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Existence of minimizers for the Reifenberg Plateau problem

YANGQIN FANG

Abstract. Given a compact set B C R” and a subgroup L of the Cech homology
group ﬁd—l (B; G) of dimension d — 1 over some Abelian group G, we find a
compact set £ D B such that the image of L by the natural map I:Id,l (B; G) —>
I:Id_l (S; G) induced by the inclusion B — E, is reduced to {0}, and such that

the Hausdorff measure < (E \ B) is minimal under these constraints. Thus we
have no restriction on the group G or the dimensions 0 < d < n. We can also
replace the Hausdorff measure with the integral of a special integrand.

Mathematics Subject Classification (2010): 49K99 (primary); 49Q20 (sec-
ondary).

1. Introduction

Plateau problems usually concern the existence of surfaces that minimize an area
under some boundary constraints, but many different meanings can be given to
the terms “surface” and “area”, and many different boundary constraints can be
considered.

In the present text, we shall prove an existence result for a minor variant of
the homological Plateau problem considered by Reifenberg [20]. That is, we shall
give ourselves dimensions 0 < d < n, a compact set B C R”", an Abelian group
G, and a subgroup L of the Cech homology group Hy_ (B; G), and we shall find
a compact set £ O B that minimizes the Hausdorff measure 7 (E \ B) under the
constraint that the restriction to L of the natural map I-?d_l (B; G) — I:Id_l (S;G)
induced by the inclusion B — FE is trivial. See the slightly more precise definitions
below.

This problem was first studied by Reifenberg [20], who gave a general exis-
tence result when the group G is a compact Abelian group and B is a (d — 1)-
dimensional compact set.
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Also, Almgren [1] announced an extension of Reifenberg’s result, obtained in
connection to varifolds, and where the Hausdorff measure H¢ is no longer neces-
sarily minimized alone, but integrated against an elliptic integrand.

More recently, De Pauw [18] proved the existence of minimizers also when
G = Z is the group of integers, n = 3,d = 2, and B is a nice curve.

Here we remove these restrictions, and also use a quite different method of
proof, based on a construction of quasiminimal sets introduced by Feuvrier [13].

Let us introduce some notation and definitions, and then we will rapidly discuss
our main result and its background. We denote by G (n, d) the Grassmann manifold
of unoriented d-plane directions in R”. An integrand is a continuous function F :
R” x G(n,d) — R which is bounded, i.e. there exist 0 < ¢ < C < 400 such that
¢ < F(x,m) <Cforallx € R" and 7 € G(n, d). For any d-dimensional set E,
we write £ = Epc U Ejr, Where Ere is d-rectifiable, Ej; is purely d-unrectifiable.
For any integrand F and any positive function f : R" — R™, we set

Jr.f(E) = / F(x, Ty Erec)dH" (x) + / fx)dH (x).
XEEec X

S

We set Jp(E) = J z(E), where F is the function R” — R* defined by

I:"(x) = sup F(x,m).
neG(n,d)

We shall consider a class of integrands § that are integrands F satisfying the fol-
lowing properties: there exists a nondecreasing function 4 : R — [0, +00] with
lim, 9 h(r) =0, such thatforallx € R",r > 0and 7 € G(n, d),

Jr(Dr ) < Jp(S) 4+ h(r)r?

where Dy, = (x + ) N B(x,r) and § C B(x,r) is a compact d-rectifiable
set which cannot be mapped into 0D, , := m N dB(x,r) by any Lipschitz map
¢ :R" — R" with ¢lsp,, =idyp,,.

It is easy to see that all continuous functions g : R” — [a,b] with0 < a <
b < +o0 are contained in the class § . One can also easily check that all elliptic
integrands introduced by Almgren in [2, page 423] and [1, page 322] are contained
in the class §.

Let € 'be a class of compact subsets in R”. We set

m(¢, F) = inf{Jr(E \ B) | E € 6}.

Theorem 1.1. Let F € § be an integrand, € a class of compact subsets in R". If
E satisfies the following conditions:

(1) For any Lipschitz function ¢ : R" — R" with ¢|g = idg and any E € G, one
has o(E) € 6:
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(2) For any sequence {E}}7° | C € with Ex — E in Hausdorff distance, one has
E e

Then we can find E € € such that Jp(E \ B) = m(%, F).

Of course the problem will only be interesting when m (%, F) < +o00, which is
usually fairly easy to arrange. We subtracted B because this way we shall not need
to assume that H%(B) < o0, but of course if H4(B) < +o0o0 we could replace
Jr(S\ B) with Jg(S) in the definition.

Now let us introduce Reifenberg’s homological Plateau problem, which is our
main concern. When B C R” is a compact set, G is a commutative group, and
k > 0 is an integer, we shall denote by Hy(B; G) and I-Vlk(B ; G) the singular and
Cech homology groups on B, of order k£ and with the group G; we refer to [9] for a
definition and basic properties.

If S is another compact set that contains B, we shall denote by ip.s : B —
S the natural inclusion, by Hi(ip,s) : Hi(B; G) — Hi(S; G) the correspond-
ing homomorphism between homology groups, and by Hi(i B.S) : Hy(B;G) —
ﬁk(S ; G) the corresponding homomorphism between Cech homology groups.

Definition 1.2. Fix a compact set B C R", an integer 0 < d < n, a commutative
group G, and a subgroup L of H;_1(B; G). We say that the compact set S O B
spans L in Cech homology if L C ker Hy_1(ip.s).

A simple case is when L is the full group Hk(B G); then S DO B spans L
in Cech homology precisely when the mapping Hk (ip,s) is trivial. But it may be
interesting to study other subgroups L, and this will not make the proofs any harder.

We have a similar definition of “S D B spans L in singular homology”, where
we just replace bvld,l(i B.s) with Hy_1(ip.s). It would be very nice if our main
statement was in terms of singular homology, but unfortunately we cannot prove
the corresponding statement at this time.

