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Prime order birational diffeomorphisms of the sphere

MARIA FERNANDA ROBAYO

Abstract. The aim of this paper is to give the classification of conjugacy classes
of elements of prime order in the group of birational diffeomorphisms of the two-
dimensional real sphere. Parametrisations of conjugacy classes by moduli spaces
are presented.

Mathematics Subject Classification (2010): 14E07 (primary); 14P25, 14J26,
53A05 (secondary).

1. Introduction

Let PR denote the projective n-space as a scheme over R. A real projective variety
X C Py is a scheme over R which may be thought of as a pair (X¢, o), where X¢
is its complexification, i.e. X¢ := X Xgpec R Spec C, and o is an anti-holomorphic
involution on X¢. Let X (C) denote the set of complex points of X and X (R) :=
X (C)? (the invariant points under o) the real part of X. Supposing that X is smooth
and X (R) is nonempty, we can endow X (R) with the Euclidian topology and obtain
a manifold of real dimension m = dimc X¢ over R.

There are then two kinds of regular morphisms between real algebraic varieties
X, Y studied in the literature (see for example the introductions of [14] and [7]):

(1) A regular morphism X — Y is a rational map defined at all complex points.
The corresponding category is the one of schemes defined over R, together with
regular morphisms of schemes. The group of automorphisms is denoted by
Aut(X), which is in general quite small: the connected component of the identity
is an algebraic group of finite dimension.

(2) The second notion of regular morphisms consists of taking rational maps X--+Y
that are defined only at all real points of X, such maps will be called morphisms
X(@R) — Y(R). This gives another category, with more morphisms where the
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objects are X (R). The corresponding group of automorphisms will be denoted
by Aut(X (R)) and is the same as the set of birational diffeomorphisms of the
algebraic variety considered.

In most real algebraic geometry texts, the second, much richer category is in fact
studied.

In [4], I. Biswas and J. Huisman showed that if X and Y are two rational real
compact surfaces, then X (R) and Y (R) are diffeomorphic if and only if X (R) and
Y (R) are isomorphic (which corresponds to saying that there is a birational diffeo-
morphism between X and Y'). The proof of this result was simplified by J. Huisman
and F. Mangolte in [11], by proving first that Aut(X (R)) acts n-transitively on X (R)
for each n. The same question for geometrically rational surfaces (i.e. rational over
C) was then studied in [7] by J. Blanc and F. Mangolte.

The group Aut(X (R)) is really larger than Aut(X) in general. In particular,
J. Kollar and F. Mangolte showed in [15] that Aut(X (R)) is dense in Diff(X (R)) if
X is a smooth real compact rational surface.

Some other information on the group Aut(X (R)) can be given by looking at
its elements of finite order. In particular, in this text we are interested in elements
of prime order of Aut(S(R)) up to conjugacy, where S(R) is the standard two-
dimensional sphere (see Section 2). The group Aut(S(RR)) is contained in the group
Bir(S) of real birational transformations of the sphere, which is isomorphic to the
real Cremona group Bir(IP’%R). This latter group is, of course, contained in the com-
plex Cremona group Bir(IP’(z:). The problem of classification of conjugacy classes
of elements of finite order in Bir(IP’é) (which contains the groups Bir(X) described
before) have been of interest for a lot of mathematicians. The first classification
was the one by E. Bertini ([3]), who studied involutions. The decomposition into
three types of maps, namely Bertini involutions, Geiser involutions, and Jonquieres
involutions, was correct but there is some redundancy because the curves of fixed
points were not considered. A modern and complete proof was obtained by L. Bayle
and A. Beauville in [1], using the tools of the minimal model program developed
in dimension 2 by Y. I. Manin ([16]) and V. I. Iskovskikh ([12]). They obtain
parametrisations of the conjugacy classes by the associated fixed curves. T. de Fer-
nex generalised the classification in [10] for elements of prime order (except for one
case, done in [2] by A. Beauville and J. Blanc). See also [20] for another approach
to the same question. The precise classification of elements of finite order was then
obtained in [6] by J. Blanc, using the description of finite groups of 1. Dolgachev
and V.I. Iskovskikh [9]'. Again, the parametrisations are given by fixed curves (of
powers of elements), but also by actions of the elements on the curves.

In this text, we obtain the results for the analogous problem of classification
for elements of prime order in the group Aut(S(R)). The classification is sum-
marised in Section 2 (Theorem A): there are eight different families of conjugacy
classes, some with only one element and others with infinitely many elements. The

! Even after [9], there are still open questions on finite subgroups of Bir(P%C) left, some of which
are answered in the recent paper [19].
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second main result concerns the parametrisation of the conjugacy classes in each
family (Theorem B). Since Aut(S(R)) C Bir(P%C), it is possible to compare the
classification of the birational diffeomorphisms with the complex case i.e. bira-
tional transformations of the complex plane. For instance, there are three families
of involutions on Bir(IP’%): Bertini, Geiser, and de Jonquieres. Bertini involutions
do not occur in the group Aut(S(R)) because they would come from an automor-
phism of a Del Pezzo surface of degree 1 after blowing up at least one real point
of S, which would damage the geometry of the real points; see Proposition 3.4 in
Section 3. The Geiser involution of Aut(S(R)) corresponds to real quartics with
one oval. Moreover, the group Aut(S(IR)) contains distinct families of conjugacy
classes of involutions of de Jonquieres type, which are all conjugate in Bir(]P’((z:),
in particular, one family, containing uncountable many elements non conjugate to
each other, corresponds to only one conjugacy class in Bir(Pé).

This text is organised as follows. Section 2 contains the compilation of the
results of this text presented in two main statements and examples of birational dif-
feomorphisms of the sphere. In Section 3, it is shown why the study of conjugacy
classes of elements of finite order of the group of birational diffeomorphisms corre-
sponds to the study of pairs (X, g) consisting of a smooth rational projective surface
X and an automorphism g of X. More precisely, there are two cases to focus on,
say, when X is a Del Pezzo surface whose real Picard group invariant under g is iso-
morphic to Z, and when X admits a conic bundle structure and the real Picard group
invariant under g has rank 2. This is a result given by V. I. Iskovskikh ([12]) and
in this section we specify what pairs are obtained for the sphere (Proposition 3.6).
In particular, since the sphere admits a structure of conic bundle given by the pro-
jection to one of the affine coordinates, Proposition 3.6 gives that the morphism of
the conic bundle structure for a pair (X, g), when X admits one, factors through
that projection of the sphere. Section 4 is devoted to the study of pairs (X, g)
when X is a Del Pezzo surface, including the case of the sphere itself. Special
automorphisms of Del Pezzo surfaces of degree 2 and 4 such as Geiser involution
and automorphisms «, oy, which are studied in Subsections 4.4 and 4.3 bring on
two different families of conjugacy classes on the sphere. In Subsection 4.1, the
conjugacy classes of the group of automorphisms of the sphere are investigated
(Proposition 4.3).

Section 5 is dedicated to the study of the birational diffeomorphisms that are
compatible with the conic bundle structure of the sphere, which is a P!-fibration
not locally trivial. It is natural to understand the action of a birational map on the
basis of the fibration and that is done in the first subsection. When the action on
P! is trivial, it is shown in Subsection 5.2 that the complex model of the sphere
is birational to Aé, which allows to give an explicit algebraic description of the
birational transformations of the sphere and in the following subsection for bira-
tional diffeomorphisms. In Subsection 5.4, it is proved that two birational maps
of the sphere, compatible with the fibration and acting trivially on the basis of it
are conjugate in the group of birational maps of the sphere if and only if there ex-
ists a birational map between the curves of fixed points of these two maps, which
is defined over R. This result is also proved for the group of birational diffeo-
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morphisms in the following subsection. In addition, a geometrical characterisation
of the birational diffeomorphisms of order 2 is given according to the orientation
when restricted to S(R). More precisely, it is proved that there is a one-to-one
correspondence between the conjugacy classes of orientation-preserving birational
diffeomorphisms of the sphere compatible with the fibration and acting trivially on
the basis and smooth real projective curves with no real point, which are 2-to-1
coverings of P! up to isomorphism. For the orientation-reversing case, they are
in correspondence with smooth real projective curves with one oval, which are a
2-to-1 coverings of P! up to isomorphism. In Subsections 5.6 and 5.7, for bira-
tional maps and for birational diffeomorphisms of the sphere of order larger than
two which are compatible with the fibration and acting trivially on the basis, it is
shown than they are conjugate to rotations of the sphere. The last subsection con-
cerns birational maps and birational diffeomorphisms of order two compatible with
the fibration and with non-trivial action on the basis. A bijection is constructed be-
tween conjugacy classes of birational involutions as before and classes on a second
cohomology group that is isomorphic to @pcr_,Z/27Z. Since the representatives
of these classes in the group of birational maps of the sphere are particularly bi-
rational diffeomorphisms, this implies that there are uncountable many conjugacy
classes of birational diffeomorphisms of order two with a non-trivial action on the
basis.

In Section 6, the problem that two pairs (X, g), (X', g’) may give rise to the
same conjugacy class in Aut(S(R)) is examined. In Subsection 6.1, Theorem A
and B are proved by putting together all results obtained in Sections 3,4, 5, and 6.

ACKNOWLEDGEMENTS. Ithank my advisor Jérémy Blanc for his help and support
during the whole time of my PhD. I am also grateful to Frédéric Mangolte who was
the referee of my thesis and made remarks on this text.

2. Results

In this section, we state the classification of conjugacy classes of elements of prime
order in the group of birational diffeomorphisms of the sphere and also the moduli
spaces associated to each conjugacy class (Theorem A and Theorem B below). It is
required first to present some definitions and give some examples that will appear
in the classification.

We denote by S the real projective algebraic surface in IF’% defined by the equa-

tion w? = x% + y% + z2. Let o denote the standard antiholomorphic involution in
IP’?C, o:(w:x:y:z2) 0~ (w:x:y:7). Let S(R) denote the real part of S.
Note that S(IR) is contained in the affine space where w = 1 and corresponds to the
standard two-dimensional sphere of equation x% 4+ y% 4+ z2 = 1. The following two
groups are of our interest, the first one is the group of birational transformations of
the sphere and is isomorphic to the real Cremona group, and the second one is the
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group of birational diffeomorphisms of the sphere.

Bir(S) :={f :S --» §| f isbirational},

Aut(S(R)) :={f : S --» S| f isbirational and f, f_1 are defined
at every real point of S}.

Remark 2.1. Bir(S) and Aut(S(R)) are groups and Aut(S(R)) C Bir(S).

Our goal is to classify the conjugacy classes of elements of Aut(S(RR)) of prime
order.

Remark 2.2. (i) Forgetting the real structure given by o, the surface Sc is isomor-
phic to IP)}C X Pé:. Indeed,

Sc={w:x:y:2) €PL W+ —2) =+ —in}
and the isomorphism is given by

@ S@—>]P’(1CXIP’(1C
w:x:y:2)r— (w+z:y+ix), w+z:y—ix)) 2.1
=((y—ix:w—2),+ix:w-—2),

whose inverse is given by

e IP’(ICXIP’}C—> Sc

((r:s)(u:v)) — (u—+sv:i(rv—su) :rv+su:ru—sv)

(ii) Pic(S) =Z,Pic(Sc) =Z D Z.

We denote by 7 the projection 7: S --» P! givenby r(w : x : y : 2) = (w :
7). Notice that every fibre of 7 is rational except for 7771 : Dand 7= 1(1: —1),
which are the union of the lines w = z, x = 4iy,and w = —z, x = iy,
respectively.

Let us fix some notation for groups associated to the pair (S, 7),

Bir(S, n) :={g € Bir(S) | Jx € Aut(IP’l) such that ar = g},
Aut(SR), ) :={g € Aut(SR)) | o € Aut(P') such that arr = gl

Note that Aut(S(R), ) C Bir(S, ), more precisely Aut(S(R), 7) = Bir(S, ) N
Aut(S(R)). The group Aut(S(R), ) is the group of birational diffeomorphisms
that preserve the fibration.

There is a natural map ® sending any g € Bir(S, m) to the associated action
on the basis ®(g) =« € Aut(P') so that the following diagram commutes:

| oo

[9%)

> §

g

o 1

N

=
|zl
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Hence we get the exact sequence:

| = Bir(S/7) — Bir(S, 7) > Aut(P)), 2.2)
where we have denoted by Bir(S/m) the group:
Bir(S/m) :={g € Bir(S, ) | m = mg}.

One can see the group of birational diffeomorphisms that act trivially on the basis
of the fibration as a subgroup of Bir(S/m), more precisely,

Aut(SR)/7) = {g € Aut(S(R), ) | # = g}
This latter subgroup has a special description given by the exact sequence
1 - Autt (SR)/7) > Aut(SR) /) > Z/27 — 1

where Autt(S(R)/m) denotes the orientation preserving birational diffeomorph-

isms of S and the map Aut(S(R)/m) 5 Z/27 admits a section s: Z/27 —
Aut(S(R) /) mapping —1 into T where 7 is a reflection, say, t: S — S, (x, y, 2)
— (x, —y, z) in the chart w = 1. Then

Aut(SR)/m) = Aut™ (S(R) /) x (T). (2.3)

Before stating the main results, let us describe some examples.

Example 2.3. Geiser involution of the sphere

The blow-up ¢: X — § of three pairs of conjugate imaginary points in S(C) is a
real Del Pezzo surface X of degree 2, with X (R) isomorphic to S(R). The linear
system of the anticanonical class of X yields a double covering of P? ramified over
a smooth real quartic with one oval. The Geiser involution v on X is the involution
which exchanges the two points of any fibre. The birational map ¢vz~! on S is a
birational diffeomorphism of S of order 2 that fixes pointwise a non-hyperelliptic
curve of genus 3 with one oval. The birational diffeomorphism obtained will be
called Geiser involution of the sphere.

Example 2.4. The blow-up ¢: X — S of two pairs of conjugate imaginary points
in S(C) is a real Del Pezzo surface X of degree 4 (see Subsection 4.3), with X (R)
isomorphic to S(R). In this case, the anticanonical divisor of X is very ample and
then the linear system of | — K x| gives an embedding into P* as an intersection of
two quadrics. In the coordinates (y; : y2 @ y3 : y4 : ys) of P*, X is given by the
intersection of

Q1 (W—uE+ Wyt — 2912+ y3 + (1 — T+ ui — wy; + y; =0,
Q2: uly; — 2umy1y2 + (i — 1+ W)y3 + uiy; + (1 — 7+ uit — pys =0,

for some u € C\ {0, =1} (see Proposition 4.9 in Subsection 4.3).
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The automorphisms o1, o> on X defined by

ar: (Yr:iy2:y3:94:y5) > (V1 :y2:y3 Y4 —Y5),
ax: (Y1:y2:y3:y4:y5) > (V1 :Y2:—Y3:Y4:Y5)

yield the birational diffeomorphisms ea1e ), eane™! on S of order 2, which by
abuse of notation we denote again o and o . Both of them fix pointwise an elliptic
curve.

Example 2.5. Let 6 € [0, 27). The rotation rg € Aut(S) is given by
ro:(w:x:y:z)> (w:xcosf —ysinf : xsinf + ycosb : z).

This is a rotation that fixes the z-axis and preserves the fibration .

Example 2.6. The reflection v is given by the map
viw:ix:y:zPH (w:—x:y:2).

This is a reflection that preserves the fibration 7 and fixes a conic.

Example 2.7. The antipodal involution of the sphere a is given by
a:(w:x:y: 29— (—w:x:y:2).

This involution has no real fixed points.

With these examples, we are ready to present the main two theorems of this
text. The first one tells us that there are eight families of conjugacy classes (some
with only one element, some with infinitely many) and the second one tells us the
moduli space associated to each family. These two results are proved in Section 6
using all results obtained in Sections 4-6.

Theorem A. Every element of prime order of Aut(S(R)) is conjugate to an element
of one of the following families:

(1) A Geiser involution.

(2) Aninvolution a or oy given in Example 2.4.

(3) A rotation rg of prime order given in Example 2.5.

(4) The reflection v given in Example 2.6.

(5) The antipodal involution a given in Example 2.7.

(6) An involution in Aut™(S(R)/m) acting on the fibres of w by maps conjugate to
rotations of order 2, and whose set of fixed points on S(C) is a hyperelliptic
curve of genus > 1 with no real points, plus the two isolated points north and
south poles, Py and Ps.

(7) An involution in Aut(S(R)/m) \ Aut™(S(R)/m), acting on the fibres of m by
maps conjugate to reflections, and whose set of fixed points on S(C) is a hyper-
elliptic curve of genus > 1 whose set of real points consists of one oval, passing
through Py and Ps.
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(8) An involution in Aut(S(R), 7) \ Aut(S(R)/m) acting by 7 — —z on the basis
which is not conjugate to (w 1 x 1y :z) = (w: £x : £y : —2).

Theorem B. The eight families presented in Theorem A correspond to distinct sets
of conjugacy classes, parametrised respectively by:

(1) Isomorphism classes of smooth non-hyperelliptic real projective curves of genus
3 with one oval.

(2) Isomorphism classes of pairs (X, g), where X is a Del Pezzo surface of degree 4
with X (R) ~ S(R) and g is an automorphism of order 2 that does not preserve
any real conic bundle.

(3) Angles of rotations, up to sign.

(4) One point (only one conjugacy class).

(5) One point (only one conjugacy class).

(6) Smooth real projective hyperelliptic curves T of genus > 1 with no real point,
together with a2 : 1-covering ' — P!, up to isomorphisms compatible with the
fibration and the interval [—1, 1].

(7) Smooth real projective hyperelliptic curves T" of genus > 1 with one oval, to-
gether with a morphism I' — P, which is a 2: 1-cover and satisfies w(I'(R)) =
[—1, 11, up to isomorphisms compatible with the fibration and the interval.

(8) An uncountable set, which has a natural surjection to @ 7Z/27.

beR~o
Remark 2.8. In (7), we can have genus 0 but this corresponds to the reflection v.
In (6) we can also have genus 0, there is in fact a real one-dimensional family of
such maps, all conjugate to the family (8) (see Lemma 6.7).

Remark 2.9. All elements in (8) are conjugate in Bir(S¢), this shows a big differ-
ence between the complex and real cases.

