1 0? A
21+ v v+ 27n,

5. Formation of a cusp on surfaces

In this section we discuss the uniformisation on a Riemann surface when there is a
degeneration to a surface with cusps.

We start by setting the assumptions. Let N be a compact surface of genus
g > 2 and h, a family of smooth metrics on N for ¢ > 0. Assume that there is
a finite family of disjoint smooth embedded circles (H;) j—1,...j on N (for some
Jj1 € N) which satisfies the following properties: there exist A > a > 0 and some
connected open neighborhoods ZJE. C (]R/%Z) x (—A, A) of (R/ %Z) x {0} and
some neighborhood yj of Hj in N such that (R/ %Z) x (—a,a) C Z¢, and there
exist some smooth diffeomorphisms

& . & I3
wj : Zj — yj
and some parameters v; (), £ (¢) converging to v; € R and 0 as & — 0, such that
Y he
+ @2+ (e)) 1 +vj(e))dw® +2v;(e)dvdw |,
5.1

where w € (R / %Z) is an angle variable and v is the coordinate obtained by project-
ing on the second factor. Moreover, we ask that w; is converging in C¥-norms for

=1 +v; )3 [ s
U T 62
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all k € Ny to some smooth diffeomorphisms w? : Z? \ ((R/ %Z) x {0}) — y;? \H;
where Z;.) = Int(ﬂDOZj) and y? = Int(ﬂg>oy]'°f). We finally assume that the met-
ric ke converges in CK-norms on compact sets of M := N\ Hforallk e Nptoa
smooth metric /g defined on M where H := Ujozl Hj. Thus, for £ > 0, the metric
h¢ is smooth on N, while for ¢ = 0, hg is a complete metric on M of finite volume
with cusp ends.

Notice that near H; the metric (5.1) can be rewritten under the more standard

form
dv?

2 2 2
= —= 72 6 d 3
v2+gj(8)2+(v +£j(e))dw

&

(5.2)
vi(e) v
arccos

Zj({?) [v2 + gj(s)Z

which shows that H; = {v = 0} is a closed geodesic of length %Zj (e)(1+v; (€)?) in

this neighborhood. Since £~ ! arccos(v/v/v? + £2) = — fvoo 1/(t? + £%)dt, we see
that for the limiting case £;(¢) = 0, the change of coordinates above is only well

defined (and smooth) in the region {v > 0}. By changing arccos(v/,/v? + £;(¢)?)

to arccos(—v/,/v? + L (¢)?), we get a smooth change of coordinates at & = 0 in

with w’ == w(l 4+ v;(e)?) —

{v < 0}. We use the model (5.1) instead of (5.2) since it is more suitable to our
3-dimensional model of Proposition 4.2 for the rank-1 cusp formation.
We can compactify smoothly M into M by using w;): it suffices to compact-

ify the charts W;) \ ((R/ %Z) X {0}) made of two disjoint connected components
{v > 0} and {v < 0} by attaching a circle at v = 0 on each connected component
and defining the smooth structure by saying that v and w are smooth functions.
The obtained surface is a smooth surface with 2 j; boundary components and with
interior given by M. It is important to notice that the isometry between (5.1) and
(52)at€; =0 (i.e.,e = 0) is not smooth at v = 0 since Fy(v) = —1/v, thus the
smooth compactification we take for M using l//;.) is not the same as the one used in
the beginning of Section 2.3, which corresponds rather to compactifying by using
the coordinates (w’, v) having put metric under the form (5.2).

By the uniformization theorem, we can find for each ¢ > 0 a unique function
@e € C*°(N) such that the conformal metric

h
BYP — G20ep,

is hyperbolic. Similarly, for ¢ = 0, Proposition 2.3 insures that we can find

wo € C*®(M) such that hgyp = ¢>"hyq is a complete hyperbolic metric of finite
volume with cusps on M. In fact, if (w’, v) are the coordinates above putting
the metric under the form (5.2), Proposition 2.3 shows that ¢o(w’, v) admits a
smooth extension from each connected component of {v # 0} to both {v > 0}
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and {v < 0} (it is smooth from each side but not globally on an open interval con-
taining 0) with ¢gly=0 = 0 and 9,yp9 = O(|v|*°) near v = O Viewing now ¢g
as a function of (w, v), we get go(w’, v) = p(w(l + p) — L v) inv > 0 and
po(w',v) = e(w(l + v2) + %, v) in v < 0, and we easily see that @9 admits a
smooth extension to M such that | 937 = 0 and 9y ¢o vanishes to infinite order at
oM = {v =0}.

Proposition 5.1. Under the assumptions above, we have, as ¢ — 0,

loe — @ollco — O.

Proof. Let ¢ be a continuous function on N x [0, g9), whose restriction to ¢ = 0 is
given by ¢g and such that ¢ is smooth on (N x [0, &9)) \ (H x {0}). Moreover, we
ask that

dw® = O((L;(e) + [v)*) (5.3)

near H; x {0}; for instance this can be achieved by writing @9 = @o,1 + ¢o,2 with
supp(go,1) N H = ¥, and supp(¢p,2) C U jyj. (where yj is the collar neighborhood
with coordinates v, w as above) and then taking ¢ = ¢ + @» where @ is supported
in U; V% and given in }J/; by

(v, w,8) =

v—1

b4 < ) 902V, w)dv' (54)
Lj(e)

where x € C{°(R) satisfies [ x = 1, x > 0 and x(0) = 1. Using that, near

Hj, 0y902 = dwpo = O(|v|*°), we obtain the claim. Consider the new family of

metrics

0j(e)

he = e*he, & €0, &),

and set @, := @, — @(-, &) so that h?yp = e2:h, = 2% ,. Notice that @ =0
and that R, = —2 where R denotes the scalar curvature. Thus, outside any fixed
open set containing H, we will have that R;; = —2+ o(1) as ¢ — 0, by the fact

that h, — ho on M in C¥-norms on compact sets of M. On the other hand, near
H, Ry, = —2 by Lemma 4.3, so by the formula for the scalar curvature under
conformal changes of metrics, we have that

Ry, = e 0 (=2 4 2A4,§(-, €)) mear H.
The Laplacian Ay, near H; is given by

(1+vjeH" vj(e)
Ap, = =0,V +£;(e)H)0, — ——L—2"—9 2—L 3,0y,

he v( j( ) ) v v2+£_,-(8)2 w 1—}-1)_/'(8)2 vOuw
therefore using (5.3), (5.4) and the fact that ¢y € C*(M), we deduce that Ry,
converges uniformly to R, near H as ¢ — O and thus R, = —2+o(1) unlformly
In particular, for ¢ sufﬁmently small, R; W will be negatlve
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Now, again by the formula for the curvature under conformal changes of met-
rics, we have that N
—2 = ¢ ¥ (R; + 247 3e). (5.5)

Thus, for ¢ > 0 sufficiently small so that Rgs is negative, we see that if @, attains
its maximum at p, then

Ry (p)

_ —20:(p) p~ 2¢:(p)
2>e Rhg(p) = e < >

- 1 Ry (p)
= @:(p) < Elog( hez ) =o(1).

Similarly, if @ attains its minimum at g, then

RN
Pe(q) > %log <—h€ (261)> =o(1).

Consequently, g, — 0 uniformly on M as & — 0. Since ¢, —@o = P +@ (-, €) — o
and ||@(-, &) — @o||L= = o(1) as ¢ — 0, the result follows. O

Remark 5.2. A recent result of Melrose-Zhu [24] shows that in fact ¢, admits
a polyhomogeneous expansion on the manifold with corners obtained from N x
[0, 1), by blowing up H x {0}.

The following corollary will be useful to deal with the limit of the renormalized
volume under the formation of a rank-1 cusp.

Corollary 5.3. Let I, C [—1, 1] with size |I;| — 0, and let e2%¢ pe the uniformisa-

tion factor for hy on M so that hl;yp = 2% h, is hyperbolic. We have in each collar
neighborhood C; of H;,

lim/ / ldge|? dvdw =0,
e—0 R/%Z I, é

(5.6)
lim | |dgel; dvol,, = f |d@olj;, dvolp,.
g—0 M M

Proof. Since ¢y € C®°(M) with 3,00 € C®°(M), we see from the form of the
metric A, in (5.1) that |dgg |ﬁg € L°° with uniform bound with respect to ¢, and so

lim / ldgol? dvdw = 0. (5.7
rR/Az )1, ‘

e—0
On the other hand, we know that

2Ap, e = 2% — Ry,, for e € [0, &). (5.8)
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By the previous proposition, we therefore have that || Ap, @ — Apggollcopry = o(1).

Moreover, the form of the metric (5.1) and the fact that ¢y € C% (M) and ow@o €
C>®(M) imply that ||Ap o — Apg@ollcoary = o(1). Now we combine these facts
and use integration by parts to show that

/ |d(¢s — @0)|;, dvol,, = / (@ A, @ + 9o A, 90 — 200 Ap, @ )dvoly, = o(1).
M M

5.9)
The boundary terms at H are O by the properties of i, and ¢.. In particular, as
e—>0

/ ld (¢ — @), dvdw = o(1). (5.10)
R/3z JI, i

The first result in the Corollary then follows by combining (5.7) and (5.10) and
using the triangle inequality. The second result follows from (5.9) and the fact that

lim / |dgolj; dvoly, = / |dgolj;, dvol,. (5.11)
e—=0Jm M

This ends the proof. O

6. The boundary defining function used to define
the renormalized volume

In this section we analyze the geodesic boundary defining function corresponding
to the hyperbolic representative in the conformal infinity when we have a family
of convex co-compact hyperbolic 3-manifold converging to a geometrically finite
hyperbolic 3-manifold with rank-1 cusps.

6.1. Geometric assumptions on the family of metrics

We fix a compact manifold with boundary X and a family of hyperbolic convex
co-compact metrics g, with ¢ > 0, on the interior X of X.