We shall denote by H4(E) the d-dimensional Hausdorff measure of the Borel
set E C R”. Recall that

HAUE) = lim HE(E),
§—0+

where
HY(E) = inf {Zdiam(Uj)d‘E c|Juj, diamU;) <
j j

i.e., the infimum is over all the coverings of E by a countable collection of sets
U; with diameters less than §. We refer to [10, 15] for the basic properties of He:
notice incidentally that we could also have used the spherical Hausdorff measure,
or even some more exotic variants, essentially because the competition will rather
fast be restricted to rectifiable sets, for which the two measures are equal.
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We are given B C R",d € (0,n), G, and a subgroup L of I:Id_l(B; G), and
we set

S C R" | S is a compact set that contains B
(g(v:ech(B’ G, L) = {

and spans L in Cech homology

For any S € 6., (B, G, L) and any Lipschitz map ¢ : R" — R" with ¢|p = idp,
we can easily get that ¢(S) € Cféech(B, G, L). Indeed, ig o5y =@ oip,s,

I'vld—l(iB,fp(S)) = Hy—1(¢) 0 Hy—1(ip.s),

so, from this, we can see that
ker (I:Id—l(iB,S)> C ker (I:Id—l(iB,w(S))> ,

thus ¢ (S) spans L in Cech homology.
We also set

m =m (Ggen(B. G, L), F) =inf{Jp(S\ B); S € Ggeey(B. G, L)} .

As the reader may have guessed, we want to find E € (géech(B’ G, L) such that
Jr(S\ B) = m. Our theorem is thus the following:

Theorem 1.3. Let the compact set B C R", an integrand F € §, an Abelian group
G, and a subgroup L of H;_1(B; G) be given. Suppose that

m ((géech(B’ G, L), F) < 4o0.

Then there exists a compact set E € ‘5@ (B, G, L) such that

ech
JP(E\ B) =m (6g,,(B,G, L), F).

Notice that the statement is still true when m = 4-00, but it is not interesting.

As was mentioned before, this theorem was proved by Reifenberg in [20],
under the additional assumption that G is compact and B is of Hausdorff dimension
d—1.

A slightly unfortunate feature of both statements is that they use the Cech ho-
mology groups. A similar statement with the singular homology groups would be
very welcome, both because they are simpler and because connections with the the-
ories of flat chains and currents would be much simpler. Unfortunately, singular
homology does not pass to the limit as nicely as Cech homology.

Reifenberg was not the first person to give beautiful results on the Plateau
Problem. Douglas [7] gave an essentially optimal existence result for the following
parameterization problem: given a simple closed curve y in R”, find a surface E,
parameterized by the closed unit disk in the plane, so that the restriction of the pa-
rameterization to the unit circle parameterizes y, and for which the area (computed
with the Jacobian and counting multiplicity) is minimal.
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But the most popular way to state and prove existence results for the Plateau
problem has been through sets of finite perimeter (De Giorgi) and currents (Federer
and Fleming). In particular, Federer and Fleming [11] gave a very general existence
result for integral currents S whose mass is minimal under the boundary constraint
dS = T, where T is a given integral current such that 97 = 0. Mass-minimizing
currents also have a very rich regularity theory; we refer to [16] for a nice overview.

In the author’s view, Reifenberg’s homological minimizers often give a better
description of soap film than mass minimizers, and they are much closer to (the
closed support of) size minimizing currents. Those are currents S that minimize the
quantity Size(S) under a boundary constraint S = T as before, but where Size(S)
is, roughly speaking, the H¢-measure of the set where the multiplicity function that
defines S as an integral current is nonzero. Thus the mass counts the multiplicity,
while the size does not. We refer to [18] for precise definitions, and a more detailed
account of the Plateau problem for size minimizing currents. We shall just men-
tion two things here, in connection to the Reifenberg problem. Figure 1.1 depicts
the support of a current which is size minimizing, but not mass minimizing (the
multiplicity on the central disk is 2, so the mass is larger than the size).

N

Figure 1.1. Size minimizing but not mass minimizing.

Even when the boundary current 7 is the current of integration on a smooth (but
possibly linked) curve in R3, there is no general existence for a size minimizing
current. However, Frank Morgan proved existence of a size minimizing current
[16] when the boundary is a smooth submanifold contained in the boundary of a
convex body and, in [19], Thierry de Pauw and Robert Hardt proved the existence
of currents which minimize energies that lie somewhere between mass and size
(typically, obtained by integration of some small power of the multiplicity).

The reason why the usual proof of existence for mass minimizers, using a
compactness theorem, does not work for size minimizers is that the size of S does
not give any control on the multiplicity, and so the limit of a minimizing sequence
may well not have finite mass (or not even exist as a current). This issue is related
to the reason why Reifenberg restricted to compact groups (so that multiplicities
don’t go to infinity).

In [1], F. Almgren proposed a scheme for proving Reifenberg’s theorem, and
even extending it to general groups and elliptic integrands. The scheme uses the
then recently discovered varifolds, or flat chains, and a multiple layers argument
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to get rid of high multiplicities, but it is also very subtle and elliptic. Incidentally,
Almgren uses Vietoris relative homology groups H instead of Cech homology
groups. In his paper, a boundary B is a compact (d — 1)-rectifiable subset of R”
with HY~1(B) < +o00, a surface S is a compact d-rectifiable subset of R”. For
any o € H}(R", B; G), a surface S spans o if ix(0) = 0, where we denote by
Hj(R", B; G) the d-th Vietoris relative homology groups of (R", B), and

ir : H{R", B; G) - H;(R", BU S; G)

is the homomorphism induced by the inclusion mapi : B — B U S. We should
mention that Dowker, in [8, Theorem 2a], proved that Cech and Vietoris homology
groups over an Abelian group G are isomorphic for arbitrary topological spaces.

There is some definite relation between Refenberg’s homological Plateau prob-
lem and the size minimizing currents, and for instance T. De Pauw [18] shows that
in the simple case when B is a nice curve, the infimums for the two problems are
equal. In the same paper, T. De Pauw also extends Reifenberg’s result (for curves
in R?) to the group G = Z. Unfortunately, even though the proof uses minimiza-
tions among currents, this does not yet give a size minimizer (one would need to
construct an appropriate current on the minimizing set).

Let us look at an another related problem called free boundary Plateau prob-
lem, see for example in [17]. Given a compact set B C R", an Abelian group G,
and a subgroup L of Hy_1(B; G), we call a compact set X C R” a surface with
free boundary including L, if

LC I:Id—l(iXﬂB,B) (ker ﬁd—l(ixmB,X)) .

We set

Ei t set with
(gfree(B, G, L) = {E C Rn | 1S a compact set wi } .

free boundary including L
Theorem 1.4. Let B, G, L and F ba as in Theorem 1.3. We suppose that
m (iree(B, G, L)) < +00.
Then we can find E € Gree(B, G, L) such that
JF(E\ B) = m (Gree(B, G, L)) .

We will give the proof in the end of the paper.