3. Surface automorphisms and pairs

In this section, it is shown that classifying conjugacy classes of birational diffeo-
morphisms of finite order of the sphere is equivalent to classifying birational pairs
(X, g) where g is an automorphisms of finite order of a smooth real projective
surface X obtained from the sphere after blowing up pairs of conjugate imaginary
points. Moreover, Proposition 3.6 gives what pairs (X, g) need to be studied.

We start with some definitions and a classical result due to Comessatti (Theo-
rem 3.3), which states in particular that the sphere S is a minimal real surface.
Definition 3.1. Let X be a smooth real projective surface. We say that X is minimal
if any birational morphism X — Y with ¥ a smooth real projective surface is an
isomorphism.

Remark 3.2. Any birational morphism between smooth projective algebraic sur-
faces is a sequence of contractions of

(1) one real (—1)-curve, or
(2) two disjoint conjugate imaginary (—1)-curves.
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Therefore, a surface is minimal if and only if it does not contain a real (—1)-
curve or two disjoint conjugate imaginary (—1)-curves. Let us cite the following
classical result due to Comessatti [8]:

Theorem 3.3. If X is a minimal rational smooth real surface such that X (R) # 0,
then X is isomorphic to P%R, to S, or to a real Hirzebruch surface ¥, with n # 1.
Moreover, X (R) is connected and homeomorphic to the real projective plane, the
sphere, the torus (n even), or the Klein bottle (n odd) respectively.

Proposition 3.4. Let X be a smooth real projective surface with X (R) diffeomor-
phic to the sphere. Then X does not contain any real (—1)-curve. In particular,
any birational morphism ¢ : X — Y, where Y is a smooth real projective surface,
restricts to a diffeomorphism ¢ : X (R) — Y (R).

Proof. If X contains a real (—1)-curve, then there is a birational morphism which
corresponds to the blow-up of a real point of some smooth real projective sur-
face whose preimage by such a birational morphism is the real (—1)-curve. Then
the neighbourhood of the real locus of the (—1)-curve in X (R) is topologically a
Mobius strip which implies that X (IR) is not orientable and therefore non isomor-
phic to the sphere. O

Definition 3.5. Let (X, g) be a pair in which X is a smooth real projective surface
and g is a non-trivial automorphism of X of finite order. The pair (X, g) is said
to be minimal if any birational morphism ¢: X — X’ such that there exist an
automorphism g’ of X’ of finite order with £ o g = g’ o ¢ is an isomorphism.

Proposition 3.6. Let g € Aut(S(R)) be an element of finite order and let 7 : S --+
P! be the map given by w(w : x : y : z) = (w : z). Replacing g with a conjugate
in the group Aut(S(R)), one of the following holds:

(a) There exists a birational morphism € : X — S which is the blow-up of 0, 1, 2, or
3 pairs of conjugate imaginary points in S, such that § = e logoe € Aut(X),
Pic(X)8 = Z, and X is a Del Pezzo surface.

(b) There exists « € Aut(P') such that amwr = mg. Moreover, there exists a bira-
tional morphism ¢: X — S that restricts to a diffeomorphism X (R) — S(R)
such that § = e_le goe € Aut(X), the map w o e: X — P! is a conic bundle
on X, and Pic(X)8 = 72.

Proof. Let g € Aut(S(R)) be of finite order, and let g : S --» S be a birational

map with a finite number of imaginary base points, say pi, p1, ..., Pn, Pn, that

belong to S as proper or infinitely near points. After blowing up all of them and

their images under powers of g (meaning the orbit of the points by g), we obtain a

smooth projective surface X

. g=t"1g¢ _
X — X
¢ ¢
Vet

where g is an automorphism of X.
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Since g is defined at every real point of S, the birational morphism ¢ restricts to
a diffeomorphism X (R) — S(R). After contracting all sets of disjoint (—1)-curves
which are invariant by g and defined over R, we get a minimal pair (X, &), with
X (R) diffeomorphic to the sphere by Proposition 3.4, which can be one of the two
following possibilities (see [12, Theorem 1G]):

(i) Pic(X)? has rank 1 and X is a Del Pezzo surface.
(i1) Pic(X )g’ has rank 2, there is a morphism X X P!, and X is a conic bundle.

Recall that Pic(X )5’ is the part of Pic(X) which is invariant under g € Aut(X).

In the first case, there exists €: X — Z a birational morphism to a minimal
projective smooth real algebraic surface Z. By Proposition 3.4, Z(R) is diffeomor-
phic to the sphere and, by Theorem 3.3, we have Z ~ S. Then (Kx)?> > 0 and
Kx = ¢*(Ks)+ E1+ E\+---+ E, + E, imply (Kx)? = K§ — 2r and conse-
quently X is the blow-up of 0, 2, 4 or 6 points in S and X is a Del Pezzo surface
of degree 8, 6, 4 or 2 and this gives statement (a). We study this case in detail in
Section 4.

For the second case, we denote by (X, wy, &) the minimal real conic bundle
with rank Pic(X)% = 2. Recall that X (R) ~ S(R) implies that there is no real
(—1)-curve on X. Forgetting the action of ¢ on X, there is a birational morphism
X — Z which is the contraction of disjoint imaginary (—1)-curves in fibres. In
this way, we obtain 7z : Z — P! a minimal conic bundle with exactly two singular
fibres because Z(R) is diffeomorphic to S(R) again by Proposition 3.4. Now, if we
dismiss 7 and keep contracting, we end up with Z a minimal real surface such that
Z(R) ~ Z(R) and by Theorem 3.3 we have Z ~ § implying that Z is the blow-up
of two imaginary points on S. In this case, the surface Z is unique and is the Del
Pezzo surface of degree 6 that will be described in Subsection 4.2. The explicit
conic bundle structure on Z corresponds to the lift of the projection 7: § --» P!
sending (w : x : y :z)to (w : z). More precisely, 7z = m o ¢ where ¢: Z — S is
the blow-up of two imaginary conjugate points. U

4. Del Pezzo surfaces with rk(Pic(X)%) = 1

In this section, we study the pairs (X, g) where X is a Del Pezzo surface and g is
an automorphism of X. This corresponds to the first case in Proposition 3.6.
Recall that the complex surface Sc is isomorphic to IP’(%: X ]P’(%: via the isomor-
phism ¢: S¢c — IP(IC X IP’(}: (see Remark 2.2).
We denote by f and f the divisors of the fibres of the two projections i.e.
Pic(Sc) = Zf @ Zf and by abuse of notation we denote again by f and f the
pullback *(f) and £*(f) in X for & : X — S a birational morphism.

4.1. Case: (Kx)2 =38

In this subsection, our interest is to present the group, Aut(S), of real automor-
phisms of S and describe the conjugacy classes of it. We call ¢ the corresponding
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antiholomorphic involution in IP)(IC X IP’(%: via the isomorphism ¢, which is given by
o(x,y) =(,X).

Proposition 4.1. The group Aut(S) corresponds, via ¢, to the subgroup of the
group of complex automorphisms Aut(]P’(lC X ]P’(lc) generated by v: (x,y) — (v, x)

and by T = {(A, A) | A € PGL(2, C)}. Moreover, Aut(S) = F x (v).

Proof. Using the C-isomorphism S¢ =~ IP’(IC X IP’(IC, the group Aut(S) is the subgroup
of Aut(IP’(%: X IP’(}:) consisting of elements that commute with o, i.e. Aut(S) =
Aut(PL x PL, 0). Let (A, B) € PGL(2, C) x PGL(2, C). Then (A, B) commutes
with ¢ if and only if (A, B)o(x,y) = o(A, B)(x,y) = o(Ax, By) and hence
(Ay, Bx) = (Ei, Zf) and this is equivalent to A = B. Denoting v : (x,y) —
(y, x), which corresponds to (w : x : y:z) — (w:—x:y:z)on P3, we see that
vo = ov, then Aut(S) = Aut(P} x PL, 0) = F % (v). O

Automorphisms in F fix the divisors of fibres f and f while elements of Aut(S)\
are thus of the form (x, y) — (Ay, Ax) for A € PGL(2, C), i.e. automorphisms
exchanging the divisors of the fibres f and f.

Example 4.2. The following automorphisms, already described in the introduction,
are now presented as automorphisms of ]P’(lC X IP’(%: via the isomorphism ¢:

(1) The rotation ry given in Example 2.5 belongs to Aut(S) and corresponds to the
automorphism (x, y) — (xe % yel?) of ]P’(]C X IP’(IC.

(2) The reflection v given in Example 2.6 belongs to Aut(S) and corresponds to the
automorphism v: (x, y) — (y, x) of IP’(IC X P}C.

(3) The antipodal automorphism of the sphere given in Example 2.7 corresponds to
the automorphism a: (x, y) — (—%, —%) of ]P)%: X IP’(%:.

Proposition 4.3. Every element of Aut(S) of prime order is conjugate to a rota-

tion rg, or to the reflection v, or to the antipodal involution a, which are given in

Example 4.2.

Proof. We work in Aut(IP’(lC X IP’(lc) according to Proposition 4.1. If g € J then
g: (x,y) — (Ax, Ay) for some A € PGL(2, C) of finite order. Hence, A is

conjugate to [1 e_ig] for some angle 6 and locally we write x +— e "?x. This

shows that g is conjugate in F to (x, y) > (xe™10 yel?),

If g ¢ J,then g: (x,y) — (Ay, Ax) for some A € PGL(2, C). Since g has
prime order, g is the identity so AA = 1 in PGL(2, C). Notice that the action of v
on PGL(2, C) is given by the action of v on F in the first component, i.e. v(A) = A
and the condition AA = 1 is equivalent to Av(A) = 1.

Let Ag € GL(2, C) be a representative of the element A; then AgAy = [6 g]
for some A € C*. Since Ag commutes with AgAg, it also commutes with Ag. This
implies that A € R. Then we multiply Ag with u € C and assume that . = 1
or A = —1. In the first case, there exists B such that B~ AgB = [(1) (1)] because



920 MARIA FERNANDA ROBAYO

H'((v), GL(2, C)) is trivial by [18, Chapter X, Proposition 3]. This implies that
g is conjugate to v by (x, y) — (Bx, By). In the second case, we want to find
B € GL(2, C) such that B~'AB = [ 9 ' ]. This will imply that g is conjugate to
the antipodal involution @ in Example 4.2 by the automorphism (x, y) — (Bx, By)
as before.

Let e; = [(1)] ,e) = [‘1)] be the two standard vectors, and choose a vector
vy € C? such that (vy, Aguy) is a basis of C2. This is always possible, by taking
v] € {e1,ex}. Indeed, otherwise Ay would be diagonal, so Ag - Ao would have
positive coefficients. We choose then B € GL(2, C) such that Be; = vy, Bey =
Aov7, and observe that

—Be; = —v; = ApAovi = AoBe,
Bey = Agvy = A()Eel.

Multiplying by B ~1 we obtain B~!AgB(e;) = e; and B~ AgB(ez) = —ey, which
corresponds to
5B =051, .

Remark 4.4. The group F corresponds to the orientation-preserving automorphisms
of S denoted by Aut™(S).

In the sequel, we will also need the following result:

Lemmad4.5. Let p = (0 : i :1:0) € S. The group of automorphisms of S
preserving the set {p, p} is denoted by Aut(S, {p, p}) and, via the isomorphism @,
has the following structure

Aut(S, {p, p}) =D x (v, D)

where D is the subgroup of F of diagonal elements, the isomorphism U is defined

by (x,y) — (%, %), and (v, U) = (Z/27)%. Moreover, every element of prime

order is one of the following:

(a) a rotation rg, given in Example 4.2; corresponding to one element of D;
(b) conjugate to U;

(c) conjugate to v;

(d) equal to vU;

1 1

(e) equal to the map a: (x,y) — (—;, —;), which corresponds on the sphere to

the antipodal automorphism.

For the reader’s convenience, the automorphisms introduced above are given ex-
plicitly in Table 4.1.
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P! x P! Sc
v (x, y) = (¥, x) (w:x:y:z) = (wW:=x:y:2)
O (x,y)H(%,i) (w:x:y:z) > (w:—x:y:—2z)
vi | e (55 (ixiyin) o ixiy:—o)
a @y (571) | @ixiyio e Cwixiyi

Table 4.1. List of automorphisms.

Proof. The points p and p correspond, via ¢, to the points (1 : 0)(0 : 1) and
(0 : 1)(1 : 0), respectively. Diagonal elements in PGL(2, C) yield a subgroup of
JF preserving the points p and p which is D. The elements in F which interchange
the two points are elements (A, A) in F with A of the form [2 (1)] € PGL(2, C).
Then the subgroup of F which preserves the set {p, p} has the structure D X (D)
with O the automorphism of F defined by the element [9}] and that locally is
described in Table 4.1. As v commutes with v that permutes the points, we get
Aut(S, {p, p}) =D x (v, 0).

(a) An element of finite order in D is a rotation rg given in Example 4.2.

(b) If g € D x (D) C Aut(S, {p, p}) and is not a rotation, then g: (x, y) >
(Ax, Ay) with A = [ ] for some b € C. Since A is conjugate to [ } ] by

the diagonal element [ (1) ! /%],then g is conjugate to U in Aut(S, {p, p}).

(c) If g € D x (v) C Aut(S, {p, p}) and is not a rotation, then g: (x,y)
(Dy, Dx) with D = [} 9] for some b € C. Then AA = 1 because g is
of prime order and the action of v on D is exactly the conjugation and the
equality AA = 1 is the same as Au(A)=1. Then g is conjugate to v because
the group D = {D € PGL(2,C) | D is diagonal} is isomorphic to C* and
H'((v), D) = {1} by Hilbert’s Theorem 90.

(d,e) If g € D x (vDU) and is not a rotation, then g = (d, v0) ford € D of
finite order and in this case, d commutes with vU implying that d has order
1 or 2 since the order of g is prime. Then g is either vU and is given by
the map (x, y) — (1/y, 1/x) on P! x P!, which is the map (w : x : y :
z) > (w:x:y:—z)on S oris given by the map (x, y) — (—1/y, —1/x)
on P! x P! and corresponds, on the sphere, to the antipodal automorphism
(w:x:y: 20> (—w:x:y:2). ]

4.2. Case: (Kx)?=6

Proposition 4.6. Let ¢ : X — S be the blow-up of two imaginary conjugate points
p, p- Then cAut(X)c ! ¢ Aut(S), so the pair (X, Aut(X)) is not minimal.
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Proof. On X, there are six (—1)-curves: the two exceptional divisors £, and E3
and the four curves corresponding to the strict transforms of the fibres f and f
passing through one point denoted by f),, f7, fp,and f7.

Since f7 N f_ﬁ = fﬁﬂf_ﬁ and f, N f_p = fp ﬂf_p, these two intersection points
are real (see the circles o in Figure 4.1) and the other four vertices of the hexagon
are imaginary, so any action of ¥ can only exchange the two lines £, and E5 and
this implies that (X, Aut(X)) is not minimal. O

S|

Figure 4.1. Blow-up of p, p.

4.3. Case: (Kx)? =4

There is ¢ : X — § the blow-up of four imaginary points p, p, ¢, g. We have 16
(—1)-curves in X: the exceptional divisors £ p E5, Eq, and Ez; the strict transform
of the fibres f and f passing through one point that we denote by fo> 5 Jq» 17>
f_p, f_g, f_q, and f_q as in the previous subsection; and the strict transform of the
curves equivalent to f + f (e.g., of bidegree (1, 1)) passing through three of the
four points that we denote by f,54, fp5q, fpqg-and fpqg. These (—1)-curves form
the singular fibres of ten conic bundle structures on X with four singular complex
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fibres each and are the following:

() f+f—-E;—Eg (0 [f+[—-E;—E,
@ f+f-Ep—E;, (D f

3 f+f-Ey—Ep @® f

@ f+f-E;—E; (9 2f+f—E,—E;—E;—Eg

& f+f-E,—Ef (0) f+2f—E,—Ep—E,— Eg.

The anticanonical divisor of X is —Kx = 2f +2f — E, — Es — E; — Eg. We
collect these conic bundles in pairs such that the sum of every pair is —Kx:

Pri={f + [~ Ep—Ep. [+ ]~ Eq— Eq).
Py:={f+f—E,—E, f+f—Ep— Ez},
Ps:=(f+f—E,—Ez f+f—Eps—E,),
Py:={f, [ +2f — E, — E; — Eq — Eg},
Ps:=(f, 2f + f— E, — Es — E; — Eg}.

Since Ky is invariant under any automorphism of X, then Aut(X) acts on the set of
pairs obtaining the following exact sequence.

0 > Fg — Aut(X) 2> Symj 4.1)
N N
Fe — Aut(Xc) > Syms

where Fr is naturally a subgroup of ]F; An element (ay, ..., as) exchanges the
two conic bundles of the pair P; if a; = 1 and preserves each one if @; = 0. We
represent in Figure 4.2 the picture of the five pairs of conic bundles and with the
next one, how the anti-holomorphic involution o acts on them.

Remark 4.7. The image of p in the exact sequence (4.1) is contained in the group
((23), (45)) C Syms as a consequence of the action of the antiholomorphic invo-
lution o . (See Figure 4.2).

Lemma 4.8. Let p,q € IP’(IC X IP’(IC >~ Sc be two distinct imaginary non conjugate
points such that the blow-up of p, p, q, q is a Del Pezzo surface. Then up to
automorphisms of the sphere, the points p and q can be chosen to be (1 : 0)(0: 1)
and (1 : 1)(1 : ) for some u € C\ {0, £1}, respectively.

Proof. Let p = (r1 : s))(uy : v1) € IP’(IC X IP’(]C. Applying the automorphism
(A, A) € F where A = [ o —W] maps p into (1:0)(0 : 1) and p into (0 : 1)(1 :

=81 r1

0). Now, we may assume that p = (1 : 0)(0 : 1) and p = (0 : 1)(1 : 0) and
g = (& :1(p: 1) with A, p € C* because by hypothesis the points are not on the
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f+f-E-Ey |f+f-E~E| |f+f-E;-E, f f
[ ] [} o [} [ ]
_ e _ e _e ° o _
fH-EE| |f+f-EyE]| |f+f-Ey;-E| |-FK—f |-K—f
Pl P2 PS P4 PS
O H—O_—H
4 o o
ag
P P Ps Py Ps

Figure 4.2. Representation of the five pairs of conic bundles and the action of ¢ on
them.

same fibres by any projection. The automorphism (x, y) — (Ax, Ay) fixes p and p
and sends ¢ into (1 : 1)(1 : u) and g into (1 : @)(1: 1).

