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Monodromy of Lauricella’s hypergeometric F 4-system

KEIJI MATSUMOTO AND MASAAKI YOSHIDA

Abstract. We give a monodromy representation of Lauricella’s system of dif-
ferential equations annihilating the hypergeometric series F4(a, (b), (¢); x) of
k-variables; its rank is 2k Under some non-integral conditions for parameters a,
b) = (by,...,bg), (c) = (cq,...,cr), we find circuit matrices with respect to
solutions represented by integrals. We make use of the intersection numbers of
the domains of the integrals.

Mathematics Subject Classification (2010): 32S40 (primary); 33C65 (sec-
ondary).

1. Introduction

We give a monodromy representation of Lauricella’s system of differential equa-
tions annihilating the hypergeometric series Fa(a, (b), (c); x) of k-variables; its
rank is 2%. Under some non-integral conditions for parameters a, (b) = (by, . .., by),
(c) = (cy, ..., cx), we find circuit matrices with respect to solutions represented by
integrals. We make use of the intersection numbers of the domains of the integrals
regarded as bases of a twisted homology group.

In general, we have the following principle: Suppose that a local solution space
of a system of hypergeometric differential equations can be identified with a twisted
homology group with intersection form Z. If the Jordan normal form of the circuit
transformation m,, along a loop p is diagonal with two eigenvalues, say « and g,
and either the eigenspace belonging to the eigenvalue o or that to § is specified then
m,, is uniquely determined by the specified eigenspace and the intersection form Z.

We apply this principle in this paper to Lauricella’s system of type A, and find
a set of generators of the monodromy group. When the number of variables is two,
this system is called Appell’s F3, of which monodromy group is studied by several
authors; refer to [4] and the references therein.

This principle is applied to finding generators of the monodromy group of Lau-
ricella’s system of type D in [8].
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2. Lauricella’s F4-system of hypergeometric differential equations

In this section, we collect some facts about Lauricella’s hypergeometric F4-system
of differential equations, for which we refer to [7] and [1]. The hypergeometric
series F4 of complex variables x = (x, ..., x¢) is defined by

k k
<a, ;m) [Twi,n)

Fa(@, (), ;0 = Y = = [T«
N T (eiynp) [T (L) =

i=1 i=1

where N = {0,1,2,...,},a, () = (by,...,by) and (¢) = (c1, ..., ck) are com-
plex parameters satisfying cq,...,cx ¢ —N = {0, —1,-2,...,}, and (a,m) =
a(a+1)---(a+m—1) = I'(a+m)/I (a). This series converges in the domain

k
D= {xe(Ck‘Z|x,-| < 1}
i=1

and admits the integral representation

: re)
[Hm /(o,nk”("’(”)’“Xx,f)dt, 2.1)

i=1
where dt = dty A --- Adty,

k
ulx,t) =ula, b)), ();x, 1) = |:l_[ tihi—l(l—tl-)cl'*ilj| (I—Elex,’t,‘)fa, 2.2)

i=1

and parameters (b) and (c¢) satisfy Re(¢;) > Re(b;) >0(@{@ =1,...,k).
Differential operators

J#i Jj#i
xi(l=x)7—x; Y xj0idj+[ci—(a+bi+Dxi10i—b; Y x;d;—ab; (2.3)
1<j<k 1<j<k
fori = 1,...,k annihilate the series F4(a, (b), (¢); x). We define Lauricella’s

hypergeometric Fa-system E 4(a, (b), (c)) by differential equations corresponding
to these operators.

We define the local solution space Sol(U) of the system E 4(a, (b), (c)) on a
domain U in C* by the C-vector space

(F(x) e O(U) | P(x,d)- F(x) =0for"P(x,d) € Ea(a, (b), (c))},

where O(U) is the C-algebra of single valued holomorphic functions on U. The
rank of E 4(a, (b), (¢)) is defined by sup;; dim(Sol(U)). If the rank of E 4 (a, (b), (¢))
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is greater than dim(Sol (U,)) for any neighborhood U, of x € C™ then x is called a
singular point of E 4(a, (b), (¢)). The singular locus S of E 4(a, (b), (¢)) is defined
as the set of such points.

