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The geometry of Grassmannian manifolds and Bernstein-type
theorems for higher codimension

JURGEN JOST, YUAN LONG XIN AND LING YANG

Abstract. This paper continues the line of research where one shows a Bernstein-
type theorem, namely, that a complete minimal submanifold of a Euclidean space
has to be affine linear, by proving that its Gauss map is constant. This Gauss map
is a harmonic map into some Grassmann manifold. Therefore, we need geometric
conditions on the target of the Gauss map which imply that, being harmonic, it
has to be constant. For this purpose, we identify a region W 1 in a Grassmann
manifold Gy, , not covered by a usual matrix coordinate chart, with the following
important property. For a complete n—submanifold M of R"T" with n > 3,
and m > 2, with paralle]l mean curvature whose image under the Gauss map
is contained in a compact subset K C W C Gy, we can construct strongly
subharmonic functions on M and derive a psri()ri estimates for the harmonic Gauss
map, to eventually show that it is constant. While we do not know yet how close
our region is to being optimal in this respect, it is substantially larger than what
could be achieved previously with other methods. Consequently, this enables us
to obtain substantially stronger Bernstein-type theorems in higher codimension
than previously known. We also provide some new explicit computations for the
example of Lawson and Osserman [18].

Mathematics Subject Classification (2010): 58E20 (primary); 53A10 (sec-
ondary).

1. Introduction

The classical Bernstein theorem states that any complete minimal graph M? in R3
has to be an affine plane. Equivalently, all tangent planes are parallel to each other,
and the Gauss map y : M — S? is constant. This scheme extends to higher
dimensions, that is, minimal graphs in R"*!, although the result becomes somewhat
weaker for n > 7. In this work, we are interested in such a scheme for higher
codimensional minimal submanifolds of Euclidean space.
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We now make this more precise. Let M" be a complete n-dimensional sub-
manifold of Euclidean space R"*". The Grassmann manifold G, ,, is the target
manifold of the Gauss map y : M — G, that assigns to each point of M the
direction of its tangent space in Rt By the Ruh-Vilms theorem [20] the Gauss
map is a harmonic map into the Grassmann manifold if and only if M has parallel
mean curvature. In particular, the Gauss map is harmonic for minimal submanifolds
of Euclidean space. When m = 1, the Grassmann manifold reduces to the sphere
S", and investigating the Gauss map has identified many conditions under which a
minimal submanifold has to be affine. In this scheme, the key is to show that the
Gauss map is constant. The aim of the present paper then is to obtain Bernstein-type
result for higher codimension by using the geometric properties of the Grassmann
manifolds G, ,, and studying the corresponding harmonic Gauss maps into Gy .

This method was introduced by Hildebrandt-Jost-Widman [13]. The distance

function from a fixed point Py € Gy, in a geodesic ball of radius 47{ and centered

at Py is convex. Using this fact one obtains a strongly subharmonic function on M
by composing the distance function with the Gauss map y under the assumption that
the image of the Gauss map is contained in a closed subset of the geodesic convex
ball. Suppressing some basic technical difficulties in this introduction, an applica-
tion of the maximum principle should then yield that this subharmonic function is
constant, and hence so then is the Gauss map. Using this local convex geometry of
Grassmann manifolds and advanced harmonic map regularity theory to overcome
the indicated technical difficulties, Hildebrandt-Jost-Widman obtained Bernstein-
type results for higher dimension and codimension. Somehow, however, while a

geodesic ball of radius %n is the largest convex ball form > 2 (form = 1, we

can take the ball of the radius %n, that is, a hemisphere), it is not the largest convex
set, and therefore the result of [13] is not yet the best possible, and there seems op-
portunity for improvement. In [15], then, the largest such geodesic convex set was
found, and stronger results were obtained. But, as we shall explore here, there is
still further opportunity for improvement, via a deeper understanding of the convex
geometry of Grassmann manifolds.

Since the geometry of general Grassmann manifolds is not as easy to visual-
ize as the one for the special case m = 1 where the Grassmannian reduces to the
sphere S”, let us briefly discuss the situation for the latter. In general, the domain
of a strictly convex function cannot contain any closed geodesic, and therefore, a
closed hemipshere in S cannot support a strictly convex function. Thus, no ball
with a radius > 7 can support a strictly convex function. Nevertheless, there exist
larger open sets that contain an open hemisphere, but still do not contain any closed
geodesic. In fact,on § 2, we can take the complement U of a semicircle. In [16], we
have shown that any compact subset of U supports a strictly convex function. (It is,
however, not true that this convex supporting property holds for any open subset of
S" containing no closed geodesic.) First of all, this inspires us to look for such con-
vex supporting sets in general Grassmann manifolds. Secondly, the reason why we
need convex functions is that the postcomposition of a harmonic map (in our case,
the Gauss map of a minimal submanifold) with a convex function is subharmonic
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so that we can apply the maximum principle. When suitable technical conditions
are met (their verification is part of our technical achievements), this tells us that
the composition, being subharmonic, is constant. When the function is nontrivial,
we can then conclude that the Gauss map itself is constant. Bingo — the minimal
submanifold is affine! Now, however, it might happen that the postcomposition
of the Gauss map with a function F turns out to be subharmonic without F being
convex. Here, the more subtle geometry of the Grassmann manifolds for m > 2
enters. An intuition about the geometry comes from the following observation. We
can rotate the plane e; A e in R* either into the plane e; A e3 or into the plane
e3 A e4. Each of these rotations yields a geodesic arc in G2 2. However, these two
geodesics stop diverging from their neighboring geodesics at different distances

(“/Tzrr VS. %) (equivalently, the first conjugate point is reached after a distance of
471 vs. 1), and therefore, a maximal geodesically convex set is larger than a ball

3

of radius szr. While this geometric intuition will be important for the present pa-
per, nevertheless, due to more subtle features of Grassmannian geometry, we can
construct suitable functions that are no longer convex, but still give the required sub-
harmonicity on even larger sets than such maximal geodesically convex sets. The
function that we use is defined in a geometric manner from the Pliicker embedding,
or equivalently, in terms of Jordan angles. It is designed to take into account the
phenomenon just described, namely that rotations of subspaces of Euclidean space
are geometrically different depending on how many independent normal directions
are involved. Again, this is a feature particular for m > 2, not yet apparent on a
sphere. In fact, and this is a main point of this paper, we shall find such functions F
here, defined on larger subsets of G, _, than in previous work (as we shall explain
in more detail below, these subsets are larger and more natural than the ones iden-
tified in our previous work [17]). Therefore, we can obtain a larger possible range
of the Gauss map of a minimal submanifold that still implies that it is constant.
Thus, we obtain stronger Bernstein-type results than previously known. Actually,
our approach, being quantitative, also yields estimates for the second fundamental
form of minimal submanifolds under suitable geometric conditions.

Of course, there are limits how far one can push Bernstein theorems in higher
codimension. For codimension 1, we have Moser’s theorem [19] that any entire
minimal graph with bounded slope is affine linear (for n < 7, the bounded slope
condition is not needed — this is Simons’ theorem [21]). In higher codimensions,
the situation is not so good. After all, there is the important example of Lawson-
Osserman [18] of a nontrivial minimal graph (to be analyzed in detail in the Ap-
pendix of the present paper) of bounded slope that sets a limit for how far one can
go. The ultimate aim then is to narrow the gap between the range of Bernstein the-
orems and the counterexamples as far as possible. Our paper is a further step in this
direction, improving our previous result from [17]. We do not know yet whether
one can still go further, or whether there exist even more striking examples than the
one of [18].

One more remark: Most of what we do in this paper holds for submanifolds
of parallel mean curvature, and not only for those of vanishing mean curvature, the
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minimal ones. Since, however, according to mathematical tradition, the minimal
submanifolds are the most interesting ones, in this introduction, we mostly restrict
ourselves to discuss those minimal ones in place of the more general ones of parallel
mean curvature.

Let us now describe the results in more precise terms. The Grassmann mani-
fold Gy, ;» can be imbedded into Euclidean space by the Pliicker imbedding. This
simply means that we consider an oriented n-plane in R"*™ as an element of
A™(R"™) . In this space, we also have a scalar product. We then can introduce
suitable functions, called w-functions and v-functions, on G ;,. The w-function is
simply given by the above scalar product with some fixed reference n-plane, and
v is the inverse of w. By precomposition with the Gauss map, we then get corre-
sponding functions on M. The region of convexity for the v-function is the same
as for the corresponding distance function [26], but in our previous work [17] we
have already found that there is a larger region in G,_,, on which the v-function is
no longer convex, but where its composition with the Gauss map is still strongly
subharmonic by rather delicate estimates. We then obtain the following:

Theorem 1.1 ([17]). Let z% = f"‘(xl, oo xY), fora =1, ..., m, be smooth func-
tions defined everywhere in R", with n > 3, and m > 2. Suppose their graph
M = (x, f(x)) is a submanifold with parallel mean curvature in R"*™  and there
exists a number By < 3 such that

8 Ola o %
Ap= |:det (3,-_,- +> 8’; a%)} < Bo. (1.1)

Then f',..., f™ have to be affine linear, i.e., they represent an affine n-plane.

Note that, for this graphical situation, the quantity Ay corresponds to the v-
function of tangent n-planes with respect to the coordinate n-plane {x,,1| = --- =
Xn+m = O}

In our previous work (see [15,17,25,26]) the image under the Gauss map
for a submanifold of Euclidean space is contained in an (n x m)—matrix chart
for a Grassmann manifold. There is, however, still further room for improvement,
and here, we consider a more general situation. Recall that a Grassmann manifold
can be viewed as a minimal submanifold of the Euclidean sphere via the Pliicker
imbedding. This leads us to employ a technique from our previous work [16] for the
case of codimension m = 1, where the convex geometry of the Euclidean sphere
has been thoroughly investigated.

We shall introduce new notions of S-orthogonality and of S-maps on a Grass-
mann manifold. Let P, O € G, , be S—orthogonal to each other. This means
that their intersection is of dimension n — 1 and one is obtained from the other by
rotating a single tangent vector into a normal direction by an angle of 7. Using the

w-function we define an S-map .%: G,,,, — D relative to P and Q. This is a map

onto the closed unit disk. It associates to S € G, the point in D with coordinates
given by the w-function respectively with P and Q.
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Define
W, =7 (D\(De U{(@.0) :a 0})), (12)

with D, = {(xl,xz) eR?: x12 +xz2 < cz}.
Now, for our method to apply, the image of our Gauss map can be any compact
subset of W, . This is a global region in G, ;, that is not contained in any matrix

coordinate cﬁart. More precisely, even when the Gauss image is somewhat larger,
we still can find subharmonic functions on our submanifold by combining some
tricks in our previous work in [16] and [17]. In this way, we obtain the following
Bernstein-type theorem that improves [17]:

Theorem 1.2. Let 7% = f“(xl, XM, fora = 1,...,m, be smooth functions
defined everywhere in R" with n > 3, and m > 2, such that their graph M =
(x, f(x)) is a submanifold with parallel mean curvature in R"*™™ . Suppose that
there exist fy < +o00 and B < 3, such that

Af* 0f*\13
Ag = det (8 I <o 13
f e 1]"‘;8)([ axJ _,30 (1.3)
and for certain o and i
Af*\2\2
Ar=pl ) 14
r<h +(8xl) (1.4)
Then f', ..., f™ have to be affine linear (representing an affine n-plane).