Notice that when p = 1 the points g and g are equal; when p = 0 the points
p and g are on the same fibre, as well as the points p and ¢g; and finally, when
n = —1 there is a diagonal passing through the four points. Hence, the blow-up of
P, D, 4, q is not a Del Pezzo surface. O

Proposition 4.9. (a) The kernel of the sequence (4.1) is
Fr = {(ai,...,as) € (F2)’ | a1 + ay + a3 = 0 and as + as = 0} = (F2)’,

and is generated by the elements yy = (0,1,1,0,0), y» = (1,0, 1,0,0), and
y = (0,0,0, 1, 1) which correspond to the automorphisms of X with coordi-
nates in P* given by

vii: 1 iy2iy3iyaiys) > (V1 iy2 i —Y3 Y4 —Ys),
2i iy y3iyaiys) > (VY2 i3 —y4 i —Ys),
Yo iy2:iy3iyaiys) = (V1 iy2 i —y3 i —y4 i —ys).

(b) The equation of the surface X is given by the intersection of the following two
quadrics,

O1: (10— UE+TOyE =201y +v3 + (1 =T+ Wit — wy3 +yi =0,
Q2 WIYT — 2umy1y2 + (w — L+ )y3 + piy; + (1 — &+ uiw — w)ys = 0.

Proof. We first prove that Fg is contained in the group {(a1, . .., as) € (F2)° | a; +
az+a3 = 0 and ag+as = 0}. To do so, we focus on the pairs P4 and Ps and observe
that the action of the antiholomorphic involution on those pairs (see Figure 4.2)
implies that for an automorphism g of X, which is in the kernel, is of the form
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either (%, *, %, 0, 0) or (x, %, *, 1, 1), which is the same as the condition a4+as = 0.
Hence, a; + ap + a3 = 0 because over C, the kernel of the map p: Aut(X¢c) —
Symys is the set {(aj, ..., as) € ([Fy)? | Y a; = 0} [5, Lemma 9.11]. We show
the existence of y, y1, and y» and compute the equation of the surface X using the
fact that the anticanonical divisor — Ky is very ample and then the linear system of
| — Kx| gives an embedding into P* as an intersection of two quadrics. We study
then the following diagram

where the vertical map is the blow-up of four imaginary points p, p, g, g of §
viewed Sc as ]P’(}: X IP’(}: via the isomorphism ¢ given in Remark 2.2. As — Ky =

2f +2f — E, — E5 — E; — Ej, the linear system | — K| corresponds to the
curves of S of bidegree (2, 2) viewed on IP’%: X ]P’(lC =~ Sc passing through the four
blow-up points. By Lemma 4.8, we may assume that p = (1 : 0)(0 : 1) and
g = (1 : 1)(1: p) for some u € C*\ {0, =1}, and then p = (0 : 1)(1 : 0) and
g = (1: @) :1). In coordinates (r : 5)(u : v) on P{, x P(., a basis of the linear
system | — Kx| is given by:
Iy =svr —s)(v—u) (f = Ep) +(f = Ep) + (f — Ep)
+(f — Eg)
Iy = (s —ru)(r —s)(v—u) |(f+ f — E, - E5 — Ez) + E7
+(f = Ep) + (T — Ep)
I3 =ur(v —pu)(s —pur) (f = Ep)+(f —Ep) +(f — Ey)
+(f — Eg)
Ty = (vs —wrn)@(l — wru |(f +f = Ep — E5 — Eg) + E4
+(u—msu+ G@—Dsv)| +(f+f—Ep—E;— Eg) + E,
s = (u@— Dru+ (u—mrv|(f + f — Ep — Eq — Eg) + Eg
+(1 = wsv)u(s — 7r) +(f = Ep) + (f = E

The computation of the actions of y1, y2, and y on Pic(X) with respect to the basis
{I'1, 'z, '3, ['4, ['s} described above, gives the following elements:

2u—p

1 1 00 1-; 0
0 0 0 00 0 0
Op—pml-g |, Mp=]0 1 10p2p+1],andM=]1
0 0 0 01 —1 0
0 0 00 —1 0
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By a change of basis, the matrices M, M;, and M can be diagonalised and the
map&: § — P4 is given by ((r : 5), (u : v)) = N - y' where

I =1 —-p—p n

1
0—50 2 -1
N=|11 1 ppmil-g|andy=(Ty,...,s).
00 0 0 —i
1
0-4 0 0 0

With this new basis, the surface X, which is the image of the anticanonical embed-
ding, is given by the intersection of the two quadrics Q1 and Q> in the statement as
well as the automorphisms y1, y2,and y. O

Proposition 4.10. The image of the sequence (4.1), p(Aut(X)) C Syms, is ((2 3)
(4 5)) if || = 1 and trivial otherwise.

Proof. As already mentioned in Remark 4.7, p (Aut(X)) C ((2 3), (45)). We show
that the elements (2 3) and (4 5) do not belong to the image while (2 3)(4 5) does
itif and only if |u| = 1.

We start explaining why there is no automorphism of type (2 3). If there were
an automorphism « exchanging the pair P, with P3 then o would act on P> and P3

. o o~ | |

<

either like | . | orlike | « 7T |. We may assume that the action on the

P P; 2 P

pairs P, and P3 is the first since we can multiply the second one by the element of
Fg that corresponds to y; = (0, 1, 1,0,0). On the pairs P4 and Ps, the action of

« is either or P . As before, we may assume that it is the first

one by multipfyings the secor;d 01516 by y =(0,0,0, 1, 1). Summarising, we have to
study only two cases:

* 1>
(@)

Py Py Ps Py Ps
(b) %

Py Py Ps Py Py

In both cases (a) and (b), f, 7 are fixed and hence f + 7 is fixed. In the case (a),
looking at the pair P; we see that f + f — E,—Ep, f+ f - E, — Ej7 are fixed,
then £, + E3 and E; + Ez are fixed while the action on pairs P, and P3 gives
that o interchanges E, + E; with E, + E7 and E; + Eg with E5 + E;. This
implies that E,, E5 are fixed and E,, Eg are exchanged. So o would come from
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an automorphism o’ of P! x P! which fixes p, p and interchanges g and 7. Let us
see that such an o’ does not exist. -

The automorphism &’ would be given by (x,y) +— (Ax, Ay) where A €
PGL(2, C) with o/(p) = p,a/(p) = pthena’ : (x,y) = (Ax,Ay) with A € C
under the choice of the points p = (1 : 0)(0 : 1) and g = (1 : (1 : w) for
w ¢ {0, £1} (Lemma 4.8). Since a’(g) = g, we have A = 1w and Ax = 1 and hence
w? = 1, which gives a contradiction. In the case (b), « is not even an automorphism
of the Picard group because the matrix corresponding to an action described in (b)
with basis { f, f, Ep, E, Eq, Eg} is

10 0 0 0 0
01 0 0 0 0
00 1/2 —1/2 1/2 172
00—1/2 1/2 1/2 12
00 1/2 1/2 —1/2 172
00 1/2 12 1/2 —1/2

Therefore, an automorphism that acts as (2 3) does not belong to the image.
Now, we prove that automorphisms of type (4, 5) are not in the image and we
proceed in the same way as we did for (2 3). The action of an automorphism of

type (4 5) on the pairs Py and Ps is either like | w1 | or like | <

Multiplying by (0, 0, 0, 1, 1) we may assume that it is the first one. With respect to
the action on the first three pairs P;, P, and, P; we assume that the action on P
and P3 is the identity since we can multiply by (1, 1,0,0,0) or by (0, 1, 1, 0, 0).
Then, we have two cases to focus on:

oo
(a) . . . 1o
Py P, P; Py Ps
oo
(b) . I . oo
Py P P3 Py Ps

The case (a) corresponds to an automorphism which interchanges f with f and
fixes E,, E5, E4, and E7. It would be the lift of an automorphism of § fixing 4
points which does not exist. On the other hand, the case (b) is not an automorphism
of the Picard group because the matrix corresponding to it is

0 0 0 0

0

10 0 0 0 0
00 1/2 1/2 —1/2 12
00 1/2 1/2 172 —1)2
00-1/2 1/2 12 12
00 1/2 —1/2 12 12



928 MARIA FERNANDA ROBAYO

Finally, we check that there is an automorphism which acts as (2 3)(4 5) if
and only if || = 1. As before, we can see that automorphisms corresponding to
(2 3)(4 5) are, up to composition with an element of Fg, of the form

oo o——o

(a) . oo o——o
2 P, P, Py, P
} . . o——re

(b) . ° oo
P P P Py Ps

For the case (a), looking at the pairs P4 and Ps we see that f and f are exchanged
and then f + f is fixed. The exchange of pairs P, and P; gives that f + f — E, —
E, aEd f+f- E, — E7 are interchanged and so are f + f - E; — Ez and
f+ f — Ep — E;. This implies that £, + E, with E, + Ez are interchanged and
E5+ Ez with E% + E, are interchanged, respectively. So an automorphism of type
(23)(45) for case (a) comes from an automorphism § of P! xP! which interchanges
S with f, g with g and fixes p and p. We want to show that § exists if and only
if [ul = 1. So 8 is given by § : (x,y) > (Ay, Ax) satisfying A[9] = [!]
and A[}] = [9]. This implies that A = [?4]. Since § interchanges ¢ with 7,
alrir—r1y_ =% _ _ —
then [95 ][] = [4] =[] and [95] (1] = [1] = [4]. Hence. % = 1 and
up = 1. Therefore this automorphism exists if [p| = 1.
The case (b) is not possible because the matrix of the action of it on the Picard

group with basis { f, f, E,, E, E4, Eg} is

01 0 0 0 0

10 0 0 0 0
00 1/2 —1/2 1/2 172
00—1/2 12 1/2 172

00 1/2 1/2 —1/2 1/2
00 12 172 172 —1/2

and this shows that it is not an automorphism of the Picard group. O

Proposition 4.11. If g € Aut(X) and Pic(X)$ has rank one, then g is either o) =
(1,1,0,1, 1) or ap = (1,0, 1, 1, 1) in Fr which are given by

ar: (Yr:iy2:y3:94:95) > (V1 :y2:¥3 Y4 —Y5),
ax: (Yi:y2:y3:y4:y5) > (Y1 :y2:—y3:y4:Y5).

Proof. Let g € Aut(X) of prime order. If g € Fr, g = (a1, ..., as) and the condi-
tion on the rank forces that the first component a; = 1, g is thus either (1, 1, 0, *, %)
or (1,0, 1, %, x). Moreover, we observe that ¢ must interchange the two conic bun-
dles in the pairs P4 and Ps because otherwise, g(f + f) = f + f € Pic(X)8 im-
plying that the rank of Pic(X)& > 1 since f + f is not multiple of —Kx. Then the
two possibilities for g when g € Frarea; = (1,1,0,1, 1) andap = (1,0, 1, 1, 1).
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Now if g ¢ Fr, Proposition 4.10 tells us that the action of Aut(X) on the five
pairs is {(2 3)(4 5)). To ask that Pic(X)8 = Z forces that the two conic bundle
structures in the first pair are interchanged for the same reason as before. On the
other hand, the action of (2 3)(4 5) on the pairs P, and P3; cannot be of the form

e
L]

(or the one reversing the arrows) because in this case the order of g is

Py P

4. In addition, we observe that if the action of (2 3)(4 5) on the pairs P4 and Ps is

e )

as in this picture: | ol | ,the divisor f 4 f is preserved under g and o, then

£+ F € Pic(X)8. This implies that rk(Pic(X)¢) > 1.
We have then to check the remaining cases,

SIS SRR S
Py Py P3 Py Ps
ARSI SN
Py P P Py Ps
S S SR e =&
Py P Ps Py Ps
A S e o SO e 56
Py P Ps Py Ps

The case (2) can be seen from case (1) conjugating it by the automorphism of the
Picard group interchanging the divisors £, with E; and fixing f, f,E p-and Ej.
Now, the action of the automorphisms of the case (1) on the Picard group Pic(X)
with respect to the basis { f, 7 E,, Ep, E4, Eg}is

-1-10 —-1-1-1

In this case that corresponds to o, the eigenspace for the eigenvalue 1 is generated
by the two conic bundles of the pair P3 which are not in Pic(X)$& because of the
action of o interchanges them but whose sum is —Kx. Hence, Pic(X)® = Z and
therefore in case (2) as well when g = «y. By Proposition 4.9, o1 = y;y2y and
oy = Y2y which are exactly the maps in the statement.
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Finally, for cases (3) and (4), the element g is not even an automorphism of the
Picard group because matrices corresponding to an action described in these cases
with basis { f, f, E,, E, E4, Eg} are

2 1 1
1 2 1

—_——
—_——
—_——
—to
N —
——
——
——
———

1—-1=L1_3_1_1 1 -1=3_1_1_1
2 2 2 2 2 2 2 2
3 1 1 1 1 3 1 1 1
~1-1-3-1-1_ 1 tland | -1-1-1-3_1_11, respectively.
1—-1=L1_1_3_1 1 —-1-=1_1_1_3
2 2 2 2 2 2 2 2 D
1 1 1 3 1 1 3 1
1-1-7-3-2-3 1-l-7-3-3-2

There are automorphisms of Del Pezzo surfaces of degree 4 which are minimal but
preserve a conic bundle structure. These will be needed in the sequel. We give here
a special family of examples.

Lemma 4.12. If || = 1, then X admits two automorphisms g1, g» € Aut(X) of
order 2, acting on the conic bundles like

A I R ORI o <

Py P P Py Ps
o~ 1 :> <:
& | [T
2 P P Py Ps

and having the following properties:

(a) The two automorphisms g1, g2 are conjugate by y» € Aut(X) and satisfy
rk(Pic(X)8) =2 fori =1, 2.

(b) Both g1 and g» preserve the two real conic bundles of the pair Py. The action
on one is trivial on the basis, but non-trivial on the other one.

(¢) The fixed points of gi on X (C) consist of two isolated real points, and one
smooth rational curve having no real point.

(d) The action of g1, g2 on }P’é: X IP’(IC, via the blow-up X — S and the isomorphism
¢:Sc — ]P’(l‘C X ]P’%:, are respectively given by

5. v) - (s(Msv —A+wv+p po(—=sv+ A+ p)s— 1))
) M(—SU+(1+M)S—1)’ usv — (1 + v+ p

s v)——-»( —sv+(14+wps—1 usv—(l—{—,u)v—}—u)
’ s(usv — 1+ v+ p) v(=sv+ 1+ u)s — 1)

on the chart {(1 : 5), (1 : v) | (s, v) € AL}
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Proof. The existence can be checked by using Proposition 4.10 and the description
of IFr. Using the action on the conic bundles to compute the matrices of g1, g2 with
respect to the basis {f, f, Ep, Ep, E;, Eg}, we respectively get

21 1 1 1 1 201 1 1 1 1
l1 21(1) 11 11 11 11 21 11(]) 11 11
S1Zi-10 —1—1 Jand | Ty 000 S oo
“1-1-1-1-10 “1-1-1-10 -1
—1-1-1-10 -1 —1-1-1-1-10

Using the fact that the points p, p, g, g on IP’}C X ]P)(lc are respectively (1 : 0)(0: 1),
O:DA:0,d: DA w, @ : 1) and the above matrices, we obtain
the explicit description of the birational maps of ]P’(lC X ]P’(]C, given in (d). Assertion
(a) follows from the description of g1, g3; it remains to show (b), (c). The singular
fibres of the two conic bundles of the pair P; are given in Figure 4.3, together with
the action of g1, which follows from the description of the matrix above. This shows

D) f+f—E,—Ep 2 f+f—-E;—Eg

Figure 4.3. Singular fibres of the two conic bundles, together with the action of g;.

that the action on the basis is trivial in the first case and non-trivial in the second.
The fixed points are then contained in the two fibres of the second fibration that are
fixed, and which are then two smooth rational curves. Looking at the first fibration,
we obtain two fixed points in each smooth fibre, three points in the first two singular
fibres and one in the last two. The only real points in these fibres are f), N f_p and
f5 N f5, so we obtain on X (C) exactly two isolated real points and one smooth
rational curve with no real point. O

Lemma 4.13. Let g € Aut(X) of prime order that preserves a real conic bundle
structure and such that tk(Pic(X)8) = 2; in particular, g preserves the pair Pj.
Then, one of the following occurs:

(1) there is h € C(g) C Aut(X), the centraliser of g, whose action on P is the
exchange of the two conic bundle structures. In other words, the following dia-
gram commutes where 1, {, are the blow-up of four points on Sc and 7y, 7y are
the morphisms corresponding to the conic bundle structures for f+f—E,—E}
and f + f — E, — Ejg, respectively.

(2) The map g is equal to g1 or g given in Lemma 4.12.

Proof. Non trivial automorphisms in Fg preserving the first pair P; are y, ¥, and
y1v . In this case, we are in (1) and can choose & = y».
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h
gCBX %QCX

G- - Ca
A SN A

When g ¢ g, then g exchanges P, and P3. This plus the fact that g has prime
order implies that g has order 2. On the other hand, the action of g on the pairs

oo

P4 and Ps cannot be like | - |, since this would imply that rk(Pic(X)$8) > 2

since in this case, g also fixes f 4+ f. Then, the action of g on the conic bundles is
one of the two given in Lemma 4.12. O

44. Case: (Kx)?> =2

The birational morphism ¢: X — § is the blow-up of 3 pairs of conjugate points,
say p, p.q,q,r,.r € S. Since X is a Del Pezzo surface of degree two, the linear
system of the anticanonical divisor defines a double covering | — Kx|: X — P2
ramified over a quartic I". From the fact that X (R) >~ S(IR), we see that I is a real
smooth quartic with one oval. We see X as w? = F(x, v,z)inP2,1,1,1)and I’
the zero set of F.

Proposition 4.14. There exists an exact sequence
] — (V) ——= Aut(X) ——= Aut(I') —— 1

where v represents the Geiser involution which exchanges the two points of any
fibre i.e. the involution given by (w, x,y,z) — (—w, X, y, 7).