The proofs of Theorem 1.3 and Theorem 1.4 follow from Theorem 1.1, and the
proof of Theorem 1.1 is more in the spirit of the initial proof of Reifenberg, but will
rely on two more recent developments that make it work more smoothly and ignore
multiplicity issues.

The first development is a lemma introduced by Dal Maso, Morel, and Solim-
ini [14] in the context of the Mumford-Shah functional, and which gives a sufficient
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condition, on a sequence of sets Ej that converges to a limit £ in Hausdorff dis-
tance, for the lower semicontinuity inequality

HAUE) < Emland (Ep).

This is very convenient here because we want to work with sets and we do not want
to use weak limits of currents. Since we want to deal with integrands, we will show
the following lower semicontinuity inequality,

Jr(E) < liminf Jg (Ey).
k— 400

But our main tool will be a recent result of V. Feuvrier [13], where he uses a con-
struction of polyhedral networks adapted to a given set (think about the usual dyadic
grids, but where you manage to have faces that are very often parallel to the given
set) to construct a minimizing sequence for our problem, but which has the extra
feature that it is composed of locally uniformly quasiminimal sets, to which we can
apply Dal Maso, Morel, and Solimini’s lemma.

Such a construction was used by Xiangyu Liang, to prove existence results for
sets that minimize Hausdorff measure under some homological generalization of a
separation constraint (in codimension larger than 1).

ACKNOWLEDGEMENTS. I would like to thank my advisor Guy David for his con-
stant support and help, as well as Vincent Feuvrier for useful discussions.

2. Existence of minimizers under Reifenberg homological conditions

In this section we prove an existence theorem for sets in R” that minimize the
Hausdorff measure under Reifenberg homological conditions.

Definition 2.1. A polyhedral complex S is a finite set of closed convex polytopes
in R, such that two conditions are satisfied:

(1) If Q € S,and F is aface of Q,then F € S;
(2) If Q1, Q2 € S,then Q1 N Q3 is a face of both QO and O, or Q1 N Qs = @.

The subset |S| := UgesQ of R” equipped with the induced topology is called
the underlying space of S. The d-skeleton of S is the union of the faces whose
dimension is at most d.

A dyadic complex is a polyhedral complex consisting of closed dyadic cubes.
Let’s refer to [12,13] for the precise definition of dyadic complex.

Let @ C R” be an open subset, | < M < 4ooand0 < § < +oo,and ¥ € N
with0 < £ < n. Let f : Q —  be a Lipschitz map; we set

Wr={xeQ| f&x)#x).
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Definition 2.2. Let E be arelatively closed set in 2. We say that E is an (2, M, §)-
quasiminimal set of dimension £ if H*(ENB) < 400, for every closed ball B C 2,
and

HYENWy) < MH(f(ENWy)),

for every Lipschitz map f : & — €2 such that Wy U f(Wy) is relatively compact
in © and diam(W U f(Wy)) < 6.

We denote by QM($2, M, §, H?Y) the collection of all (2, M, § )-quasiminimal
sets of dimension £.

We note that, for any open set ' C €2, any positive numbers §’ < §, and any
M' > M,if E € QM(Q, M, 5, H"), then EN Q" € QM(Q/, M', 8, HY).

Definition 2.3. Let Q2 be an open subset of R”. A relatively closed set E C Q is
said to be locally Ahlfors-regular of dimension d if there is a constant C > 0 and
ro > 0 such that

c ' < HYEN B(x,r)) < Cr
for all 0 < r < ro with B(x, 2r) C Q.

Lemma 2.4. Let E be a d-rectifiable subset of R". If E is a locally Ahlfors-regular
and HY(E) < +oo, then, for H?-a.e. x € E, the set E has a true tangent plane at
X, 1.e. there exists a d-plane 7w such that, for any ¢ > 0, there is ar, > 0 such that

ENBx,r)y cCx,m,r,e) forO <r <re,

where
Cx,m,r,e) ={y € B(x,r) | dist(y,7) <ely —x|}.

Proof. Since E is rectifiable, by Theorem 15.11 in [15], for Hlae. x € E, the set
E has an approximate tangent plane 7 at x, i.e.

HY(E N B(x, p))
>

lim sup = 0,
p—0 Y
and for all ¢ > O,
lim p HUE N B(x, p) \C(x, 7, p, £)) =0. @2.1)
p—

We will show that 7 is a true tangent plane. Suppose it is not, that is, there exists an
& > O suchthat E N B(x, p) \C(x, 7, p, &) # @ forall p > 0. We take a sequence
of points y, € E \ C(x, 7, p, €) with |y, — x| = 0, we put p, = 2|y, — x|, then

B(x, pn) \ C (x,n, Ons %) 5B <J’n, %)
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and
—dqd € —dqd EPn
P, “H(ENB(x, pp) \C x,n,pn,i >p, “HlENB yn,T
eNd
=c(3)
- 4
this is in contradiction with (2.1), so we proved the lemma. ]

Let { Ex} be a sequence of closed sets in €2, and let E be a closed set in 2. We
say that Ej converges to E if

lim dg (E, Ex) = 0 for every compact set K C €2,
k— o0

where
dg (E, Ey) = sup{dist(x, Ex) | x € EN K} + sup{dist(x, E) | x € Ex N K}.
For any set E C R", we set
E*={x e E|HYENB,r) >0, Vr >0}
we call E* the core of E. We will prove the following lower semicontinuity prop-
erty:

Theorem 2.5. Let Q@ C R” be an open set. Let { Ex}x>1 be a sequence of quasimin-
imal sets in QM(2, M, 8, H?) such that Ey = E} and Ey converges to E. Then,
forany F € §,
Jr(E) < liminf Jp(Ey).
k— 400

Proof. We may suppose that

lim inf H¢ (Ey) < +00,
k—+00
otherwise we have nothing to prove. Let C{,Cy > 0 be two number such that
Ci<Fx,m)<Cyforallx e R", andall m € G(n, d).
By Theorem 3.4 in [4], we have that

HY(E) < liminf HY(Ey) < +00.
k——+o00

We take 0 < ¢ < %,8/ > 0and p € (0, 1) such that M239¢ < 1, ¢ < % and
1—(1-pf< 5.