In fact, we can prove more general results, namely for minimal submanifolds
satifying the so-called DVP-condition (see Theorem 6.9 in Section 6), but the pre-
ceding statement perhaps best highlights the main achievement of this paper.

In the Appendix we see that for the Lawson-Osserman cone the v—function is
the constant 9. The Jordan angles between the Gauss image of this cone and the

. af? 2 %
coordinate n— plane are constant. The term (1 + 3T reaches +/6, corre-

sponding to the largest Jordan angle. Hence the Lawson-Osserman example shows
that the Theorem 1.2 cannot hold with 8; = % ~3.7.

The paper is organized as follows. We will describe in Section 2 that the ba-
sic geometry of Grassmann manifolds and define S-orthogonality and S-maps and
show their properties. Section 3 will be devoted to the computation of A logw.
For the general case the results come from [26]. We also compute it for minimal
submanifolds with rank of the Gauss map less than or equal 2. We obtain a for-
mula more general than that in [6]. In Section 4 we will construct subharmonic
functions F on our submanifolds by using the techniques in [16]. The level sets
of F coincide with those of logw. We first prove an important transition lemma
(Lemma 4.3). Then, we can estimate Hess F' in terms of Hess log w, which is al-
ready computed in the previous section. Once we have subharmonic functions, the
extrinsic rigidity results for compact minimal submanifolds in the sphere (Theo-
rem 4.8) follows immediately. Using strongly subharmonic functions we can also
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study complete submanifolds in Euclidean space by using harmonic map regularity
theory, as Hildebrandt-Jost-Widman in [13]. In Section 5 we will obtain curvature
estimates (Lemma 5.5 ). In Section 6 the iteration method will be used and the quan-
titatively controlled Gauss image shrinking properties will be obtained (see Lemma
6.6-6.7). Finally, in this section we prove our main results, Theorem 6.9 and The-
orem 6.10 of which Theorem 1.2 is a direct corollary. Finally, in the Appendix,
we provide computations for the Lawson-Osserman cone and related coassociated
4—manifolds in R”.

2. Geometry of Grassmann manifolds

Let G, be the Grassmann manifold consisting of the oriented linear n-subspaces
of the (n+m)-Euclidean space R"*" . The canonical Riemannian structure on G, _,
makes it a natural generalization of the Euclidean sphere. Moreover G, , =S O (n+
m)/SO(n) x SO(m) is an irreducible symmetric space of compact type.

For every P € Gy, ;, we choose an oriented basis {u1, ..., u,} of P, and let

Y(P)i=uy A Aup € A" (R'). (2.1)

A different basis for P shall give a different exterior product, but the two products
differ only by a positive scalar; v (P) is called the Pliicker coordinate of P, which
is a homogenous coordinate.

Via the Pliicker embedding, G, ,, can be viewed as a submanifold of some
Euclidean space RN (N = C!,). The restriction of the Euclidean inner product is

denoted by w : G, ;n X Gy — R
(W (P), ¥(0Q))
(W (P), ¥ (P)2(Y(Q), ¥(0Q))?

If {e1, ..., e,} is an oriented orthonormal basis of P and { f1, ..., f,} is an oriented
orthonormal basis of Q, then

w(P, Q) =

2.2)

w(P, Q) =(e1t A= New, fi A=+ A fn) =detW
with the W-matrix W = ({e;, f;)). It is well-known that
wliw =o0TA0

with an orthogonal matrix O and
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Here each 0 < “12 < 1. Putting p := min{m, n}, then at most p elements in
{ u%, ceey ,u%} are not equal to 1. Without loss of generality, we can assume u? =1
whenever i > p. We also note that the /j,iz can be expressed as

1

- 23
1+ -

ui

with A; € [0, 4-00).
The Jordan angles between P and Q are critical values of the angle 6 between
a nonzero vector i in P and its orthogonal projection u* in Q as u runs through
P. Let 6; be a Jordan angle between P and Q determined by a unit vector ¢; and
its projection e} in Q, we call ¢; an angle direction of P relative to Q, and the 2-
plane spanned by e; and e; an angle 2-plane between P and Q (see [22]). A direct

calculation shows there are n Jordan angles 0y, ...,6,,with0,,1 =--- =0, =0
and
0; = arccos(u;) 1 <i<p.
Thus .
1
|lw| = (det(WTW))z = det(A)% = l_[cos 0; 24
i=1
and (2.3) becomes
Ai = tand;. (2.5)
If w(P, Q) > 0, arrange all the Jordan angles between P and Q as
%>91 0= 20 >0y ==0,=0
with0 <r < p. (If6; = % for some i, then (2.4) implies w(P, Q) = 0, which
contradicts w(P, Q) > 0.) Then one can find an orthonormal basis {eq, ..., €;+m}
of R"™ 'such that P is spanned by {ey, ..., e,}, which are angle directions of P

relative to Q, and {e; A e,4; : 1 < i < r} are angle 2-planes between P and Q.
Denote

O;e; inbie,v; 1<i<r,
£ {cos ie; + sinb; e,y <i _;-f 2.6)
e r+1<i<n
and
—sin 6, 6 l<a<r,
Frra = { s byey + cosbyepntqo <ua=<r ' Q2.7
en+o r+l<a=<m,
then {f1, ..., fu+m] is also an orthonormal basis of R"™™ and fi A--- A f,isa

Pliicker coordinate of Q.
The distance between P and Q is defined by

d(P, Q)= 6% (2.8)

It is a natural generalization of the canonical distance of Euclidean spheres.
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Now we fix Py € G, . We represent it by n vectors €;, which are comple-
mented by m vectors €,4,. Denote

U:={P e Gynm:w(P, P) >0} 2.9)
We can span an arbitrary P € U by n vectors e;:
ei =€ + Zig€nta- (2.10)

Here Z = (Z;y) could be regarded as the (n x m)-matrix coordinate of P. The
canonical Riemannian metric in U can be described as

—1 —1
ds? = tr ((1n + ZZT) dz (Im 4 ZTZ> dZT> , @2.11)

where [, (respectively I,,) denotes the (m x m)-identity (respectively n x n) matrix.
In [23, Section 7.1] it is shown that (2.11) can be derived from (2.8).
Here and in the sequel, we use the summation convention and agree on the
ranges of indices:
l<a,B<m,1<ijk<n.

We shall now introduce the new concepts of S-orthogonal and S-map, which will
play a crucial role for our investigations.

Proposition 2.1. For any P, Q € G, p, the following statements are equivalent:

(@) dim(PNQ)=n—1and w(P, Q) =0;

(b) dm(P+Q)=n+1and w(P, Q) =0,where P+Q ={u+v:uec P,v e
o},

(c) There exists a single Jordan angle between P and Q being %, and the other
(n — 1) Jordan angles are all O;

(d) Q is the nearest point to P in dU, where U is the (n x m)-matrix coordinate
chart centered at P;

(e) There exists an orthonormal basis {e;, e, 1o} of R"™ such that the Pliicker
coordinates of P and Q are e; ANex A -+ ANe, and epp1 ANexy A - A ey,
respectively.

Proof.

(a)<=(b) follows from dim(P + Q) = dim P 4 dim Q — dim(P N Q).

(a)<=(c) is an immediate corollary of the definition of Jordan angles and (2.4).
dU consists of all S € G, , satisfying w(P, §) = 0; it follows from (2.4) that

at least 1 Jordan angle between S and P is %; hence one can obtain

d(P,S) > % forall S € 9U

from (2.8), and the equality holds if and only if the other (n — 1) Jordan angles all
vanish. Hence (¢)<=(d).

(e)==(a) is trivial. To prove (a)==(e), it suffices to choose {e2, ..., e,} as an
orthonormal basis of P N Q, and put e; (or e,+1) to be the unit vector in P (or Q)
that is orthogonal to P N Q. O
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Definition 2.2. Two points P and Q in a Grassmann manifold are called S-orthog-
onal, if they satisfy one of the properties in Proposition 2.1.

Remark 2.3. There is only one Jordan angle between any two points in the sphere
S". If it equals 7, they are orthogonal each other. The notion of S-orthogonal is a
natural generalization of orthogonality in S”.

Let P, Q € Gj ;, be S-orthogonal. By Proposition 2.1, there exists an or-
thonormal basis {e;, 14} of R such that ¥ (P) = e; Aex A --- A e, and
Y(Q) = epy1 Aea A Aep. Lety @ R/2rnZ) — Gy be a closed curve,
such that y (¢) is spanned by {cost e + sint e,1, €2, ..., e,}. Then whenever
[t —s| < % there exists one and only one Jordan angle between y (¢) and y (s)
being |t — s|, and the other Jordan angles are all 0; hence by (2'8)7’1

diy(@),y(s)) =t —s], whenever |t — s| < 7

It implies y is the closed geodesic that is extended from the minimal geodesic be-
tween P and Q. In the following, we write P; = y (¢); in particular, Py = P and

Pz = Q.
2
The S-map .7 : G, n — R? is defined by

S > (w(s, Po), w (S, P%» . 2.12)

If there exists a nonzero vector in Py N P% orthogonal to S, then w(S, Py) =
w(S, P%) = 0, and hence AS) = 0. Otherwise, the orthogonal projection p
from Py N P% to S has rank n — 1, which enables us to find a unit vector f; in
S which is orthogonal to the (n — 1)-dimensional projective image p(Po N Pz).
Certainly, one can get

w(S, Po) = (f1,en)w (P (PoﬂP%> , PoN P%),

(2.13)
w(s, Py) = {(fienrthw (p (P00 Py ). PoN Pg).
It follows that
w(S, Po) + w’(S, Pg) < (fi,e1)* + (fi,en+1)? < 1

and the equality holds if and only if p(PoﬂP%) = POHP% and f] € span{ey, e;41};
i.e. S = P, for some ¢t € [—m, w). Hence .”is a smooth map onto the closed unit

2-disk . Although .# is not one-to-one, any point on dID has one and only one
preimage. For simplicity we write

xp =w(, Py), xy =w(, Pzr). (2.14)
Then from (2.13) one can obtain

(cost x1+sint x2)(S)=cost w S, Py +sint w (S, P%)

= (f1,cost e;+sint e 41)w (p(PO N P%>, PyN p%> (2.15)
== w(S, P[)
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3. Laplacian of log w

Let M" — M"™ be an isometric immersion with second fundamental form B,
which can be viewed as a cross-section of the vector bundle Hom(®2T M, N M)
over M, where TM and NM denote the tangent bundle and the normal bundle
along M, respectively. The connection on T M and NM (denoted by V) can be
induced naturally from the Levi-Civita connection on M (denoted by V). We define
the mean curvature H as the trace of the second fundamental form. It is a normal
vector field on M in M. If VH = 0, we say M has parallel mean curvature;
moreover if H vanishes on M everywhere, it is called a minimal submanifold.