Proof. We have the following exact sequence
] — (V) —= Aut(X) — Aut(P2, T) —= 1 (4.2)

where Aut(P?, ') denotes the automorphisms of P> which preserves the quartic
and is isomorphic to Aut(I") because the restrictions gives a map from Aut(P2, T)
to Aut(I") which is injective since the only automorphism that preserves the quartic
pointwise is the identity (an automorphism of P2 can only fixed 3 points or a point
and a line but not a quartic). To see that the restriction map is surjective, we compute
the canonical divisor of the quartic by adjunction formula getting that K = (Kp2 +
Mir = (—3L+4L)|r = L|r. Hence, every automorphism of I" extends to P2. O

Lemma 4.15. (a) Let C be a (—1)-curve in X, then the (—1)-curve v(C) is equal
tov(C) =—Kxy —C.
(b) tk(Pic(X)¥) = 1. In particular, the pair (X, (v)) is minimal.
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Proof. (a) We call ¢ the map defined by | — Kx|. Then, ¢(C) is a curve of degree
d for some d. If we call D = &¢*(¢(C)), we have that D = d(—Kx) # C.
This implies that D = C + C’ = d(—Kx) for C’ a (—1)-curve, C' = v(C).
Intersecting D with —Kx we have 2 = 2d and hence d = 1. Then v(C) =
C'=—-Kyxy-—C.

(b) Let C be a (—1)-curve in X, then by item (a) we have C - v(C) = C(—Kx —
C) = 2. Moreover, the fact that Pic(X¢) is generated by the divisors in the
set A := {—Kx, £y, Ej, Ey, Ej, E;, EF} then, for any divisor D € Pic(X¢),
D =) a;C; witha; € Zand C; € A. Wehave D+v(D) = D+a; Y_v(C;) =
a;(}_—Kx — Ci) = m(—Kx) for some m € Z.

O

Lemma 4.16. Let g € Aut(X) be of prime order and suppose g # v. Then
rk(Pic(X)8) # 1.

Proof. Let g € Aut(X). Since a basis of Pic(X¢) = 78 is {f, f, E,, E;, Eq, Eg,
E,, E;}, we get that the action of g on Pic(X) = Pic(X¢)? is an element in
GL4,7Z) c GL(4,C) and is diagonalisable in GL(4, C) for g € Aut(X). If g
is an involution in Aut(X) with rk(Pic(X)&) = 1, the only possibility for the action
1
of g on Pic(X)$ in GL(4, C) is given by -1 1 assuming that the first entry
-1
1 corresponds to the anticanonical divisor for some basis containing it. On the other
hand, since every element g in Aut(X) commutes with v, then in the same basis,
g and v are conjugate to a diagonal action as the element presented above. This
implies that g and v are the same. Let g € Aut(X) be of prime order p > 3. We
obtain then an element of GL(4, Z) of order p which fixes Kx. Then, the char-
acteristic polynomial Q € Z[x] vanishes at 1 and all other roots in C are roots
of the polynomial x?~! + ... + 1, irreducible over Q. Hence, Q is a multiple of
(x — D(xP~" 4+ ... 4 1) = xP — 1. This implies that p < 4, so p = 3 and then
0 = (x — D2(x% + x 4+ 1). Therefore Pic(X)% = 7Z2. O

5. Conic bundle case

In this section, we describe the elements in Aut(S(RR)) of prime order corresponding
to the second case of Proposition 3.6, i.e. that belong to the group Aut(S(R), 7).
Let us recall the following notation:

Bir(S, 7) ={g € Bir(S) | 3« € Aut(P') such that e = 7 g},
Aut(S(R), 7) ={g € Aut(S(R)) | Fx € Aut(P') such that ar = mgl,
and that ®: Bir(S, 7) — Aut(P!) is the corresponding group homomorphism (see

the exact sequence (2.2)) whose kernel is denoted by Bir(S/m) and by Aut(S(R) /)
for the corresponding group homomorphism Aut(S(R), 7) — Aut(Ph).
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5.1. Image of the action on the basis

Recall that 7: § --» P! is the map given by w(w : x : y : z) = (w : z). Hence,
the natural coordinates on P! are (w : z) or simply (1 : z) for affine coordinates.
With the choice of these coordinates, the group Aut(P') is naturally isomorphic to
PGL(2, R): an element [‘g Z] € PGL(2, R) acts as

az+b

H
. cz+d

or (w:z)t (cz+dw:az+ bw).

In the following two lemmas, the image of the map @ : Bir(S, 7) — Aut(Ph)
in the sequence (2.2) is presented and the image of elements of finite order is char-
acterised.

Lemma 5.1. The image of ®: Bir(S, 7) — Aut(P') is the same as the image of its
restriction to Aut(S(R), 7). The corresponding subgroup of Aut(P') is given by the
following semidirect product, where the generator of 7./27 is the automorphism
n:zH —2z.

O (Bir(S, 7)) = (Aut(SR), m) = {[ L 4]:6 € (=1, 1) CR} xZ/2Z (5.1)

Proof. Since the sphere S(R) is preserved by elements in Bir(S, i) (respectively
in Aut(S(R), 7)) and is mapped subjectively to the interval [—1, 1] C R on the
basis of the fibration. This interval is then invariant on the basis and the group

@ (Bir(S, m)) is contained in the group generated by z +— lf;jrbl ,forbe (—1,1) C

R, and by z —> —z because those are exactly the automorphisms of P! which fix or
interchange the points —1 and 1. On the other hand, for each b € (—1, 1) C R the

/1_H2 /1—h2 .
map gp: (x,y,2) — (x bzl+f ,y hzl+f , }f;jrbl) belongs to Aut(S(R), ) and is

sentto [ 1 2] and the map 7 : (x,y,2) — (x,y,—2z) is sent to —10 , correspond-
[b 1 pn y y 0 1 p

ing to z > —z, which proves Equality (5.1).

Lemma52. Let g € Aut(SR), ) be of finite order. After conjugation in
Aut(S(R), i), the map ®(g) is either the identity or [(1) _01 ]

Proof. Elements of the form [ é 117 ] with b € (—1,1) \ {0} are not of finite order;
indeed the eigenvalues of [ }) 11’] are 1 £ b, so the element [ }) ’1’ ] is conjugate to

[ i:;TZ (1)] in PGL(2, R) and % € R* has infinite order because }%b # —1. More-

over, [} =07 is conjugate to [} ©, ] by the matrix [ ! ¢] with ¢ = H:\/bl—bZ. -

5.2. Algebraic description of Bir(S/m)

Extending the scalars from R to C, the general fibre of 7 : S¢ — C, given by
(x,y,2) — gz, is rational. The group of birational maps of Sc preserving any
general fibre of 7 is then equal to PGL(2, C(z)). The group Bir(S/m) can thus be
viewed as a subgroup of PGL(2, C(z)).
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Definition 5.3.

(i) For each A € GL(2, C(z)), we define A € GL(2, C(z)), as the matrix ob-
tained by replacing every coefficient of every entry of A by its conjugate.

(ii) Inthe same way, we define A for any element in PGL(2, C(z)) and we observe
that A does not depend on the representative because if Aj, A e PGL(2, C(z))
are in the class of the element A then A} = LA, for some A € C(z)* and then
A =LAy implying that A; and A, are both in the class of A.

Lemma 5 4.

(a) The complex surface Sc is birational to Aé viay: (x,y,2) -——» (x — iy, 2).
(b) The group PGL(2, C(z)) acts on A% via

PGL(2,C(z)) x AZ  --» A%

a(z) B2) L, (4@t AR
( [V(Z)5(Z) ] » & Z)) (y(z)t +68(z)’ Z)
and thus also acts on Sc via the conjugation by Y.

(c) For any A € PGL(2, C(z)), the corresponding actions of A and TAT on
Sc via ¥, denoted by A and t At respectively, are conjugate by the anti-

(5.2)

holomorphic involution o (ie. o: (x,y,2)— (X,y,2) ), where T:= [(1) 1—012] c

PGL(2, C(z)), which means that the following diagram commutes

Sc -2~ Sc
ol l
Sc Ay Sc.

In particular, the group Bir(S/m) corresponds, via the action of PGL(2, C(z))
on Sc, to the group

G:={A e PGL(2,C(2)) | tAT = A}.
Proof. (a) The map v is a rational map and its inverse is given by

2 2 2 2
_ =z +1, t"+z7-1
:t7 - s L ) .
4 t.2) _)< 2t ! 2t ¢

(b) Clearly, the identity in PGL(2, C(z)) gives the identity map of A%. Let A =

[‘;8 ’g ((j)) ] and A’ = [;38 ’g,((zz)) ] be elements in PGL(2, C(z)). We compute

o (‘;ﬁi’g;) + 8 ((ozo/ + Byt +af + BS )

AACN = | ——— 2] = .2
/t+,5, / 5 / t / 58/
14 (%W) +46 (ya' + 8yt +yB +
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which is the same as

(AA. (1.2)) > ((““/Jrﬁ”/)’*“ﬂ/*ﬂy )

(vo + 8y + yp +88 "

The action of PGL(2, C(z)) on Aé gives an action on Sc in the following

way: for any element A = [;’/‘8 g(%)] € PGL(2, C(z)) we denote by AC‘A((Z:

the action of A on A%C given by the map (¢, z) --» (a((zz))t[j_gg)) , z) thus the

following diagram gives the action on S¢ that we denote by ¥ ~! Ay or simply
A if no confusion arises:

S(‘c —f> Aé
|
Al | AcAZ
'l I
Sc <1//—— Aé

We name o1 : (¢, z) — (7, Z) the anti-holomorphic involution on A2, then via
the birational map i we have

| 1-72 _
Yoy~ =011 =107 (t,2) - - ,Z ).

Let AePGL(2, C(z)). We want to show that T Az (o (x, y, 2)=0(A(x,y,2)
for any (x, y, z) € Sc which is the same as showing ¥~ W AD) (Yo (x, y, 7)) =
o~ 1A(xﬁ()c v, z))) for any (x, y, z) € Sc, where the action of A and 7 At
are now on A Notice that according to Definition 5.3(ii), the action of Aon

Aé is the same as the action of 1 Ao and in this way, for any (x, y, z7) € Sc,
we have

Yy (AT (Yo (x,y.2) = ¥ (to1AoiT) (Yo (x, ¥, 2))
=y (Yoy HAWoy NWo(x,y.2)
=oy Ao (o(x,y.2)
=0 AW (x, y,2))).

The elements in Bir(S / 1) correspond to the elements in PGL(2, C(z)) which
commute with Yo~ !, in other words, for A € PGL(2, C(z)) we have that A
belongs to ¥~ 1Blr(S/J'r)lﬂ if 701 AojT = A which is equivalent to TAT = A
and hence we get the description of the group § = ¢ ~!Bir(S/m)y . O

Remark 5.5. The element 1 = [(1) 1—022] € PGL(2, C(2)) belongs to G and cor-

responds to the element of Bir(S/x) given by (x, y,z) — (x, —y, z), which is a
reflection that belongs then to Aut(S) C Aut(S(R)).
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The group § C PGL(2, C(z)) defined in Lemma 5.4 is the algebraic version
of Bir(S/m), which we will study in the sequel. In the following lemma, we give a
more precise description of the elements of this group.

Lemma 5.6. Fach A € § C PGL(2, C(z)) is equal to [28 ba_(?z))h]for some poly-

nomials a,b € C[z] with no common real roots and h = 1 — z2. Moreover, the

28 b&((zz))h] € GL(2, C(2)) has a determinant a(z)a(z) —

b(2)b(z)h € R([z] which is positive when 7> > 1.

corresponding matrix [

Remark 5.7. Conversely, if A = [28 bﬁ((zz))h ] € PGL(2, C(z)) for some a,b €

C(z) (and in particular when a, b € C[z]), then A belongs to G, since Tt At = A.

Proof. Let A = [’;8 28] € G. The equality TAT = A gives

a(z) b)| _[01—2*|[a(z) bx)]|[0 122
ciz)diz)| |1 0 c(z)d) |1 0 |[°

b(z) = AE(2)
d(z)(1 —z%) = ra(z)
c(@)(1 — 2% = Ab(2)
a@)(1—z») =1d()

Hence

for some A € C(z)*. From the first and third equation we get that c((l—zz)z—ki) =
0 and from the second and fourth equation we get that a((1 — 722 —2x) =0.In

both cases AL = (1 — z?)?, which is equivalent to (1—/\—z2) <(1_A—Zl,)) = 1, then by

Hilbert’s Theorem 90 there is © € C(z)* such that A = %(1 — 7% and A =

a(@)fi péz)(1-2) : : — y - z
[C(z)ﬂ T ] Calling again a(z): = a(z)u(z) and b(z): = u(z)c(z) we get

A= [a_(z) b(2)h

b(z) a(2)
A by ggss and we obtain an element in the same class with entries in C[z]. Now,
if zo is a common real root of a and b thus zg is also a real root of @ and » which
means that we may divide by z — zo all entries of A and remain in the same class.
Then A is of the desired form. The determinant of the corresponding element of
GL(2, C(z)) is then aa — bb(1 — z?) = aa + bb(z*> — 1) € R[z]. Notice that
for z2 > 1, one has aa + bb(z> — 1) > 0 because aa > 0 and bb > 0 imply
aa + bb(z% — 1) > 0 and the fact a and b have non common real roots implies that
the inequality is strict. O

]. When a = g and b = g with p, g,r,s € C[z], we can multiply

Remark 5.8. In the sequel, we will always denote by 4 the polynomial 1 — z% €
RI[z].
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Now, we would like to characterise elements in Aut(S(R)/m) and Aut™(S(R)/m)
inside the group G = ¥ ~!'Bir(S/m)¥. In order to do this, we need to understand
the birational map ¢ : S¢ --» Aé given by (x, y, z) --+ (x —1iy, z). The following
result describes the extension of the map, which we again denote by .

Lemma 5.9. v satisfies:

(a) The birational map

(/S S@——+]P’(1C><]P’(%:
Q1:x:y:z) —-» ((1:x—1iy),(1:2)
w:x:y:z) —— (w:x—1y), (w:z))

has three base-points, namely g = (0:i:1:0),g = (0 : —i: 1:0), and one
point w, infinitely near q.
(b) Its inverse is

Yl PL x PL --» S¢

2 2 2, .2
(1), (1:2) - (1;’ Zl Ttz 1:z>

2t 2t

(Zz‘uv2 t20% — 22Ut + uv?
((u:0),w:z2) --»

i(tzv2 + 22u? — uzvz) : 2tzuv)
and has exactly three base-points, namely
O:1DO:1),1:0(:1), and (1:0)(1:—1).

(¢) The map  can be decomposed as the blow-up of q, q, w, followed by the con-
traction of the strict transforms of the curves L, M, D C Sc given respectively
by

L: x=iy,w=—z
M: x=iy,w=¢
D: w=0

This can be described by the diagram in Figure 5.1, where Py = (1 : 0 : 0 : 1),
Ps=(1:0:0:—1) € SR) are the north and south poles, where L, M are the
image of L, M by the anti-holomorphic involution and where the strict transforms
of the curves are again denoted by the same names.

Proof. Parts (a) and (b) follow from a direct calculation. Hence, denoting by
¢: X — Sc the blow-up of ¢, g, w, the map ¥ ¢ is a birational morphism X —
IP’(]C X ]P’(lc, which is the blow-up of three points since both S¢ and ]P’(IC X IP’(IC have
a complex Picard group of rank 2. Looking at coordinates, one checks that the
three curves are L, M, N, and the remaining part of the picture can be checked by
computing the intersection between the curves. O
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Sc ]P’(%: X IP’(IC

Figure 5.1. The decomposition of ¥ into blow-ups and blow-downs.

Since MUM is the fibre of (1 : 1) € P! by 7 and is singular with only one real point,
every element of Bir(S/m) preserves the north pole Py=MNM and either preserves
each of the two curves or interchanges them. This result is proved in the following
lemma, which moreover describes the distinct possible cases algebraically.

Lemma 5.10. Let A = [28 bc_l((zz))h] € § C PGL(2, C(2)), for some polynomials
a, b € C[z] with no common real roots (see Lemma 5.6), and let A € Bir(S/m) be
the corresponding element (see Lemma 5.4). The map A is defined at the north and
south poles Py = M N M and Ps = L N L. Moreover, the following hold:

(1) Ifa(l) =0, then A exchanges M with M.
(2) Ifa(l) # 0, then A preserves both M and M.
(3) Ifa(—1) =0, then A exchanges L with L.
@ Ifa(—1) # 0, then A preserves both L and L.

Remark 5.11. Note that a(1) # 0 (respectively a(—1) # 0) is equivalent to the
fact that the determinant a(z)a(z) + b(z)b(z)h is positive when z = 1 (respectively
z=-—1).

Proof. Recall that A acts on A% via

(a(z)t +b()(1 —22) )
(t’ Z) -2 — — » <
b))t +a(z)

(see Lemma 5.4).
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Suppose first that a(1) # 0. This implies that the determinant a(z)a(z) + (2% —
1)b(2)b(z) is not zero (and in fact positive) when z = 1. Hence, the above birational
map is a local isomorphism near the fixed point (¢, z) = (0, 1), and restricts to
an isomorphism of the curve z = 1. After blowing up (0, 1), we obtain thus a
local isomorphism in the neighbourhood of the exceptional divisor and of the strict
transform of the curve z = 1. By Lemma 5.9, these maps correspond to respectively
M and M via . This shows that A is defined at Py = M N M and preserves each
of the two curves M and M.

If a(—1) # 0, we find similarly that A is defined at Ps = L N L and preserves
each of the two curves L and L.