Definition 6.1. We say that the family g. is an admissible degeneration of con-
vex co-compact hyperbolic metrics on X if g, are convex co-compact hyperbolic
metrics satisfying the following properties (below, H? denotes the open upper half-

plane in C and Hﬁthe closed upper half-plane; we use the topology of C to define
bounded sets in H?2):

Assumption 1 (Model near the cusp). There exists a family of j; disjoint simples
curves Hy, ..., Hj in dX, and disjoint open neighborhoods Z/{j C X of Hj, there

are diffeomorphisms \Il]s. : WJE — Z/{jg. where Wj - (R/%Z)w X ]HT? are bounded
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open sets containing (R/%Z) x {¢ € @; |¢| < rj} for some r; > 0, and for
C=v+iu
qﬁ*gszzdu24—dv2+—«14—QKSY)R4——4@A8ij@)%ﬂ)dw2
! u? 6.1)
+2Uj(8)(R2 — 2u)dwdv + 4vj(e)uvdudw
2
u

for some £(¢) > Oandv;(¢) - vj€ Rase — 0, with R := \/uz + v+ £j(e)2.

Assumption 2 (Convergence outside the cusp). There exists a hyperbolic metric go
on X such that for any fixed boundary defining function pe C*°(X), 0%g. — p*go
in all Ck-norms on compact sets of X\ U;jH; ase — 0. If W;.) = Int(ﬂDOWj) -

(R/%Z)w x H2 and Z/l? = Int(Ngso Z/{j) c X, then \Il; converge to a smooth
diffeomorphism \D? : W(/) \ (R/%Z) x {0} — Z/{? \ Hj inall Ck-norms.

Under these assumptions, the metric gg has rank-1 cusps. This follows from the
convergence of \Iff, Uf , W‘j and the fact that (6.1) has a limiting metric as ¢ — 0
which is isometric to a neighborhood (2.2) of a rank-1 cusp. The degenerating
curve H C 39X is the submanifold given by H := Uj:lzl H;.

Proposition 6.2. Let I'* C PSL;(C) be an admissible family of classical Schottky
groups of genus g in the sense of Definition 3.1. Then for each e > 0, X := I'*\H?
is isometric to (X, g.) where X is the interior of a solid torus of genus g and g. is
an admissible degeneration of convex co-compact hyperbolic metrics on X in the
sense of Definition 6.1.

Proof. We can write the hyperbolic manifold as X° = Fs\ﬁ ¢ where F*¢ are good
fundamental domains constructed in Lemma 3.3. The metric on X is the hyper-
bolic metric gz on F¢, which descends smoothly to the quotient by I'®. In fact, we
can also consider the closure X¢ obtained from the action of I'® on the closure of
F? in H3 U Q° where Q° C S is the set of discontinuity of I'*. These can be put
together into a smooth fibration

Mm: X — [0, 1] 62)

such that TT~!(¢) = X¢ has interior equipped with the complete hyperbolic metric
e induced from gps. For ¢ > 0, X¢ is naturally the interior of a solid torus X¢
of genus g, while when ¢ = 0, there are cusps of rank 1. So as we have seen in
Section 2, the conformal compactification is no longer a solid torus, it is a solid torus
with a circle removed for each rank-1 cusp. In fact, by Lemma 4.1 and Proposition
4.2, for each cusp point p;, we have an isometry \Ifj = (<I>j. ) @i)_1 from a

neighborhood of ¢ = 0 in (R/ %Z)w X H? to a neighborhood of p; in F¢, where
®§ = ®L(y;) is given by (4.8) and CD*; = CDL(},;) is given by Proposition 4.2 with
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L(y]‘?) = (£;(e),v(e), Aj(e)) smoothin & € [0, 1] (in Section 4 we take the fixed
points p® ;=0 and pf. j = Aj(e)j(e) but we can always reduce to this case by
composing with a smooth family of translations and rotations). Moreover, these
combine to give a smooth diffeomorphism ¥; : W; — U; from a neighborhood

W;of{t =0, =0}in (R/%Z)w X]I-ITgx [0, 1]:\{¢ = & = 0} into a neighborhood
U; C X of the cusp point p; in I1-1(0) C X. This follows from the last statement

of Proposition 4.2.
The diffeomorphisms W; give us a natural way to compactify uniformly down

to & = 0 by simply replacing W, by its closure W jin (R/ %Z)w X H? x [0, 1]¢.
Indeed, we can consider a compactification

I:X — [0,1] (6.3)

of (6.2) such that TT ' (¢) = X¢ for & > 0 and ¥, : W; — U;, which restrict
to ¥; on W, is a diffeomorphism from JV; to a neighborhood I/ ; of the circle

H; C ﬁ_l(O) correspondi&g to the cusp point p;. Here, X" is now a compact
manifold with corners and IT is a surjective submersion. Moreover, the fibres of
T1 are manifolds with boundary, more precisely solid tori of genus g. Choosing
a horizontal connection for (6.3), we can then use parallel transport to obtain a
commutative diagram

T—2-% % [0.1] (6.4)

N

[0, 1]

where pr; : X x [0, 1] = [0, 1] is the projection on the second factor, X is a fixed
manifold with boundary and G is a diffeomorphism of manifolds with corners. In
the statement of Proposition 6.2, it suffices then to take X to be the interior of X
with family of metrics g = Gg¢ on the slices pr, 1(e) where g, is the induced
family of hyperbolic metrics on the fibres of IT : X — [0, 1]. The family of
diffeomorphisms associated to each cusp point p; in Definition 6.1 can then be
taken to be G o W (-, &) for e > 0. O

6.2. The Hamilton-Jacobi equation outside the cusps

We consider an admissible degenerating family of convex co-compact metrics g,
on X = Int(X) in the sense of Definition 6.1 and we keep the notations of Section
6.1. The manifold (X, go) is geometrically finite hyperbolic with cusps of rank-1
and X = X\ H where H is the degenerating curve in the boundary of X. Recall that
K is a compact subset of dX where Assumption 2 is satisfied in Definition 6.1. Let
hgyp be the uniformizing metric on the conformal boundary M = dX \ H = 93X,
given by Proposition 2.3; it is a complete hyperbolic metric with finite volume. We
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define po the geodesic boundary defining function of M in K near 9X to be the
solution of the Hamilton-Jacobi equation

2

h
=1, (p5g0)lrm =hy".
80

dno
£0

This equation is non-characteristic at M N JC and has a unique solution near M N/C,
just as in the convex co-compact case (see the discussion of Section 2.2). We first
want to define a geodesic boundary defining function for g, by the equation

2
=1 Gelymo=0 (6.5)
8e

dpe
Pe

where p, = % 00; notice that @y = 0. We first show

Lemma 6.3. There exists § > 0 such that for all ¢ > 0, the Hamilton-Jacobi

equation (6.5) has a solution &, in KN {py < 8} and & converges to 0 in C*-norms
there for all k.

Proof. The equation can be written as

1 —dpgz.

2(dée, dpo)g, + poldae |3, = 00

, with boundary condition &;|p,—=0 =0,

where g, = ,ogg(8 converges in C®(K; S?T*X) to p?gp as ¢ — 0. This is a
uniform family (with respect to €) of non-characteristic Hamiton-Jacobi equations,
which converge in C*°(K) to a non-characteristic Hamiton-Jacobi equation as ¢ —
0. This is solved by the method of characteristics and thus it admits a solution in a
uniform neighborhood of py = 0, converging smoothly to @y = 0 as ¢ — 0. O

Notice that p. is not exactly the geodesic boundary function that we would need
to compute the renormalized volume but we will see later that the renormalized
volume there can be expressed easily in terms of this boundary defining function.
The function we are interested in is

pe = € Pe (6.6)
where w; is the solution of

2

=1, U)e|po=0 = Qe
8e

.
Pe

and ¢ is the uniformization factor such that h?yp := €2 h, is hyperbolic if h, =
(,oggg)l p=0; The Hamilton-Jacobi equation (6.6) has a unique solution in K near
M and in particular one has wg|icny = ¢o = 0.
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6.3. The Hamilton-Jacobi equation near the cusps

In the model from Proposition 4.2, which is a neighborhood of {¢ =0} in (R/ %Z)w X

H?Zv +iu» it will be useful to forget the & parameter and consider now (£(¢), v(¢))
as independent parameters (£, v); we shall study the geodesic boundary defining
function as a function of (¢, v), where v € R is a bounded parameter and £ € [0, £]
for some fixed small £y > 0. We view v as a parameter moving in a compact set,
and since the metric has a uniform behavior in terms of v in this set, we shall not
emphasize the dependence in v in the notations. The metric g. of (4.9) will be

rewritten as

_du?+dvi+((1+v) R —402v2u?)dw? +2v(R* —2u?)dwdv+4vuvdudw
- 2

8¢
u
6.7)

with R = Vu? + vZ + 2.
We thus consider for the moment just a neighborhood of a cusp, that is we set

U .= {(w,u,v) € (R/%Z) x [0, 1) x R; u? 4+ v? < 1}.

and U its interior. Consider the submanifold H := {u = v ={ =0} C X x [0, &)
which corresponds to the cusp, and let I/, be the blow-up of U x [0, £y) at H,
defined to be

z7g=(17x[o,eo)\H)uSH

where SH C T(X x [0, €9))|g is the normal inward pointing spherical bundle of
H . There is a blow-down map 8 : U, — U x [0, £y), which is the identity outside
SH and the projection SH — H on the base when restricted to SH. The set u
has a natural structure of smooth manifold with corners of codimension 2 in a way
that the functions u, v, £, R lift by g to smooth functions on u ¢; we will use the
same notations for these functions and for their lifts to I/ ¢. There are three bound-
ary hypersurfaces in Uy: the face denoted F;, whose interior is diffeomorphic to
{£ =0,u #0} C U x [0, £o), the face denoted F, whose interior is diffeomor-
phic to {u = 0,¢ # 0} C U x [0, £p), and the front face Fg = SH given by
the equation R = 0. See Figure 6.1. We notice that ¥y is naturally diffeomorphic
to a neighborhood of cf in the manifold X, defined in Section 2.3, with cf identi-
fied with Fg N Fy; thus studying what happens on JF; is equivalent to consider a
neighborhood of the cusp in X.
Consider the following smooth variables on Uy:

(U — %, v, w,E). (6.8)

They provide coordinates outside Fg. In fact, when restricted to F;, (U, v, w)
provides smooth coordinates on Fy near the corner FgNJF,, with U being a smooth
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Fe

(7 ) v

£
Figure 6.1. The manifold with corners U,

Fu

defining function for F, and v being a smooth defining function for Fr. We will
also sometime use the smooth variable

22
v=lox1-v2- =
R R?

du du Vdv

P Ua-0d) TRAO-UY

on Uy. Then we have

Hence, we see that the dual vector fields ud, and 9, to du/u and dv become in the
coordinates (U, v, w)

5 VU
udy — U1 = UMy, By — 8y~ ——du. (6.9)

In terms of the variables U, v, w, the metrics g¢ is given by

_du? N 2vdUdv N vidv? +(1—U2)dv2
T U1 -U?? U =UH2403) (2 +62)2 U2+ 07

8¢

n 4vv
U(l —U?