Applying Theorem 4.1 in [4], we get that E € QM($2, M, 8, H?), hence it is
rectifiable (see [3]), then by [15, Theorem 17.6], for He-ae.x € E,

. HYENB(x,r))
lim —

1
r—0 a)d}’d ’
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where w, denotes the Hausdorff measure of d-dimensional unit ball. So we can
find a set E/ C E with HY(E \ E’) = 0 such that for any x € E’ there exists
r’(¢’, x) > 0 for which

(1 — ewar? < HYUE N B(x,r) < (1 + &war?,
forall0 < r < r'(¢’, x). Then

HYE N B(x,\B(x, (1 — p)r)< (1 + &Nawgr? — (1 — Hwa(1 — p)ir?
_ (I+e&)—(1—-¢&)1—p)

/

(1 — &Hawgr?
l1—¢

5( 2 ,+(1—(1—p)d>>H"(EmB(x,r))
— &

1
< eHY(E N B(x,r)).
Since E is quasiminimal, by Proposition 4.1 in [6], we know that E is locally
Ahlfors-regular; since E is rectifiable and ’Hd(E ) < +o00, by Lemma 2.4, we have
that, for H%-ae. x € E, the set E has a tangent plane T E at x, so we can find

E” C E’ with HY(E' \ E") = 0 such that for all &’ > 0 and for all x € E” there
exists ”/(¢”, x) > O such that, forall 0 < r < r”(¢”, x),

ENB(x,r) C C(x,r, "),

where

Cx,r, ") = {y € B(x,r) | dist(y, TLE) < &"|x — yl} )

We consider the function ¥, , : R — R defined by

0 t=<(—=pr

S—U=pr) (U-—pr<t<(-2r
Vpr() =41 (l—sz)r <t<(1-%r

—/)3—r(t—r) (1—§)r<t§r

0 t>r.

It is easy to see that v/,  is a Lipschitz map with Lipschitz constant %.
We take the Lipschitz map ¢y ,, : R" — R" given by

Pxp.r(Y) = Vpr(ly = xDILY) + (1 = ¥ (Iy — xD)y,

where we denote by IT : R” — T\ E the orthogonal projection. It is easy to check
that ¢y , » coincides with IT on the annulus B(x, r’) \ B(x,r"), and

©Ox,p.r B, (1=pyr) = 1dB(x,(1=p)r)
(px,,o,r|B(x,r)“ == idB(x,r)“-
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Let &” and h be such that &” < £ and 0 < &” < h < £, and put
Ap = {y e B(x, 1) | dist(y, TLE) < hr},

then C(x, r; &) C Aj,. We will show that

. 3h
Llp (¢x,p,r|Ah) <2+ ;
We set
M (y) =y — T(y), fory € R";
then

|l'IJ‘(y)‘ < hr, ¥y € Ay,
For any y1, y2 € Ap,

Oxor (V1) = Orpr (2) = y1 — y2 — Y (Iy1 — xDITH (1)
+ Vo (Iy2 — xDITH(32)

= 01 =32 = Yoy = 2D (M) = 14 02)
— (Wpr (y1 = xD) = ¥ (Iy2 — x) TTH(32),

thus

3
|0x.0.r D) = @x.pr 2| < Iyt = Y2l + y1 — y2l + o ly1l = |y2llrh

3h
<12+ —=) Iyt — I,
0

3h
Lip (¢x,p,r|Ah) =< 2 + ;

and we get that

Since Ey - EinQ,B(x,r) CQ,ENB(x,r) CCx,r,e")andC(x,r, &") C Ay
for b’ € (¢, h), there exists a number kj, such that for k > kj,,

E.NB(x,r) C Ap.
Since

Ox,p.r|B,rye = 1dpx,r)e

and
(px,p,r(B(x,r)) C B(x,r),

we have that
Ox.pr (Ex N B(x,r)) = @x,pr(Ex) N B(x,r).
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Weputr' = (1—4)r,r" = (1 — %)r,rm = (1 — p)r,m = T E. Note that

3B (x.r") N C @r pr(Er)

and
¢x.0.(EQ) N B (x,r) € B (x,r") U((BGx,r) \ Blx,r")) Nr).
We put
Dy, =B(x,r")Nm
and

Sk,r” = q)x,,o,r(Ek) N B (x, l‘//).

We will show that no Lipschitz mapping ¢ : R” — R” which is the identity on
0Dy ,» can map S . into 9Dy . Suppose this is not the case, that is, there is a
Lipschitz map ¢ : R” — R” such that

@klop, ,» =1dap, .,

and
Pk (Sk,r”) C 8Dﬂ,r”-

We consider the map
¢k s B, ) U[(BGx,m) \ B(x,r"))Nx]UBx,r") — R
defined by

o) = X x € B(x, n/)/c U [(B(x, n\ B(x, r”)) N 7'[]
wk(x) x € B(x,r"),

where 7 is any number such that ” < 5 < r’. It is easy check that ¢y is a Lipschitz
map, by Kirszbraun’s theorem, see for example [10,2.10.43 Kirszbraun’s theorem],
we can get a Lipschitz map ¢y : R” — R” such that

Okl Bx,ry = Pr|Bx )
and
Okl Bx, ) = 1B, p)e,

and
Okl (B, p\B,r e = (B, p\B(x,r"))N7 -

By the construction of ¢y, we have that

Gk (Sk.r) = G (Sr7) C Dy pn.
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Recalling the construction of v, ,, we have that
0=<Ypr =1, Yprlor=0, Yporlpr,1=1, Yprlir+o) =0;
and then recalling the construction of ¢y , ., we have that
@r.p.r| By =idBceryes @xpr (B, 1)) C BO, ), @xpr (B, ") C Blx,r")
and
Ox,p.r B N\Ba ) = TBGer\Bxr)s Px,pur B,y = 1dB(x ),

where IT is the orthogonal projection onto the plane 7. Thus ¢y , , coincides with
the orthogonal projection IT on the annulus B(x, ') \ B(x,r"). Note that ¢” < £

3
we get that
2
-2 - <1 —g)\/l — e,

We now let the number n be such thatr” < n < (/1 — ¢”2)r’. Since ExNB(x,r) C
C(x,r, €"), we have that

@x.pr(Ex N B(x,r") C Bx,r"), ¢xp(ExN(B(x,r")\ B(x,r")) Cm,

and
@xpr(Ex N (B(x,r)\ B(x,r"))) C B(x,r) \ B(x, n),
thus
@x.pr(Ex) N (B(x,m) \ B(x,r")) C (B(x,n) \ B(x,r")) N,
and

Ok (@x.p.r (E) N B(x, ) \ B(x,r")) C (Bx, n) \ B(x,r")) Nx.