If a(1) = 0, we write a(z) = ap(z)(1 — z) for some polynomial ay € C[z] and

have b(1) # 0, since a, b have no common real root. We consider T = [(1) 1 612] €

G, that corresponds to the reflection (x, y, z) + (x, —y, z) of the sphere S (see
Remark 5.5). Note that this map is defined at the north and south poles, interchanges
L with L and interchanges M with M. It remains to study the map

_[p(1 =22 a@ —z»] _ [b( +2) ag(1 — 2%)
Ar_[ . E(l—zz):|_|: - E(IJFZ)}ESCPGL(z,(C(z))

and to see that it is equal to [;L: b/(l__,zz)], wherea’ =b-(1+2),b = ag € C[z]
a

have no common real root, and such that a’(1) = 2b(1) # 0. This reduces to the
previous case.
The case where a(—1) = 0 is similar. ]

Lemma 5.12. Let A = [28 };_((Zz);l ] € § c PGL(2, C(2)), for some polynomials

a, b € C[z] with no common real roots (see Lemma 5.6), and let A € Bir(S/m)
be the corresponding element (see Lemma 5.4). We denote by D(z) = a(z)a(z) —
b(2)b(z)(1 — z%) € Rz] the corresponding determinant.

Letzo € (—1,1) C R, and let T, C S be the conic given by z = zo. Then, the
following hold:

(a) The map A is a local isomorphism at each point of T, if and only if D(z¢) # 0.

(b) The map A contracts the curve 'y, onto a real point of T, if and only if
D(zo) = 0. In this case, it has exactly one proper base-point on Iy, which
is real.

Proof. Observe that ¢ is a local isomorphism at a general point of I';; by Lem-

ma 5.9. Hence, A contracts I or is a local isomorphism at each point of it if and
only if this holds for A on the curve of A%C given by z = z¢. Recall that A acts as

)
o) s <a(z)t +b@)(1 2 )J) '

b()t +a(z)



PRIME ORDER BIRATIONAL DIFFEOMORPHISMS OF THE SPHERE 941

If D(zo9) # 0, we obtain thus a local isomorphism along I';,. If D(z9) = 0, then

a(Zo)L-i-b(Zo)(l—(Zo)z)
b(zo)1+a(zo) X . L
at zo implies that the curve I', is then contracted onto one point, which is thus real.

It has moreover exactly one proper base-point on this curve, which corresponds to
the vanishing of the denominator and numerator of the above fraction. O

does not depend on ¢. The fact that @ and b cannot both vanish

5.3. Algebraic description of Aut(S(R) /)

The fact that an element in the group Aut(S(R)/m) exchanges or not the lines L
and L can be checked geometrically, as the following result shows. This will help
to describe algebraically the groups Aut(S(R)/7) and Aut™ (S(R)/m) as subgroups
of G (Proposition 5.15 below).

Lemma 5.13. Let A € Aut(S(R)/x), and let L, L, M, M C Sc be the four curves
given in Lemma 5.9. Then, one of the following holds:

(a) A € Aut™(S(R)/m) and A preserves each of the four curves L, L, M, M. o
(b) A e Aut(S(R)/m) \ Aut™ (S(R)/m) and A exchanges L with L and M with M .

Proof. Since MUM is the fibre of (1 : 1) € P! by 7, every element of Aut(S(R)/7)
either preserves each of the two curves or interchanges them. We study the action of
A on the lines M and M near the point Py = M NM = (1:0:0: 1), the situation
near Ps = L N L is similar. The equation of the sphere being (w — z)(w + z) =
x? + y?, the complex tangent plane Tpy Sc is given by w = z = 0, and contains
the two lines M and M, which correspond to x = +iy. The real tangent plane is
contained in the complex tangent plane i.e. Tp, S(R) C Tp, Sc and the action of
A on the lines M and M is the same as the action of its differential at Py denoted
by Dp, A € GL(2, C) which also preserves Tp, S(R) and is linear. Then Dp, A
can be presented as a matrix in GL(2, R). Matrices in GL(2, C) which preserve
the two lines x = =iy are of the form [_“b Z] for some a, b € C. Imposing the
condition of preserving the real plane is equivalent to ask for @, b € R. This tells
us that if Dp, A is the differential at Py of a diffeomorphism A which fixes Py
and preserves the lines M and M, then Dp, A restricted to Tp, (S(R)) is of the

form [ 4 3] for some a, b € R and is positive definite because its determinant is

a® 4+ b* > 0 and therefore such a diffeomorphism A is an orientation-preserving
one. On the other hand, matrices in GL(2, C) which interchange the lines M and
M and preserve the real tangent plane are of the form [¢ 2 ] for some a, b € R.
Then if Dp, A is the differential at Py of a diffeomorphism .4 which fixes Py and
interchanges the lines M and M, we obtain that D py A restricted to Tp, (S(R)) is
of the form [Z _ba] for some a, b € R and its determinant is —(a? + b%) < 0 which
implies that 4 is an orientation-reversing diffeomorphism. O

Definition 5.14. We denote by R[z]+ the multiplicative submonoid of R[z] defined
as R[z]4 :={f € R[z] | f(z0) > O for each zg € R}.
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Proposition 5.15. Let H and Hy be the subgroups of G given respectively by
vAut(SR) /7))y~ and Y Autt (S(R)/m)yr 1.

Then H = Hy x (t), where T = [? 1*012] = [(1) g] as before, and

b(z)h _ —
Ho = ”Z—lg; &((Zz)) } : a,b e Clz],aa — bbh € R[z]+} .

Proof. The fact that H = Hy x () follows from the fact that T corresponds to a
reflection in Aut(S(R)/m) \ Aut*(S(R)/m); it remains to describe .

a(z) b()h
bz) a() 5
a, b € C[z] with no common real roots (Lemma 5.6), and let D = aa —bbh € R[z]
be the corresponding determinant. We have D(z) > 0 if z2 > 1 (see Lemma 5.6).
We denote by A € Bir(S/m) the corresponding element, given by ' Ayr. Sup-
pose that A € Hy. By Lemmas 5.10 and 5.13, this implies that a(1)a(—1) # 0,
hence D(1) and D(—1) are both positive. Moreover, D(z) # 0 for each z9 €
(—1,1) by Lemma 5.12. This implies that D € R[z]+. Conversely, suppose
that D € R[z];. By Lemmas 5.10 and 5.12, this implies that A is defined at
each real point of the sphere, hence A € J{. The fact that A € J{ is given by
Lemma 5.13. O

Let A € G be some element, that we write as [ ] for some polynomials

5.4. Involutions in Bir(S/7)

Recall that the group of elements of Bir(S, m) acting trivially on the basis of the
fibration is denoted by Bir(S/m). This group is conjugate to

G = {A = [28 b&((zz))h} ; a, b € C[z] with no common real roots,

and a(2)a(z) — b(2)b(z)h > 0 for 22 > 1 } C PGL(2. C(2))

by the birational map ¥ (see Lemma 5.4). In this subsection, we study involutions
in Bir(S/7) or equivalently in G up to conjugacy.
We also recall that the action of PGL(2, C(z)) on A@ZC was given in Equa-

tion (5:2)by (1,2) - (43553, 2) for [ 43 79) | = A € PGL2, C(2)). Notice

that when A has order 2, the restriction of A to the IP’(%: corresponding to z = zg, for
a general zo € C, is an automorphism of order 2 with two fixed points. We denote
by I' 4 the closure of the set of those fixed points as z varies in C and call it the curve
of fixed points of A or just the curve fixed by A. The corresponding definition for
the sphere is presented below, see Definition 5.20.

The following results will be useful for the proof of the main result of this
subsection in Theorem 5.21, which states that two involutions are conjugate in G if
and only if their respective fixed curves are birational over R.
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Lemma 5.16.

(a) If A € PGL(2, C(2)) is an element of order 2, then A is conjugate to [(1) g]for
some p € C(2)*,

(b) the elements [(1) 1(’) ], [(1) 1(’)/] € PGL(2, C(2)) with p, p' € C(2)* are conjugate
in PGL(2, C(2)) if and only if p/p’ is a square in C(z).

(¢) Let A,BePGL(2,C(z)) of order 2. Then A and B are conjugate in PGL(2,C(z))
(A ~ B) if and only if there exists a birational map p defined over C

Ty -2>Tg
(Y
cC = C
where T 4, Tg C C? are the curves fixed by A and B, respectively.

Proof.
(a) Let A = [‘L’ Z] be an element of order 2 in PGL(2, C(z)). From A2 = [(1) (1)], we

get that a = —d or b = 0 = c, but in the second case, a’ = d? thus a = +d.
Ifa =dand b = ¢ = 0then A = [ and therefore A does not have order 2.
This implies that a = —d in any case so we can write A = [f b ] Now A is
conjugate to [(1) angc] by [ 7] when b # O orby [ ¢ ] when ¢ # 0. In

the case where b = ¢ = 0, we have that A equals [(1) _01 ] and is conjugate to

[(1) (1)] by [ % jl ] We have proved that A is always conjugate to [? g].

(b) If [(1) 16 ] and [(1) l(’)/] are conjugate in PGL(2, C(z)) then the determinants are
equal up to a square and then p/p’ is a square. Reciprocally, if p/p’ = a? for
some a € C(z)* then [(1) 6’] is conjugate to [(1) ’6/] by [}) 2 ]

(¢) If A and B are conjugate elements of order 2 in PGL(2, C(z)), there is an ele-
ment ¢ € PGL(2, C(z)) such that the following diagram commutes:

(C2 __B > (CZ
7 7
(CZ _g_lé > (CZ ¢ [7{

”L _ C —‘(—”—‘: C

A AL

C

Then the existence of the birational map p is given by the restriction of ¢ to

I"4. Conversely, we assume the existence of p : I'y --» ['g. By part (a), the
fact that A and B are of order 2 implies that they are conjugate to an element

of the form [(1) 6 ] and [(1) 8] respectively, for some f, g € C(z)*. In this way,

the equations for the curves I'4 and I'p are 1> = f(z) and *> = g(z). Since
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I'4 and I'p are birational, this implies that the corresponding fields of rational
functions are isomorphic i.e. C(z)[s/f] = C(2)[/g]. The isomorphism will
send z > z and /f a,/g + b for some a, b € C(z) with a # 0. Since
f=g=1t>),wehave f = (V) (a/g +b)? =a’g+2ab /g +b*=f
then a’g + b> — f = —2ab./g in C(z)[,/g] which implies that 2ab,/g = 0
and therefore b = 0. Hence f = a?g and then [(1) 6] and [? g] are conjugate
by part (b).

Lemma 5.17. Let A, B € § C PGL(2, C(z)) be of order two. If A and B are
conjugate in PGL(2, C(z)) then there are elements a, B € PGL(2, C(z)) such that

A=aPa'and B = BPB~" for some P = [(1) g], where p € R(z)*

Proof. By Lemma 5.16 we can present A and B as in the statement for the same
P for some p € C(z)*, what remains to show is that we can pick p € R(z)*
(equivalently p = p). Let Ag, 19 € GL(2, C(z)) be elements corresponding to
A, t € PGL(2, C(z)). We can choose A so that det(Ag) = p and want to find an

element 1 € C(z)* such that pu? = pu® because [(1) g] is conjugate to [(1) sz]

by [/g o ] The equality TAr = A in PGL(2, C(z)) implies that (0)~! Aoty =
L Ao for some element A € C(z)*. Taking the determinant, we obtain det(A) =
A2det(Ag), which means that p = A?p. It suffices to find & with A = % Since
22 = p/P, we obtain A2 - &> = 1, and thus Ak = £1.If AX = 1 then by Hilbert’s
Theorem 90 there is u € C(z)* such that A = % The case AL = —1 is not possible
in C(z) otherwise A would be the quotient of two polynomials in C(z), say A = %
with f, g € C[z]* and then % = —1 which is equivalent to f f = —gg. But the

leading coefficient of any element of the set { f f 1 f eClzl} € R[z]* is always
positive implying that f f cannot be equal to —gg for any g € C(z)*. O

Proposition 5.18. Let F = [(1) {)] with f € C(2)%,

(a) the centralizer of F in PGL(2, C(z)), which we denote by C(F), is the semi-
direct product Jy X 7./27 where Jy is the image in PGL(2, C(z)) of T where

Ty = {[Z ];b] € GL(2,C(2)); a,b € C(z),a*> — fb* # 0}

and 7./27. is generated by the element v = [(1) _01 ] in PGL(2, C(2)).

(b) The group Ty is isomorphic to the multiplicative group C(I")* where C(I) is the
field of rational functions on T, the hyperelliptic curve T of equation t* = f(z)
in Aé (the fixed curve of the birational map corresponding to the element F ).

(© H'((v), Jp) = {1},
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Proof.

@ Let A = [¢4] € POLQ2, C()), from AF = FA we get [ /4] = [1¢ /4]
implying that d = Xa, b = Afc,a = Ad, and fc = Ab for some A € C(z)*.

Ifa # 0 we have « = A>a hence A = 1 and A = [Z ];b] or [Z __J;b]. When

a=0,wegetd =0,and fc = A?fc implying A = +1 and A = [2 J;b] or
(574" mencemy = 75 4[4 4 ])-

(b) An element of the field C(I") can be written as a + bt with a, b € C(z) and then
we see that C(z)[+/f] is isomorphic to C(I") by sending a + bt to a + b\/z.
Hence we define the map from C@IVfI*to Ty given by a + bJf [ J; ]
which is clearly bijective and is a group homomorphism since

(a+by/f)c+dyf) = (ac+ fbd) + (ad + be)\/f

corresponds to the product

a fbl|c fd| _|ac+ fbd f(ad + bc)
b alld ¢c| | ad+bc ac+H+ fbd |’

(c) From the exact sequence
15> C* ST 051 (53)
we obtain the cohomology exact sequence
H'((v), Tp) — H'((v), Jp) = H*((v), C(2)").

The first cohomology group H!((v), Ty) is trivial by Hilbert’s Theorem 90 and

the second cohomology group H 2((v), C(z)*) is trivial by Tsen’s Theorem [18,

Chapter X, Section 7]. Then we get that H'((v), Jr) ={1}. O
Lemma 5.19. Let A € G of order 2 and let « € PGL(2, C(z)) such that A =
aPa~! for some P = [(1) g], p € R(z)*. Then the element s: = o~ 'ta belongs
to J, where T = [(1) g]for h=1-2z%>and Jp is defined in Proposition 5.18.

Proof. The fact that A € G implies that w4 € C(P), because

MAP,uZl = (ailt&)P(Eflta) = oflr(afafl)rot

= oe_l(rZr)oc =a 'Aa = P.

In order to check that indeed p 4 belongs to J,, we compute P and « explicitly.

i-a(z) b()h ]

First, we observe that if A is an involution in G then A is of the form [ b —ia()
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with a(z) € R(z), b(z) € C(z). In PGL(2, C(z)), this involution is conjugate to the

element P = [(1) —(“2ab5h)] by o = [701 fi(.z)(ﬁ)]. In this case, p = —(a* — bbh)

ia(z) —p
—1 ia(z)

in PGL(2, C(z)) such that o/~ ' A = [0 P] then o'~ € C(P), say 6 = o' la.

and then p 4 is explicitly [ ] which belongs to J,,. If &’ is another element

10
Then iy = o' ~'1& = (Ba Hr(@h~) = (e 'v@)6~" and this lies in J, as
well. O

Definition 5.20. Let A € Bir(S/m) \ {1} be of finite order. For a general zg € R
the birational map given by A fixes the conic I';, corresponding to the preimage of
zo by 7. Note that A restricted to I';, (.Apzo : I'yy — TI'y) is an isomorphism with
exactly two fixed points, which can be two real points or two imaginary conjugate
points. The (closure of) the set of these fixed points, for every z € P!, gives the
curve of fixed points that we denote by Fix(.A) and that is a double covering of P!
Note that some isolated points can also be fixed and not belong to Fix(A).

Theorem 5.21. Let A, B € Bir(S/m) of order 2. The elements A and B are con-
Jjugate in Bir(S/m) (A ~Bixs/x) B) if and only if there exists a birational map p
defined over R

Fix(4A) - 2 > Fix(B)

(R

with Fix(-) as in the precedent paragraph.

Proof. 1f A and B are conjugate in Bir(S /), then there is an element ¢ € Bir(S/7)
such that £ Az ~' = B and then the map p is given by the restriction of ¢ to Fix(A)
which is defined over R. In order to prove the sufficiency, we assume that there is
p: Fix(A) --» Fix(B) with 6p = po. Then by Lemma 5.16(c), we obtain that
A:=yAy~! € Gand B := v By~ € G are conjugate in PGL(2, C(z)) and by
Lemma 5.17 there are «, 8 € PGL(2, C(z)) such that A = «Fa™!', B = BFp~!
and F = ((1) 5), for some f € R(z)*. Observe that the action of o and 8 on S¢
restrict to birational maps Fix(F) --» Fix(A) and Fix(F) --» Fix(B), respectively.
To sum up, we have the following diagram (which is not necessarily commutative,
since p: Fix(A) --» Fix(B) may be not the restriction of Ba~b):

p defined over R

. N
Fix(A) = _ _ Fix(F) __ " Fix(B) .

R

C = C = C

[\
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Since we want to show that A ~g B (or equivalently .4 ~Bir(s/x) B), we
need to find y € G such that yAy ™! = Bie. yaFa ly™! = pF™! «—
B~ 'yaF(B~'ya)~! = F,hence B~'ya € C(F). In other words, finding y € §
so that y Ay ~! = B is equivalent to finding £ € C(F) such that B£a~! € G. The
condition BEa~! € G is the same as 7(BEa ')t = BEa~! which is equivalent to
£ = (B~'tP)E@ 'ta). We define up := B!t and u;' := @ 't and like
this, we need to find & € C(F) such that & = /Lgé,u,zl. By Lemma 5.19 4,

wp € Jr and then also ,uzl € J¢. On the other hand, uzl,u;l =1land ugpupg =1
and as J is abelian, we get //LB,LLZI . //LB,LLZI = 1 and then by Proposition 5.18(c)

thereis & € Jy such that & /& =;L3,u,;1 ==& =,u,A§M;1. O
5.5. Involutions in Aut(S(R)/m)

In Proposition 5.15, we have described algebraically the orientation preserving bi-
rational diffeomorphisms as the group

b(2)h o
Ho = {[28 a((zz)) } . a,b e Clz],aa — bbh e R[z]+} .

—o

We want to describe involutions in H >~ Hy x (r) where t = [ g]

Lemma 5.22. Every involution 1 € Hy is equal to

_ |- PR qh
q(z) —i-p(2)

for some p € Rzl and q € C[z] with no common real roots and p*> —qgh € R[z]4.