202 1 —20U?
—|—2v( v —I-( ))dwdv.

W+ %)
dwa =+ ((1 + Vz)m — 4£2U2 du)2 (610)

v+ 2 U?

In particular, looking at the conformal family of metrics g, = U 2gy, we see that
when pulling-back to {U = 0} = F, this metric, one has

2

_ dv
he = %e|y_o = R + (1 + ) + D)dw? + 2vdvdw, (6.11)
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which corresponds to the model (5.1) for the formation of a cusp obtained by pinch-
ing a closed geodesic. In general, as described in the previous section, the global
hyperbolic representative of this conformal infinity will be slightly different, of the
form N

h2? = e*thy (6.12)

for some family of smooth functions ¢,, which is obtained by uniformization and
has the properties of Proposition 2.3 for the case £ = 0. By Proposition 5.1 (with
£ playing the role of ¢ here), the uniformizing factor ¢, will tend to ¢g as £ — 0
on the interior of F,. Since we want to work in a more general setting than the
uniformized metric, we now just fix an arbitrary family of smooth functions ¢, so
that ¢, — ¢o on F, as £ — 0 with the requirement that ¢ satisfies the properties
of Proposition 2.3, i.e., it extends smoothly to the closure of F, in F; and 9, ¢
vanishes to infinite order at g = {v = U =0} in Fy N F,.

To define the renormalized volume associated to such a choice of representative
in the conformal class at the boundary, we need to construct a boundary defining
function p; of the face F, = {U = 0} such that

(1)  p¢ = e®tU for some function wy satisfying we|y—g = @¢
dpg | (6.13)
Pe

) =1

8¢

We solve this first order differential equation near the face Fx. This is an equa-
tion of Hamilton-Jacobi type which we write explicitly in terms of the coordinates
U, v, w. First, in the coordinates u, v, w and in matrix form, the family of dual
metrics g[l on the cotangent space is given by

2 R* +4v%uv?  20%uv(R? — 2u?) —2vuv
g = = 2v2uv(R? — 2u2) R* + v3(R? — 2u?)? —v(RZ2—2u?) |. (6.14)
—2vuv —v(R? — 2u?) 1
Since d[f‘ = % - ”d—” + dawy, the equation |dp5 |§£ = | becomes
1-U?? v? du
g \dul, + |doy|}, + ﬁmv@ +2(1-U? <7, dw[>
) 8¢ (6.15)
2v(l —U?) du 2v
—T<dv, 7>g€ — ﬁ(dv’da)€>g€ =1.
Now, we compute (recall that V = v/R)
1-U?%? v? 20(1-U? d
QW | 4|dv|§e_u<dv,_”>
R2 u [

= —U2)2+V2U2(4v2(1 — U2 14+02(1 =202 =42 (1 = U (1 —2U2)),
(6.16)
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and

d
<—”,de> =(1+42U*V?) (ud,we) +2v2U*(1 —2U%)V Ry
u g

%
—2\)UZana)g,

(dv,dwg) g, =—20*U(1-2U?)V R(ud,wp) +U*(14+v2(1—2U%)?) R*d,wq

—U*v(1 =200y,
(6.17)
and from (6.14), |day|2, is of the form

U? 1
ldwgly, = Wdwe)® + ﬁlawwélz +vUPy (Uz, Vi udywe, Royo¢, anw)

for some polynomial Py(x, y; X, Y, Z), which is quadratic in (X, Y, Z) with coef-
ficients which are polynomial functions in (x, y), independent of £ and depending
smoothly on v. Gathering these computations with (6.15), we obtain that |dp¢/ p¢lg,
= 1 is equivalent to

2 (1 —U? +222V?U@3 - 4U2)) (udywp) + U2V Q1 (U (Rywy)
2 2 1 2 U2 2
+vUVQO,(U )(anwz) + (uoywe)” + mewll

1
+U%Py (UQ, V: ud,we, Rd,wq, anwz> =U?Q3(U?, V)

where Q; are polynomials, and thus using (6.9) and dividing by U we get an equa-
tion of the form

2((1 = UH? + V2U2Q0(UD) dyeor + U 01 (U v

U 1
+ U1 = U @ywo? + 5 lowo® +vUV 02(U%) (anwz) (6.18)

1
+ VU P <U2, V, R; Udywg, Rdywy, ana)g> =UQ3(U? V)

for some polynomials Q;, and P; having the same properties as Py, and Q3. This
equation is of the form F(Dwy, w¢, z) = 0, where x = (U, v, w), Dw; = (dywy,
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Oywy, 0ywye) and
F(p,z,x) = F(py, pv, Pw, 2, U, v, w)

=2[(1 = U2+ V20200 | pu + Uv 01U,

6.19)
uv 2 2\2 .2 Up%) (

+ V== 02Uy + UL = UDpfy +

+vU P (U2 Vi Upu, Rpy. ’%’”) —UQ3(U2, V).

In this definition, notice that the dependence in z and w is in fact trivial. Now,
since 9, F'|y=o = 2 # 0, the equation with initial condition w¢|y—p = ¢ is non-
characteristic. It can therefore be resolved using the method of characteristics for
U small outside R = 0. In general, the equations for the characteristics are given

by (denOting (xlv X2, x3) = (U7 v, w) and (Pl» p27 p3) = (va pvv pw))
pi(s) = — 05, F(p(s), 2(s), x(8)) — 9 F(p(s), 2(s), x(s)),

2(s) =) 0y, F(p(s). 2(s), x(5)) pi (s), (6.20)

Xi(s) = 0p, F(p(s), 2(5), x(5))-

where a dot is used to denote a derivative with respect to the parameter s. We
notice that, when v = 0, these equations have smooth coefficients except for all
terms containing p,,/R. Thus they are smooth outside the face Fg = {R = 0},
in particular they restrict on the face F; \ {R # 0} corresponding to the rank-1
cusp limiting case. We will need to solve these equations with the following initial
conditions on the face F, = {U = 0} (we restrict for the moment to the region
U=0,R#0)

U@)=0, v0)=vy, w(O)=wo, 2z(0)=ee(vo,wo), 620
Pv(0) = 3y@¢(vo, wo),  pw(0) = dyee(vo, wo), py(0) =0, '

where the last condition follows from the fact F'(p(0), z(0), x(0)) = 0. The behav-
ior of the solution for U small near the face R = 0 can possibly be singular because
of the singularity of the coefficients containing some R~! in F there. The solution
wy will be given by

Dawy(U(s),v(s), w(s)) =(pu(s), pu(s), puw(s)), @ (U(s),v(s),w(s))=z(s) (6.22)

with initial condition w¢ (0, vo, wo) = ¢ (vo, wo). We analyze the solution near Fg
when £ = 0 (Fg N Fy corresponds to {u = v = 0} inside Fy).
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Proposition 6.4. For each ¢y € C*°(FyNF,) with dy,¢@q vanishing to infinite order
at Fg, there exists a unique smooth function wo on Fy defined in a neighborhood
of Fu, N Fr in Fy such that d,wq vanishes to infinite order at Fr and pg = e*0U
is a boundary defining function of F¢ N JF,, with the property that

dpo
(P2g0)| = e*ng, || =1.

Fu £0

80

Proof. We need to investigate if the equation (6.20) can be solved in a uniform way
as the initial condition vy in (6.21) approaches zero. We first change coordinates
and use the coordinates (u’, v’, w’) of (4.14) in which the metric go has the simpler
form (4.13). In fact, since the metric in the new coordinates has the same form as in
the original coordinates (u, v, w) but with v replaced by 0, we are reduced to solve
a Hamilton-Jacobi equation which has the same form as (6.18) but with v = 0, and
in the coordinates (U’, v/, w’) where U’ := u’ /~/u’> 4+ v'2. Our first goal is to prove
that wg viewed in the (U’, v/, w’) coordinates is smooth near U’ = 0, and then to
come back to the original coordinates using (4.14) to deduce the desired result.

We are reduced to analyze the solution of (6.18) when v = 0, which we now do
(for convenience of notations we keep the expression of this equation with the vari-
able (U, v, w) for the moment, having in mind that they really mean (U’, v', w’)).
We also allow w and wyg to be in R instead of R/ %Z, which is the same as viewing
the equation in the universal covering, since we need to work in the domain (4.15)
where the coordinates (U’, v/, w’) are valid. We notice that since we assume v = 0,
each of the singular terms in the equations (6.20) comes now with a p,, factor.
From the initial conditions and the independence of F with respect to w, we have
that p,,(s) = 9y@o(vg, we) for all s. On the other hand, by hypothesis, we know
that 3,,¢0(vo, wo) = O(Jvg|°>®) when vg — 0. To solve the ODE (6.20) uniformly
as vp — 0, we now check that for vy # 0, v(s) cannot approach zero rapidly.