Thus we get that

&k (@x,p,r (Ex N B(x, 7)) = ¢k (@x,p,r (Ex) N B(x,r))
C @x.pr(Ex) N (B(x,r)\ B (x,r"))
C ¢x.pr (Ex N B(x,r)\ B(x,r").

Since H¥(E) < oo, we have that HY(E N dB(x,r)) = 0 for almost every r €
0,r"(¢", x)), if we take any r € (0, r"(¢”, x)) with H(E N 9B(x,r)) = 0 and
r < §,by using Lemma 3.12 in [5], we get that

lim sup H“ (Ek NB(x,r) \ B(x, r/”)) <MH? (E NB(x, ) \ B(x, r///)> ,

k——+00
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Then we have the following inequalities:
Hd <E N B(x, r)) = HY(E N B(x,r))
< liminf HY (Ex N B(x,r))
k— 400
< liminf MH? (¢ © ¢x,p.r (Ex N B(x,7)))

k— +o00

< liminf MM (gsp (B N BGx.7) \ Bx, 1))
— 400

< liminf MH¢ (<px,p,,(Ek N B, )\ B(x, r”/))>

k—+o00

d
< liminf M (2_|_ %) HH (Ek HW\B(x,r///))
P

k——+00

3n\¢ -
<M (2 + —) lim sup H¢ (Ek NBG, )\ B(x, r”/)>
Y k—+00

d
<M (2 + %) - MH? (E NBG, M)\ B(x, r/”))

< M? (2 + ﬁ)dng (E mm)
0
< M3 (E mm) .

This is a contradiction since M%3%¢ < 1 and H¢ <E N B(x, r)) > 0.
Since F € §, by definition, we have that

JF(DT[,r//) < JF(Sk,r”) + h(r//)(r//)d’

where i : R — [0, +00] is a nondecreasing function with lim, .o 2(r) = 0.

Since E is a d-rectifiable set and H?(E) < +o0, the function f: E —
G(n,d) defined by f(x) = T, E is H4-measurable. By Lusin’s theorem, see for
example [10,2.3.5. Lusin’s theorem], we can find a closed set N C E with Hd(E \
N) < ¢ such that f restricted to N is continuous. We put E”” = (E” N N), then
E" C E and

HUE\ E") <,

by Lemma 15.18 in [15], we have that for Hl-ae.x € E”,
T.E" = T,N = T,E.

The map f : E” — R" x G(n, d) givenby f(x) = (x, Ty E) is continuous. Since

F is continuous, and the function F o f : E” — R is continuous, for any x € E"”,
we can find r (g, x) > 0 such that

(I1—-e)F(x, T,E) < F(y, TyE) < (1 + &) F(x, I} E),
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forany y € E” N B(x, r (g, x)). Thus,forall 0 < r < r(e, x),
(1 =e)Jr(TeENBx,r) <Jr(E"NBx,r) <1 +e)Jr(TLE N B(x,r)).

For any x € R”, there exists r"’(g, x) > 0 such that h(r) < ¢ forall 0 < r <
r""(g, x). We put

r(x) = min(r (e, x), ¥ (', x), r" (", x), " (e, x), §), forx € E",

then
{B(x, M) xeE"0<r<rx),HY(ENIBx,r) = 0}

is a Vitali covering of E”, so we can find a countable family of balls (B;);c, such
that
H4 (E”’ U B,») =0.
ie
We choose a finite set I C J such that
He (E”’ U B,-) <.
iel

We assume that B; = B(x;, r;). We put

Y= H‘Px,»,p,r,«-

iel
Since ¢|; = ¢x;.p.r;|B;» We have that |y, iy = idp(y, r1),

@(Ex) N B(xi, )\ B(xi, r{") C p(Ex 0 B(xi, 1) \ B(xi,r{"))

1

and

mi N B =m; N ((B(xi,ri) \ B(xi, r{)) U (B(x;, ")\ B(xi,r{")) U (B(xi, 7)),

i
so we get that

JP(E") =7 Jr(E"NB) <) Jp(E" NB)+Cae.

ieJ iel
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Foranyi € I,
JE(E" N B) < (1+&)Jp(m N By)
<(I+e) (Jp (i N By, i) \ B(xior])) + Jp (i 0 B(xi, r;’))>
= (A +0)(Car! = ) + Tp (S +hH )
= (14 ) Jp (S + 2607 +262 (0 = o)D)

< (1+¢&)Jr(Ex N B(xi,r")
+ (14 e)Jr (¢ (Ex N BGi.ri) \ B, "))

d
+ <2e+202 <1 - (1 - 2%) ))rid
< (1+¢&)Jr (ExN B (xi,r]"))
d
+262 <1 * %) H* (Ex 0 B (xi,r) \ B(xi, r{"))

2
+ (28 420, - f) ZHI(EN B 7).
2/ wyq

Hence
Je(E") <Y Jr(E" N B) + Cae
iel
2 d
= (1 +e)Jp(Ep) + (2¢ + Coe) — > HUE N B(xi. 1)) + Cae
d el
3h\¢ J _
+2C, (2 + —) Y H (Ek NB(xi, ri) \ Bxi, r;”)) ,
p iel
thus

2
Jr(E") < liminf(1 + &) Jp(Ex) + (26 + Cae) — HA(E) + Cae
k—400 wd

3n\4 -
+2C2 <2 + —) lim ian'Hd (Ek NB(x;, ri) \ B(xi, rl_///))
p ) koot

2
< liminf(1 + &) Jr (Ex) + (26 + C2e)—H(E) + Cae
k—+00 wd
3n\¢ J _
+20, (2 + ?> MY H(ENBG )\ Bl ()
iel

2
< liminf(1 + &) Jp(Ex) + 2¢ + Cae)—HA(E) + Cae
k— 400 wq

3n\? J
+2C,(2+ =) MeHY(E),
0
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and

Jr(E) = Jp(E")+ Jp(E\ E")
< JF(E") + CoHY(E\ E")
< (14 ¢&)liminf Jr(Ey)
k—~400

(4 120,
_|_

3h\¢ J
+2C [2+ — ) M) HYE)e +2Ce.
wd P

We can let ¢ tend to 0, obtaining

Jr(E) < liminf Jp(Ey). O
k—+400

Proposition 2.6. Suppose that0 < d < n and that F is an integrand. Then there is
a positive constant M > 0 such that for any open bounded domain U C R", for any
closed d-dimensional set E C U and for any ¢ > 0, we can build a n-dimensional
complex S and a Lipschitz map ¢: R" — R”" satisfying the following properties:

(1) ¢lrm\y =idrm\y and |p(x) — x| < e forallx € U;
(2) ¢(E) is contained in the union of d-skeleton of S, and |S| C U;
(3) Jr(@(E)) < (1 +&)JF(E).