The second fundamental form, the curvature tensor of the submanifold (de-
noted by R), the curvature tensor of the normal bundle (denoted by R™) and that
of the ambient manifold (denoted by R) satisfy the Gauss equations, the Codazzi
equations and the Ricci equations (see [23] for details, for example). Here and in
the sequel, {e;} denotes a local orthonormal tangent frame field and {v,} is a local
orthonormal normal frame field of M

ha,ij == (B(ei, €j), vq)

are the coefficients of the second fundamental form B of M in M.

Now we consider a submanifold M" in Euclidean space R"*" with parallel
mean curvature.

Let 0 be the origin of R"*™ SO (n + m) be the Lie group consisting of all or-
thonormal frames (0; e;,vy). TF:{(x; el,....,ey) :x € M,e; € TyM, (e;,ej)=
8,-./} be the principal bundle of orthonormal tangent frames over M, and NF =
{(x; Vi,...,Vp) : X € M,vy, € Ny:M } be the principal bundle of orthonormal
normal frames over M. Then 7 : TF & NF — M is the projection with fiber
SO(n) x SO(m).

The Gauss map y : M — Gy, 4, is defined by

y(x)=TM ¢ Gn,m

via the parallel translation in R"*" for every p € M. Then the following diagram
commutes

TFONF —— SO +m)

| 8
M  —L5  Gum
where i denotes the inclusion map and 7 : SO (n + m) — Gy, is defined by
0; ei,vy) > e1 A--- Aep.

From the above diagram we know that the energy density of the Gauss map is given
by (see Section 3.1 of [23])

1 1,
e(y) = 5 (yxei, y«ei) = EIBI .
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Ruh-Vilms proved that the mean curvature vector of M is parallel if and only if its
Gauss map is a harmonic map [20].
Let Py be a fixed n-plane in G, ,,. We define

w:=w(, P oy. 3.1

Let {&;} be an orthonormal basis of Py,then w = (e A --- Aey, €1 A--- Agy) at
every point x € M. From the Codazzi equations, we shall now get basic formulas
for the function w.

Lemma 3.1 ([6,24]). If M is a submanifold of R"*™, then
Ve, w = hgijleja, €1 A+ Néep) 3.2)

with
Cjg =€ AN~ AVygA---Ney 3.3)

that is obtained by replacing e by vy in ey A --- A e,. Moreover if M has parallel
mean curvature, then

Aw=—[BPw+Y Y haijhpilejaipe1 A Aen) (34
i a#B,jFk

with
Cjakf =€ N ANVg A=~ AVgA---Aey 3.5

that is obtained by replacing e by vy and ey by vgin ey A --- A ey, respectively.

In our main Theorem there are two different statement: the general case and the
special case. The latter allows a weaker assumption on the range of the Gauss map.
In the following we prove Proposition 3.3 for the special case and Proposition 3.5
for the general case.

Firstly, we compute A log w under the additional assumption that H = 0 and
the rank of the Gauss map y is at most 2. Without loss of generality, one can assume
h;?‘]. = O wheneveri > 3 or j > 3. Then, we need to calculate (e14,28, e1 A+ - A&y).
The following identity shall play an important role.

Lemma 3.2. Let A = €1 A --- A &, be the Pliicker coordinate of Py, then for any
distinct indices a, B,

(er A ANep, A)(era,28, A) — (e1a, A)(e2p, A) + (e1p, A)(e2q, A) = 0. (3.0)

Proof. Let O € G2 ;42 spanned by {e; : 3 <i < n}. If there is a nonzero vector
in Q which is orthogonal to the n-dimensional space Py spanned by {g;}, then by
the definition of the inner product on A" (IR”*™) all the terms on the left hand side
of (3.6) equal 0 and (3.6) trivially holds true.

Otherwise the orthogonal projection p : Q — Py has rank n — 2. Without loss
of generality we assume p(Q) is spanned by {g; : 3 < i < n}; the Jordan angles
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between Q and p(Q) are denoted by 65, ..., 6,; and 6; is determined by ¢; and ¢;.
Hence (e;, €j) = cos 6;8;; whenever i > 3, and moreover

(e1,€1) (e1, &2) %

(e2,€1) (e2, &2)

(et A+ Nep, A) = cos 63
0 3.7)
cos G,
n
= ({e1 Ne, &1 N &) ]_[cosei
i=3
Similarly,
n
(e1a,28- A) = (vo A g, €1 A&2) [ [cost; (3.8)
i=3
and
n
(1. A) = (vy Aez,e1 Aea) [ [costy (3.9)
i=3
n
(e2y, A) = (e1 A vy, €1 A &2) Hcos 0; (3.10)
i=3

for y = o or . A direct calculation shows

(e1 Nex, g1 Nea){(vg Avg, 1 ANea) — (Vo Aep, 81 AEr)er Avg, 1 A &)
+ (Uﬁ ANep, €1 NEd)(er AVy, &1 A &)
= +(e1, e1)(e2, &2) (va, €1)(vg, €2) + (€2, €1)(e1, €2) (vg, €1)(Vy, €2)
— (e1, e1)(e2, £2) (v, €1)(vq, €2) — (€2, €1)(e1, €2) (Va, €1)(Vg, £2)
— (e1, e1)(e2, &2) (Va, €1)(vg, €2) — (e2, €1)(e1, €2) (v, €1) (Va, €2) (3.11)
+ (e1, &2)(e2, £2) (Vu, €1)(vg, €1) + (e1, £1) (€2, €1) (Va, €2) (v, €2)
+ (e1, €1)(e2, €2)(vg, €1) (Va, €2) + (€2, e1)(e1, £2) (Vo €1) (Vg, €2)
— (e1, &2)(e2, £2) (Va, €1)(vg, €1) — (e1, €1)(e2, €1) (Va, €2)(vg, €2)

=0.
From (3.7)-(3.11), (3.6) immediately follows. O

Now H = 0 implies 0 = hy ;j = hg 11 + he,22 forevery 1 < o < m, thus

ha,ithg.i2 =hg,11hp 12 + ha21hp 22

(3.12)
= — hg22hg 12 — ha21hpg 11 = —ha,i2hg, i1
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and in particular sy ;154 ;2 = 0. Therefore (3.4) can be rewritten as

Aw = —|B[*w + Z haithgi2(€1a,28, A) + Z ha,i2hg.i1(e1p,2a, A)

i a#p a#B (3.13)
= —|B["w + Zzha,ilhﬂ,iz(em,zﬁ, A).
a?ﬁ
By (32),
IVwl> = [Ve,wl* = haijhpik(eja. A)lers. A). (3.14)
i

With the aid of (3.6) and (3.12) one can get

wAw—|Vw|? = —|BPPw? + 2hg i1hgi2ler A -+ A en, A)(e1a.28, A)
— hgijhpik{eja, A){ekg, A)
:_|B|2w2+2ha,i1hﬁ,i2<(ela’A)(eZﬁ,A>_(elﬂ’A)(eZa»A»
— hg,ijhgikleja, A)lexs, A)
= —|B|*w? + 2hg ithg,iz{eia, A)leag, A) (3.15)
+ 2hg,i2hg.i1(ex, A)(e1p, A)
—hgithgit(eia, A)le1g, A) — ha,izhg.i2(ex, A)(e2p, A)
— hgithgiz(eia, A)leag, A) — hginhp i1{ex, A){e1p, A)

=—|BPw? =" (Z (ha,i1(e1as A) = ha,iz{e2, A))>2-

i o
Noting that A logw = w2 (wAw — |Vwl|?), we arrive at:

Proposition 3.3. Let M be a minimal submanifold of R"*™ , with the rank of Gauss
map at most 2. If w > 0 at a point, then locally

Alogw < —|BJ%. (3.16)

Remark 3.4. If N is a 2-dimensional minimal submanifold of S, then the cone
CM over M is a 3-dimensional minimal submanifold of R3t”. The rank of the
Gauss map from C M is no more than 2, as will be shown in the next section. Hence
Proposition 3.3 is a generalization of Proposition 2.2 in [6]. We note that Lemma
3.2 is also a generalization of Lemma 2.1 in [6].

Next, we consider the general case. For any x € M satisfying w(x) > 0, then
w(P, Py) > 0 with P = y(x). Let by, - - - , 6, be the Jordan angles between P and
Pp which are arranged as

%>91z.--zer>9r+1:.--:9n:0 (3.17)
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with 0 < r < min{n, m}. As shown in Section 2, one can find an orthonormal basis
{&i, eniq) of R™T™ such that ¥ (Py) = &1 A - -+ A &,; if we denote

o = {cos@iei +sinfiepy; 1 <1i 5;.’ (3.18)
& r+1<i<n
and
by = {—sin@asa +cosbyenta 1 <a<r (3.19)
Enta r+l<a<m

then {e;, vy} is also an orthonormal basis of R*™ and ¥ (P) =e1 A --- A ep.
Now we use the notation
vi=w! (3.20)

as in [26] and [17]; the function v is well-defined in a neighborhood of x. By a
direct calculation based on metric forms in terms of matrix coordinates (2.11), one
can derive

2 2,2
Av=v[B+v Y 203h%  + v Y Y hjhi (hjujhiik + heijhji) - (3.21)
ij i j#k
as in [17]; where A; = tan6; and hy;; = (B(e;, ¢j), vy). Grouping the terms

according to different types of the indices of the coefficients of the second funda-
mental form, one can proceed as in the proof of Proposition 3.1 in [17] to get

v AY > C1|B|2 whenever v < 8 for some 8 < 3. (3.22)

Noting that v = exp(— log w), one can immediately get:

Proposition 3.5. Let M be a submanifold of R"™™ with parallel mean curvature.
If there exists x € M and a positive number §, such that w(x) > % + 8, then

Alogw — |Vlogw|> < —C|B|*>  atx (3.23)

with a positive constant C| depending only on §.

4. Subharmonic functions and extrinsic rigidity problem
We already defined the S-map . : G, — D in Section 2. For every (x1,xp) €
]D>\{(a, 0):a < 0} that is obtained by deleting a radius from the disk, there exist

unique r € (0, 1] and 6 € (—m, ), such that

(x1,x2) = (rcos@,rsin0).
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Here r and 6 can be seen as smooth functions on .7} (ﬁ\{(a, 0):a < 0}) For
any ¢ € [0, 1), we put

W, = .7 (ﬁ\(@c U{@.0):a< o})), (4.1)

with D, = {(x1,x2) € R2:x?+4x3 < c2}, then the function  takes values between
cand 1 on W,.