Lemma 6.5. There exists a positive constant K depending on ¢y but not on vy and
wo, as well as C > 0 such that

()| > |vole ™ and U(s)>s for s<K.

Proof. We will consider the case vy > 0, since the case vy < 0 can be dealt with in
a similar fashion. First we use that for £ = 0, we have that

R=——, V=+I1-U2%

V1I=U0?

Set y = log v, then from (6.19) and (6.20), we can write, as longas U < 1,
§=UQIWUH +U (MU + MU py + AsUDE py + AU puy)

for some polynomials A; in the variable U 2 Consider the vector 7() = (pu(s),
pu(s) — pu(0), U(s), ¥y(s) — y(0)), where y(0) = log vg. Since p,, is in fact inde-
pendent of s, we see from (6.19) and (6.20) that there exists a positive constant K



362 COLIN GUILLARMOU, SERGIU MOROIANU AND FREDERIC ROCHON

depending on ¢p such that
d —
—| X ) = Ki
ds

= .
whenever | X (s)| < I% This means that

—
| X ()] < Kys

fors < # In particular, there exists C > 0 such that
1

ly(s) —y(O)| < Kis = v(s) > vge ©*

fors < # This gives the first half of the result for some big constant K . Now, for
1

% .
| X (s)] sufficiently small, notice that U > 1. Integrating, we get that U (s) > s for s
sufficiently small. Taking the constant K smaller if necessary gives the result. [

We have p,,(s) = py(0) = 9y,@o(vo, wg) which decreases rapidly when vg
tends to zero, and V = v/R is close to 1 when U is small, thus using Lemma 6.5,
there is C > 0 such that for s < 1/K, we have U (s) > s and

dweo (v, wo)
v(s)?

Puw(s)

< CeCU®
R(s)? B

= O(lvo|™).

dw o (vo, wo)
2

Yo

Using this rapid vanishing as vop — 0, by looking at (6.20) and (6.19), we deduce
that the (U (s), v(s), w(s)) extend smoothly as the initial condition x; (0), p; (0) tend
to {v = 0}, on a uniform time s € [0, so] with sg > 0. In fact, with the initial
condition vy = 0, we have by (6.19) that v(s) = p, (s) = 0 for all s and the ODE
simply becomes in the region U < 1 (using that V = +/1 — U2 in that case)

pU=L1(U7 pU)v pv=L2(U7 pv, pU)’ 2=L3(U7 PU),

. ) (6.23)

U=L4U, Py), w=0
for some polynomials L ; with L4(0, py) = 2. In particular, we see that the curves
U (s), v(s) are tangent to the face v = 0 (as long as U < 1) and they are trans-
verse to U = 0; moreover U(s) = 2s + O(s?) near U = 0. We thus obtain that
¥ o: (s, v, wo) = (U(s), v(s), w(s)) is a smooth local diffeomorphism on [0, €)
x [0, €) x R for small € > 0 and there is € > 0 such that for each point wg € R it is
a diffeomorphism from [0, €) x [0, €) x (wo — €, wp + €) on its image. Moreover,
it is easily seen that (s, vg, wo + %) = (U(s), v(s), w(s) + %). The same hold
in the region vy < 0 and this implies that wg given by (6.22) for £ = 0 extends
as a smooth function of (U, v, w) near each (0, 0, wg) on {U > 0, v > 0} and on
{U = 0, v < 0}, in some neighborhood which has uniform size with respect to wy.
We also have that 0y, wo (W (s, vo, wo)) = pw(s) = dyw@o(vy, wo) = O(Jvy|*>®), thus
dwwo = O(|v|*°) uniformly where it is defined.
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We have thus proved that in the (U’, v/, w’) coordinates, wy lifted to the univer-
sal cover is smooth in [0, €) x [0, €) x R, and 9,0y = O(|v|*°) . To conclude the
proof, we need to come back to the original coordinates (U, v, w) by using (4.14):

U UN1 402 L1+ , v 1-U?
= — V= —, w =w — .
V1 +202 1 4202 14+v2 v

First it is clear that wy(U’, v/, w’) is smooth when viewed as a function of (U, v, w)
except possibly at v = 0 where w’ is a singular function of v. Similarly to the
discussion of Section 5 (which corresponds to an analysis in the boundary U = 0),
the fact that d,ywp = O(Jv'|*°) actually implies that wq is smooth in the variable
(U, v, w) since Dwy admits a smooth extension to v = 0. This achieves the proof
of Proposition 6.4, as (U, v, w) are smooth coordinates near Fr N J, on the face
F¢,and U’ is a smooth function of U . O

Corollary 6.6. Let pgy be the function of Proposition 6.4. There exists a diffeomor-
phism ¢ : [0, 8)s x O — Q C Fy with Q a neighborhood of F,, N Fg in Fy and
O a neighborhood of F,, N Fg in F,, N Fy such that $*py = s and

dS2 + hO(As : )
¢*g0 = - 2

where A is a one-parameter smooth family of smooth endomorphisms of T O up to
Fr,fors €10, ¢), so that hg (-, -) := ho(Ay ) is a smooth family of cusp symmetric
tensors.

Proof. The diffeomorphism is given by ¢ (s, vg, wo) = ¢ (vg, wg) where ¢y is the
flow at time s of the gradient Vpgg" po of pg with respect to ,oggo. First, we no-
tice that this flow is exactly the diffeomorphism ¢ (s, vo, wg) = x(s/2) where x(s)
is the integral curve studied in the proof of the previous proposition — satisfy-
ing (6.20) with initial condition x(0) = (0, vg, wo). Since (¢*U)/s is a smooth
function on [0, &) x O for some small neighborhood O of {0} x {0} x (]R/ %Z)
in (U, v, w) € [0,¢) x [0,&) x (R/3Z), the metric s>¢*go is given by a positive
smooth function times ¢* (U 2go) with gg given in (6.10) (for £ = 0). To prove the
statement, it suffices to check that for vector fields Z; := vody, and Z; := v ! Owg »
we have that ¢*(U?g0)(Z;, Z;) is smooth near s = vo = 0 for i, j € {1,2}.
Since ¢ (s,0, wp) C {v = 0} by the analysis of the proof in the previous propo-
sition, writing ¢ (s, vg, wg) = (U, v, w) we get v = vg(l + vg f (s, vg, wo)) and
w = wo + vok(s, vg, wo) for some smooth functions f, k, and thus

G5 (0dyy) = VWi, hu(v]y ' dug) = v '8y + W2

for some smooth vector field Wi, W, near v = U = 0. By inspecting (6.10) for
£=0, ¢*(U2go)(Zl~, Z ;) is smooth near s = v = 0. The same argument works in
the region v < 0 covering the other neighborhood of Fg N F,, in Fy. O
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6.4. Proof of Proposition 2.4

We decompose the hyperbolic 3-manifold with rank-1 cusps (X, g) as in Section 2.1
into a region L C X and some cusp neighborhoods L{J‘f for j =1,..., j1. Recall

that X can be compactified into X.. Then we fix a boundary defining function p in
a neighborhood of M = X, which is equal to p = u/~/u? + v in the coordinates
of the model (2.2) of Z/l" The hyperbolic metric g there, as given by the model
(2.2), corresponds to the case £ = 0, v = 0 in the expression (6.7) and U = u/R
is the chosen defining function of X in these coordinates. Let 2™P be the unique
hyperbolic metric on M in the conformal class of & := (,ozg)|r m.-Lety € C° (M)
and h = ¢*YhYP. By Proposition 2.3, we have 2V hYP = ¢2W+0)p for some
@ € CX®(M). Since we still have that ¥ + ¢ € C>(M), Proposition 6.4 shows
that there exists a smooth defining function p of M on a neighborhood of ¢cf NM in
X (as explained above, M corresponds to F,, and cf to F in the model F; of X,
near the cusps), such that |dp/p|, = 1 with p2glrm = 2V hMP; it is unique where
it is defined. On the other hand, outside L{J‘f, this equation is also a smooth non-
characteristic Hamilton-Jacobi equation, thus the solution p defined near M N cf

can be extended uniquely as a solution also in a whole neighborhood of M in X,
giving the desired function . Considering the maps ¢ : [0, €)x — M — X, given

by ¢(x, y) = ¢ (y) where ¢; the flow at time s of the gradient Vi’ 8p of p with
respect to p%g, we see by using Corollary 6.6 (recall that ¢ is the gradient flow in
the proof of that Corollary) that on (0, €), x M

dx? + fzx
2

p*g =

for some 1-parameter family h x of smooth metrics on M depending smoothly on
x € [0, ¢), and hy are actually a smooth family of cusp symmetric tensors. Since
g is hyperbolic, we know (as it is a local computation) from [10, Theorem 7.4] that
the dependence of h x is a polynomial of order 2 in x>

hy = h((d + x2A)-, )

with Tr(A) = —3Scal; and §;(A) = JdScal;. It remains to check that the com-
plement of the region ¢ ([0, €) x M), called V, has finite volume with respect to g
in X. Clearly, KN (X \ {6 < €}) is compact in X thus has finite volume. Now we
analyze the region U]C. \ {0 < €}. To show that it has finite volume, it suffices to

use that ¢ is a defining function of F,, N F; in the blown-up space F; of U; around
the region H = {(u, v) = 0} representing the cusp, and so {0 > €} is contained in

some region {U > ce} for some ¢ > 0. Now the volume form of the metric g in
u +v

coordinates (i, v, w) is

2 2
f / UV < 00 (6.24)
u2 + 02 u’

dudvdw and a simple computation shows that
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for all z € C. By taking z = 0 we see that the region has finite volume for any
finite constant C > 0. It remains to show that if p is extended smoothly to X, as
a boundary defining function of M (positive in X, \ M) then H(z) = f x pdvol,
is meromorphic in {Re(z) > —e} for some € > 0. We can split the integral as
an integral near X N K and the meromorphy of this part follows directly from
the fact that $ is a smooth boundary defining function there, and there remains the
integral in each L{JC.. The part of the integral in V clearly gives holomorphy in z by
(6.24). For the integral in Z/{J‘f \ V, we notice that the volume form in the coordinates
(U, R, w) near F,, = {U = 0} in the model F; (isometric to Z/lJC- with v = 0) of

Section 6.3 is given by dUd Rdw /(U>+/1 — U?) and thus from the fact that 5/ U is
a smooth positive function in these coordinates near U = 0, the meromorphy of the
remaining part of the integral H (z) follows by Taylor expanding p/U at U = 0.[]

6.5. Taylor expansion of the boundary defining function to second order

For £ > 0 fixed, it is also straightforward to solve the equations (6.15) near the
degenerating curve and find w; and p. The function w; will be smooth in s, so
smooth in U. In particular, at U = 0, it has an expansion of the form

o0
wg~ Y ajUk. (6.25)

To compute the limit as £ — 0 of the renormalized volume, we will need to know
the terms of order 0 and 2. By assumption, we have that agp = ¢,. We now compute
ay and ap.