Proof. All such elements are indeed involutions, as one easily calculates. From the
proof of the first statement of Lemma 5.16, we see that the trace of any involution
in PGL(2, C(z)) vanishes. Since in Hy the diagonal entries are conjugate, they are
strictly imaginary, from which the claim follows. O

Fibrewise, the maps in Hjy look like rotations, the maps in H \ Hy like reflec-
tions:

Lemma 5.23. The restriction of an involution . € Hy to a fibre is conjugate, inside
the group of automorphisms of the circle, to a rotation by . For an element in
H \ Ho, the restriction is conjugate to a reflection.

Proof. A fibre is a subvariety of the real points of S and isomorphic to a circle
S', which in turn is isomorphic to P! (R). Therefore ¢ restricts on each fibre to an
automorphism of P! (R), that is, an element of PGL(2, R). The first statement of
Lemma 5.16 applies equally when the field R instead of C(z) is used, which tells us
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0 +p
10

R. The sign is negative for Hy and positive for H \ Hy, and depends on whether the
element is orientation-preserving or -reversing. With ¢ = ,/p, the element is equal

that the automorphism is conjugate to an element of the form [ ] ,with p > 0in

0 =+q . . . 0 +1 . 10 .
to [q—l 0 ], which is conjugate to [1 0 ] via | o , |- These elements describe a

rotation and a reflection, as claimed.

Recall that R[z]+ := {f € R[z] | f(zo) > O for each zo € R}. We will need
the following description:

Lemma 5.24. R[z]+ = {pp | p € Clz], p has no real root}

Proof. Since f(z) > 0forevery z € R, f has complex roots which can be sorted as
pairs of complex conjugate roots. Then f can be factorised in C(z) as factors of the
form (z — @)(z — &) which already have the form p, py with p, = z — « for every
complex root o of f. We then construct p’ as the product p’ = py, - pa, "+ Py
where k is the number of pairs of complex conjugate roots and in this way, f =
A-p’- p’ for some real positive constant A. Thus we define p = +/Ap’ and the result
follows. O

Proposition 5.25. Let A € H be an element of order 2. Then the curve Fix(A),
which is a double covering of P!, has the following properties:

(a) If A € Hy, then Fix(A) has no real point (0 oval);
(b) if A € H\ Hy, then Fix(A) has one oval and  (Fix(A)(R)) = [—1, 1].

Proof. Let A € J{ be an element of order two. By Lemma 5.22, A is of the form
[i-_p(z) q@h

G(z) —i-p(2)
curve of fixed points is given by q_(z)t2 —2ip(z)t + q(z)h = 0 whose discriminant
(with respect to 1) is —4(p*> + ggh) and corresponds to minus the determinant
of the matrix. If A € Hy, then the determinant is positive, so Fix(A) does not
have any real point. If A € J{ \ Hp, then the determinant is negative (because it
is (1 — z?) times the positive determinant). Hence, we get 2 real points for each
z20 € (—1,1). O

] where p € R[z],q € C[z] and p, ¢ have no common real roots. The

According to Proposition 5.25, for an involution which is also a diffeomor-
phism its curve of fixed points is birational to a smooth real hyperelliptic curve with
no oval or just one. In the first case, there is no real point on the fixed curve and
1 and —1 are not ramification points. This involution is an orientation preserving
diffeomorphism with two isolated fixed points. In the second case, the only two
ramification points are 1 and —1, the oval is sent by 7 : S — A! onto the real in-
terval [—1, 1] and this involution is an orientation reversing diffeomorphism. Both
possible cases for the curve of fixed points are illustrated in Figure 5.2. Now, we
would like to prove the converse, i.e. for any hyperelliptic curve with one or no oval
(equation of the form 1?=(1—-z%port?> = —p for some p € R[z]+ with no real
roots) we want to associate an element y of H which realises the curve as Fix(y).
We need first to prove the following lemmas.
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Ho HA\ Ho

Figure 5.2. Possible appearances of the fixed curve of elements in Aut(S(R) /7).

Lemma 5.26. Let f € R[z] be a polynomial of degree two such that f € R[z]+
then there exist a € R[z] and a positive real number ¢ such that f(z) = a(z)® +
c(z> = 1).

Proof. Since f € R[z]y, then f is factorised as f(z) = (z — a)(z — @) = 2% —
(¢ + @)z + aa for o a complex number and making ¢« = b + id, we rewrite f
as f(z) = z2 — 2bz + (b*> + d?). Then if we write a(z)? = f(z) —c(z> — 1) =
(1 — ¢)z2 — 2bz + b* 4+ d? + ¢, we want to show that there exists some value of
¢ > 0 such that the right side is indeed a square with respect to z. So we want
the discriminant of such an expression to be zero. This is 4p% — 41 — o) (b* +
d?> + ¢) = 4(c* + (b* + d?> — 1)c — d*) = 0 which implies that ¢ is a positive
solution of p(c) := ¢* + (b> 4+ d? — 1)c — d? so we compute the discriminant of
this quadratic expression with respect to ¢ and want it to be larger than zero i.e.
A = (b2 +d? — 1)? +4d? > 0 but this is always the case. Now, since the leading
coefficient of a(z)? has to be larger than zero, this implies that ¢ < 1 so we just
check that the discriminant which depends on ¢ has a root between 0 and 1 which
is true because p(0) = —d? < 0 and p(1) = b* > 0. What remains to check is the
case b = 0 i.e. @ = id. In this case, f(z) = z> + d* so we just take ¢ = 1 and

a=+d?+1. O
Lemma 5.27. Let V be the set
V={a*>+P - (Z*—1)|aecR[z], P € R[z]{}.

@ If f,g e VOR[zl+, then f-g € VNR[z]y,
) Rzl C V.

Proof.

(@) Let f,g € VNR[z]ythen f =a’?+ P-(z>—1)and g = b*+ Q- (z> — 1) for
a,b € R[z] and P, Q € R[z]+. We have then

frg=@+P- P -1D))B*+0Q- (1)
=(ab)’ + > — D[*Q + P(b* + Q0 - (> — 1))]
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and a>Q+ P(b*+ Q- (z>—1)) € R[z]4+ because a®, Q, P,and b*+ Q- (z>—1)
are all in R[z]4. Therefore, f - g € V N R[z]+.

(b) Let f € R[z]+ then f can be presented as a product of quadratic polynomials.
Since every quadratic factor is also in R[z], it suffices to prove the Lemma in
the case where f is quadratic and this was already proved in Lemma 5.26. [

Lemma 5.28. Each curve of the type considered after Proposition 5.25 actually
occurs as the fixed curve of an involution in Aut(S(R) /). More precisely,

(a) for a real smooth hyperelliptic curve with one oval of the form t* = (1 — z*)8f
Jor some B € C(z) with no real roots there is an orientation reversing birational
diffeomorphism whose fixed curve is this curve,

(b) for a real smooth hyperelliptic curve with no oval of the form t* = —Bp for
some B € C(z) with no real roots there is an orientation preserving birational
diffeomorphism whose fixed curve is this one.

Proof. Given the hyperelliptic curve 2 = (1 — z%)8p for some g € C(z) with no
0 B@h
B O
curve is 2 = (1 — z?)8B. In the other case, when > = —BS where 8 has no real
roots, we have 8 € R[z]. C V by Lemma 5.27 and then there are a € R[z] and
P € R[z]y such that B8 = a®> + P(z*> — 1). Lemma 5.24 implies that P = bb for
ia(z) b(2)h
b(z) —ia(2)
fixed curve is 1> = —Bp. 0

real roots, the element o = [ ] is an involution in H \ Hy whose fixed

some b € C[z] then the element o = [ ] is an involution in Hy whose

c(z) d(z)
20 € C be a simple root of ad — bc € C[z], such that A(zg) has rank 1.
Then, the birational map of P! x Al given by

Lemma 5.29. Leta, b, ¢, d € Clz] and let A(z) = [“@ ”@] € GL(2, C(2)). Let

([t - ul,2) --» (la(2)t + b(Du : c(2)t +d(2)ul, 2)

has exactly one base-point on the line 7 = zg, and no infinitely near base-point to
this one.

Proof. Making the change of variable z — z — zo, we can assume that zo = 0.
Replacing A(z) with « A(z)B, where «, B € GL(2, C), we can moreover assume

that A(0) = [99], so we can write A(z) = [li“z(cz()z) 528] for some a, b, ¢, d €

Clz] (which are not the same as before but we keep the same letters to simplify the
notation). Since zg is a simple root of the determinant, we have b(0) # 0. The
corresponding birational map of P! x Al is then

([t :ul,z2) -+ ([z(a(@)t + b(Du) : t + z(c(2)t + d(2)u)l, z)

and has a unique proper base-point on the line z = 0, which is the point ([0 : 1], 0).
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The blow-up of this point is locally given by

7: A2 > PlxAl
(t,v) — ([t:1],tv).

And the lift of our birational is then locally given by

(t.v) = v(awn)r + b)) t(cntv +dwHv + 1)
U <c(vt)tv +dwt)v+ 1’ a(vt)t + b(vt) )

The curves E, E’ corresponding respectively to the exceptional divisor and the fibre
Z = zo are now given by ¢+ = 0 and v = 0 respectively, and exchanged by the lift:

0.v) > (229,
©.v) <1+d(0)v’ )

(t.0) —-» (o, ;)
a(0)t + b(0)

This implies that both our map and its inverse, have a simple base-point at
0,0). O

Theorem 5.30. Let g, g’ € Aut(S(R)/m) of order 2. Then g and g’ are conjugate
in Bir(S/m) if and only if they are conjugate in Aut(S(R) /).

Proof. Let g and g’ be conjugate in Bir(S/7), then there is « € Bir(S/m) such
that aga~! = g’. We want to show that g and g’ are conjugate in Aut(S(R)/m).
By Proposition 5.25, the curve of fixed points of an element in Aut(S(R)/x) either
contains no real point or only one oval. If @ € Bir(S/7) \ Aut(S(R)/m), there
is a real point r € S(R) where « is not defined, and this point is neither Pg nor
Py (Lemma 5.10). The element o blows up this point and contracts the conic I';,
passing through » which is a fibre of the conic bundle structure of S. Then (I';,) =
g for some g € S(R). Note that ¢ is fixed by g. Indeed, otherwise g(g) = ¢’ # ¢
and as g preserves the fibration, g(I';,) = I';,, then a(g(T';,)) # g'(«(T;,)). Since
q is a real point fixed by g and distinct from Pg and Py, the curve Fix(g) contains

0 b(Z)h] (Lemma 5.28). The

real points. We may then assume that g is equal to [ b 0

centraliser of g contains the following subgroup

]| a@ rb(2)h | s .o :
C(g) = {[Al;(z) a(z) } ; a,h € R[z] and a® — A“bbh # 0} cg.

b(z) a(2)
such that D(z) = a(2)2—b(2)b(z)(1—2z2) has only one zero exactly at z = z, on the
interval (—1, 1). The reason of the existence of such a g is that it is possible to find

We want to prove now that C(g) contains, in particular, an element 8 = [a(Z) b@h ]

a polynomial a(z) with values a(—1) = 0 and a(z,) = \/b(zr)l;(zr)(l — z%) and
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satisfying D(z) > 0 on (—o0, —1)U(z,, 00) and D(z) < O on the interval (—1, z,).
Notice that b(z)b(z)(1 — z%) > 0 for z € (—1, 1) and the condition D(z) > 0 for
2 > 1is already fulfilled (see Lemma 5.6). We use the function f(z) = 7"
with m sufficiently large and apply a suitable linear change of coordinates, namely

a(z) = \/b(z,)B(zr)(l —z2)-f <er+_+11> to get the polynomial a(z) with the required

conditions. See Figure 5.3.

a(z)

Vb(2)b(z)(1 — z2)

R 1

Figure 5.3. Conditions for the polynomial a(z).

With 8 € C(g) as before, i.e. the element with the only root of its determinant at
z = z, Lemma 5.29 implies that the birational map that 8 defines has exactly one
real base-point and no base-point infinitely near to this one. Then replacing « by
B~ 'a, one gets one base-point less. Then the claim follows by induction. O

Proposition 5.31. There are bijective correspondences

smooth real projective
conjugacy classes of involutions | 1:1 curves I with no real point
in Autt (S(R)/m) withw: T — Pl a2 : 1-covering,
up to w-isomorphism

smooth real projective
conjugacy classes of involutions 1:1 curves I' with one oval
in Aut(S(R)/m) \ Aut(S(R)/m) withm: T — Pl a2 : 1-covering,
up to m-isomorphism

Remark 5.32. By a m-isomorphism we mean an isomorphism y: I' — T such
that wy = 7.

Proof. Let g, g’ € Aut(S(R)/m) be of order 2. If g and g’ are conjugate in
Aut(S(R)/m) then by Theorem 5.21, Fix(g) and Fix(g’) are birational over R by
some 7-isomorphism. Proposition 5.25 tells us that Fix(g) and Fix(g’) are double
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coverings of P! with no real point (when g, g’ are orientation-preserving birational
diffeomorphisms) or with one oval (when g, g’ are orientation-reversing birational
diffeomorphisms), and Lemma 5.28 shows that all such curves are obtained. Given
a w-isomorphism between two smooth real hyperelliptic curves with no oval (re-
spectively one), Theorem 5.21 implies that g and g’ are conjugate in Bir(S/7) and
Theorem 5.30 that g and g’ are indeed conjugate in Aut(S(R) /7). O

5.6. Elements in Bir(S/m) of finite order larger than two

The goal of this subsection is to show that any element in Bir(S/m) of finite order
larger than two which preserves the fibration is conjugate to a rotation. We start by
observing that any rotation py € Bir(S/m) is given by the map

J S — S
(x,y,z) —> (xcos@ — ysinf, xsinf + ycos6, 7)
which via ¢ (Lemma 5.4) corresponds in A? to the map (¢,7) — (te ¥ 7) and
is equivalent to the action of the element [e(; v ?] = [eﬂg) ” ei(?/z) ] = [(1) e?e ] =
Ry € G. With this observation and the following remark, the result is presented in
Lemma 5.34.

Remark 5.33.

(i) Let A € PGL(2, C(z)) be an element of finite order larger than 2. Then A is
diagonalisable.

(i) Two diagonal elements [(1) 2] and [(1) 2] are conjugate in PGL(2, C(z)) if and
only if a = b*!.

Lemma 5.34. Let A € G be of order n # 2. Then A is conjugate to a rotation

10
Ro = [0 eie]
in G for some angle 6.

Proof. Since A is an element of finite order n # 2 then, by Remark 5.33, A is
diagonalisable in PGL(2, C(z)) so there is an element @ € PGL(2, C(z)) such that

A=« [(1) 2] a~! for some u € C(z)* an element of order n, i.e. w is a root of

unity that we can write as i = ¢’ for some angle 6. We define J := [(1) (s)] o~ and
we want to find s € C(z) such that J € G and JAJ~! = Ry. This latter condition

is fulfilled by the form of J. Requiring that J € § is the same as imposing that J
satisfies the relation rJt = J which is equivalent to © [(1) (S)] alt = [(1) 2] a !

Multiplying from the right by & we get T [} %] 'ra~! = [} 9]. We call p :=

@'t and we rewrite the last equation in terms of p obtaining:

2)o-[2

where p = p~! because pp = (@ 'ra) (@ 'ta) = 1.
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On the other hand, the fact that A € G i.e. TAT = A which is the same as
Ta [(1) 2]a_lr =a [(1) g] a~!is equivalent to p [(1) 2] = [’6 ?] o and constrains
6‘] for some A € C(z)*. Moreover, pp = 1 implies that
|

p to be of the form p = ¢
A € R(z)* because [ 4 ] [ _] = [é 2] = [ 9]- With this information about p,
n

finding s € C(z)* satisfying the equation (5.4) is equivalent to finding s satisfying
the equation
A= (1—2%s5 (5.5)

Note that we already know that 1_’X7 € R(z)*, but not every element of R(z)* can

be written as ss. In what follows we describe p in terms of entries of & and 7 in
order to find candidates for the value of s satisfying the previous equation. Let us
present a = [ 4], then the relation p = @' ra explicitly will be

[0 x} :[ d —B} [o 1—z2] [a b]
10 —c alll 0 c d
and this gives two equations
—ab+ (1 —z%)ed =0 and (aa — (1 — 25)cé)r = —bb+ (1 —zH)dd . (5.6
Whena #0,b = (1 —2z%) %‘z and plugging it in the second equation in (5.6) we get
Aaa — (1 —z5)cé) = (1 — 22)[aa — (1 — z%)ecl(dd aa)

hence A = (1 — z2) Z—g. In the case a = 0, equations (5.6) imply that d = 0 and that

1 bb

S 1—2z2¢c’
Then, we may choose s = % whena # Oors = 1_17§ otherwise and in this way
there exist J € G such that JAJ ™! = Ry. O

5.7. Elements in Aut(S(R)/x) of finite order larger than two
We can check that Lemma 5.34 also holds in the subgroup Aut(S(R)/m), via ¥:

Lemma 5.35. Let A € H of order n # 2. Then A is conjugate to a rotation

10
RGZ[OeiG]

in H for some angle 6.
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Proof. Let A € H be of finite order different from 2, then by Lemma 5.34, there is
o € GsuchthatAa~! = Ry. Let A = ' Ayr. By abuse of notation, the element
v lay e Bir(S/m) will be called « as well. If « € Bir(S/7) \ Aut(S(R) /), there
is a real point € S(R) where « is not defined. The element « blows up this point
and contracts the conic I';, passing through r which is a fibre of the conic bundle
structure of S. Then «(I';,) = ¢ for some ¢ € S(R), which is sent by Ry to a
different real point (Rg only fixes Py and Ps). Since A preserves the fibration,
A,) =T, then a(AT;)) # Ro(a(T;,)). O

5.8. Involutions in Bir(S, ) \ Bir(S/7)

Since we now want to study conjugacy classes of elements in Bir(S, 7) \ Bir(S/m)
whose square is the identity, we observe that thanks to Lemma 5.2, we can think
about elements of finite order in Bir(S, ) as of the semi-direct product between el-
ements of finite order in Bir(S/7) and Z /27 where Z /27 is generated by n: S¢ —
Sc sending z to —z. The action of n on Bir(S/m) is given by the map:

n: PGL(2,C(z)) — PGL(2, C(2))

a(z) b(z) a(=z) b(-=z) (5.7
[c(z) d(z)} — [c(—z) d(—z)]'

Let @ = (g, 1) € Bir(S, 7) then o = (aon(ag), 1) € Bir(S/7) and n(ag) =
ap(—z) which means that all entries of « in C(z) are changed by the C-field auto-
morphism of C(z) sending z to —z. We are then interested in the case agn(ag) is
the identity. Recall that in Lemma 5.4(c), we identified Bir(S/7) with the group

G ={A ePGL(2,C(2)) | tAt = A}
where T = [(1) 1—022 ] We denote by T the following group,
T:={AeGLQ2,Ckz)| A= rﬁt_l} c GL(2,C(2))

whose image under the canonical projection corresponds to §. We have the follow-
ing exact sequence where p denotes the canonical projection:

1 >R >THG51.