Remark 4.1. If m = 1, then G, ,, = S" and Wy is the complement of a half-

equator gi_l; in particular, if n = 2, then Wy can be obtained by deleting half of a

great circle between 2 antipodal points from $2. It has been proved in [16] that Wy
is a maximal convex-supporting set in S”.

Remark 4.2. Obviously, P;, Pi1, € W, consist of an antipodal pair in G, ,, for
eacht € (—%, 0), which implies w(FP;, S) = —w(Pr4x, ) for arbitrary S € G, .
Hence W, cannot lie in an (n x m)-matrix coordinate chart centered at any point
of G, . Furthermore, they are conjugate to each other. Since the Grassmann
manifolds are simply connected symmetric spaces of compact type, the cut point
of P, along a geodesic coincides with the first conjugate point along the geodesic.
Therefore, W, contains a cut point of P; at least.

On W, there are smooth functions r and 6. As in the previous work (see
Section 3 in [16]), we concern a function F' constructed from r and 6 and we need
to estimate Hess F. Hopefully, the level set of F' = ¢ coincides with level set of
w(-, Py). For estimating Hess F in terms of Hess w(-, Py) we need the following
transition Lemma, which is crucial in our construction, but may also be useful in
other contexts.

Lemma 4.3. Let (N, h) be a Riemannian manifold, F be a smooth function on
N, and {H(-,t) : t € R} be a smooth family of smooth functions on N. Assume
that there are smooth real functions t(s) and l(s); for all s € R, the level set
F; .= {p € N : F(p) = s} coincides with {p € N : H(p, t(s)) = 1(s)};
VF and VH (-, t(s)) are nonzero normal vector fields on Fy, pointing in the same
direction. Then for arbitrary ¢ > 0, there exists a smooth nonpositive function A on
N, depending on &, such that

|VF]|

Hess F > m

Hess H(-,1(s)) —eh + AdF ® dF 4.2)

onN.

Proof. Forany s € R, Fs can be regarded as a hypersurface of N. Denote by V and
V¥ the Levi-Civita connection on N and Fj, respectively. We put v = %, then v
is the unit normal vector field on F§; and denote by B the second fundamental form

of Fyin N.
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For every X e T (Fy),

Hess F(X, X) = VxVxF — (VxX)F
= —(V4X)F — (B(X, X), v)(v, VF) 423)
— —|[VF|{B(X, X), v).

Similarly,
Hess H(-, 1(8))(X, X) = —|VH(-, 1(9))[(B(X, X), v). (4.4)
Hence
Hess F — &Hess H(-1(9)) ) (X, X)=0 forall X € T(Fy)
IVH(-, 1(5))] ’ ’ ’
4.5)
It implies the existence of a smooth 1-form w on N, such that
|VF|
Hess F — —————Hess H(-,1(s)) =0 ®dF +dF Q w (4.6
VH( )]

on Fy. Denote by w* the associated vector field of w with respect to &, i.e.

Y,w*) = w(Y) forallY € TN.

Then
(w®dF +dF @ w)(Y,Y)
=20(Y)dF(Y) = 20", Y)dF(Y) @.7)
> =2|*||Y|dF(Y) > —¢|Y|* — &' w*?dF (Y).

Letr = —g~! |a)*|2, then substituting (4.7) into (4.6) yields (4.2). ]

Given a compact subset K of W, there exists a positive number §, such that
r > ¢ + 28 on K. Hence the following function

8
F =60 — arccos (c + ) 4.8)

r

is well-defined on K. Once F'(S) = ¢, one can deduce that § — t = arccos("’rﬁ) €
(0, 3),and

c+6=r(cos(@ —t)) =r(costcosd + sint sinH)

= (cost x| +sint x2)(S) = w(S, P,). 4.9)

In other words, the level set F; of F overlaps with the level set {S € G, :
—logw(S, Py) = —log(c + §)}.
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To apply Lemma 4.3, we need gradient estimates for the functions —logw(-, Py)
and F along the common level set.

Let U be the matrix coordinate chart centered at P;. Recall that w(-, P;) has an
expression

w= [tr (1,, T ZZT> ]_1 (4.10)

in terms of matrix coordinates (see (2.10) and Section 2 in [26]). It is easily seen
that both w and the metric on U are invariant under SO (n) x S O (m)-actions. Hence
for any S € U, without loss of generality one can assume

Z(S) = (Aidiq) = (tanb;dq)
with {6;} being the Jordan angles between S and P;. As in [26], one can obtain

dw(, P)=— > aw(, P)oy  at$

l<i<p

with p = min{n, m} and {w;y} is the dual basis of {(1 —I—)Ll.z)% (1 —}—Ai)% Eia}, which
is an orthogonal basis of T5G, .. (Here E;, is the matrix with 1 in the intersection
of row i and column « and O otherwise.) Therefore

2
Viogw(. P)[*= Y a2 =p (w (. P)7— 1) @.11)
I<i<p
2
and the equality holds if and only if )L% =...= )% = w(-, P;)” ?» — 1. In particular,
on Iy,
2

Viogw(., )| = p ((c 18— 1) = Ca(p, 8). (4.12)

By (2.15),

Vw(-, P) =costVx| +sintVxy = costV(rcosf) + sintV(rsinf)
=cos(t —0)Vr +rsin(t — 0)VEO

and moreover by (4.9),

—Viogw(-, P) = —w™ (-, P)Vw(-, P) = —(c +8) " 'Vw(, P)

. (4.13)
= —r  Vr +tan(@ —t)VO

on F;. On the other hand, from (4.8) we have

1
c+8\2\ c+s
VF_V9_<1_< r )) r2 vr (4.14)

=V —r! cot(@ —t)Vr.
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Comparing (4.13) with (4.14) gives

—Vlogw(-, Py) =tan(d —t)VF. 4.15)
c+28 <r <1gives 8 —t = arccos (Crﬁ) € [arccos (chz‘sg), arccos(c+8)]; hence

—Vlogw(-, P;) and VF point in the same direction, and

[Viegw(-, Pyl V1—(c+8)?
— = —tan@ -t < — = (C3(5). 4.16
V| an( ) < o 3(8) (4.16)
Now we put H(-,t) = —logw(:, P;), then by (4.12) and (4.16), one can apply

Lemma 4.3 to get the following conclusion:

Proposition 4.4. For a compact set K C W, put § := % infx(r —c)and F := 6 —
arccos (Cri‘s), then for arbitrary ¢ > 0, there exists a smooth nonpositive function A

on K, depending on ¢, such that
Hess F > —C3_1Hess logw(:, P) —eg + AdF Q dF 4.17)

on the level set F;. Here g is the canonical metric on G, , and C3 is a positive
constant depending only on §.

Remark 4.5. Put

¢ (t)(aje; + byentq) =(ajcost + by sint)e; + (—ay sint + by cost)e,+1

+ Y aiei + ) buenta:

i>2 a>2

then t € R — ¢(¢) is a 1-parameter subgroup of SO (n 4+ m), which induces a
1-parameter isometry group of G, . Since w(-, -) is invariant under the action of
SO(n+ m),itis easily-seen that F; is the orbit of Fp under the action of ¢ (¢). This
observation can explain why the level sets of F' share similar properties in terms of
exterior geometry.

Combining Propositions 3.3-3.5 and Proposition 4.4, we can find a strongly
subharmonic function on a submanifold with parallel mean curvature under the as-
sumptions on the Gauss image.

Proposition 4.6. Let M be an oriented submanifold of R"*™ with parallel mean
curvature, if its Gauss image is contained in a compact subset K of W13, then
there exists a positive bounded function f on M, such that

Af > Ko|B)? (4.18)

with a positive constant Ko depending only on K. Moreover, if M is minimal and
the rank of the Gauss map is not larger than 2, then the above conclusion still holds
when W1 3 is replaced by Wy.
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Proof. We only prove the general case, since the proof for the case with the addi-
tional assumption on the rank of the Gauss map is similar.

Using the definition of F in (4.8) with ¢ = % and combining (4.17) and (4.16)
gives

//Lal exp(uo F)Hessexp(uoF)
> — C; 'Hesslogw(-, P;) — eg + (A + j0)dF ® dF (4.19)
> — C; 'Hesslog w(-, P;)—eg+C; 2 |A+uold logw(-, P) @ dlog w(-, P,)

where (1o and ¢ are positive constants to be chosen. Define
J=exp(uoF)oy (4.20)

with y the Gauss map into K C W3, then using the composition formula yields

1o £ S =g exp(uoF) (Hess exp(io F) (viei, yeen) +d exp(uo F)(x (1)

> — Cy 'Hess logw(-, P)(yuei, ysei) — e{yuei, ysei)
2
+C3_2|)»+M0|Z(Ve,-|10gw(', Pz)0V|) 4.21)
i

=~ C;'A(logw(:, P) oy) — ¢l BI* + C5 2|
2
+ uoI‘V(IOg w(-, P)o )/))

on the level set {x € M : f(x) = exp(uot)}. Here {¢;} is an orthonormal basis
of the tangent space at the considered point of M, and 7(y) is the tension field of
the Gauss map, which is identically 0, due to the harmonicity of y. Since w(-, Py)
equals % + § everywhere on the level set F; (see (4.9)), one can apply Proposition
3.5 to obtain

2
A(logw(-, P)oy) — ‘V(]og w(, P) o y)’ < —Cy|BP (4.22)
with a positive constant C depending only on §. Substituting this into (4.21) yields
1 ,—1 -1 2 -2 —1 2
1y fTIAS 2 (€5 Cr =B + (€52 + ol = €51V (logw(, Py o )|

By letting ¢ := %C;lcl and o := supg |A| + C3 we arrive at (4.18) with Ko =
1 Cruo exp(uo infx F). O

We can immediately get the following Bernstein-type theorem with the aid of
the strongly subharmonic functions.
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Theorem 4.7. If M is a parabolic, oriented minimal surface in R*™, and if its
Gauss image is contained in a compact subset of Wo, then M has to be an affine
linear subspace.

Proof. One can find a strongly subharmonic function f on M satisfying (4.18)
by applying Proposition 4.6, since the mean curvature vector field vanishes and
the rank of the Gauss map is < 2. Since a parabolic surface cannot admit any
nonconstant bounded subharmonic function, f has to be constant; hence Af = 0
and moreover | B|> = 0, which means M is totally geodesic. O

We now study the extrinsic rigidity problem, initiated by J. Simons [21], find-
ing better conditions on the Gauss image for a compact minimal submanifold M in
S+ to be an equator.