Proposition 6.7. Near v = 0, the coefficients a; and ay in the expansion (6.25) are
given by a; = 0 and

o ) 2 5ty 2vv
612——1 ldeely, +(14+v7) 1—1)2—_'_£2 —2420 —1)Uav¢€—l)2—_'_£28wf/’é .

Proof. We see directly from (6.18) that a; = 0. Then notice that by (6.14), the
metric dual to g, = Uzgg is smooth near F, \ (F, N Fgr)andas U — 0

( w(pZ)

|da|}, =U* <<v +2)((1+v?) (yp0)? )+ 2vavwaww)+0<u3>

=U?|dgl};, + OU?)

where Ay is given by (6.11). Combining this with (6.15), (6.16) and (6.17), we have

2
v
24 V) +4ar +2(0% — Dvdygp — ] 62 dwee + |deels, =0

which achieves the proof. O
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7. Variation formulas for the renormalized volume and Kiihler potential
for Weil-Petersson metric

In this section we describe the properties of the renormalized volume as a function
on the conformal class of the conformal boundary: we first compute the variation of
the renormalized volume for families of hyperbolic metrics with rank 1-cusps, and
we show that Volg is a Kéhler potential for Weil-Petersson metric in a Bers slice of
the quasi-Fuchsian deformation space.

7.1. Variation formula

Arguing as in [14, Proposition 3.11], we have the following variation formula for the
renormalized volume under a change of conformal representative in the conformal
boundary.

Proposition 7.1. Let X be a geometrically finite hyperbolic 3-manifold. Let hhYP
be the unique hyperbolic representative in the conformal boundary of g and let

A

— L2¢ph . 5V A - -
h = 2V with ¢ € C,°°(1\il). If p and p are geodesic boundary defining
functions associated to h™P and h given by Proposition 2.4, we have

N 1
Volg(X, h) = Volg(X, h™P) — 2 /M(lv‘/’ﬁhyp — 2¢)dvolynyp.
For any x € CX°(X) satisfying x = lezo P+ O(p3) at 9X, with xi € C (M)

FPZ:()/ p* xdvolg :FPZ:()/ p*xdvol,
X X (7.1)

1
-2 / GOUVY Py — 20) — 4 x29)dvOly.
M

Proof. First, by Proposition 2.4, associated to both hbyP (resp._to h), there are
product coordinates [0, €), x M near M in the compactification X, of X in which
g is of the form
_dx? +ho+ x7hy 4+ x*hy
- 2

X

8

with hg = hMYP (resp. hg = fz) , ho, hq some smooth cusp symmetric tensors such
that Trp, (h2) = — %Scalh0 and dp,, (h2) = %d Scaly,, . The complement of the regions
covered by these coordinates has finite volume, thus the part of the integrals above
over the region x > €/2 are trivial to deal with. On the other hand, by the proof of
Proposition 2.4, we can also solve the Hamilton-Jacobi equation |d7x + dw|§ =1

near M with initial condition wl37 = Y. From the symmetries of this equation,
we see that w must have an even expansion in x at M, w ~ Z?O:o wy jx2/ . As
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in [14, Lemma 3.6], putting this expansion back in the Hamilton-Jacobi equation,
we compute that (the computation is local)

1
w) = —Z|vwo|§o, with wy = .

On the other hand, the volume form of g is given by dvolg = v(x)dvoly, i—’; with

v(x) = vo + x2vy + O(x3) forvg = 1 and v, = —%Scalho. Hence, we compute
just as in the proof of [14, Lemma 3.5] that

Volg (X, fz) = Volg(X) + f (vow2 + vawg) dvolynyp
M
1 (7.2)
= VOIR(X) — Z /M(|V(,()O|ihyp — za)o)dVOlhhyp.

For (7.1), the calculation is similar but one has to replace v(x) by v(x)x (x) in the
reasoning, thus vow, and vowg become vy xpow2 and (v2 xo + vo x2)wo. O

First we say that (X, g") for ¢ € (—to, fp) is a smooth family of geometrically
finite hyperbolic manifolds: if g := g° is a geometrically finite metric on X with j;

cusps of rank-1, represented by some disjoint curves H = Ujilzl H; in the boundary

dX of the compactification X as in Section 2.1, g is hyperbolic for all 7 and there
is a neighborhood U; of H; in X such that p°g" extends to a smooth metric on

X\ U Uj if p is a boundary defining function of 08X, and there exists a smooth
family of diffeomorphisms xﬁ; U — YU C Hg X (R/ %Z)w such that for
{=v+iuecH?

N du® + dv? + u? + vH)dw?
(‘ﬁj)*g = " .

For such a family of metrics, it is easy by extending (wj.)’l o 1#? to X to construct

a diffeomorphism 6’ of X such that p?(9")*g" extend smoothly as a metric on X =
X'\ H and near H;

du® + dv? + u? + v?)dw?
5 .
u

WNO0")*g" =

We can thus reduce the analysis to the family of metrics (8")* g’ with a cusp singu-
larity at H, which we do now, and to avoid heavy notation we write g’ instead of
(0")*g". Denote by h' the hyperbolic metric in the conformal boundary of (X, g):
it is a smooth family in ¢ of hyperbolic metric with finite volume and cusps. Pro-
ceeding as in the proof of Proposition 6.4 and using A’ as the representative of the
conformal infinity of g’, we can then solve the Hamilton-Jacobi equation

dp'
ra

=1, [AVN =ht
. g,
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smoothly in # to get a smooth family of boundary defining functions p’ of M in X.

As we have seen in the proof of Proposition 2.4, the gradient vector field Ve o',
where g' = (p')?g’, is defined and smooth in a neighborhood of M in X. and
is tangent to the cusp face cf. Integrating this vector field for each 7 then gives a
smooth family of collar neighborhood ¢’ : M x [0, €), — X such that

dx? + hl) + x?ht, + x*h},

x2

@)'g" = (7.3)

with h’2 ; some smooth families (in ) of cusps symmetric tensors such that h6 =h'.

Theorem 7.2. Let (X, g") be a smooth family of geometrically finite hyperbolic
metrics. Let h' be the unique hyperbolic representative of the conformal infinity of
g"and h’2 the second fundamental form at 3X given by (7.3). If Volge (X) denotes
the renomalized volume of (X, g'), then

1 .
3 Vol (X)|,_y = _Z/ (ho, ha — ho)pydvoly,,
M

where hy = h’2| =0’ ho = h'|;—¢ and the dot denotes a derivative in the t variable

evaluated att = 0.

Proof. The proof is very similar to the proof of [14, Theorem 5.3] and is based on
Schléfli formula, but here one has to be careful about the degeneracy near the cusps
to perform the argument. Like in [14, Theorem 5.3], we can pull-back g’ (using
an extension of (¢')~! o $°) by a family of diffeomorphisms of X, which is the
Identity outside a neighborhood of M, so that the new metric is isometric to the
right hand side of (7.3) near M via the diffeomorphism ¢ := ¢" that is independent
of t. For § € (0, o), consider the region Vs := ¢ (M x [0, 8)) C X. Then, as in the
proof of Proposition 2.4, X \ Vj is of finite volume with respect to g’, and we claim
that

_ 1 o1
B VoI (X \ Vi, 1),y = 5 f 8 (H + 5. 11>g) dvol,, (7.4)

where H' is the mean curvature of ¢ (M x {8}) with respect to the metric g, I’ is
its second fundamental form and g := g'|;—¢. The proof of (7.4) is then the same
as the one of [14, Lemma 5.1]: using the variation formula for the scalar curvature,
we find

—43,Vol(X \ Vs, g") = / (AgTry(2) + d*88(2))dvol,
X

and the integration by parts of A, Tre(g) and d*§%¢ can be done but there could
possibly be a new contribution coming from the cusp face cf in the compactification
X, of X (cfN{p = 8} corresponds to the cusp point at infinity of the Riemann
surface {p = §}). In order to analyze this, we can apply Green’s formula on {R >
X, p > 8} where R is a boundary defining function of cf. If ¢’ : cf x[0, 1) — X is
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a collar neighborhood of the cusp face in X, we know from the local form (2.2) of
t
g’ that

Area(¢ (cf x (A1) N (X \ V5) = O(2).