This is only a small improvement of Theorem 4.3.17 in [12] and Theorem 3 in [13],
but the proof is almost same as that of V. Feuvrier in [12,13].

The inequality Jr(¢p(E)) < (1 + €)Jr(E) can be replaced by Jr ¢ (¢ (E)) <
(1 4+ &)JF, (E) with any function f : R" — R, but since the proof will be more
complicated, we do not want to give it here.

Proof. We decompose E as E = Ep U Ejr, where E is d-rectifiable and Ejy; is
purely d-unrectifiable. For any ¢’ > 0, by Lemma 4 in [13], for ¢ almost every
X € Epec, we can find rpax(x) > 0,0 € (0, 1), u > 0 and a d-plane H such that for
all 7 € (0, rmax(x)),

H M pr-Caray (EN B, r+rp)\Clx, r,u)) < & HY(ENB(x, r+rp)); (2.2)

indeed, H is the approximate tangent plane 7y Erec of Eec at point x.

Since Eye is a d-rectifiable set and HY (Erec) < +00, the function g: Erec —
G(n, d) defined by g(x) = Ty Erec is ‘H4-measurable. By Lusin’s theorem, see for
example [10, 2.3.5. Lusin’s theorem], we can find a closed set E/ C Ey. with
HY (Eree \ E') < ¢H(E) such that g restricted to E’ is continuous. Thus the
function £/ — E’ x G(n, d) defined by x — (x, Ty Erec) is continuous. Hence for
any x € E’, we can find r/,,, (x) > O such that forall y € E' N B(x, r/ ., (x)),

max

(1 —€&VF(x, TyErec) < F(y, TyErc) < (1+ e)VF(x, TxErec). (2.3)
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We consider the function F : R” — R defined by

I:“(x) = sup F(x,m).
7eG(n,d)

F is continuous, thus for any x € R” there exists 1l () > 0 such that

(1—&VF(x) < F(y) < (1 +&)F(x), Vy € B(x, (X))

Since F is a continuous function and G (n, d) is compact, for any x € R” we can
find ¥/ (x) > O such that forall y € B(x,r”, (x))and w € G(n,d),

(1—-&YFx,m)<F(y,m) < (1 +&)F(x,m).

Let B be the collection of closed balls with center x € E’ and radius at most

. Tmax(X) &
mln( 1 + 0 9 rI/nax(x)7 rlflflax(x)’ rr/j/{ax(x)v E) .

By a Vitali covering lemma, we can find a countable many pairwise disjoint balls

{B;}2, C B such that
o0
H4 <E’ \ UBi) —0.

i=1

We take an integer N such that

N
He (E’ U B,-) < ¢'HY(E).
i=1

We suppose that B; = B(x;, r]) with x; € E" and ] < rmax(x;). We putr; = hrt_lp,
K; = C(xj,ri,u;) and H; = Ty, Erec, where p; and u; are the numbers p and u in
(2.2).

We consider the map

N
Yo = 1_[ IH, ripi ki
i=1
which is y-Lipschitz with

.
y < (2+ max —l>;
I<i<N p;

by the construction, we know that v is identity on (UlN:  Bi)¢. Therefore

({0
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Letb = SUp(y ) F(x, 1) and a = inf(y 5) F(x, 7). Since vy is y-Lipschitz and
HYEN B\ Ki) < eHYEN By,
we get that

)/dbé‘/

JE(Wo(E N B\ K))) < ybeHY(E N B;) < Jr(EN By).

and
JFWo((Erec \ EN N K1) < ybH (Erec \ E") N K;)
< ybH ((Erec \ E') N By).
By (2.3), we get that
(1 —&F(x;, HYHY(E' N K;) < Jp(E'NK;) < (1 +&)F(x;, HYHY(E' N K;),
and
Jr(o(E' N K:)) < (1 + &) F(xi, HYH (Yo (E' N K;))
< (1+&)F(x;, HYHY(E' N K;)
1+¢
1—¢
- 1+¢
—1-¢
Since g is the orthogonal projection to H; in a neighborhood of K;,
Yo(Eir N K;) C H; N B,
thus Yo (Ej+ N K;) is rectifiable, and
Jr(Wo(Eire N K1) < (1+ &) F (x;, HYH (Yo(Eire N K7))
< (1 +&)F(xi, H)YH (Eire N K;)
< (1+¢)Jr(Eir N K)).

Jr(E' N K;)

Jr(E' N B)).

Put S = U | B;. Note that
ENK; = ((Ere \ E/) NK;)U (E/ NK;) U (Eir N K;),

we have that
Jr(Wo(E)) < Jp(Yo(E \ $)) + Jr(Yo(E N S))
< JF(E\ S) + Jr(¥o(E N S))
< JF(E\S) + ybH!(Erc \ E' N S)

1 ’ 2.4)
EE T E N S) + (1 TR (B 0 S)

+

2¢’ . vibe
< ]—}—1_8/—{—28 +&+ p Jr(E).
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We put E1 = ¥o(E), D; = H; N B;. Since )y is the identity on S¢, we know that
Yo(Eir \ §) = Ejr \ S is purely d-unrectifiable. Since ¥o(E N K;) C D;, we know
that yo(E N K;) is rectifiable. Thus

N
(EDree \ | Di € ¥0(Erec \ $) U vo(E N Bi \ Ko,

N
i=l1 i=l1

SO

N N
H ((El)rec U D,-) < H! Wo(Erec \ $) + Y H! (Yo(E N Bi \ K))
i=1 i=1

< 26"HY(E).

Let o > 0 be small number such that

. 1
o< 1IEI}ISIIN (Eripi> .

For 1 <i < N, we take a dyadic complex S; of stride « in an orthonormal basis
centered at x; with d vectors parallel to H; such that

1
K, Cl|Si|cB (xi, <1 + Eﬂi) ri),

then forany 1 <i < j <N,

dist (1S;],

(1
Sjf) =z | min, <§rk/0k> :

we can apply [13, Theorem 1]: there is a complex S such that |S| C U, and S;, for
1 <i < N, are subcomplexes of S.