As pointed out and utilized by J. Simons [21], the properties of the (minimal)
submanifolds M in the sphere are closely related to those of the cone C M generated
by M, which is the image under the map of M x [0, +00) — R"*"*! defined by
(x,1) — tx. To avoid the singularity + = 0, we also consider the truncated cone
C M, (¢ > 0) that is the image of M X (g, +00) under the same map.

We choose a local orthonormal frame field {e;, vy} of S along M, then by
parallel translating along rays issuing from the origin we obtain local vector fields
{E;} and {N,}; obviously E; = %e,- and NV, = %va. Let 7 be the unit tangent
vector along the rays, i.e. T = %, then {E;, Ny, 7} is a local orthonormal frame
field in R**"+1 and {E;, 7} is a frame field in C M.

Let B and B¢ denote the second fundamental form of M C S"™ and CM, C
Rr+mtl respectively. Then a straightforward calculation shows (see [21] or [23,
page 18])

(BC(Ei, Ej), No) = ;(B(ei, €j). V) (4.23)
and
B°(E;,t) = B°(t,t) =0. (4.24)

Hence C M, is a minimal submanifold of R"*”+1 if and only if M is a minimal
submanifold of $"*™.
The normal Gauss map yN : M — G041 1s defined by

yNx) = NeM

via parallel translation in R*t"*1 Let 5 be the natural isometry between Gutim
and G, ,+1 which maps each (n+ 1)-dimensional oriented linear subspace to its or-
thogonal complementary m-space. It is easily seen that the Gauss map y : CM, —
G41,m 18 a cone-like map; more precisely, for every ¢t € (¢, 400) and x € M,

(moy)tx) =y (x).

Thus y,7 = 0 and the rank of y at zx equals the rank of ¥V at x for all x € M and
any t € (g, +00).
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One can assume Ve; = 0 at the considered point without loss of generality,
then by computing (see [23] p.18),

1
Vgi Ej = —;5,‘{,"6 (425)

with V¢ the Levi-Civita connection on C M,. Let f be a cone-like real function on
C M., then

. e . 1 1, 1
Af =V Vi f = (VEENS = 5Ve Ve i+ Vif = 5AR. (426)

Here A€ is the Laplace-Beltrami operator on C M, and f is a function on M satis-
fying f(tx) = fi(x) forevery x € M and ¢ € (e, +00).

Based on the strongly subharmonic functions constructed in Proposition 4.6,
we can derive the following extrinsic rigidity result.

Theorem 4.8. Let M" be a compact, oriented minimal submanifold of S"*™,
P, O € Gy pn+1 that are S-orthogonal to each other. Assume

. N <2
w(N, P +w(N, @) > {0 Yranky™) =
3 otherwise

4.27)
holds for all normal m-vectors N of M, and there exists no point x € M, such that
w(N, Q) =0and w(N, P) < 0at x. Then M has to be an equator.

Proof. As above, we only give the proof for the general case without the assump-
tions on the rank of the Gauss map.
By the definition of n, we have

¥ (1(8)) = *(¥(S))

with ¢ denoting the Pliicker embedding and * being the Hodge star operator. x
keeps the inner product invariant, i.e.

(xA, *xB) = (A, B) for A, B € Am(Rn-i-m—H)‘

Hence
w(n(81),n($2)) =w(S1,82)  for S1, 8 € Guny1.

If S1, S, are S-orthogonal to each other, then w(S;, $2) = 0 and dim(S; N $p) =
m — 1, which implies w(n(Sl), r](Sz)) = 0 and dim (77(51) + n(Sz)) =n+m+
1 — dim(S; N $3) = n + 2, hence n(S1) and n(S7) are S-orthogonal to each other
(see Proposition 2.1).

Denote

Wy = {5 € Guirm : (S, 0(P)), w(S, () € D\([Dy U {(a,0) :a < 0})},
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then the assumption on the normal Gauss map y implies that the image under the
Gauss map of C M, is contained in a compact subset of W ,3. This enables us to
find a strongly subharmonic function f satisfying

A°f > Ko|B|%. (4.28)

Noting that f is the composition of the Gauss map y and a function on K, it should
be a cone-like function. Denote f; = f |, then combining (4.28), (4.26) and (4.23)
gives

Afi = t2A° f > Kot?|B°|> = Ko|B|*. (4.29)

Integrating both sides along M implies

0=/ Afl*lzKO/ |B|? * 1.
M M

Thus |B|? = 0 and M has to be totally geodesic. O

Remark 4.9. Obviously w(N, P) > 0 implies w(N, P)2+w(N, Q)2 > 0. Hence
for the case of dimension 2, our result is an improvement of extrinsic rigidity theo-
rems of Barbosa [2] and Fischer-Colbrie [6].

5. Curvature estimates

In this section, we shall give a brief summary on the curvature estimates of minimal
submanifolds satisfying the DVP-condition. The proofs are the same as in [16,17].

In the previous section, we have found a strongly subharmonic function f on
a submanifold M" C R"*™ with parallel mean curvature under the assumption on
the Gauss image. To make Stokes’ theorem applicable, we take a H »>-function 7
with compact support; multiplying  with both sides of (4.18) and then integrating
it along M gives

Ko [ 18801 = [ nagsi= [ (@vov - 0.V
M M M 5.1)

:—/ (Vn, Vf) * 1.
M

In order to obtain a priori estimates for | B|?, we have to choose a ‘good’ test func-
tion 7.

We shall use the Green test function technique employed in [12] and [13].
Unfortunately, this method cannot be applied for arbitrary noncompact Riemannian
manifolds. We have to impose a so-called DVP-condition as in [16].
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Definition 5.1. Let (M, g) be a Riemannian manifold (not necessarily complete)
satisfying:

(D) There is a distance function d on M, such that the metric topology induced by
d is equivalent to the Riemannian topology of M, and d(x, y) < r(x,y) for any
X,y € M, where r is the distance function induced by the metric tensor of M

(V) Let Bg(xo) = {x € M : d(x,x0) < R}, V(xo, R) = Vol(Bg(x)), then there
exists a positive constant K| not depending on R and xp, such that

V(x0,2R) < K1 V(x0, R) whenever Byr(xg) € M;

(P) For any xg € M and R > O satisfying Bgr(xg) € M, the following Neumann-
Poincaré inequality

/ lv— Dg|?* 1 §K2R2/ Vol % 1
Bg(xo) Bg(x0)

holds with vg denoting the average value of v in Br(xp) and K, being a positive
constant not depending on xo and R. Then we say that (M, g) satisfies a DVP-
condition.

Remark 52. If M = D"(r9) C R" (o € R") with metric g = g;jdx'dx/, and
the eigenvalues of (g;;) are uniformly bounded from below by a positive constant A
and from above by a positive constant u, then by denoting d(x, y) = A|x — y| with
| - | the standard Euclidean norm, we can show (M, g) satisfies the DVP-condition
with K| = (%")n and K, = 4n_2(%)n+2 (see [16]). Thus every Riemannian man-
ifold has a coordiate chart centered at any point that satisfies the DVP-condition.
Similarly, one can prove any simple manifold is a complete Riemannian manifold
satisfying the DVP-condition (see [16]). Other complete Riemannian manifolds sat-
isfying the DVP-condition include (M, g) with nonnegative Ricci curvature (see [4]
for the proof of the Neumann-Poincaré inequality) and area-minimizing embedded
hypersurfaces in R™*! (Here d is taken to be the extrinsic distance function, see [3]
for the proof of the Neumann-Poincaré inequality.)

Based on the DVP-condition, one can apply Moser’s iteration [19] to derive the
Harnack inequality for superharmonic functions on M, which implies the following
estimates:

Lemma 5.3 ([16, Corollary 4.1]). Let M be a Riemannian manifold satisfying a
DVP-condition, then there exists a constant Cy4 € (0, 1), only depending on K and
K>, such that

v+’§ < (1 —C4)v+,R+C4D§ 5.2

for any subharmonic function v on Bg(xo) (B2r(xo) € M). Here vy r denotes the
supremum of v on Br(xp).

Let €2 be an open domain of M and p > 0. Using the Lax-Milgram Theorem,
it is easy to prove that there is a unique H()I’Z(Q)—function G*(-, x), such that

/ (VGP(-,x), V) % | =][ By(x)¢  forany ¢ € H2(Q)  (53)
Q
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whenever B, (x) C 2. Here

Jp,09

G? is called the mollified Green function. As in [9] and [16], we can obtain a priori
estimates for mollified Green functions:

Lemma 5.4 ([16, Lemma 4.3]). Let (M, g) be a Riemannian manifold (dimension

> 3) satisfying a DVP-condition. Let xo € M and R > 0 satisfying Byg(xg) € M.
Denote ®
Vixg, 5

R — (x0, 3) .

22 (-, X0) (5.4)

with G2 being the mollified Green function on Bg(xg), then
Wk

wR

c1 on Bg(xo) (5.5)
c on B i (x0) (5.6)

IV IA

with c1 and c; denoting positive constants depending only on K| and K», not de-
pending on xg and R.
Choosing n = (w®)? as a test function in (5.1), we can derive the following
curvature estimates with the aid of Lemmas 5.3 and 5.4, which is a version of the
telescoping lemma of Giaquinta-Giusti [7]. See Section 4 in [16] and Section 4
in [17] for details.

Lemma 5.5 (Curvature estimates). Let M" be a submanifold of R"*™ (n > 3)
with parallel mean curvature. Assume there is a distance function d on M, the
metric ball Bag,(xo) defined by d satisfies the DVP-condition for some xo € M
and Ry € (0, +00], and the Gauss image of Bag,(xo0) is contained in a compact set
K C Wy/3. Then there exists a positive constant Cs, depending only on K, K1, K>,
such that for arbitrary R < Ry,

R2

— B> %1 <Cs(fr.r— f, &) (5.7)
V(-X:Oa R) B g (x0) * t2
2

with f being the strongly subharmonic function constructed in Proposition 4.6.
Moreover, there exists a positive constant C¢ depending only on K, K1, K>, such
that for arbitrary ¢ > 0, we can find R € [CXP(—C6€_1)R0, Ro], such that

R? )
_ |[B]“*x1 <e. (5.8)
V(x0, R) JBr(xo)

If M is a minimal submanifold with rank(y) < 2, then the condition on the Gauss
image can be relaxed to y (Bag,(x0)) C K C W).
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6. Gauss image shrinking lemmas and Bernstein-type theorems

Let u be a harmonic map from M and H be a smooth function on the target mani-
fold, then H ou defines a smooth function on M. Take a cut-off function  supported
in the interior of Br(x9),0 < n < 1,5 =1o0n B§ (xo) and |Vn| < coR~!; and

denote by G” the mollified Green function in Bg(xg). Then by Stokes’ theorem
/ div(nG”(-, x)V(H o u)) ¥x1=0 whenever B,(x) C Bgr(xp). (6.1)
Bg(x0)

After careful calculation as in [16] [17], we can arrive at a pointwise estimate for
H ou:

Proposition 6.1.  Let M be as in Lemma 5.5. Let u be a harmonic map of
Byg,(x0) C M into a convex domain V C R! with metric hijdx'dx’, such that

K3l€)” < &'hijEl < Kl
everywhere on V. Then for any smooth function H on 'V,

2 1
H ou(x) <H(iig) + C sup|VH|<7 \du? * 1)2
1% V(x0, R) JBr(x)

— liminf/ GP(,x)nA(H ou) x 1
B (x0)

o—0F

(6.2)

for all x € B% (x0) with R < Rg. Here iig € V (the closure of V) denotes the

average value of u in Bgr(xg) and C7 is a positive constant depending only on
K, K1, K>, K3, K4, but independent of H, xo and R.