It is direct to check (using (6.14) with v = 0) that dg Tre(g) and §5(g)(dg) are
uniformly bounded in A on ¢’ (cf x{1})N(X\ Vs), where 9y is the unit normal vector
to ¢’ (cf x{A}) with respect to g. This means that there is in fact no contribution
coming from the cusp face when we take the limit A \ 0. Thus, when we integrate
by parts, we obtain the same formula as in [14] and (7.4) follows. O

7.2. A Kibhler potential for the Weil-Petersson metric

Consider the quasi-Fuchsian space associated to Riemann surfaces with n-cusps.
For each pair (M, h_) and (M, h4) of hyperbolic surfaces of finite volume with
n cusps, denoting 2 := (h_, h), there exists a unique (up to diffeomorphism)
complete hyperbolic metric g = gj on the cylinder X := R, x M, which is realized
as a quotient '\H? for I' ¢ PSL,(C) a quasi-Fuchsian group. The quasi-Fuchsian
space is identified with 7 (M) x 7 (M) where 7 (M) is the Teichmiiller space of M.
Fixing h_ = hg, the map h4 > gj, provides an embedding of 7 (M) into the quasi-
Fuchsian deformation space, called Bers embedding, and we view the renormalized
volume as a function on 7 (M): Vj, : h4 +— Volg(X, gn).

Proof of Theorem 1.3. First, we notice that applying the proof of Proposition 7.1
in [14], mutatis mutandis, we can compute the Hessian of the renormalized volume
at the Fuchsian locus 74 = h_ :

1 1
Hessi (Vi) (k) = ¢ /M |k}, dvolp, = g|k|%vp. (7.5)

By Theorem 7.2 and the form x 2 dx2+ 1+ %)Zho) of the quasi-Fuchsian metric
for h_ = hy = ho, the metric h, = hyg is a critical point of V},, and a direct
computation (as in [18, Section 8]) shows that for ky, ko € T7j,(M)

— i
90 Vi (ho)- (k1. k2) = % (Hessiy (Vi) (Jhr. k2) — Hessiy (Vi) (k1. J2))

if J is the complex structure on T7 (M). Combining with (7.5), we obtain that
39 Vg (ho) = jgwwp(ho).

To obtain the final result we need to show that 99V},_ (o) does not depend
on h_. This follows from quasi-Fuchsian reciprocity like in [18, Proposition 8.9].
For the convenience of the reader, we briefly repeat the argument. Thus, consider
the Lie derivative Ly_(ddVj_(h4)) with respect to the variable h_, where Y_ is
a vector field on 7 (M) and hy is fixed. To prove it vanishes, it suffices to show
that Ly_(0V),_(hy)) is the exterior derivative of a function of 4. We claim that
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Ly (Vy_(hy)) =dFg_y y(hy) where F,_y y is the function on 7 (M) defined
by
Fn_,y_y(hy) = 0Volg(h—, hy).(Y-,0).

To prove this, we will need to use the Bers embedding of Teichmiiller space and
especially its relation to Volg. The universal cover of M is the upper half plane
= H? c C and (after composing by an isometry) the metric A lifts to the

ldz?
Im(z)?
the fundamental group 71 (M) is represented by a Fuchsian co-compact group I' C

PSL,(R). The metric #_ on M lifts by 7 to a metric 7i_ on H2 which is [-invariant
and of curvature —1. Using the map z_+ Zz, we can equip the lower half-plane
L = {Im(z) < 0} C C with the metric h_ (the orientation of /_ is then reversed),
and this metric can be written as h_ = a(z)|dz + pdz|?* for some smooth a > 0
and some complex valued Beltrami coefficient y with || < 1. Extend i by O on
U, then by Ahlfors-Bers result, there is a unique quasiconformal map f : C — C
which satisfies

The covering map is denoted 7 : H?> — M,

hyperbolic metric gy =

0z f = po. f

and f fixes the points 0, 1, co. Notice that f is a conformal map from (C, |dz +
udz|?) to (C, |dz|?), and thus f is holomorphic in U. The Bers embedding is the
map

92 1 {82 2
On, th_— S(flv), S(f) = &<£;)_E(é§> dz*.

where S is the Schwarzian derivative. The element S( f) is a holomorphic quadratic
differential with respect to the complex structure of /4 on U, which is I'-equivariant,
thus descends to an element in (Th*+ T)"V if T denotes the Teichmiiller space of

M. The Bers map ®j, is holomorphic as a map 7 — (Th*JrT)LO. The group

I := fT'f~! is a quasi-Fuchsian subgroup of PSL,(C). Let J = f~!, where now
we consider f : U — 4. Here Q4 is the upper component of the domain of
discontinuity of I'” on C and I'"\ 2, equipped with the complex structure induced
by C, is conformal to (M, hy) by f. One has moreover J* gy = e?|dz|? for some
smooth Liouville field ¢ on ., I'-equivariant, and ¢?|dz|? is a hyperbolic metric
on 2. Thus

1
3.0: = —e?
L 0z¢ 23

We have also J*S(J) = —S(f) and we would like to express S(f) in terms of the
Liouville field ¢. Remark that

19.J 1% = e?(Im(J (2)))?,

thus
2J 9.

0.0 = =— .
24 9, +lImJ
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Now we compute

ImJ/ 2dmJ)2 2

1 027 1.2 1 8,0\ 82T 8.J
92— S = S it (lh;]) iELE e

=SW))

and thus @y, (h-) = —J*((32¢ — 3(3,¢)?)dz?). Next we can use Epstein’s de-
scription of the equidistant foliation in [9], combined with Theorem 7.2, which
show that dVj,_(h4) = Oy, : if we lift the quasi-Fuchsian hyperbolic metric to
H? (in the half-space model H? = (0, 00), x C,), the geodesic boundary defin-
ing function p associated to /4 and the equidistant foliation given by the level sets
{p = const} also lifts to H?, the lift of the boundary metric A is given by e?dz?
on the domain of discontinuity Q; ¢ C = 9H3, and [9, formula (5.5)] gives near
Qrasp—0

dp? + e?|dz|? + (Re((32¢ — 5(3,¢)>)dz?) + 3.0:91dz|}) p + O(p*)
p? '

83 =

This implies that dV),_(h4) = 1 Re(®y, (h-)) and thus we obtain

1
Wh_(hy) = 7 On, (h)

by using (7.6). The same holds by reversing the role of 4_ and /. On the other
hand, if ®(h_, hy) := O (h_), one has for any section Y1 of T7 (M) (here Y+
depends only on the A variable),
Re(Ly_On,, Y4) = Re(Liy_0)®)(h_,ny)(0, Yy)
= 4£(y7,())dV01R(h,, h+).(0, Y+)
=4V2Volg(h_, hi).((Y-,0), (0, Yy)) 7.7)
=4Ly, (dVolg(h_,hy).(Y_,0))
=Re(Ly, Op_, Y ).

Since ©p, is a family of holomorphic differentials on 7 (M) that depends holomor-
phically on %4, we see that (7.7) in fact implies the quasi-Fuchsian reciprocity

(Ly_Op,, Yy) = (Ly,Op_, Y_). (7.8)
Coming back to the renormalized volume, this finally yields

MLy (Vi (hy)), Yy) = (Ly O4,Yy) = (Ly,O_,Y_)
=4Ly, (OVp (ho)), Y-) (7.9)
=4(dFy_y y(hy), Yy)

as claimed. O
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8. Limit of the renormalized volume under the formation of a rank-1 cusp

We consider an admissible degeneration of convex co-compact hyperbolic met-
rics g, on a manifold X in the sense of Definition 6.1; X is thus the interior of
a smooth compact manifold X with boundary N := 3X, with degenerating curve
H = Ujlz (Hi C Nand X = X \ H. Recall that X, is the smooth manifold with
corners obtained by blowing-up H in X, with boundary faces M and cf, see Section
2.3. The goal of this Section is to show

Theorem 8.1. Let g, be an admissible degeneration of convex co-compact hyper-
bolic metrics on X in the sense of Definition 6.1, with limiting geometrically finite
hyperbolic metric go. Then

lim Volg (X. g:) = Volg(X. 0)-
£—

8.1. Limit far from the cusp

First we describe the limit of the renormalized volume of the part far from the cusp,
that is in a fixed compact region K C X.

Proposition 8.2. Let p, € C*(X) be a geodesic boundary defining function such
that hy := (p§g8)| N is the unique hyperbolic metric in the conformal boundary ( pe
is uniquely defined near N). Let py € C*(X.) be a geodesic boundary defining
function of M of Proposition 2.4 with hq := (pg 20)|7 m being the unique finite vol-
ume hyperbolic metric in the conformal boundary (pq is uniquely defined near M).
Let 0, be a family of smooth functions on X vanishing in a uniform neighborhood

of the degenerating curve H and converging in all C*-norms to 6. The following
limit holds

lim (szzo/ O pF dvolg8> = FPZ:o/ Opg dvolg, .
e—0 X X

Proof. Let K be a compact neighborhood of supp 6. First, we can write dvolg, =
eG*'fdvolg0 for some smooth function G, converging to 0 in C*°(K). We use the

notation of Section 6.2: the geodesic boundary defining function g in C is defined
by (6.5). Then we get

/ 0, 5% dvol,, — f 05 dvoly, = / PG (6:e9F5% —0) dvoly,  (8.1)
X X X

where p; = e® po, and &, and 6, — 6 converge to 0 in C®(K) by Lemma 6.3.
Now the volume form of go near pp = 0 is of the form p,° 3eH dpodp where du is
a smooth measure on X N M and H a smooth function of C, thus writing

P — 1 + 720p + 72 F:
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for some smooth function F, on C; x K and using that for small § > 0, foa p " Ldpoy
has a pole of order 1 at z = 0 with residue 1, we directly obtain that