We show that the rank of E4(a, (b), (¢)) is 2%. Denote by F the unknown,
and by F;;... the derivatives (9;0; ---)F. Let L; be the linear span of {F, F; (i =
1,2,...)}over the ring Ry = C[x;, 1/x;(i = 1, ..., k)], and L, the linear span of

{F, Fi, Fij (i <j)}
over the ring
Ry=Rilxi =D (i =1,2,..)],
and L3 the linear span of
{F, Fi, Fij, Fijo (<j<40}
over the ring
Ry = Ro[(xi +x; = D™ (@ < )],
and L4 the linear span of
{F, F;, Fij, Fije, Fijen (< j<4{<n)}
over the ring
Ry=Ril(xi+xj+x - D7 (i <j<0l

and so on. Note that this procedure becomes stable after k: Ry = Rgyo = -+,
Liyi =Liy2="--.
The operators (2.3) lead to the linear expressions

ii]: (xi — DFi + ZXjFij €Ly,
J#
which shows Fj; € L.
Differentiating the expression [ii] by xy (£ # i), we have
(iil]: (xi — DFiig + xeFiee + Z xjFijo € Ls.
Jj#ie

Since we have
[i€€] — [iil] : Fij¢ — Fiee € Lo,

the expression [ii£] above can be written as

(xi +x¢ — DFjip + Z xjFije € Ly,
J#iL
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which implies Fj;¢; € L3. The expression
liii]: (x5 — DFiii + Y _xjFijj € Ly
J#i
leads to Fj;; € Ls.
Differentiating the expression [ii{] by x,, (n # i, £), we have
liitn]: (xi — 1) Fiitn + X¢Fivtn + XnFinon + Y xjFijon € L.
Jj#Fil,n
Since we have
ii€n] —[ilen] : Fij¢n — Fieen € L3 and  [iidn] —[ilnn] : Fijen — Fignn € L3,
the expression [ii€n] above can be written as
(i + x¢ + X0 — DFiien + Y XjFijen € L3,
j#in
which implies Fjjp, € L.
Differentiating the expression [ii£] by x; and x¢, we have
[iili]: (xi — D Fjjie + x¢Fiiee + Z xjFiije € L3
J#iL
and
[iie€] : (xi — 1)Fiiee + XeFieee + Y, XjFijoe € L.
J#iL

Since we have
[£Lit] —[iiel] : Fijee — Fieee € L3,

the expression [££i£] above can be written as

(i +xe — DFiee + ) xjFijee € La,
J#iL

which implies Fj¢, Fii¢e € La. The expression

liiii]: (i — DFiii + »_xjFuji € Ls
J#
leads to Fj;j;j € L4.

In this way, we can show that all the derivatives of F belongs to L. In par-
ticular, all the derivatives of F' can be linearly expressed in terms of the derivatives
F;j..., with distinct indices i, j, . ..; cardinality of these derivatives is 2% Thus the
rank of the system E4(a, (b), (¢)) is not greater than 2%, Moreover the argument
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above shows that the singular locus of the system is included in the variety defined

by
[[xii=D]Jei+x -0 [] citxj+x=1--.
i i<j i<j<t
An expression of the singular locus more suitable for this paper is given below in
Section 4.
We give two fundamental systems of solutions to E(a, (b), (¢)) in a small
neighborhood U of the reference point

¥ =, 5,00 =02"27% ..., 27 eD. (2.4)

Since each system consists of 2% lineally independent solutions, we conclude that
the rank of the system is 2€. From now on, we assume that

a, by.....bg, ci—bi.....ck—bi.a—)» ¢ ¢ L (2.5)
iel
where I runs over the subsets of {1, ..., k}. This condition (2.5) coincides with

the condition that the intersection matrix H in Section 6 is well-defined and non-
degenerate (Proposition 6.2). Moreover this is equivalent also to the condition of
irreducibility of the system E4(a, (b), (c)), refer to [3]. (The authors thank to N.
Takayama for pointing out this fact.)