Hence we obtain the cohomology exact sequence

HY (). T) 5> H'(n). §) > HX (), R(2)") (5.8)

where (n) >~ 7 /27 and the action of 7 is described in (5.7).

The next lemma tells us that H'((n), T) is trivial. Then, the study of the map
8 will show that conjugacy classes of a € Bir(S, ) \ Bir(S/m) with «? = id are
parametrised by particular elements in R(z?).
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Lemma 5.36. Let T := {A € GL(2, C(2)) ; A =tAt "'} with T as before. Then
the group T can be presented more precisely as

T = {[% hab] ; a,beC(Z),a&—th#O}

and H'((n), T) = {1}.

Proof. The group T is isomorphic to the multiplicative group of the non-commuta-
tive field K := C(z) + C(z)& where £2 = h and a(z)é = &a(z) for any a € C(2).

a(z) hb(z)
b(z) a(z) ] € T tothe

element a(z) + b(z)é € C(z) + C(z)&. Indeed, we have that the product in K,

The isomorphism is defined by sending an element A = [

(a + b&)(c + d&) = ac + bEdE + adé + béc = ac + bdh + (ad + bé)&

- ahb|[chd)| _ [actbdh h(ad-i_—bé)]
corresponds in 7' to the product [b 7 ] [d = ] [ adibe acsban |

The corresponding action of () ~ Z/27 on C(z) + C(z)& is given by the
extension of the field automorphism z — —z of C(z)* to K*, to be more precise,
a(z)+b(2)é — a(—z)+b(—z)E. Let g: (n) — K*beacocycle suchthat g(1) = 1
and g(n) = A for some A € K* such that An(A) = 1. Let C € K such that B =
C + An(C) # 0, such a C exists because we may choose C = A when A # —1,
otherwise there are many choices of C satisfying C — n(C) # 0, e.g. C = z.
We have thus n(B) = n(C) 4+ n(A)C and hence An(B) = An(C) + An(A)C =
An(C)+C = Bie. A= Bn(B)~! and this means that A is a coboundary. O

The following lemma will be useful to compute H 2((n), R(2)™).

Lemma 5.37. Let G be a group with two elements acting on an abelian group M
and let & be the non trivial element of G.

(a) Any class [c] € H*(G, M) admits a normalised 2-cocycle ¢’ i.e. it is the class
ofc: G* — M such that c(g, 1) = c(1,g) = 1 for every g € G.

(b) Let ¢c: G* — M be a normalised 2-cocycle and define p(c) = c(&£,&) € M.
Then p induces an isomorphism of groups

HX(G, M) S MO /(mE(m) | m € M).
Lemma 5.38. For the exact cohomology sequence (5.8),
H*((n), R@)*) 2 RE*/{fn(f) | f € R(x)*)
= (=11 {[* +b]: b > 0)) = {£1} & ( D Z/zz> :

bER>0
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Proof. Let (R(z)*)" denote the elements of R(z)* which are invariant with respect
to the action of 1 described above. We call N the map N: R(z)* — (R(z)*)" given
by N(p(2)) = p(z)n(p(z)) = p(z) p(—2z). Then, by Lemma 5.37, H*(Z/2Z, R(2)*)
is isomorphic to coker(N) which we need to compute. First, we prove that
R(2)*)" = R(z?)*. The inclusion R(z%)* c (R(z)*)" is clear. Reciprocally,

if g(z) € R@HT, glz) = sg—g with p,g € R[z] that we can assume hav-
ing non common factors. Thus from % = s E:i)) it follows that p(z)q(—z) =

p(—z)g(z) and then the roots of both sides need to coincide. This implies that
if a is a real root of p(z), it has to be a root of p(—z) and therefore 72 — a? di-
vides p(z). For a complex root o of p(z), using the same argument we obtain
that (z — a)(z — @)(z + @)(z + &) divides p(z). By induction on the number
of roots of p and g, we obtain R(z)" = R(z2). In order to compute coker(N)
we look at the image by N of generators of R(z)* and compare with genera-
tors of R(z2)*. Generators of R(z)* are a € R*, (z — b) with b € R, and
(z — a)(z — @) with @ € C\ R and they are mapped by N to a?, b*> — z2, and
(z2 — a?)(z? — @?) while generators of R(z2)* are ¢ € R, (z> — d) withd € R,
and (z2 — B)(z> — B) with B € C \ R (notice that 8 is always a square). Hence,
coker(N) >~ R(z%)*/Im(N) = ([—1], {[z* + b] : b > 0}) C R(z®)*/Im(N).

To inspect the structure of H>((n), R(z)*), we note that [—1] - [—1] = 1 and
[z2+b][z>4+Db] = 1,forany b > 0,because (z2+b)(z>+b) = (z>+b)n(z>+b) =1
in RE@*/{fn(f)| f € R(z)*}. However, [z2 + b][z> 4+ ¢] # 1 for b, ¢ > 0 and
b;écand[—l][z2+b]=—(zz+b);élforb>0. O

Proposition 5.39. The connecting map H'((n), ) i) H?((n), R(2)*) for the ex-
act cohomology sequence (5.8) corresponds to the map

8: H'(m),9  — (-1 {[z2+b]:b>0})~ H?((n), R)*)
~ lass of i € R(z3);
classof A € G; ¢ _ i
{ An(A) =1 } An(A) = [g 2} and p(4) = A

and it is bijective.

Proof. In order to study how the connecting map § is defined, we use the Snake
Lemma (see, e.g. [17, Lemma 1.3.1]) which in our case works as follows. Consider
the following diagram, in which Z, stands for (n):

C'(Z2.R(2)")/B" (Z2,R(2)") - C'(22,7)/B"(Z2.T) Lk C'(22,9)/B" (22,9 —= 1

n| . s}
| ——> Z20R()Y) ————> Z2(Za.T) L>ZZ<Zz,9>

Notice that § is the same as the map ker(dg) i coker(dr). Let [p] € Hl((n), 9,
then p isamap p: (n) — G defined by sending 1to 1 and n to A for some A € G
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satisfying An(A~) = 1. Since p is surjective, there is [r] € c'(n), T)/B'((n), T);
itis givenby r: (n) — T sothat 1 — 1 and n — A where A € T is a represen-
tative of the element A. There is ¢ € Z>((n), R(z)*) such that i>(q) = 97 ([r]) be-

cause P2 (37 ([r])) = dg(p1([r]) and p2(dr ([r])) = dg([p]) = 1 since [p] € ker dg
then a7 ([r]) € kerpp = Im ip. Then § is defined by sending [p] to [g] satisfying
i2([q]) = or([r]). More explicitly, a7 ([r]) is the normalised cocycle

or(fr): (m)y x(m) — T

(g1, 82) > r(gNg1(r(g2))(r(gig2) ™!
1,1 — 1

Ln 1

1) — 1

(m,n) > An(A)

Thus, An(A) = [’g 2] with i2([q]) (1, n) = u € R(z%)*. Summing up, § corre-
sponds to the map

5: H'(m),9 — H*(n),R@"

AeG; weR@: d pd) = A
L. — and p(A) =
An(A) =1 An(A) = [’gj 2]

Let us see that the map 8 is surjective: the element [} ] is mapped by 8 to the
i(z—iy/c) 0
class [—1]. When ¢ € R. g, the element [ 0 Li(etive)
class [z% + ¢]. Given any finite product of classes y = @B +c) 2+
in H2((n), R(z)*) with ¢; > 0 for 1 < i < k, the diagonal element of the form

a(z) 0
0 a(z)

] is sent by & to the

] where

@) = i(z —i/c)(z—i/c2) -+ (z —i/cr) ifkisodd
Y= oy —iy@) -z —iJar)  ifkiseven

is mapped to y. This proves the surjectivity of the application §. In order to prove
injectivity, we will show that any class A = [‘E(Z) hb(Z)] in H'(Z/2Z, ) is equiv-

b(z) a(z)

alent to a diagonal element D of the form [xg) i?z) ] In other words, we want to

show that we can find an element o = [Z(é)) héd(g)] in G such that n(a)Aa™' = D
where A is the representative of A in T. This leads to the following equation

¢(2)(d(=z2)a(z) + é(—2)b(z)) — d(2)(hd(—z)b(z) + E(—2)a(z)) =0
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which is equivalent to
i) _ A@Gcy T hbG)

d(—2)
d . 59
d@) b2 +a@) e

We call W the following automorphism of ]P(lc( -y defined by
. 1 1
v Pewy — Peg i} .
(r(2): s(2)) = (@(@)r(z) + hb(2)s(z): b(2)r(z) + a(z)s(2))

Equation (5.9) can be seen as f(z) = W(f(—z)) for f(z) = °(Z) . In this way, find-

ing ¢(z) and d(z) satisfying the equation (5.9) is equivalent to ﬁndmg fixed points
of W where W(f(z)) := W(f(—z)). First we notice that the automorphism W is

a linear automorphism given by the element [28 };b((;))] in PGL(2, C(z)), which

we denote by A since it comes from A by interchanging the elements of the mean
diagonal; this implies that W has order two because W o W = id is equivalent to
An(A) = 1 which is satisfied because A is a class in H!((), G). On the other hand,

the element A is equivalent to A= [ 5 (2)2 dgtA] since B~ 1An(B) = A for B =

[(1) 5(1){5(1) ] Hence, the existence of fixed points for the automorphism associated

A

to A gives the existence of fixed points for the automorphism W. Then we look

explicitly for elements u, v € C(z) such that (u(z): v(z)) = A(u(—z): v(—z2)) =
(—det Av(—2): b(z)*u(—2)) in Pl ie. u@u(=2)b(z)*> = —v(z)v(—z)det A
u@) u(=z) __ Qetﬁ

v(z) v( 2 T b(z)?”
because det A = det A which belongs to R(z?) and b(z)> € C(z?) condition im-
posed by the fact that A is a class in H'((n), 9). Existence of u and v comes from
the next lemma. 0

and then The right side of this last equation belongs to C(z?)

Lemma 5.40. Any element f € C(z?%) can be written as the product g(z)g(—z) for
some element g € C(z). In other words,

C(z») = {g()g(~2) : g(z) € C(2)} .

Proof. Clearly, for g € C(z) it follows that g(z)g(—z) € C(z?). Reciprocally, let
f € C(z?). Thus f = p(Z) with p, g € C[z%]. We can write p in terms of roots as
p@2) = a2 —ap)-- (z — ay) where a, o; € C,for 1 <i < s. Any factor of p
can be decomposed as a product of the form —(z — /o) (—z — 4/a;) for any root
a;. We can then write p as the product g1(z)g1(—z) where

Jo(z —far) - (z— Jar)(z — Jar) -+ (z — Jog)  if s is even
Ia(z — /a1 -+~ (2 — @) (@ — /&) -+~ (z — /&) if s is odd.

g1(z) =
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In the same way, q(z) = g2(z)g2(—z) and therefore f can be presented as the

81(2) . gi1(=2)
product 8@ g(=2)° O

Corollary 5.41 (of Proposition 5.39).  The conjugacy classes of elements « =
(o, 1) € Bir(S, ) \ Bir(S/m) such that agn(ag) is the identity are parametrised
by the classes of polynomials ([—1], {[Z2+b]:b > 0}) ~ H*((n), R(z)").

Proof. The cohomology group H'((n), ) corresponds precisely to the set of con-
jugacy classes of involutions in Bir(S, 7) \ Bir(S/m), that is, classes of elements
(co, 17) as in the statement. Therefore Proposition 5.39 directly implies the corol-
lary. O

Corollary 5.42. The set of conjugacy classes of involutions in Aut(S(R), ) \
Aut(S(R) /) surjects naturally to the set of conjugacy classes of involutions in
Bir(S, ) \ Bir(S/m).

Proof. Let (A, n) be an involution in Bir(S, ) \ Bir(S/m). The proof of Propo-

sition 5.39 shows that (A, n) is conjugate to an element (A, n) where A is, via v,
an element of the form [“BZ) 5?2) ,
case aa € R[z], Proposition 5.15 tells us that such an element corresponds to one
of Aut(S(R)/m). Hence the birational diffeomorphism (A, n) € Aut(S(R), 7) \
Aut(S(R)/m) is conjugate in Bir(S, ) to (A, n), and therefore every conjuga-
tion class of Bir(S, ) \ Bir(S/m) contains a conjugation class of Aut(S(R), ) \

Aut(S(R) /). O

] and a € C[z] has no real roots. Since in that

6. Connection between families

In this section, we collect all our results, and use the fixed points and the classifica-
tion of the possible Sarkisov links given by Iskovskikh in [13] to give the proofs of
Theorem A and Theorem B (Section 2).

We start with some definitions, which come from the equivariant Sarkisov pro-
gram.

Definition 6.1. Let X be a smooth projective real rational surface with X (R) =~
S(R), let g € Aut(X) be an automorphism of finite order and let £: X — Y be
a morphism. The triple (X, g, i) is said to be a Mori fibration when one of the
following holds

(i) rk(Pic(X)8) =1, Y is a point and X is a Del Pezzo surface;
(i) rk(Pic(X)8) =2,Y = P! and the map u is a conic bundle.

Remark 6.2. In the second case, we can do as in Proposition 3.6 and find a bi-
rational morphism &: X — § that restricts to a diffeomorphism X (R) — S(R),
such that me = au, for some o € Aut(IPﬁg). This conjugates g to an element
ege™! € Aut(S(R), 7). The possible choices for & just replace ege~! with a con-
jugate in the group Aut(S(R), 7).



PRIME ORDER BIRATIONAL DIFFEOMORPHISMS OF THE SPHERE 961

Definition 6.3. Let u: X — Y and u': X' — Y/, g € Aut(X), g’ € Aut(X’) be
two Mori fibrations. An isomorphism of Mori fibrations is an isomorphism p: X —
X', such that g’p = pg and u'p = au for some isomorphisma: ¥ — Y'.

Definition 6.4. A Sarkisov link between two Mori fibrations u: X — Y and
w: X — Y, geAut(X), g € Aut(X') is a birational map ¢ : X --» X’ such that
g't = tg and is of one of the following four types,

(1) Links of type 1. These are commutative diagrams of the form

X--%t->x

" in
Y ={p}<L—y = p!

where ¢~!': X’ — X is a birational morphism, which is the blow-up of either
a g-orbit of real points or imaginary conjugate points of X, and where p is the
contraction of ¥ = P! to the point p.

(i1) Links of type 11. These are commutative diagrams of the form

¢
X</—Z—\,>X/
M\L ﬂ .8 \LM/
Y = Y

where 8: Z — X (respectively B': Z — X’) is a birational morphism, which
is the blow-up of either a g-orbit (respectively g’-orbit) of real points or imagi-
nary conjugate points of X (respectively of X”), and where p is an isomorphism
between Y and Y.

(iii) Links of type 1II. (These are the inverse of the links of type I). These are
commutative diagrams of the form

X—X

4 b

Y = P! —2> v = {p}

where ¢ : X — X' is a birational morphism, which is the blow-up of either a
g’-orbit of real points or imaginary conjugate points of X', and where p is the
contraction of ¥ = P! to the point p.

(iv) Links of type IV. These are commutative diagrams of the form

X——x
2! Jw
Y = P! '=P!
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where ¢: X — X’ is an isomorphism and u, i’ o ¢ are conic bundles on X’
with distinct fibres.

The following result is given in [13, Theorem 2.5]:

Theorem 6.5. Ler (X, g, ) and (X', g’, ') be two Mori fibrations. Every bira-
tional map p: X --+ X' such that g’ p = pg decomposes into elementary links and
isomorphisms of conic bundles.

Looking at the classification of links of [13], we obtain the following lemma
with the links that could be possible to have in our classification problem.

Lemma 6.6. Let (X,g, 1) and (X',g’,11") be two Mori fibrations, and let p: X --»
Y be a birational map which restricts to a diffeomorphism X (R) — Y (R). Then, p
decomposes into elementary links that blow up only imaginary points and contract
only imaginary curves, and are of the following type:

(a) Links of type 11 between conic bundles, which correspond therefore to a conju-
gation in Aut(S(R), 7).

(b) Links of type 11 of the form X --+ X, where X is either the sphere S or a Del
Pezzo surface of degree 4. Moreover, the two elements of Aut(X) corresponding
to this link are conjugate in Aut(X).

(c) Links of type 1 and 111 between the sphere S and the Del Pezzo surface of degree
6 obtained by blowing up two conjugate points on S. These are possible only
for a few elements, given in Lemma 4.5.

(d) Links of type IV on Del Pezzo surfaces of degree 2 or 4, obtained by blowing up
pairs of conjugate points in S.

If the two elements of Aut(S(R), ) corresponding to the link are not conju-
gate, then X is a Del Pezzo surface of degree 4 and the two automorphisms are
81, 82 € Aut(X) described in Lemma 4.12.