FP,_o / 95 (895 —9) dvoly, = FP.—g / 05 (05 — 0) dvol,
X X

1 N
"2 /,mM T (e ) o di

where d,, is the vector field given by the gradient of oy with respect to p2go. Using
that G; — 0, @ — 0 and 6, — 0 in C*°(K), as ¢ — 0, we obtain that the finite
part of (8.1) at z = 0 converges to 0 as ¢ — 0. We write &, = e?? /. To conclude,
we may use Proposition 7.1, which of course also works in the convex co-compact
case: that is for each ¢ > 0, we get with 6, = ZI%:O Qg,k,oé‘ + (9(,03) for some
Oek € C§S(M)

FPZ=0/ Ps0s dvolg, =FPZ=0/ ps0¢ dvolg,
X X

1

_ _/ (98,;( (|d<pg|%g + Scalhggag) — 495,;(@5) dvoly, .
4 Jnm

By assumption we have 6,  — 6 with 6 = Zi:o O pg + O(p(‘;’ ). Using Proposi-
tion 5.1 and Corollary 5.3 we directly obtain that (recall that ¢y = 0)

lim (98,0(|d<p8|§£ + Scalj, ¢s) — 498,2%) dvoly, = 0,
e—=0 Jcnm
which achieves the proof since (8.1) has finite part at z = 0 tending to O. O

8.2. Limit near the cusp

We next study the behaviour of the renormalized volume in the regions I/ jg contain-
ing the degeneration. We notice that Theorem 8.1 follows from Propositions 8.2
and the following

Proposition 8.3. With the notations and assumptions of Proposition 8.2 and Theo-
rem 8.1, we have

lim FP,— / (1 —0%)ptdvoly, =FP,— /(1 — 0)pidvolg, .
e—0 X X

Proof. We can assume that (1 —6°) is supported in U ;% , we are reduced to a local

analysis and we can use the model I/, with metric g; of Section 6.3, where we have
forgot the ¢ parameter and use rather £ with £ — 0, and v = v(¥€) is converging to
some limit vy as £ — 0. First, an easy computation gives that the volume form of
ge 1s given by

R*dudvdw

dvol,, =
8¢ u3
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Figure 8.1. The manifold with corners U,

where R? = u? 4+ v? 4 2. We need to prove that
R*dudvdw R*dudvdw
lim FP__ of _ pix———5— =FP._g f pix——s— (82)
=0 (u,v,w,l)elUy u

u3

where p¢ = p, is the function solving (6.13) with €*th, being hyperbolic if /1, is
given by (6.11),and x € C°(U,) is independent of £ and equal to 1 nearu = v = 0.

To study the renormalized integral (8.2) we decompose U in several regions, see
Figure 8.1.
We start with a region of finite volume (with the notations of Section 6.3)

Ri()) ={(u,v,w) lu<é, —1<V <1 0<L <1},

where we use the following coordinates,

w, v=2 1==2 (8.3)
u

£

u

In fact, for £ > O fixed, we have that
0<L=<1,0<u=<é = £=<u=s.

Take § so that x is supported in v/u2 + v2 < §. In these coordinates, the volume
form of gy is for £ fixed given by

(2 + u? + vHdudvdw
3
u

dvolg, = = (1+ V> + LHdudVdw.

Restricted to this region, the volume is thus clearly finite and there is no need to
renormalize. Thus,

R?d d d
FPZZO/ PiX———— udvdw / / / xw,Vu, w)(l—f—V2 )dudde
R1(£)
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We can use dominated convergence (using L? I, 51(1) < Tjo,s1) to deduce that

. R%dudvdw
lim FP,_q PiX—3
=0 (u,V,L,w)eR; u

)
=/ / / xu, Vu, w) <1 +V2>dudde 84)
-1 Jo Jo
. u? + v} dudvdw
=FP,— Py X 3 .
R1(0) u

Next we analyze the region R, (£) near the intersection F,, N Fx but away from the
corners Fr N JF, N F,. In this region, we can use the coordinates

~ U ~ v
L, U=—-, V=—
14 £

In these coordinates, we can define more precisely the region R (€) by

w.

Ry(0) ={w.o.w)| 0=T =<1, 1=V <1
In these coordinates, the volume form of g, is given (for £ fixed) by

01+ 0%+ Vz)dUdde
U3

dvolg, =

= —Y% ___ and p; = ¢®tU with the notation of (6.13), we have

—u
R V1102402

. R%dudvdw
FPo | xpf— el
Ry (£) u

/1 . (1 + U2+ V2)dUdVdw
P X ry

U3
_ FP f fl /1 LU e (1 + U2 + V)dUdVduw
== X (1 + 02+ V2)il3
= A1(0) + Ay (£) + A3(0)

with

’

ZUZ(1+U2 Vz)dUdde
A1(0):=FP,—

1 U (1 U2 V2)dUdVd
Ax(l):=res._ 0/ // o+ U2V w

U og(14+-U2+ V(1 +U*+V>dUdVd
As(0)= ——resz 0/‘/‘/‘ og(1+U“+ )(+ +V~) w

— A
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For j = 0, 1, the function £x (LU, ¢V, w)(1 + U% + V?)(log(1 + U* + V?))J
converges to 0 in Ck-norms for all k, and thus it is direct to see limy_.q A;(£)
= limg—o A3(f) = 0. For the second term, we use the Taylor expansion of wy
in terms of U using (6.25):

aU?
a)g=a0+a2U2+(’)(U3):ao+ 0 2 ~

r73
S+ 0.

Thus, we compute that
i orl

Az(ﬂ)zﬁflf ((ao +a2)(x(0,ev,w)+a052(1+v2)agx(o,zv,w))dww
-1Ja

/ x (0, v, w)(ao + a2)dVdw + O(£3).

1
// X0, v, w)(w——ldwlm

C16% 4+ Crvdyep

1
@+ 07 +C3U3v§0£+5 dvdw,

(8.5)
where C; are constant depending smoothly on v, and we used that ap = ¢y is uni-
formly bounded in ¢ in the second line. From Proposition 5.1 and Corollary 5.3, we

see that
/ / x (0, v, w) <§01z Id(pglh[ @ ))dvdw—>0.

Using Cauchy-Schwartz and |dg|p, > C(w*+ 62)_%8w<pg| + |vdye]) we also
get that

1
a4 C2 vyl
/1/ I)((O,v,w)l((g2 = o) +C3|v3ufpz|>dvdw

¢ 1
< C'(Vellded| 2 + (/1/€|dw|,3@dvdw)2>
s

for some C’ independent of £, thus this converges to 0 by Corollary 5.3, and we
conclude that limy;_,g A»(¢) = 0 and

. deudvdw
lim FP,_q XP; ——— = 0
=0 Ry(0) u
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Next we consider the coordinates, smooth near the corners Fg N F, N Fy,

u -~
—, L=— w

v, U =
[v] [v]

and take the region R3(£) U R4(£) given by

A

R3(13)={(u,v,w)||u|55,L51,L751}.

We see that x can written as Z‘}:] X 1R, - In these coordinates, the volume form
of gy is given for fixed ¢ by

1+ 12+ 172) dUdvdw
dvol,, = e .

U

Vi1+1240%

Thus, since U = , we have

. R?dudvdw
FP.—o / X0f———3——
R3(0) u

o Ufezwe 1+ 5+ 172> dOdvdw (g )
- z=0 ) 2/2 N
tslvl=s 1 +5+ U2) U3

=1L+ L)+ ).

with

I1(£) :=FP— of

9’

& 1+ +U2) dUdvdw
/Z<|u<6f U3

B .m_.

’

Uza)g 1+ 5+ U2) dUdvdw
/e<|v|<5/ U3

1 3 ~ 2
I3(0) := ——reszzof / / xlog|1+U”"+ —
2 ~1 Je<pi<s Jo v

Uz (1 + f—i + 172) dUdvdw
. - .

(8 = res,—g /

‘We notice that, in view of the smoothness of w, as a function of U, v, w, these three
terms also make sense for £ = 0, and (8.6) for £ = 0 is given by 23.:1 1;(0). To
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conclude the proof, we want to prove that /;(£) — I;(0)as £ — Ofor j =1, 2, 3.
For the first term, we compute that

1 2
11 (0) :/4 / ((1 +ﬁ—2> ql(v,w)+qz(v,w)> dvdw, 8.7)
—q JLZ||=S

1
a
where g; and g, are smooth and independent of ¢, and it is then clear that

lim 1;(¢) = 1;(0)
{—0

To deal with I3(£), we can proceed similarly: we remark that for £ > 0, the inte-

. . A A2 . .
grand in I3(£) is of the form U* 3 Q(U, ﬁ—z, v, w) where Q is some smooth function
of its parameters, thus it is straightforward to see that

i 02
I3(£) =/ / g | v, . w | dvdw
—1Je<pvi=s v

for some smooth function g3 of its parameters. We conclude as in the case of /| that

lim I5(¢) = 13(0).
{—0

Finally we study I5(£). From the expansion (6.25), we have for £ > 0 that
a, U2

02
v2

we = ap + aU? + OU?) = ap + +OW?).

Hence, we compute that for £ > 0

L(¢) = /4 / <(a0 + a2) (%0, v, w) 4+ ap(v? + €532 x (0, v, w)) dvdw
—7 JE<Z[<8

-/

Bl =

1
[ xow w)(w ~ Mol
<|v|<é

C1% + Crvdyey
@ +v?)

1
7

1
+ C3vd,¢0¢ + E)dvdw

1
* 2, 202

+/ / @e(v™+£€7)0;; x (0, v, wydvdw.
~LJe<pl<s

for some constant C; depending smoothly on v. By Proposition 5.1, the last line is
continuous at £ = 0, and using Corollary 5.6 with the stronger estimate (5.9), it is
direct to check (like we did for the term A, (£)) that I>(£) is continuous at £ = 0,
ie., limy_o I (¢) = 5(0). O
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9. Appendix

Proof of Proposition 4.2.

We will construct @ in two steps, as a composition ®; = E; o Y. Let us first
construct the diffeomorphism Y, which is done by changing coordinates on X, ().