Fact 2.1 ([7]). Under the condition
Cly...,Ck & 2,

the following 2 functions are linearly independent solutions of E4(a, (b), (¢))
inU:

1 Fa(a, (b), (c); x)
X1 Fa(a + a1, (b) + Ater, (¢) + 2Ater; x)

xPEFala + M, (b) + Mex, (€) + 2hger; X)

iel, iel, iel, iel,

[H x?’} Fa (a + D Ai, (b)+ Y e, (o) +2 ) kiei;x)

k k k k
1 []—[ Xiki] Fa (a-i- DA, D)+ D e, () +2 ) )»iei;x>

i=1 i=1 i=1 i=1
where I, = {i1,...,i;} (1 <ij <--- <i <k),\i =1 —¢; and ¢; is the i-th unit
row vector.
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We fix x € UNRX for a while and consider (2k + 1) hyperplanes in the z-space
R¥ defined by

nh=0,tn=1,....6=0 =1, xih + -+ xxtp = 1;

the complement of these hyperplanes in R* will be denoted by TR (x). There are
2% bounded chambers in T (x). Note that if t = (¢4, ..., t) belongs to a bounded
chamber then we necessarily have

Hyooonty,. >0, X100+ -+ x5t < 1.

Let Z, be the set {0, 1} C Z. Each element v = (v, ..., v) € ZS determines a
bounded chamber D, = D, (x)

0<t <1if vy =0,

1<y if v; = 1. (2.6)

Dy(x) :x1t1 + -+ xty < 1, {

For example, if v = (0,...,0), D, is the k-dimensional cube [0, 1%, if v =

(1, ..., 1), Dy is the k-dimensional simplex given by
n>1,....0>1, xit1 +---+xxty < 1.
In general, for v = (v, ..., v) € Z’; with |v| = Zle v; = r, D, is a polytope

isomorphic to the direct product of the (k — r)-dimensional cube [0, 17¥=" and the
r-dimensional standard simplex

A'={s=(01,....,5) R |51>0,...,5 >0, s1+---+s5 <1}
Fact 2.2 ([5]). Under the conditions (2.5) and
Re(c;) > Re(b;)) >0( =1,...,k), Re(a) <1, 2.7

the integrals
/ u(a, (b), (©); x,0dty A+ Adt, (v € Z)
Dy

are solutions of E 4(a, (b), (¢)) in U N R,

Remark 2.1. These can be extended to linearly independent solutions of
E 4(a, (b), (¢)) in U by Fact 3.1 and Proposition 6.2.

We define a partial order > on Zg.

Definition 2.2. Forv = (vy, ..., v), w = (wy, ..., wy) € ZK,

(1) v>wifandonlyif w; =1 = v; = 1.
(2) v > wifand only if w > v and w # v.
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Note that the elements (0,...,0) and (1, ..., 1) are the minimum and the maxi-
mum, respectively.

Lemma 2.3.

(1) The cardinality of the set {v € Zg | v = w)is 251 where |w| = ZLI w;.
(ii) If v > w then the intersection D, N Dy, is contained in the hyperplane t; = 1
for any index i satisfying v; > w;, where Dy, and D, are the closures of D,
and Dy,, respectively.
(iii) For x € R¥ — S, the interior of the union

UvzwD_v
is the simplex Ay, = Ay (x):
Aw:{tERk“‘] > Wi, ..., I > W, X1t + -+ xxty < 1}
k (2.8)
= {w + (- Zwixi)s/x|s =(s1,...,8) € Ak},

i=1

where s/x = (s1/X1, ..., Sk/Xk).

Proof.

(i) If v > w then v; = 1 for an index i with w; = 1 and v; = 0, 1 for an index {
with w; = 0. Thus there are 25! v’s such that v > w.
(i) If v > w and v; > w; then v; = 1 and w; = 0. By (2.6), the intersection of
the boundaries of D, and D,, is contained in the hyperplane #; = 1.
(iii) For any v € Z’é, if # belongs to D, then Ef‘zlxiti < landt > v; fori =
1,...,k. Thusif v > w then D, C A,,. If v ¥ w then there exists an index
i such that v; = 0 and w; = 1. Since the point t = v € D, is not in A,
D, is not contained in Ay, for v ¥ w. We have only to note that A,, can be
expressed as the interior of the union of some D,’s. O