Proof. Tt follows from Proposition 3.4 that X and X’ do not contain any real (—1)-
curve. Moreover, the map p has no real base-points implying that the first Sarkisov
link obtained in the decomposition does not have real base-points (the base-points of
the link are taken among the base-points of the map, see the proof of [13, Theorem
2.5]). Proceeding by induction on the number of links provided by Theorem 6.5,
we obtain that p decomposes into Sarkisov links that do not blow up any real point
or contract any real curve. In particular, the surfaces obtained are all diffeomorphic
to the sphere and with K)Q( € 27. Tt remains to study links X --+ X', between two
Mori fibrations u: X — Yand /: X' — Y’, g € Aut(X), g’ € Aut(X’), such that
X(R) ~ X'(R) ~ S(R), with (Kx)?, (Kx')> € 27Z, and which do not blow up any
point. In the case where Y is a point, we can moreover assume that (Kx)? # 6,
by Proposition 4.6 (and similarly (Kx/)> # 6 if Y’ is a point). Looking at the list
of [13, Theorem 2.6], we get the following possibilities:

(1) Links of type I and ITI (Y is a point and ¥’ = P! or vice versa). Looking at [13,
Theorem 2.6, case ()], one gets only one possibility, which is the blow-up of
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two imaginary conjugate points on the sphere S. Up to automorphism, these
points can be taken to be the two base-points of 77 : S --+ P!, and the automor-
phisms that preserve the union of these two points are described in Lemma 4.5.

(2) Links of type II (¥ = Y’ = P! or Y = Y’ is a point). In the first case, when
Y = Y’ = P!, the link corresponds to conjugation in the group Aut(S(R), )
(see Remark 6.2). In the second case, the list of [13, Theorem 2.6, case (ii)]
yields the following three possibilities:

(i) (Case (Kx)*> = 8, (b)) A birational map S(R) --+ S(R) that blows up 3
pairs of conjugate points and contracts 3 pairs of conjugate curves. It corre-
sponds to the Geiser involution on the blow-up of the 6 points.

(ii) (Case (Kx)> = 8, (d)) A birational map S(R) --» S(R) that blows up 2
pairs of conjugate points and contract 2 pairs of conjugate curves.

(iii) (Case (Kx)> = 4, (b)) A birational map X (R) --» X (R) that blows up 2
pairs of conjugate points on a Del Pezzo surface X of degree 4 and contracts
2 pairs of conjugate curves. It corresponds to the Geiser involution on the
blow-up of the 4 points.

In each case we get a link X --» X, where X is either the sphere S or a Del
Pezzo surface of degree 4. It remains to see that the two automorphisms of prime
order of Aut(X) produced by this link are conjugate by an element of Aut(X). If
the link corresponds to a Geiser involution, this is because the Geiser involution
commutes with all automorphisms of the surface (see Proposition 4.14). In the
other case, the blown up orbit consists of two pairs of conjugate points on S(C),
so the automorphism is an element of order 2 in Aut(S), so conjugate to a rota-
tion, a reflection or the antipodal involution (Proposition 4.3). By looking at the
fixed points, we observe that two elements of order 2 in Aut(S) are conjugate in
Aut(S) if and only if they are conjugate in Aut(S(R)).

(3) Links of type IV. (X ~ X’ is a surface which admits two different conic bundle
structures, and the link consists of changing the structure). It follows from [13,
Theorem 2.6, case (iv)] that (Kx)? € {2,4,8}. The case 8 is not possible
since Pic(S) = Z. If (Kx)? = 2, the link is given by the Geiser involution
(by [13, Theorem 2.6]), which commutes with all automorphisms. Hence, the
two automorphisms of Aut(S(R), =) provided by the links are conjugate. This
is the same if (K x)? = 4 and if there is an element of Aut(S) which commutes
with the automorphism. By Lemma 4.13, the only remaining case is when the
two automorphisms are g1, g2 given in Lemma 4.12. O

Lemma 6.6 shows that the automorphisms g1, g» given in Lemma 4.12 are quite
special. The following result describes the situation:

Lemma 6.7.

(1) Let X be a Del Pezzo surface of degree 4 with n € C\ {£1}, |u| = 1 (see
Lemma 4.8), and g1, g2 € Aut(X) be the automorphisms given in Lemma 4.12.
The action on the two conic bundles invariant yields two involutions

g0 € Aut(S(R)/m) and gh(w) € Aut(S(R), 1) \ Aut(S(R)/m)
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given by

W (2 - —2ipt + (14 w1 — 2%
sl 2 Qi+ (A +wn  °

P ¢ (t,7) --» (1 -2 (1 +p) —2) y
&) =, —2ut —i(l 4+ )1 =22’

(using the map ¥ : Sc --» A%C of Lemma 5.4)
(2) Taking another surface given by ' € C\ {1}, with |i/| = 1, the following are
equivalent:

(@) g1(n) and gy (') are conjugate in Aut(S(R), m);
(b) g5() and g5 (') are conjugate in Aut(S(R), m);
(©) w' = p*l.
3) Let g € Aut(S(R) /) be an element of order 2, such that Fix(g) is a rational

curve with no real point. Then, g is conjugate in Aut(S(R), ) to g} (n) for
some jp € C\ {1}, |u| = 1.

Proof. Let g € Aut(S(R) /) be an element of order 2, such that Fix(g) is a rational
curve with no real point. The element g belongs to Autt(S(R)/7), and the map
7 restricts to a double covering 7, : Fix(g) — P! (Proposition 5.25). Since the
curve is rational, by the Riemann-Hurwitz formula the double covering is ramified
over two points ¢, g € P!'(C). These two points determine the curve Fix(g), up to
isomorphisms above P!(C), i.e. isomorphisms p: Fix(g) — Fix(g’) with g =
me. Hence, by Theorems 5.21 and 5.30, the conjugacy class of g in Aut(S(R)/m)
is given by the set {g, g}. We will use this observation to show that g is conjugate
to one of the automorphisms g1, g2 € Aut(X), where X is a Del Pezzo surface of
degree 4, given in Lemma 4.12. We use the map ¢ : S¢ --» A(%:, (x,y,2) --»
(x —1iy, z) given in Lemma 5.4 to compute the action of g1, g» on A%. Note that

7 ]P’(lC X ]P’(%: -—» A% is locally given by

((1 . ) (1 . )) ——> <iis 1_—S1)>
AR sv+1"14sv/)’

and its inverse is (¢, z) --» ((z+1 :it), (¢ : i(z—1))). Using the explicit description
of Lemma 4.12, the actions of g;, g» are then respectively given by

) (02— —2ipt + (14 w1 —2%)
St A nQi+ 1+

/( ) (f ) N (1 _Zz)(it(l +/L) _2) B
&) (1,2 _2Mt—i(1+u)(1_22)’ Z
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These correspond to involutions g} (1) € Aut(S(R)/m) and g5 (1) € Aut(S(R), )\
Aut(S(R) /), which are conjugate by an element which is in the group Aut(S(R))\
Aut(S(R), ) (see Lemma 4.12).

In order to show that there exists w such that g is conjugate to gj(u) in
Aut(S(R), ), we need to compute the ramification points of Fix(gi (w)). The curve
of fixed points of g/ (1) is given by

(4 ) 4 dipr — (1= 22)(1 4+ ) =0

so its discriminant with respect to ¢ is equal to

2
u—1
—dp(u+ D?- z2—<—> ,
pn(p + 1) ( P
and the two points correspond then to z = +4=1

rEa g We conjugate g with an auto-
morphism of the form

( ) V1=b2 J1=02 z+b
(X, Yy, = X 5 5
&b V< bz +1 bz+1 bz+1

for some b € ( 1,1) (see Lemma 5.1), and claim that we can send the points

q,q onto :i:" 7 for some p € C\ {:I:l} with |u| = 1. To see this, we make the

—b

change of coordlnates r=12 /= so that the map gp acts as 7’ +— 7 1 =

Z =
T+ 1+ ’
and the points z = i“_l correspond to 77 = p*!'. The claim follows then from

the fact that the map b > 1+b yields a bijection (—1, 1) — R.g. Hence g is
conjugate to g} (u) for some . Let us show that g (i) is conjugate to g (u) in

Aut(S(R), 7) if and only if 1/ = p*!. First, observe that m;} = lu +Z so the

pair of points are the same for p and w~!. Hence, gi (u) is conjugate to g () in
Aut(S(R), ). Second, if g’l(p/ ) is conjugate to gl(p,) there exists an element of

Aut(S(R), ) whose action on P! sends {:i: } onto {:t“/_H

is generated by the maps z bzz“:_bl ,b e (—1,1)and by z - —z (Lemma 5.1).
Making the same change of coordinates as before, we obtain that i/ = u*!. To

finish the proof, it remains to see that two elements g5 () and g5 () are conjugate

} But the action

in Aut(S(R), ) if and only if ©' = wt!l. The element gé(,u) corresponds to an

element of H2((n), R(z)*) that we can compute using Proposition 5.39. To do this,
we need to write the corresponding element of H'((), §). Composing g5 () with

(t,z) — (1, —z), we obtain the element of A = G given by

—il+w1 =23  2(1-2%
2u i1+ (1 =22
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In order to get an element of T C GL(2, C(z)) (see Lemma 5.36), we divide each
element of the matrix with v, withv € C, |v| = 1, v2 = WU, and get

a hb
|:5 E} e T C GL(2,C(z)),
withq = —H00=2) j) — 2 (indeed, g = MHUMI=) _ M400=) Opger-
v ’ v ’ v v :
ving that @ = —a and that a, b are invariant by z +— —z, the corresponding element

of H 2((17), R(z)*) can be computed (using Proposition 5.39) by

a hb]> _[a®+bbh 0O
bal| 0  a®+bbh

and corresponds therefore to

a’ +bbh =1 —7%) <z2—<1_“>2) (1+“)2.

I+p i

2
Writing 1 = cos(0) + isin(f) we obtain (17‘)2 = 2(cos(9) + 1), (;—/’j) =

2
zg:gz;;: = égzé(i)fl;z € Ry, so the corresponding element of H>((n), R(z)*)

is the class of z2 + i(;%g;ff

s(0) = i&igﬁff , we observe that s(0) = s(0’) if and only if 6’ € {0, 2r — 6}. This

gives the result. O

Denoting by s: (0, 7) U (7, 27r) — R.o the map

6.1. Proof of Theorems A and B
We can now finish by giving the proof of the main theorems.

Proof of Theorem A. Let g € Aut(S(R)) be of prime order. By Proposition 3.6,
one of the two following possibilities holds

(a) There exists a birational morphism €: X — S which is the blow-up of 0, 1, 2,
or 3 pairs of conjugate imaginary points in S, such that § = ¢~ !ge € Aut(X),
Pic(X)8 = 7, and X is a Del Pezzo surface.

(b) There exists @ € Aut(P!) such that ar = mg. Moreover, there exists a bira-
tional morphism &: X — S that restricts to a diffeomorphism X (R) — S(R)
such that ¢ = e lge € Aut(X), me: X — P! is a conic bundle on X, and
Pic(X)& = 72.

In particular, we have a Mori fibration in the sense of Definition 6.1.

In the case (a), X is a Del Pezzo surface with possible degree 8, 6, 4, or 2.
If (Kx)> =8, X ~ Sand g € Aut(S). By Proposition 4.3, g is conjugate to
one of the cases (3), (4), or (5) of the statement. If X is a Del Pezzo surface of
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degree 6, X comes from S by blowing up a pair of conjugate imaginary points and
Proposition 4.6 tells us that ¢ comes from an automorphism of S, having the same
cases as before. If X is a Del Pezzo surface of degree 4, X comes from S by blowing
up two pairs of conjugate imaginary points and by Proposition 4.11 g is conjugate
to a1 or ap given in case (2). If X is a Del Pezzo surface of degree 2, X comes from
S by blowing up three pairs of conjugate imaginary points and Lemma 4.15 asserts
that the Geiser involution v is such that Pic(X)" has rank 1 and Lemma 4.16 that
there is no other such automorphism of X. We get then case (1).

We look now at case (b), where rk(Pic(X)#) = 2. In this case, g is conjugate to
an element of Aut(S(R), ) by some birational morphism e: X — § that restricts
to a diffeomorphism X (R) — S(R) (see Remark 6.2) that we call g again for
simplicity. Since the order of g is finite, by Lemma 5.2 the image of g under the map
®: Bir(S, 7) — Aut(P') is either the identity or n: z > —z, after conjugation by
an element of Aut(S(R), ).

o If d(g) is the identity, then g € Aut(S(R)/7). When g has order larger than 2,
by Lemma 5.35 g is conjugate to a rotation, case (3). If g has order 2, then g is
an element in Aut* (S(R)/7) when g is an orientation-preserving birational dif-
feomorphism or an element that belongs to Aut(S(R)/7)\ Aut™ (S(R)/m) other-
wise. Proposition 5.25 implies, in the first case, that Fix(g) is a double covering
of P! with no real points and in the second case, that Fix(g) is a double cover-
ing of P! with real points on one oval and with ramification points Py and Ps.
Lemma 5.10 implies that Py and Pg are fixed in both cases. By Lemma 5.23,
the action of g on the fibres of 7 is either by rotations of order 2 when g is in
Autt(S(R) /) or by reflections when g is in Aut(S(R)/7) \ Autt(S(R)/7).
We get thus cases (6) and (7) in the statement, except if the curve Fix(g) is ra-
tional. It remains to see that if Fix(g) is rational, g is conjugate to another case.
If g € Aut(S(R)/m) \ Autt(S(R)/m), then the curve Fix(g) is isomorphic to
IP’]}Q and g is conjugate to the reflectionv: (w :x :y:2) —> (w: —x:y:2)
by Theorems 5.21 and 5.30. If g € Aut(S(R)/x), then g is conjugate to an
automorphism of the last family by Lemma 6.7.

o If ®(g) = n,then g = g’'7j with ®(7) = n (Lemma 5.2) and g’ € Aut(S(R) /7).
Since the order of g is prime, g is of order 2 in Aut(S(R), ) \ Aut(S(R)/7)
giving the case (8) in the statement, or one of the automorphisms (w : x : y :
D (w:Ex:ty:—z). L]

Proof of Theorem B. All the cases are disjoint because of the fixed curves and or-
der, except maybe in case (2) where the curve of fixed points of «; has genus 1
because elements in cases (6) and (7) may have a curve of fixed points of the same
genus. However, «; is not conjugate to an automorphism of a conic bundle since
there is no sequence of links coming from it to a Mori fibration preserving a conic
bundle (Lemma 6.6). On the other hand, «; is conjugate to another element if and
only if the conjugation is by an isomorphism of the surface X; this is again a con-
sequence of Lemma 6.6. We proved that conjugacy classes in (2) are disjoint and
parametrised by isomorphism classes of pairs (X, g), where X is a Del Pezzo sur-
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face of degree 4 with X (R) ~ S(R) and g is an automorphism of order 2 that does
not preserve any real conic bundle (Proposition 4.11).

It remains to show the parametrisation of the families (1) and (3)-(8).

For (1), the curves of fixed points in S(C) are not rational and invariant under
conjugation in Bir(S) and then in Aut(S(R)). We obtain a map from the set of
conjugacy classes associated to each family to the set of isomorphism classes of the
set of fixed curves. The surjectivity is given by the correspondence

Smooth real quartics Del Pezzo surfaces of degree 2
with one oval diffeomorphic to the sphere

Concerning injectivity, if two quartics are isomorphic, then the surfaces are isomor-
phic. This is because the canonical divisor of the quartic is the class of a line (see
proof Proposition 4.14). Then every isomorphism extends to P? and then it yields
an isomorphism of Del Pezzo surfaces of degree 2.

For (6) and (7), the elements are conjugate in Aut(S(R)) if and only if they are
conjugate in Aut(S(R)), because it is not possible to use links of type other than
type II (see the description of links given in Lemma 6.6). We can thus consider the
fixed locus, which is not only a non-rational curve, but also a curve endowed with
a 2: l-covering. Moreover, the elements of Aut(S(R), ) preserve the interval.
Conversely, let ' — PL. TV - Plbe2: 1-coverings of P! and assume that there
exists an isomorphism « : P! — P! such that the following diagram commutes:

r —2—p

|

p! —— P!

and that o preserves [—1, 1] then « is in the group given in Lemma 5.1, and there
exist £ € Aut(S(R), ) such that we can replace p with £p& ~! and may assume
that « = id. Then the corresponding elements are conjugate by Proposition 5.31.

For (4) and (5), the parametrisation is trivial since there is only one element in
each family.

For (3), if two rotations are equal up to sign, they are conjugate by v or the
identity. It remains to see that if ry is conjugate to rgr by p € Aut(S(R)) then
0 = +60’ (mod 27). We may assume that the order is > 5, (since otherwise we
always have 6 = 6 (mod 27)). We decompose p into elementary links and use
Lemma 6.6 to see that p is a product of maps of the following type:

dPs - 1~ dpg

.

S—S§



PRIME ORDER BIRATIONAL DIFFEOMORPHISMS OF THE SPHERE 969

where the vertical arrows are blow-ups of two imaginary fixed points, fixed by g
and the image. Hence, we may assume that the points are (0 : £i : 1 : 0) and then
we stay in Aut(S(R), ) (Lemma 4.5). In Aut(S(R)/7) x () C PGL(2, C) x (t)

the elements are ([ (1) e?g ,
0 =+6".

For (8), by Corollary 5.42, conjugacy classes of elements in Aut(S(R), ) \
Aut(S(R)/m) surject naturally to the set of conjugacy classes of elements in
Bir(S, m) \ Bir(s/m) which is uncountable. These correspond to the conjugacy
classes of Bir(S,); we may then have a priori more conjugacy classes in
Aut(S(R), ). It remains to prove that two such elements are conjugate in
Aut(S(R), 7) if and only if they are conjugate in Aut(S(R)). For this, we write
o € Aut(S(R)) an element that conjugates one involution to another, and decom-
pose it into elementary links. If all links are of type II, then p € Aut(S(R), ).
If some links of type I or III are used, then by Lemma 6.6 these pass through the
sphere and the Del Pezzo of degree 6, which is impossible here, since elements of
the last family are not conjugate to (w : x : y : z) —= (w : £x : £y : —2)
by hypothesis. The last part is when p decomposes into links of type II and IV.
The links of type IV provide two fibrations of the same surface, which lead to two
different elements of Aut(S(R), ). If the two elements are conjugate in this latter
group, the result is clear. The only case where this is not true is by Lemma 6.6
the case given by the automorphisms g1, g on special Del Pezzo surfaces of de-
gree 4 with || = 1 (Lemma 4.12). But in this case, we conjugate an element of
Aut(S(R), ) \ Aut(S(R)/m) to an element of Aut(S(R)/m), and when we come
back we did not change the conjugacy class in Aut(S(R), 7) (Lemma 6.7). This
ends the proof of the Theorem B. O

1) (see Subsection 5.6), and two are conjugate only if
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