If r = \/x2 + |z|? is the Euclidean radial coordinate in H* = R} x H2, then
the hyperbolic metric takes the form in the Euclidean radial coordinates (r, w) with
weS?
dr* +rlgs

8H3 =
H r2w?

where rw, = x and w, = x(w) is the vertical coordinate on the sphere. We denote
by w; = Re(z(w)) and wp; = Im(z(w)) the coordinates of w in the horizontal
direction z. Consider the stereographic projection S> — R? from the point (x, z) =
0,—1) e S* c R3, providing coordinates i, 0 € R? 50 that

Ox ) @2 and the metric —4(dﬁ2 +di?)
et ) = ~ —~ .
T Uizt 0y

a)]—l-l’ (,()1—{—1’

U=

In the coordinates (r, i1, ) € RT™ x Rt x R, the hyperbolic metric takes the form

(14 4%+ 032dr?  di® + do?

g = - =
H 442r2 0?2

Notice that o + ii define coordinates on the hyperbolic plane H? (viewed as the
upper half-space in C), and the stereographic projection is an isometry from the
half-sphere H (0, 1) equipped with the metric induced from H?3 to this hyperbolic
plane. The action z — gz = e!d*?)z in C corresponds in H? to a dilation by e*
centered at (x, z) = (0, 0) followed by a hyperbolic rotation Ry (v€, x) of angle v¢
around the x axis in H®> = R} x C,. The latter is an elliptic isometry for gyz and so
its restriction to H (0, 1) becomes an elliptic isometry of the hyperbolic half-plane
H? with coordinate z = i1, fixing the point z = 7, and considering the derivative
at this point shows that Ry (v€, X)|m 0,1y, viewed in the variable z = 0 + il € H?2
via the stereographic projection, acts as the hyperbolic rotation of angle v¢ and
center z = i € H?. We denote by

74 vl

COS -5 SIn =

Ry = Y 2, ) € PSL(R)
— Sin -5 COSs 5

this hyperbolic rotation.

L 14

. | 1
In the quotient (4.6), the fundamental domain is e” 2° < r < 2" so to have
coordinates with uniform behavior with respect to the deformation parameters ¢,
we introduce the rescaled coordinates

logr
w= .
24
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We denote by Y7, : (x,z) = (w, v + iu’) the diffeomorphism corresponding to
the change of coordinates. In these coordinates, the hyperbolic metric on et <
r< ¢2¢ takes the form:

du/Z + dv/Z + (KZ + u/2 + v/2)2dw2

(YL)xgmp = "o :

where w € [— J—P %]. Moreover the transformation y;, becomes in these coordinates
(w, v + i) — (w + R e + iu’))) .

The intersection of the half-sphere dB(e(L), p(L)) of (4.6) with the half-sphere
H (0, e2™) (with |w| < 1/4) is the half-circle obtained by intersecting the plane

e(L)2 +e4€w _ ,O(L)2

Re(z) = k(w, £,8) = e

with H (0, e2t). Under the stereographic projection H (0, 2wy 5 {(x, 2); Re(2)
= 0} = R? from the point (x, z) = (0, —e2t) 3 small computation shows that it
is thus sent to the half circle centered at O of radius

1
20w 2 o
ezzw\/e toe(w, 6L),0) _ r(w) +Os(), ri(w) = (L —4w2>

e2tw — k(w, £, 5) £ 252

where we have used (4.7) in the last equality. Consequently, the intersection of the
half-ball B(e(L), p(L)) of (4.6) with the half-sphere H (0, 2ty (with |w| < 1/4)
becomes, in the coordinates ¢’ = v’ + iu’ € H?, a half-disc of the form

(€2 —k(w, £, §))etw
e2tw 4+ k(w, £, 8)

Im@¢) >0, [¢']= 5\/ =nw) + 0.  O.1)

and thus, taking § small enough (independent of £) so that A /6 — 4 > 1 this set is
asymptotic to the half-disk

{¢" € C;Im(¢") > 0, [¢ < ra(w)). 92
We have thus showed the following:

Lemma 9.1. There is an isometry Yy between (y;)\H?> and

du +dv”? + (02 + u? + v?)?dw?
Xy, = (Y)\ (Rw X H i 3 , (93)
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where y, is the map

| cos(ve/2)¢" + €sin(ve/2) )

Ve 1 (W, ) > (w t2 —L=1sin(ve/2)¢’ + cos(ve/2)

Moreover, if 6 > 0 is small enough, the model neighborhood (4.6) is mapped via
Y to

T ({0, e e =4 D x B 1] < ry)]) ©4)

where 1, @ R x H?> - X v, 18 the covering map, and rq(w) is the radius of the
half-circle given by equation (9.1) and converging to r; (w) > 0 withry(w) = O(5)
uniformly in |lw| < 1/4.

Notice that, if £ — 0, then y, converges to some transformation y, : (w, {’)
(w + %, P, )) with P, € PSL,(R) the parabolic transformation ¢’ 2t

m , and
X, converges to

du’2 +dv/2 + (u/z + v/2)2dw2
va = () (Rw X H?/:v’-i-iu/’ 80 = 2 .

Conjugating by an inversion ¢’ +— —1/¢’ on H?, P, becomes the transformation
¢’ = ¢’ — v/2 and the transformation y, viewed in the coordinates (w, y + ix)
defined by y + ix = —1/(v + iu), is the parabolic isometry of H® = R,, x Hiﬂ.x
fixing oo and given by T}, : (w,y + ix) — (w + % y — 5 +ix). Then X,, is
isometric to (7},)\IH?, which is the model of a hyperbolic cusp of rank 1. Clearly,
the model of Lemma 9.1 extends smoothly to the parabolic boundary {£ = 0} of Q.

We also need to control the change of coordinates from the neighborhood L{I‘i
of (4.5) to this new model when £ — 0, that is we want to know Y o ®; . A direct
computation gives

X202 4 %2 4 |22 — zae)?
(X2 + [z — 2L%)?
A —x2 — |z]? + Re()AL
Y @, 2 = TR ER@AE (g 5
nL(x, z)

nL(x,z)
n(Or(x,z2)) =

rA(Or(x,2)) =

’

wx(OL(x,2)) =

Im(z)Al
nL(x,z)

with 7z (x, z) := v/ (x2 + Im(2)2)A202 4+ (x2 + |z]2 — Re(z)A£)2, thus

W' (O (x, 7)) = (nL(x, 2) + x% + |z]* — Re(2)AL),

X
A(x2 +Im(z2)?)
Im(z)
A(x? +1Im(z)?)

(9.6)

V(O (x,2) = (1L (x, 2) + x% + |z]> = Re(2)10).
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Notice that Y7 o ®p extends smoothly in a neighborhood of the cusp region of X
of the form

V= {(L,x,2) € Qx 7y, (B(0,8)); (x,2) € F_L\ {0}}.

Indeed one has w(®p (x, z)) = log(m(;#, and by (9.5) we can write it under the

form w(®y (x, 7)) = W for some F (L, x, z) smooth in V? and thus w

extends smoothly in V2. It is also easily checked that (u’, v') extend smoothly to }°
by (9.6). The inverse also admits a smooth extension to {£ = 0, (u’, v') # (0, 0)}
by a similar computation.

To finish the proof of the Proposition, we shall construct a diffeomorphism
E corresponding to a new change of coordinates. In the H? = R,, x ]H[g,

hyperbolic space, we define the function
n(w, ¢ 1= dp (8’5 i0)

which is invariant under the transformation y, . One has in particular

=v'+iu’

u/Z + v/2 +£2

cosh(u) = 'l

Let us make the following change of coordinates on [—1/4, 1/4] x H?, which de-
fines &y,
BL:(w, &) > (w, ¢ =R (€ '¢")

where Ry € PSL,(R) is the hyperbolic rotation of angle 6 and center i. The trans-
formation y; becomes in the (w, ¢) coordinates (i.e., after conjugation with E7)
the transformation

1
Broyso(BL) ™' (w, ¢) > (w+ 50

We see that E; extends smoothly to {¢ = 0; |¢’| < 8} if § is small enough, with
value ,
¢

vwe' + 1

and the same holds for its inverse. Thus we deduce that ®; := E; o Y is such that
(L,x,7) = @1 o ®p extends smoothly to V3 if § > 0 is chosen small enough. If
we write { = v 4 iu € H?Z, the function cosh(y) is clearly invariant by rotation, so

Eovn(w, ) =

2 2 2 2 2 2
u v u v ()

u/

and we compute

dt 4+ dw(vg? 4+ ve?)
(—€~1sin(wlw)¢ + cos(vlw))?
(9.8)

u
| — £~ sin(wew) ¢ + cos(vlw)|?’

/
u

¢’ =




RENORMALIZED VOLUME OF PUNCTURED SURFACES 383

Therefore the metric g7 becomes in the new coordinates.
du® + dv? + (1 + vHR* — 4020%u?)dw?
u?
n 2v(R? — 2u?)dwdv + 4vuvdudw
2
u

gL = (ELoYr)gm =

where R := ~/u?+v2+¢2. Here we notice that the change of coordinates
v/ +iu' + v+ iu for a fixed w is a hyperbolic rotation of angle —2vfw and
center i ¢ in H?. In particular it maps the half-circle (9.1) (which is a geodesic of
H?) to the half-circle in H? which intersects the real axis at the two points

+ry(w) cos(vlw) + £ sin(vew) _ FErg(w)

1o = + O©).
Frg(w)L— sin(vfw) + cos(viw) I Fvwry(w)

v+(q) =

This shows that the region (9.4) in the coordinates (w, ¢) becomes the set
11 ) 1

for vg(w) = $(v4(q) + v—(9)) and 7, (w) = %(v4(q) — v_(q)) which clearly
converge as £ — 0, and satisfy the desired properties (recall that r, = r (w) +o(1)
as £ — 0 with the notation of (9.2)).
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