3. Twisted homology group

Set
pa = exp(—m v/ —la), poi = exp(r~v —1b;), ;i = exp(@~'—1(ci —b;)),
lu’ = (/-’l‘av Molv ey MOk’ /1’117 ey /-’l/lk)

We consider the parameters a, b, ¢ and u as indeterminates. When we assign com-
plex values to them, we assume the condition (2.5), or equivalently
2 2 2 2 2 2 2.2
Mgs Hors -5 Mogs M11s -+ Mg Mg H(I’LOi/’Lli) #1,
iel

where I runs over the subsets of {1, ..., k}.
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Let Q(w) be the rational function field over @Q generated by the entries of .
We fix x in the neighborhood U of x. The multi-valued holomorphic function
u=u(t)=ula, (), ();x,t)on

T(x)={teCF | —1) -0 —u)A —xit; — - — xxtz) # 0}

defines the twisted homology groups H;(T(x),u) and the locally finite ones
Hl.“(T(x), u), where we regard the complexes of twisted chains as defined over
the field Q(1). Elements of these homology groups are called twisted cycles or
loaded cycles. It is known [2] that they are purely k-dimensional, and the natural
map (regularization)

reg : HX(T (x), u) — Hp(T (x), u)

is an isomorphism between 2K_dimensional vector spaces over Q().
Now fix x € U NR¥, and load on D, a (constant multiple of) branch of u:

k
y = []‘[ tff‘%(—l)”i(l—n)}“’f1} (=3 xit)

i=1

Note that each linear form in u, is positive on D,. Its argument is assigned to
be zero. This chamber D, loaded with the branch of u, defines an element DY
of H,if(T(x), u). This loading is called the standard loading. The loaded cycles
Di(v e Zg) form a basis of H,lf(T(x), u).

Thanks to the local triviality of the bundle

U #Tw,w,

xeCk—s§
these D} are defined as elements of H,lf(T(x), u) forx € Ck—§. By this extension
and Fact 2.2, we have the following identification.

Fact 3.1. For x € Ck — §, the germ of the local solution space Sol(U,) at x can be
identified with H,lf(T (x), u) and Hy (T (x), u) as vector spaces over Q(u).

4. Singular locus

Set

k

Sy = xe(Ck|w-x::Zwix,-:1 . we Zk,
i=1

Si=f{x e CF|x =0}, i=1,...,k,

where Zk = Z5 — {(0, ..., 0)}.
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By the expression (2.8), we have the following:
Lemma 4.1. The simplex Ay, (x) vanishes when x is in the set Sy,.

Proposition 4.2. Under the assumption (2.5), the singular locus S of E s (a,(b),(c))
consists of the hyperplanes S, (w € Z’;) and Sé i=1,...,k).

Proof. A point x € CF satisfying
dim Hy (T (x), u) < rank of E4(a, (b), (c)) = 2*
is a singular point of E 4(a, (b), (c)) by Fact 3.1. If x does not belong to
(U 500 U UL, 5D

then there is a homotopy equivalence between 7' (x) and T (x). Thus H (T (x), u)
is isomorphic to Hy (T (), u), which is of rank 2%,
Recall that D! (v € Z54) form a basis of H(T (x),u). By Lemma 4.1, if x

belongs to Sy, (w € Zg), then A% with suitable loading of u degenerates. Thus

dim Hy (T (x), u) for x € Sy, is less than 2%, The expression of local solutions (Fact
2.1) tells that any element x of S is a singular point. O

For an element w € Z’g with |w| = r, we define x,, € D as follows: read the

array w from the left; at the first 1 we put 2-1 at the second 1 we put 272 .. and
at the last 1 we put 27", go back to the left-end and re-start: at the first 0 we put
2=0+D "and at the second 0 we put 2~ *+2) and so on. For example,

iy = (2—2, 273, 2—1), when w = (0,0, 1).
Define a line C,, in C* as the image of a map
nw:C9y|—>xw+ywe(Ck.