Now, we do a Federer-Fleming projection which maps E into the d-skeleton
as in [13, page 33]. We get a Lipschitz map ¢ : R” — R" with ¢|yc = idye such
that ¥ (E;) is contained in the union of d-skeleton of S, ¥ ((E)jy) is still purely

d-unrectifiable, and
N N
v (U Di) c Db
i=1 i=1

this is because that Uf\’: 1 Di is contained in the union of the d-skeleton of S. Thus

HY (WY ((E1)in)) =0

and there exists a constant C, depending on n and d only, such that

N N
H (x/f ((Eorec U Di)> < CH ((El)rec U Di) < 2Ce"HY(E).
i=1

i=1
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We take ¢ = ¥ o ¥, then

/

bCe
Jr(Y(EY)) < (1 + ) Jr(EY),

thus

bCe’ 2¢’ . vibe
Jr(@(E)) <1+ p 1+ T +2¢' + &7 + p; Jr(E).

If we take ¢’ small enough, we can get that
Jr(P(E)) < (1 +&)Jr(E).
As in [13], we can show that |¢ (x) — x| < ¢ for any x. Ll
Using this theorem, we can prove the following lemma:

Lemma 2.7. Suppose that 0 < d < n and that U C R" is open. Suppose that F
is an integrand. Then there is a positive constant M' > 0 depending only on d and
n such that for any relatively closed d-dimensional set E C U, for any relatively
compact subset V. C U, i.e. the closure of V in R" is contained in U, and for all
€ > 0, we can find a n-dimensional complex S and a subset E” C U satisfying the
following properties:

(1) E” is a diam(U)-deformation of E over U and by putting W = |:§| we have
V C W C W C U and there is a d-dimensional skeleton S' of S such that
E'NW=18;

() JF(E") = (1 +€)Jr(E);

(3) there are d+1 complexes S°, . .., 8 such that St is contained in the £-skeleton
of § and there is a decomposition

E'nwW=E'UE"™" v, LE",
where for each0 < ¢ < d,

E' e QM(W*, M/, diam(W*), 1Y),
where

wd=w E! = |84 nwd

Wl = wh E Ef =[S nwt
The proof of this lemma is the same as the proof of [12, Lemma 5.2.6] or [13,
Lemma 9], therefore we omit it.

We now turn to prove the results stated at the beginning of the paper.
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Proof of Theorem 1.1. We claim that we can find a ball B(0, R) and a sequence of
compact sets {Ex}x>1 C ¢ such that B C B(0, R), Ex C B(0, R) and

Jr(Ex \ B) —> m(¢, F).
We take any sequence of compact sets {E} };>1 in € such that
JE(E, \ B) = m(%, F).

We take
Uj = {x € B(0, Ry) | dist(x, B) > 27%},

where
Ry > max{k, Ri—1 + 1, dist(0, E;) + diam(E}) + 1}.

By Lemma 2.7, we can find a Lipschitz map ¢; : R" — R" and a complex S such
that
$ilye = idyre, Uiy C ISk C Uy, Ej C IS,

and
¢>,’<(E,’<) N W,g = F U F,;

where W, = |Sk| the interior of |Sk|,
Fr € QM(W/, M, diam(W}), H%),

and F ,2 is contained in the union of the (d — 1)-dimensional skeleton of S;.

We now prove that {Fj};> is bounded, i.e. we can find a large ball B(0, r)
such that B U (UxFy) C B(0,r). Suppose there is none, that is, suppose that for
any large number r > R there exists k > 4r such that Fj \ B(0,2r) # @. If
x € F\ B(0, 2r), we take a cube Q centered at x with diam(Q) = r, then by using
Proposition 4.1 in [6], we have that

H!(Fe N Q) = €™ diam(Q)°,
where C only depends on n and M. If we take r large enough, for example
2C
s ——_(m(€ F)+1
rt > p m(6 F)+ 1),
and we take k large enough such that JF(E,’C) <m(%, F) + 1, then
clrt <HUFN Q)
LJF((IY (Ep)
inf 0RO
—k
LU4+27
~  inf F
- (m(%, F) +1)
< —_—
infF ’

IA

Jr(Ep)
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which is a contradiction. Thus Uy Fj is bounded. It is easy to see that Uy ((;5,/c (E ,’C) N
W) is bounded, so we can assume that both B U (U Fy) and Uy (¢, (E;) N W[©)
are contained in a large ball B(0, R). We take the map p : R” — R" defined by

_)x x € B(O,R)
PY =1 R\ e BO. RV

|x]
which is 1-Lipschitz map. We put Ex = p o ¢, (E;), then E; € €, and
Ex = (¢ (Ep) N W) U F U p(F)).
Since Hd(F,é) = 0, we have that

Je(Ex\ B) = Jp($(ED \ B) < (1 + 275 Jr (B \ B),

therefore
Jr(Ex \ B) — m(%, F),
and (Ey)«>1 is a sequence as we desire. We proved our claim.

If Jp(Ex \ B) = 0 for some k > 1, then m(%, F) = 0 and E} is a minimizer:
we have nothing to prove. We now suppose that 0 < Jr(Er \ B) < +o0, for all
k > 1.Thus 0 < HY(Ex \ B) < +o0.

We put

U=B@O,R+1)\ B, Vp = {xeB(o,R+1—2—’<)|dist(x,B)>2—’<}.

By Lemma 2.7, we can find polyhedral complexes Si, Lipschitz maps ¢y : R" —
R" and a constant M’ = M’(n, d) such that:

(1) Vk C|Sk| C Vk+1’¢k|vzf+1 = idechl , and there exists a d-dimensional skeleton
S, of S such that E}/ N Wy, = |S,/< , where E; = ¢y (Ex) and Wy = |Sil;

(2) JF(E/\ B) < (1+ 27K)JF(Ex \ B);

(3) there exist complexes SY, .. ., Sf such that S,f is contained in the £-skeleton of
Sy, and there is a disjoint decomposition

E{nWy=ElUwE L uED,
where foreach0 < ¢ <d,
Ef € QM(W{, M/, diam(W(), HY),
where
W = Wy EY =|S¢| nwf
W= Wi\ E Ef = |Se[n Wy,

and Wk is the interior of Wj.
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We note that E;” and W} are two compact subsets of R” for each &, thus E;/NWj
is a compact subset of R”. We may suppose that E;/ N Wy — E’ in Hausdorff
distance, passing to a subsequence if necessary. We put E = E’ U B. We will show
that £ is a minimizer.