If we take u to be the harmonic Gauss map, then |du|?> = |dy|*> = |B|*. We
shall make use of Lemma 5.5 to infer that the second term on the right-hand side of
(6.2) becomes arbitrarily small when R is sufficiently small. In order to prove the
Gauss image shrinking property as in [16,17] it remains to show that:

e W) is diffeomorphic to a convex domain in Euclidean space;

e For any given S € K C Wy,3, one can find a smooth function H, such that
H o y is a subharmonic function on Bg(xg), and the sublevel set (H <H (S))
is contained in a matrix coordinate chart of some point in G, .

In the sequel, x1, x3,r, 0, €;, e,4+4 and P; will be as in Section 4.

Lemma 6.2. There is a diffeomorphism ¢ = (¢1, ¢2) : Wo — (—m, w) x R#—1
defined by
S (61(5), 2(5)),

such that |
¢ =0, |¢2(S)| = L. (6.3)
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Proof. As shown in Section 4, 0 is a smooth (—, 7r)-valued function on Wy, and
we shall investigate the level sets of 6.
For any 7 € (—m, ), when 6(S) =t we have w(S, Pt+%) =0and w(S, P;) >0

by (2.15). Now we write y; = w(:, P;), y» = w(-, Pt+%>, then

Y1 = CO0St x| +sint x3 Y, = —sint x| + cost x. (64)

Denote U; = {S € Gum : w(S, P) > 0}. Let x; : Uy — My be the dif-
feomorphism mapping S € U; to its (n x m)-matrix coordinate, then the Pliicker
coordinate of S is

V(S = (fi+ Ziafava) Ao A(fn+ Zna fave)  WithZ = x,(S).  (6.5)

Here fi = cost e; +sint e;41, fu+1 = —sint e; +cost e,41, fi = ¢; forall 2 <
i <nand f14 = eptq forevery 2 < o < m. Noting that Y (P;) = fi A--- A fu
and Y (Priz) = furt A fa A A fu A direct calculation shows that for S € U;
(Y (S), ¥ (P))
1 1
(W (S), v (S 2{y(P), v (P))2

(W (S), ¥ (Pryz))
2(8) = w(S, P,+g) = : i : 6.7)
(U (), v (SN2 (Pryz), ¥(Priz))2

= Zu(, +227) 3.

Y1(S) = w(S, P) = — U, +2ZT)7,  (66)

Hence, y,(R) = 0 if and only if Z;; =0, i.e.
(SeWo:0(8) =t}=x"Z € Myxm : Z11 =0). (6.8)
A straightforward calculation gives

Vy) =cos(t —0)Vr 4 rsin(t — 0)Veo,
Vy, = —sin(t — 0)Vr +r cos(t — 0) V0.

Hence, along the level set (6 = ¢)
r=y, Vyi1=Vr, Vy=rV0.
Differentiating both sides of (6.7) and noting (6.8), we have
VO =r"'Vy =rIV(Zuy) = iVZu + ZuVy) = VZn, - (69)

whenever 6(S) = . In U, let Ejq be the matrix with 1 in the intersection of row i
and column « and O otherwise. Denote g;q, js = (Ei«, Ejg) and let (g"*7P) be the
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inverse matrix of (g;q, j8). A standard computation shows |V Zy; |2 = g'L Tt has
been shown in [26] that the eigenvalues of (g'%/#) are

{<1+Al~2><1+k§>:1§i§n,lSozfm}
with A; = tan6; and {0;} being the Jordan angles between S and P;. Hence

| < gl < r(l_la>)< ((1 +A,-2> (1 +x§)> <w e, P)=r%
1,0
ie.
1< |Vo)F <r ™ (6.10)

From (6.8) and (6.10), we see that 6 is a non-degenerate function on Wy, and each
level set of @ is diffeomorphic to R™ 1. T : M, »,, — M, defined by

7 > (det(l,, + 777y — 1)#l
(tr(zzT))?

1 1
obviously is a diffeomorphism. Note that here (tr(Z Z T)) 2 = (Zl o Ziza) 2 equals
the Euclidean norm of Z when Z is treated as a vector in R™”". Thus, T o y; is a
diffeomorphism between the level set (9 = ¢) and R”"~!, moreover

Toxl=w'C,P)—1=r"'—1
Therefore, ¢; = 0 and ¢ = T o x; are the required mappings. O

Now, we show there are sufficiently many subharmonic functions for Gauss
image shrinking process being possible. See Proposition 6.3 and Proposition 6.4
for the general case and the special case, respectively.

Proposition 6.3. For any c € (%, 1) and any compact subset © of (—m, ), there
exists a smooth family of nonnegative, smooth functions H(-,t)(t € ®) on

W, :={SeWy:r(S) >c,0() e 0},
such that:

(i) H(S,t) =0ifandonly if S = P;;
(i) H(S,t) < 1 (respectively H(S,t) < 1) if and only if w(S, P;) > 3¢+ 5
(respectively w(S, Py) > %c + 11—2);
(iii) For any submanifold M in R"™™ with parallel mean curvature, if the Gauss

image of M is contained in WC,@, then H(-,t) o y is a subharmonic function
on M forallt € ©.
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Proposition 6.4. For any ¢ € (0, 1) and any compact subset ® of (—x, ), there
exists a smooth family of nonnegative, smooth functions H(-,t)(t € ®) on W g,
such that:

(i) H(S,t) =0ifandonly if S = P;;

(i) H(S,t) < 1(or H(S,t) < 1) if and only if w(S, P;) > %c (or w(S, Py) >
%c); is a minimal submanifold of R"™™ with rank(y) < 2, then H(-,t) o y
is a subharmonic function on M for all t € © if the Gauss image of M is
contained in Wc,@.

Proof. We only prove Proposition 6.3, since the proof of Proposition 6.4 is similar.
Let ¢ be a smooth function on [0, +00) satisfying

ou) =0 ue[O,%—%c]
(p(u):u—%—}—%c u e [%—%c,—{—oo)
0<¢ =<1

Then one can define ¥ on WC,@ X (—m, ) x [0, +00) by

rcos(@ —t —o) +u—eu)—1 it o(S) >t

(S, 1,u) > {rcos(@ — o) +u— @) — 1 if6(S) < 1. (6.11)

Now we fix ¢ and denote W, (S, u) = W (S, t, u). For arbitrary S € Wc’@, we put
Iy = {u € [0, +00) : max{0, [0 — t| — 7} < () < |0 — t|},
then obviously Iy is a closed interval, I := [mg, Mg]. If 6(S) > ¢, then
W, =1—(1+rsin@ —t —e))e'u) >0

and the equality holds if and only if (1) = |§ —t| or |§ —¢t| — 7 and ¢’ (u) = 1;
which implies ¢(1) = mg or M. Thus

W (S,) >0 on (mg, Ms). (6.12)

Similarly (6.12) holds when 6(S) < t.
When |6(S) — t| < m, we have mg = 0 and hence

U, (S,mg) =rcos(@ —t)—1<0. (6.13)
Otherwise |60(S) — t| > m and mg satisfies ¢(mgs) = |0 — t| — , thus

Wi(S.ms) = —r +ms —p(ms) =1 < —r =14 lim_(u— ()
3 (6.14)

Here the first inequality follows from (u - (p(u))/ =1-—9¢'(u)>0.
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Obviously ¢(Mg) = |6 — t|. By definition, ¢ cannot be identically zero on a
neighborhood of Mg. Thus Mg > % — %C, and

11 3 1 1
v Mg) = Mg —oMs)—1>r—1+——-c>-c—— >0. (6.15
(S, Mg) =1 + Ms — p(Ms) r +12 12 (6.15)
By (6.12)-(6.15), for each S € WC,@, there exists a unique H = I:I(S, t) €
[ms, Ms), such that

W(S,t, H(S, 1)) = W,(S, H(S, 1)) = 0. (6.16)

Denote
- {(S, N eW.o x (—m,7): 0(S) £ t}; (6.17)

then W is obviously smooth on €2 x [0, —|—oo) Hence the implicit theorem implies
H is smooth on €. To show smoothness of H , it remains to prove that H is smooth
on a neighborhood of Q¢ = {(S,1) € W,.¢ x (=7, 7) : 6(S) = t}. Denote

A%

— 1 3
Qo :=1(S,) eW,p:w(S, P)>—+-c (6.18)

' 12 4
then Q¢ €  since 6(S) = timplies w(S,P) =r >c > 112 + 4c For all
(S,1) € Qo, 1-w(S, P,) < 1—({5+3¢) = 13—3cand hence p(1—w(S, P;)) = 0.

Noting that w(S, P;) > 0 implies |6 — t| < w, we have 1 — w(S, P;) € [ms, Ms),
and moreover

(S, 1—w(S, P)) =rcos(@ —1)+ (1 —w(S, P))—1=0.

Therefore 3
H(S,t)=1—w(S, P) for all (S, t) € Qo (6.19)

and the smoothness of H follows.
Now we put

_ 1 3
U, = {S (S WC,@ : UJ(S, Pt) > E + ZC}, (620)

then obviously 0 < H (5,1 < % — %c whenever S € U;. On the other hand, for
arbitrary S € WC,@\U,, one of the following two cases has to occur: (I) |6(S) —
t| > m; D) |60(S) —t| < 7 and w(S, P;) < 1—12 + %c. If Case (I) holds, then
ﬁ(S, 1) >mg > % — %c. For the second case, since

Y 13 0 t)+11 3 1 <0,
s, v 4c = r cos B 4c <
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one can deduce that H (S, t) > % — %c due to the monotonicity of W, with respect

to the u variable. Therefore

— ~ 11 3
UIZ{SGWC,G:H(Sat)fﬁ_ZC}' (621)

Similarly
, = ~ 11 3
int(Uy) =1SeW.p: H(S, 1) < i (6.22)

It is easily seen from (6.19) and (6.21) that

~ 1 3
HessH(-,t) > <E + ZC> (— Hesslog w(-, P;)

+dlogw(-, P;) ® dlogw(:, P,)) on U;.