We study the intersection S, N C,, for v € Z’; Ifv-w=0,then S, NC,, = ¢. If
v - w # 0, then by solving
(fw +yw) v =1,

we find the intersection point S, N Cy, as 1y, (yy), where
yo=(0—=xy-v)/(v-w)yeRcC.
In particular, S, N C,, is given by 1y, (yy), where
yw=0—-dy -w)/|lwleRcC.

For example, when w = (0, 0, 1), we show the intersection points S, N C,, on the
complex y-plane C for

v=(, 1,1, (1,0,1), (0,1,1), (0,0,
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in Figure 4.1. Here note that xgp; = (272,273,271, which corresponds to the
origin of the complex y-plane. The line C,, is parameterized as

Nw 'y +— (x1,x2,X3) = (2_2, 273, 2_1> + (0,0, y) € C3,
and the intersections of the line C,, with the lines
X1+xo4+x3=1, x1+x3=1, xp+x3=1, x3=1
are given by
yin =1/8, yio1 =2/8,  yor1 =3/8,  yoo1 = 4/8,
respectively.
Im(y)

!
9001 Too1

i‘oo!/ 5111‘ Shoy 5011.

©
0 1/8 2/8 3/8 Yw Yw = 4/8

Figure 4.1. The loop 1, and the path o), .

Lemma 4.3. Suppose that v - w # 0. If w < v then 0 < y, < y,, otherwise
Yw < Yv.

Proof. Recall that
yw =0 —=dy-w)/|wl, y»=~0=%y-v)/(v-w).
Since 1 — Xy, - v > 0, we have y, >0f0ranyveZ’§withv-w#O.Ifwjvthen
Xp - V>Xp W, V-W=W-W=TF.
Thus 0 < y, < yy.Ifw Avthenv-w < r and
Byv Q7 42T QT T 42 <27 2T =0y W,

Thus we have y,, < y,. O
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Let 7,, be a positively oriented circle with center y,, and terminal y,, — ¢ in
C, and let 0, be a path in C starting from 0, traveling in the upper half space, and
ending at y,, — &, where ¢ is a small positive number; see Figure 4.1. Define a
loop 7, and a path oy, in C,,(C C*) as the images of 7/, and o/, by the map 7,
respectively. We define a loop p,, in X = C¥ — § by connecting the segment from
X to Xy, the path oy, the loop 7,,, the path o, I and the segment from X, to x.

On the other hand, we define a loop ,06 in X with base point x by
@72 o), 27 L2,

where o; (s) is a path starting from s = 2/, turning around the point s = 0 coun-
terclockwise, and coming back. The Lefschetz hyperplane theorem and the van
Kampen theorem imply the following.

Proposition 4.4. The fundamental group 7w (X, X) is generated by p,, for w € Zg
d 1 k
and py, ..., py-

5. Local monodromy

A loop p with base point x induces a linear transformation m, of H(T (x), u),
which is called the circuit transform (or monodromy) with respect to p. By Fact
3.1, this transformation can be regarded as that of the local solution space Sol(U).

Proposition 5.1. Suppose that
o = g Ky R 7 1
Then the Jordan normal form of the circuit transform m,, = m,, with respect to
the loop py, (w € Zé) is given by
diag(ay, 1, ..., 1).

Proof. Take the end point x4, = 1y, (yy — €) of the path oy, for w € Z’; where
Yw = (1 — X%y - w)/|w|. Note that the simplex A,, = A, (X, ) is contained in a
small neighborhood of the vertex w of the cube [0, 17¥. We deform A, along the
loop

Ty [—m, 1] 260 = xg =)€w+(eeﬁ9—|—yw)w € X.

Note that if w; = 0 then x; does not move, and that
1l —Xx9 -w= —8€V_19|w|.

By using the expression (2.8) of A,,, we express the deformation of A, along the
loop 7y as

Aw(xg) = {w — eV \w|(s1 /x1. ... si/xi) | s € Ak, = <6 < 7).,

where xg = (x1, ..., X¢).
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We trace the value of the function u = u(x, ¢) while x travels along the loop
Tyw. The argument of

ti —w; = —¢ee _lglwls,-/x,-

increases by 27 by the continuation along the loop t,,. Since we have

k k
1-— inti = —geﬂ9|w| (1 — Zsi) ,
i i=1

i=1

its argument also increases by 27 by the continuation. Hence the loaded cycle
AY (x4,,) supported by Ay, (x4, ) loaded with u = u(x, t) is multiplied by o, by the
continuation.