First of all, we show that E is in the class €, i.e. E € €. Since ¢y is Lipschitz
map and belve,, = idv,va in particular, ¢x|p = idp, thus E;) = ¢ (Ex) € €.
Since E; C B(0, R) and B C B(0, R), and by our construction of ¢, we get that
¢r(Ex) C BO, R+ %). Since Vi C Wi C V41, we have that

B C ¢x(Ex)\ Wy C B (o, R+ %) \ Vi € BQ7h,

where we denote by B(¢) the e-neighborhood of B. Thus E; \ Wy — B in Haus-
dorff distance, so

El = (E/NW) U(E\W;) > E'UB=E,
we have that E € €.
Next, we will show that JE(E \ B) = m(%, F).
Passing to a subsequence if necessary, we may assume that

E{ - E'inU, for0<¢<d,

Forany 0 < ¢ < d, we put

vt=u\ |J EY.
t<l'<d
then
E\B= [ E".
0<t<d
Since

E! € QM(WE, M/, diam(W(), HY),
we can apply the Theorem 2.5, and get that

Jr(EC N W) <liminf Jrp(ES N W) < liminf Jp(E2).
m—0oQ m—0oQ
Since Vi C Wi C V41 and W,f = Wk, we have
Uwi=UJw=u.
k k

thus
Jr(EY) < liminf Jp(E9).
m—0Q0
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For any 0 < £ < d, for any ¢ >0,weputUﬁ=B(O,R—|—1—s)ﬂU‘l and

Ul = xeB(O,R+1—s)|diSt<x, U E€/>>s}.

t<t/'<d

Then Uf] - Ué forany 0 < &7 < €1, and

Jui=v"

e>0

Since E,f — E'in U, we have that E,f NUS — E*NUL in UL, We will show that
for any ¢ > 0, there exists k. such that for k > k&,

EfNUL e QMUY, M/, diam(UY), HY).

Indeed, for any ¢ > 0, we can find k. such that Uf - W,f. We prove this by
induction on £.

First, we take a positive integer k. such that 27%¢ < ¢, then U¢ C W,f for any
k > ke.

Next, we suppose that there is an integer k. such that Uf C W,f fork > k..
Since E,f — E'in U% and

Wit = winEL Ul =[x e uf dist (v, BY) > 6

we can find k., such that U~' ¢ W/™! for k > k.. Thus we finished the induction
proofs.
Since Uf C W,f and

Ef € QM(W/, M/, diam(W}), HY),

we get that
E{NUf e QMU!, M/, diam(UY), HY).

For any 6 > O fixed, we put Qs = {x € U, | dist(x, US) > 108}. E,f N Qs is a
bounded subset, indeed it is contained in B(0, R + 1). Since E,f N Qs is bounded,
and {B(x,8) | x € E{ N Qs} is a covering of Ef N Q, and each ball B(x, §) has
a fixed radius §, we can find a collection of finitely many balls {B(x;, §)}ic; which
is a covering of E,f N Qs; by the 5-covering lemma, see for example [15, Theorem
2.1], we can find a subset J C [ such that B(x;,,8) N B(xj,,8) =¥ for ji, jo € J
with j; # j»,and
| BG&i. &) c | Bx;.56).

iel jeJ
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Since B(xj,,8) N B(x},,8) = ¥ for j;, jo € J, we have that
LU = Y LY(B(x;,8)),
jeJ

thus o
_ LU

#J .
w;, &"

By [6, Proposition 4.1], we have that
C71(58)" < HY(E! N B(x},58)) < C(58)",
o)

HUE;NQs) <> HUE{NB(x;,58) < ) _C(58)" <w,'L"(U)5'5"C.
jelJ jeJ

Applying [4, Theorem 3.4], we get that
HYE N Q) < 1}(mian’3(E,f N Q) < w, LL"(U)598 " C,
— 00
and dimyy E‘N Qs < £, hence dimy E* < £, thus Hd(Eg) =0.
We get that
JF(E\ B) = Jr(EY)
< liminf Jp(EY)
k— 00
< liminf Jr(E} \ B)
k— 00
< liminf(1 + 27 Jr(Ex \ B)
k— o0
= liminf Jp(Ex \ B)
k— 00
=m(6, F).
Since E € F, we have that
JF(E\ B) > m(%, F),

therefore
JF(E\ B) =m(%¢, F). O

The following proposition is taken from [18, Proposition 3.1].

Proposition 2.8. Ler B C R”" be a compact subset. For j = 1,2, ..., suppose
that S; C R" is a compact set with B C S, and that S; converges in Hausdorff
distance to a compact set S C R". Let L C ﬁk_l (B; G) be a subgroup such that
L C ker[-vlk_l(ig’gj). Then L C kerI:Ik_] (iB,s)-
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The proof of the proposition is essentially the same as the proof of [18, Propo-
sition 3.1], so we omit it.

Proof of Theorem 1.3. We only need to prove that 6., (B, G, L) satisfies the con-
ditions in Theorem 1.1.

For any Lipschitz map ¢ : R” — R” with ¢|p = idp, and any compact set
E € geey(B, G, L), we have ip y(g) = ¢ 0 ip g, thus

I:Id—l(iB,w(E))(L) = Hy—1(¢) o Hy—1(ip.)(L) =0,

this implies that
L e ker (Ha-1(ipg(e))

SO
@(E) € Cgoen(B, G, L).

For any sequence
{Ex}re) C Ceeen(B. G, L),

if Ey converges to E in Hausdorff distance for some compact set E C R", then by
Proposition 2.8, we get that

E € Gpoyy(B, G, L).

The class %(Vjech(B , G, L) satisfies the two conditions in Theorem 1.1, thus we can
find a compact set E € ‘Kéech(B , G, L) such that

Jr(E\ B) = m(6xyy,(B, G, L), F). 0

Proof of Theorem 1.4. We will show that e (B, G, L) satisfies the two condi-
tions in Theorem 1.1. It is fairly easy to verify the first condition, so we omit the
details of this point.

Let {E,}02 | C CHee(B, G, L) be a sequence of compact sets such that E,, —

E in Hausdorff distance for some compact sets £ C R". We put
X, = (U Ek> U E.
k>n

By [17, Lemma 3], we know that X,, € Gfee(B, G, L), then we apply [17, Lemma
o0

4], and we get that £ = ﬁan € Ghee(B, G, L). O
n=
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