(6.23)

For each a > % — %c and S ¢ WC’@ satisfying 6(S) > t, I:I(S, t) = a if and only
if
0=Y,(S,a)=rcos(@ —t —¢(a) +a—¢la) —1;

l.e.
w(S, Prip@) =1+¢(a) —a (6.24)
with
i—Féczl—l-r,o(a)—azl%— lim ((p(u)—u):l+lc> 1
12 4 u—+00 6 2 3
Hence

Nt = {S e Weo:0(S) >t H(S. 1) = a} (6.25)

overlaps the level set {S € Gyt —logw(S, Prig@) = —log(l +¢(a) — a)}.
From (6.16) we have ¥, := W (S, H(S, 1)) = 0. Differentiating both sides
implies
0=V,¥ =V, ¥, a)+ (HVY)V,H(,1)  onN, (6.26)

with v the unit normal vector field on N,Jfa. Noting that W, (-, a) = w(-, Pryy(a) —
(1 + ¢(a) —a) and 9, ¥; > 0, (6.26) tells us Vﬁ(-, t) and —Vlogw(:, Pryp(a))
are both nonzero normal vector fields on N;fa, pointing in the same direction. The
compactness of |_J a1 3, N;fa and ® implies the existence of a positive constant

Cg not depending on a and ¢, such that

VH(,t
IVHC. D >Cs onN,'. (6.27)
|V10gw(-, Pz+<p(a))| ’
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Hence applying Lemma 4.3 gives

Hess H(-,1) > —Cglogw(:, Piig@) — £8 (6.28)
+AdH(,1)®dH(-,1)  on N}, '

with g being the canonical metric on G, ,, € being a positive constant to be chosen
and A denoting a continuous nonpositive function depending on ¢.
Similarly,

N, ={SeW.o:0(5 <t H(S,t)=a) (6.29)

overlaps the level set {S € Gy : logw(S, P_y@w) = —log(l + ¢(a) — a)}

for each a > % - —c On it VH( t) and —Vlogw(:, P— (p(a)) are both nonzero
normal vector ﬁelds pointing in the same direction. Again using Lemma 4.2 yields

HessH (-, 1) = —Cglogw(-, Pr_y(a)) — £8 (6.30)
+AdH(, ) ®dH(,1)  onN,,. '

Let M be a submanifold of R**" with parallel mean curvature whose Gauss image
is contained in W, g, denote

h( 1) = exp(poH (-, 1) oy
where (¢ is a positive constant to be chosen. Once y (x) € U;, combining (6.23)

and (3.23) gives

~ ~ 1 3
/’Lo_lh(', t)ilh('a t) 2 - (E + ZC> A (lOgu)(, PZ) o J/)

13
+<12+ C—i-uo)‘V(logw( P,)oy)) 631)

1 3
(12+4C>C1IBI +M0)V(10gw( Pz)oy)’

at x € M, where C is a positive constant depending only on c. If y(x) € N z a
based on (6.28) and (3.23), one can proceed as in the proof of Proposition 4.6 to

obtain
o hG, T ARG, 1) = (C3Cr — )| B + (G311 632)
) .
+ ol — C8)|Vogw(-, Priga) 0 ¥)|

at x. Similarly, once y (x) € N, ,,
ty (- )T ARG, 1) = (C3Cy — &) BI?

) , (633)
+ (Cglx + pol — Cs)|[Vog w (-, Pi—y@)) o ¥)| -
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Now we put
g := C3Cy, 1o = sup [A| + Cg ! (6.34)

(where sup [A| < +00, since A is a continuous function on a compact set (WC,@ X
®)\int(£2g)), then from (6.31)-(6.33) we see h is a subharmonic function on M.
Therefore _

exp (of (1) — 1

H(,t):=
exp ((f3 — 36)o0) — 1

(6.35)

are required functions satisfying (i)-(iii). ]

Remark 6.5. The auxiliary function ¢ in the above proof can be easily obtained
from the standard bump function. Choose & to be a nonnegative smooth function

o1l 3.3 1
on R, whose support is (E -3¢ 1~ Zc),then

/

K3
&) = ———
/ &1

==

Niv
]

=N}
ENIE)
o

1 c

=

is a smooth function on R satisfying 0 < & < 1, & (u) = 0 whenever u < % — %c

3_1.

and &(u) = 1 whenever u > 2 — 1c. o € (0,400) — [}, ‘;2 g5 is a strictly
771

decreasing function, which converges to 0 as u — 4-00 and converges to —% + %c

as u — 0. There exists a unique 8 € (0, 400), such that

Then .
o) = / g
0

is the required auxiliary function.

Based on Lemma 6.2 and Proposition 6.3-6.4, one can derive a Gauss image
shrinking property for submanifolds with parallel mean curvature as in [16,17]:

Lemma 6.6. Let M" be a submanifold of R"*™™ (n > 3) with parallel mean curva-
ture. Assume there is a distance function d on M, the metric ball Bag,(xo) given by
d satisfies DVP-condition for some xo € M and Ry € (0, +00], and the Gauss
image of B4g,(xo) is contained in a compact set K C Wy,3. Then there ex-
ists a constant §1 € (0, 1), depending only on K, K1, K2, not depending on xg
and Ry, such that the image of Bs,r,(xo0) under the Gauss map is contained in
{SeGum:w(s, P)> % + %c}for some P € G, ,,, where ¢ := infg r.
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Lemma 6.7. Let M" be a minimal submanifold of R"*™ (n > 3) with rank(y) <
2 (y denotes the Gauss map). Assume there is a distance function d on M, the
metric ball B4g,(xo) given by d satisfies the DVP-condition for some xo € M and
Ro € (0, +o0l, and the Gauss image of Bag,(xo) is contained in a compact set
K C Wy. Then there exists a constant §1 € (0, 1), depending only on K, Ky, K>,
not depending on xo and Ry, such that the image of Bs, r,(xo) under the Gauss map
is contained in {S € Gy, : w(S, P) > %c}for some P € Gy, ;,, where ¢ := infg r.

Proof. As above, we only prove Lemma 6.6.
Since K C W3 is compact, ¢ := infg r > % and ©® = {t e(—m,m):t=
6(S) for some S € K} is a compact subset of (—, 7). Obviously K C W, g.

By Lemma 6.2, WC,@ is diffeomorphic to ® x ﬁzinf_l]. Thus WC,@ can be
seen as a bounded convex domain in R™" equipped with the induced metric. The
eigenvalues of the metric matrices are bounded from below by K3 and from above
by K4, where K3, K4 are positive constants depending only on K.

The Ruh-Vilms Theorem [20] implies that y is a harmonic function. Putting
u = y in (6.2) gives |du|> = |B|?. Let {H(-,1) : t € ®} be a family of smooth
functions on W g as constructed in Proposition 6.3. Choosing one of the functions
as a test function in (6.2) yields

1

2 2
H(y(x),t) < H(yg, 1) + C7Co | ———~ [BP 1) . (6.36)
V(x0, R) JBr(xo)
for arbitrary R < Rpand allx € B k. Here
Co := sup sup |[VH(-,1)| (6.37)

S WL‘,G‘)

and the last term in (6.2) has been thrown out, since H (-, t) o y is a subharmonic
function. .

For arbitrary § € W, o, w(S, Pas)) =r(S) > ¢ > ?TC + ﬁ which implies
H(S,0(S)) < 1 by Proposition 6.3(ii). Since WC,@ is compact, there exists a
positive constant €1, such that

H(S,0(8) <1—g  forall S e W,e. (6.38)

By Lemma 5.5 (curvature estimates), if we denote
1
0= exp(—CeC2Cae %) (6.39)
then there exists R € [48; Ry, Rp], such that

R2

— B> %1 < C72C3 %63, (6.40)
V(x0, R) JBr(xo) 7o
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Letting = 6(yr) and substituting (6.38) and (6.40) into (6.36) gives

_ _ _ _ _ 1
H(y(x),0(7R)) < HFr, 0(7r))+C7Co(C;Cy D)2 < 1—e1+e; = 1 (6.41)
forall x € B & (x0). Hence by Proposition 6.3(ii),

1 3
¥ (Bs, Ry (x0)) C J/(Bg(xo)) - {S € Gum : w(S, Pyig)) = 7 + ZC} .o
Given y(B,glRo(xo)) - {S € Gy w(S, P) > 11—2 + %c > %}, one can start an
iteration as in [17] to get a priori estimates for the Gauss image:

Lemma 6.8. Let M" be a submanifold of R"™™ (n > 3) with parallel mean curva-
ture. Assume there is a distance function d on M, the metric ball Bsg,(xo) defined
by d satisfies the DVP-condition for some x9 € M and Ry € (0, +00], and the
Gauss image of Bag,(xo) is contained in a compact set K C Wy,3. Then for ar-
bitrary ¢ > 0, there exists a constant 63 € (0, 1), depending only on K, K1, K>, ¢,
not depending on xo and Ro, such that

w(y(x), y(xp) >1—¢ on Bs, g, (x0). (6.42)

In particular, if M is a minimal submanifold with rank(y) < 2, then the condition
on the Gauss image can be relaxed to y (Bag,(x0)) C K C Wy.

Letting Ry — 400 we arrive at a Bernstein-type theorem.

Theorem 6.9. Let M" be a submanifold of R"*™ (n > 3) with parallel mean cur-
vature. Assume there is a distance function d on M, such that M satisfies the DVP-
condition and the diameter of M with respect to d is infinite; and there exist P, Q €
Gy, that are S-orthogonal to each other, such that (u)(y(x), P), w(y(x), Q)) is
contained in a compact subset K ofD\(]D)l/gu{(a, 0):a< O})for allx € M. Then
M has to be an affine linear subspace. In particular, if M is a minimal submanifold
with rank(y) < 2, then the assumptions on the Gauss image can be replaced by

(w(y @), P). w(y(x), Q) € K € D\{(,0) :a <0}.
The above general theorem can be applied to graphic submanifolds as follows:

Theorem 6.10. Let 7% = f¢ (!, .o x™), fora =1,...,m, be smooth functions
defined everywhere in R" with n > 3, and m > 2, such that their graph M =
(x, f(x)) is a submanifold with parallel mean curvature in R"*™™ . Suppose that
there exist fy < +o00 and B1 < 3, such that

1
are o\ |?
Ap = |:det <3ij +y 8];. 3%)} < Bo (6.43)
a1\’ >
Af < B+ (m) . (6.44)

Then f',..., f™ have to be affine linear (representing an affine n-plane).
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Remark 6.11. Obviously 81 (1 + ( % )2> 2 > B1 on the right-hand side of (6.44).