We have 2% chambers around the vertex (1,...,1) —w of the cube [0, 1]" . We
give a basis of H, ,if(T(xgw), u) as the simplex A,, and the 2 — 1 chambers outside
of the cube [0, 1] loaded with u. It is geometrically clear that the move t,, does not
affect the other 2 — 1 chambers. See Figure 5.1 for the case k = 2 and w = (1, 1).
Hence the circuit matrix is diagonal as stated. O

ta

t

\\

Figure 5.1. Vanishing and invariant chambers

Proposition 5.2. Suppose that ¢; ¢ 7. Then the Jordan normal form of the circuit
transformation my, = m ol with respect to the loop py is given by

k-1 2k=1
—_——
di — i
lag(l, ..., Lo, ..., qp),

where )
oy = MO_I.Z,u,I_f =exp(—2nv—1¢;) # L.

Proof. We make use of the local solutions given in Fact 2.1. The analytic continua-
tion of the these solutions along the loop py, is quite obvious: we have 251 invariant

solutions and 2€~! solutions multiplied by exp(27+/—1A;). O



MONODROMY OF LAURICELLA’S HYPERGEOMETRIC F4-SYSTEM 563

6. Intersection form
Let z — z" be the isomorphism of Q(u) over QQ induced by
ta — 1", MOj'—HLajl, ,ulj'—>,u1_j1 j=1 ...k

Note that if we assign real numbers to the entries of a, (b) and (c), then z" is the
complex conjugate 7 of z € Q(u) c C.

We define the intersection form T on Hp (T (x),u) x H(T(x), u) as follows.
Let D" and D" be elements of Hy (T (x), u) given by

=>"aD. D"=Yd;Dy.  di.dj Q).

iel jeJ

where Dl'.‘i denotes a singular k-simplex D; loaded with a branch u; = u;(¢) of u.
The intersection number Z (D", D”) is given, by definition, as

ui(p)

(D, D= Y > dd(D;- D)pu()

iel,jeJ peD; ﬂD

where (D; - D i) p is the topological intersection number of k-chains D; and D ;j at
p. We have

Z(D", D) = (-H*T (D", D")",
Z(zD"*, D*) = zZ(D", D*), ZI(D",zD") = zYI(D", DY),
forz € Q).

Proposition 6.1. Forv € Z&, let D* € HX(T (x), u) be the chamber D, standardly
loaded with u. We have

v; #V] i v =v;=0 MZ M2 1
1040 = | [ || [] o=
’ 2 2 2
1<izk M1 — 1 1<i<k (g = Dluy; = D
v =v)=
ua I1 wg—1
(=1) 2 min(vi.v) l=izk
vi=v/=1 ’
wi-n ] (uf; = D)
1<i<k
where
v=(vp, ..., ), V=], ..., ;) EZIE.

Proof. The intersection of the (closure of the) chambers D, and D, is the direct
product of
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e the point 1 on the #;-line if v; # vlf ,let I be the set of such indices i,

e the interval [0, 1] on the ¢;-line if v; = vtf = 0, let I, be the set of such indices i,

o the simplex in the remaining coordinate space (¢;) jes, where J = {1, ..., k} —
I1 — I, bounded by the hyperplanes t; = 1 and

in +ZX,’ +ijtj =1.

iel iel jeJ

Note that j € J if and only if v; = v; = 1, and the cardinality of J is given by

>_; min(v;, v}). The intersection number of D} and D, is the product of the three
kinds of factors:

o the intersection number of the two intervals at the point 1 with exponent I’L%i for
iel 1,

e the self-intersection numbers of the 1-dimensional cycles supported by the in-
terval [0, 1] with exponents ,u%l. at 0 and M%i at1fori € I,

e the self-intersection number of the cycle supported by the simplex with expo-
nents u%l(j € J)and ,u?l.

These self-intersection numbers can be found in [6]. Since we load u standardly,

the intersection number in the first factor is ul; Li - O
i~

Note that the intersection number Z (D}, Dz,) is complex valued whenever we
assign values to p under the condition (2.5).
We array the basis {Dy}, _,« in a total order on v € Z’g, say the total-lexicog-
2

raphic order: w = (wy, ..., wx) < v = (vy, ..., vg) if either (i) or (ii) is satisfied:
@) |w] < |v]
(i) |w| = |v|and w; < v},

where j = min{i € {1,...k} | w; # v;}.

Note that if w < v then w < v.
We define the intersection matrix with respect to this basis as

H = (Z(D", D)) (6.1)

’ k
v,V EZZ’

where v and v’ are arranged in the total-lexicographic order. The determinant of the
intersection matrix H is given as

da(1)
dad,

da(12)da(1)d(2)

k=1),
(k=" d3did;

k=2),
da(123)dy(12)da (23)da (31)da (1)da(2)da (3)

k =3),
d]d}dyds k=3
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where
Vg = /xﬁ Voi = M(Z),-’ M1 = /’L%i’
de =ve—1, di = o — Dy — 1),
dq(i---j)=va(voivii)--- (vojvj) — 1.

In general, we have the following expression, wich will be proved in the appendix:
Proposition 6.2. We have

k

[ [1 da(iy---ip)

p=11<i1<-<ip=<k

det(H) =

k
2k _1 2k—1
a2 d
p=1

In particular, the intersection form I is non-degenerate under the condition (2.5).

Lemma 6.3. Let m, be the circuit transformation of Hy(T (x), u) with respect to a
loop p in X.
@) ) . )
Z(m,(D"), m,(D")) = Z(D", D*), D", D" € Hy(T (%), u).
(i1)
M,H ! M; =H,
where H is the intersection matrix in (6.1) and M, is the matrix representation
(circuit matrix) of m,, with respect to the basis {Dg}uez’g of H (T (x), u).

(iii) Let D" be an eigenvector of m, with eigenvalue o € Q(i) and let D" be that
with eigenvalue o’ € Q(w). Then

I(D', D) #0 = a-a" =1,
oV o £1 = I(D*, D*) =0.
Proof. Since the intersection form is stable under deformation of x as far as the

topology of T (x) does not change, we have (i). The statement (ii) is a matrix
representation of (i) for the basis { Dy}, <7k of Hi (T (x), u). Let us show (iii). Note

that
(D", D*) = T(m,(D"), m,(D")) = Z(aD", &' D")
=a-()VI(D*, D).

Thus if o - «¥ # 1 then Z(D*, D¥) = 0. By putting D* = D", we have
I(D", D" #0=a - -a¥ = 1. O
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Fori=1,..., k, wesetZk(z)—{weZ | w; =0} and

Wi = (D | w € ZA(i)) C He(T (%), u),
L = (D" € H\(T (%), u) | Z(D*, D*) = 0 for any D* € W;}.

Lemma 6.4. Suppose that ¢; ¢ 7. Then the eigenspace of the circuit transform mé
with eigenvalue 1 is W; and that with eigenvalue 056 is WZ.L, and

Wi @ Wt = Hi(T(x),u) (1<i<k).

Proof. Consider the circuit transformation m(') By Proposition 5.2, the space

Hk(T(x) u) is decomposed into 2¢~!-dimensional eigenspaces with eigenvalues
1 and oy # 1. Note that any cycle Dy, (w € zZk »(i)) is invariant under the con-

tinuation along the loop p;. Thus it belongs to W;. Lemma 6.3 implies that
any ozf)—eigenvector belongs to WiL. Hence W; is the eigenspace of the circuit
transform mf) with eigenvalue 1 and Wl.l includes that with eigenvalue ozé. Since
dim(WJ-) = k-1 by Proposition 6.2, WJ- coincides with the eigenspace of the
circuit transform m, with eigenvalue on, and W; & WL Hy (T(x), u). ]

7. Monodromy representation

Forw = (wy, ..., wy) € Zk, we set

=y (]_[u ") D" € Hy(T (%), u).