Hence Theorem 6.10 improves Theorem 6.2 in [17]. We note that % in (6.44) can

be replaced by % for arbitrary 1 <o <mand 1 <i <n.
Proof. The map F : R" — M defined by
X = (x, f(x))

is obviously a diffeomorphism. Thus M can be viewed as an n-dimensional Eu-
clidean space equipped with metric ¢ = g;;jdx'dx’. Here

9 9 af® af®
F*—->=<8 + o 18n+0{,8]+8 ;

.._<F_ af af*
81 =\ g T ox

8"+a> =%+ 5T dxi dxJ

with {&;, €,1¢} being the canonical orthonormal basis of R"*™, Let Df :=
be an (n x m)-matrix valued function on R” then

(gij) = I, + DF(DA)T.

Hence (g;j) > I,. In conjunction with det(g;;) = A? < ,33, we can deduce that all

ax’ )

the eigenvalues of (g;;) take values between 1 and ﬂg. Denoted : M x M — R
d(F(x), F(y)) = |x — I,

then the diameter of M is +o00 and it has been shown in Remark 5.2 that M satisfies
a DVP-condition.
Let P, O € G, » whose Pliicker coordinates are &1 A --- A g, and g,41 A g2 A
-+ A &g, respectively. Obviously, P, Q are S-orthogonal to each other. Denote by
Y the Pliicker embedding, then

af* af*
Yoy = 81+8 Ténta | Ao A 8n+ax—n'9n+a

and by a direct computation,

o ,P
wy. P) = (Y oy, P) fl’
(Y oy, ¥oy)1(P, P>7
(Yovy. Q> af1

w(y, Q) =

Woywoy)iQ, 0} A7
Hence (w(y, P), w(y, Q)) € K C D\(D13 U {(a,0) : a < 0}) if and only if

X

) 2 2 af! ? )
By =wy, Py +wy, Q) =|1+ Fyel Aj

for a constant 81 < 3. This is equivalent to (6.44). So the Bernstein-type result
follows from Theorem 6.9. O
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7. Appendix

Appendix Let H denote the quaternions with the standard basis 1, i, j, k and C =
R+Ri,H=C+Cj.Letq =21 —72j € Hwithzj,zp € C. Theng =71 +72j
and ) . o
qiq = (z1 — 22))i(z1 + 22J)

= (2k +z10)(Z1 +22))

= 22kZ1 + 21021 + 22k22j + 21022

= 2122k + 2117 — |221%i + 2172k

= (111> — [z2*)i + 22122k

which coincides with the usual Hopf map

n : H— ImH
n = ((z11* = lz2% 22122) : R* - R3

with (%) € §2. Let
() =50 (%) = s 200 = 5em)

with r = |x|. It was shown in ([11, Theorem 3.2, page 135]) that x — (x, {(x))
defines a coassociative 4-submanifold of R invariant under S>, provided

s(4s® — 5152 =C, C €R.

Those are smooth area-minimizing submanifolds except in the case C = 0. When
C =0thens(r) = ér and then s(r) = g the function ¢ (x) : R* — R3 given

by

V5

¢ =——n)

2r
defines a cone over the entire R*. This was discovered by Lawson and Osser-
man [18]. This LO-cone shows that Moser’s theorem that entire minimal graphs of
bounded slope are affine linear cannot be extended to the case of dimension 4 and
codimension 3. In this appendix, we compute some important geometric quantities
of this remarkable example.

Put

x=@L2)eC =R, z1=re", z=rd” |xP=r’=r{+r].

The flat metric on R* reads

ds* = drl2 + r12d912 + dr22 + r22d922.
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The orthonormal basis on 7, R* is given by {eg, e1, €2, €3}, where

0 ry o rp 0 rp 0 ry 0
qg=7—=—"—+—-—"7, e =—7——-——7—
or r or r orp r ory r orp

ry 0 re d 1/ 9 9
e=————=—, ea=-|—+_—]|.
rir 081 ror 06, r \d6; 06,
Now, we have

nx) = (r12 — r22, 2r1rzei(91_92)) :R* > R3.

Since 5 5
Zsry=§2, i) =72,
ary r ary r
then
ry o r 0 - - S
teo=(—~——+—=—)Gm=(5+=)n
r orj r orp
ry 0 - ry 0 - S: 2 2\ i(01—02)
Geer = 2 (En) — ) = ~ (4rira, 203 =),
Since
e 9 = i(577) =5 (0 2irire' @ 792))
90, 96, ’ ’
0 0 . - . (0 —
C g = 5y O =3 (0, —2irirye® 92)) ,
then g 5
2 r -
{ver = §*£ rz_rg* 50, =~ (0, 2ie'® 92))
’ve3 =0
Put
) 1 1 2 1 1
IOO = = — = , IO] = ) = E7)
1 + |Z4e0|? 1+ (r2§5 +2r5)2 1+ |¢xer] 1+ 4r-s
1 1 1
ps = P

= =1
1+ [¢xe3]?)

Then the Gauss map y for the coassociate 4—submanifold is expressed by

1+ G2 1+ 4252

(€0, Cxe0) N (e1, Lxe1) A (€2, §xe2) A (€3, {xe3)
and the correspoinding W —matrix relative to eg A e] A e2 A e3 is
o0 0 00
0 p 00
00 p
00O

W =

—_ O

37
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The nonzero Jordan angles are

By = arccos pg, 01 = arccos pj, 6, = arccos p;.

In particular, the Jordan angles of the image under the Gauss map for the LO-cone

can be obtained by substituting § = 4;’*1 in the above expressions. Those are the
following constants

2
6p = arccos —, 6} = 6y = arccos —.
0 3 1 y) 6

The w—function is identically % and hence the v—function, denoted also by A s for
the graphic case, equals 9. This fact was originally verified by a computer program
by Lawson-Osserman in [18]. The LO-cone defined by (f!, 2, f3) on R*, where

1 \/—g (X1)2 + (x2)2 o (x3)2 . (X4)2

I'=2 VO + (22 + (32 + (¢4)?

2 V5 20 x3 4+ x2x%
R e e e e
f3 . V5 2(xtx3 — x2xh

b3 \/(XI)Z + 22+ 32+ (x4)2'
2

x! dx

2.4
Atx3750andx1=x2=x4=0, wehavegi2=«/§and<l+<i> )2 = /6.

Therefore, the Theorem 1.2 cannot hold with g1 = 9 ~37.

7

References

(1]
(2]

(3]
(4]
(5]
(6]
(7]
(8]
(9]

W. ALLARD, On the first variation of a varifold, Ann. of Math. 95 (1972),417-491.

J. L. M. BARBOSA, An extrinsic rigidity theorem for minimal immersion from S2 into S",
J. Differential Geom. 14 (1980), 355-368.

E. BOMBIERI and E. GIUSTI, Harnack’s inequality for elliptic differential equations on
minimal surfaces, Invent. Math. 15 (1972), 24-46.

P. BUSER, A note on the isoperimetric constant, Ann. Sci. Ec. Norm. Supér. 15 (1982),
213-230.

S. S. CHERN and R. OSSERMAN, Complete minimal surfaces in Euclidean n-space, J.
Anal. Math. 19 (1967), 15-34.

D. FISCHER-COLBRIE, Some rigidity theorems for minimal submanifolds of the sphere,
Acta Math. 145 (1980), 29-46.

M. Giaquinta, E. Giusti: On the regularity of the minima of variational integrals, Acta Math.
148 (1982), 31-46.

M. GIAQUINTA and S. HILDEBRANDT, A priori estimates for harmonic mappings, J. Reine
Angew. Math. 336 (1982), 124-164.

M. GRUTER and K. WIDMAN, The Green function for uniformly elliptic equations,
Manuscripta Math. 37 (1982), 303-342.



GEOMETRY OF GRASSMANNIAN MANIFOLDS AND BERNSTEIN-TYPE THEOREMS 39

[10] R.GULLIVER and J. JOST, Harmonic maps which solve a free-boundary problem, J. Reine
Angew. Math. 381 (1987), 61-89.

[11] R.H.HARVEY and B. LAWSON, Calibrated geometry, Acta Math. 148 (1982), 47-157.

[12] S.HILDEBRANDT, H. KAUL and K.O. WIDMAN, An existence theorem for harmonic map-
pings of Riemannian manifolds, Acta Math. 138 (1977), 1-16.

[13] S. HILDEBRANDT, J. JOST and K. WIDMAN, Harmonic mappings and minimal submani-
folds, Invent. Math. 62 (1980), 269-298.

[14] J. JoST, Generalized Dirichlet forms and harmonic maps, Calc. Var. Partial Differential
Equations 5 (1997), 1-19.

[15] J.JosT and Y. L. XIN, Bernstein-type theorems for higher codimension, Calc.Var. Partial
Differential Equations 9 (1999), 277-296.

[16] J.JosT,Y.L. XIN and L. YANG, The regularity of harmonic maps into spheres and appli-
cations to Bernstein problems, J. Differential Geom. 90 (2012), 131-176.

[17] J.JosT, Y. L. XIN and L. YANG, The Gauss image of entire graphs of higher codimension
and Bernstein-type theorems, Calc. Var. Partial Differential Equations 47 (2013), 711-737.

[18] H. B. LAWSON and R. OSSERMAN, Non-existence, non-uniqueness and irregularity of
solutions to the minimal surface system, Acta Math. 139 (1977), 1-17.

[19] J. MOSER, On Harnack’s theorem for elliptic differential equations, Comm. Pure Appl.
Math. 14 (1961), 577-591.

[20] E. A. RUH and J. VILMS, The tension field of Gauss maps, Trans. Amer. Mat. Soc. 149
(1970), 569-573.

[21] J. SIMONS, Minimal varieties in Riemannian manifolds, Ann. of Math. 88 (1968), 62-105.

[22] Y.-C. WONG, Differential geometry of Grassmann manifolds, Proc. Natl. Acad. Sci. USA
57 (1967), 589-594.

[23] Y. L. XIN, “Minimal Submanifolds and Related Topics”, World Scientic Publ. 2003.

[24] Y. L. XIN, Bernstein-type theorems without graphic condition, Asian J. Math. 9 (2005),
31-44.

[25] Y. L. XIN, Curvature estimates for submanifolds with prescribed Gauss image and mean
curvature, Calc. Var. Partial Differential Equations 37 (2010), 385-405.

[26] Y. L. XIN and L. YANG, Convex functions on Grassmannian manifolds and Lawson-
Osserman problem, Adv. Math. 219 (2008), 1298-1326.

Max Planck Institute

for Mathematics in the Sciences
Inselstr. 22

04103 Leipzig, Germany

and

Department of Mathematics
and Computer Science
University of Leipzig

04109 Leipzig, Germany
jost@mis.mpg.de

School of Mathematical Sciences
Fudan University

Shanghai 200433, China
ylxin@fudan.edu.cn
yanglingfd@fudan.edu.cn