v>w \i=1
Theorem 7.1.
(i) For each w € 7, the circuit transform my, for the loop py, is

w: D" > D' — (1 — ) )I(D*, AL YI(AY, Ay~ LAt

k
D" — (1 —pup) []‘[(1 — u%,)i,->] I(D", A} A,
i=l1

If we assign complex values to p with condition

2 2 2
Oy = g * M1~ Mk 7 1

then it is the reflection of root A% and eigenvalue o, with respect to the inter-
section form I.
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(i) Fori =1, ..., k, the circuit transform m6 for the loop ,06 is given by
m . D"+ af D" — (a — Dpr;(D"),
where aé = ,ual.zufiz and pr; is the projection from Hy (T (x), u) to W;:
pr; : D" = D'+ D"+ D', D'eW,;, D"e Wf.

We array the basis {Dy}, ezt asa column vector in the total-lexicographic order on

v E Z’;. Let e, be the unit row vector such that
ew (- ,Dy,...)=Dj.
We define row vectors
k k
i —Wj 2! 7k
ew=y ([Tl |eweQuw?®, welZi
v>w \j=1

and arrange them in the total-lexicographic order, and define (2¢~!, 2K)-matrices as

weZk (i)

If a 2K-row-vector f is identified with f ’(---, D¥,...), then m, and m6 are
expressed as 25 x 2%-matrices by the intersection matrix H in (6.1).

Corollary 7.2.
(1) The circuit transform my, is expressed by the matrix

My = Ip — (1 —ay)H el (e H 'e0) ey
k

= Li — (1 —p2) {]‘[(1 - ,ﬁwi,.)} H'eley.

i=1

(ii) The circuit transform mf) is expressed by the matrix
M} = ab Ly — (b — )H "EY(E;H "EY)"'E;.

These matrices act on 2-row-vectors from the right.
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Proof.
(i) Suppose that oy, 7# 1 for w € Z’; We show that AY is the eigenvector of m,,
with eigenvalue oy, for any w € Zg. It is shown in the proof of Proposition 5.1

that the loaded cycle Alfy/ (xs,) is an eigenvector belonging to the eigenvalue o,
of the transformation caused by the continuation along the loop 7,,. Here x,, =
Nw(yw — €) is the end point of the path o,, and we load u" on the small simplex
Ay (xg,) by the assignments arg(t;) = arg(1 — Zle x;t;) = 0 and

0 if w; =0,
wif w; = 1.

arg(l — 1) = {

We deform the simplex A, (x4, ) along the path o ! from Xg, t0 Xy,. Lemma 2.3
tells that the resulting simplex A, (xy,) is (the closure of) the union of the chambers
D, (v = w). At the same time, we trace the change of the function u’(x) along

the path o, ! from X, tO Xy the resulting loaded cycle AZ; (xw) would be a linear
combination

> d,Dy.

v>=w
We determine the coefficients. The key is the expression (2.8) of A,,. For any
v > w, there exits s, € A¥ such that

w4 (1 —w-Xy)Sy/Xy =ty € Dy.

By comparing the value of u(x,,, t,,) with that of loaded function on D, we have

w;=1
dy = 1_[ i -
1<i<k
For v = w, we follow the deformation of the i-th coordinates #; of

t=w+{1—w-x)sp/x

along the path aujl cx=x4wyfory e (0,)~ L. If the index i satisfies v; = w;
then Re(1 —¢;) > 0, otherwise 1 —#; changes from positive to negative via the upper
half space. Thus arg(s;) = arg(1 — Zle xit;) = 0 and

0 if v; =0,
mifv, =1,

arg(1 — 1;) = {
on D,. Hence we have
vi=1

dy= [] mi. andso > d,D! = dy, AL,

1<i<k vZ=w
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By Lemma 6.3, the eigenspace with eigenvalue 1 of m,, is the orthogonal comple-
ment of A% . Therefore we have the first expression of m,,. By following the proof
of Proposition 6.1, we have

l—aw

I—n )H(l—ﬂwz

Ay, Ay) =

which implies the second expression of m,,.
We consider the case o, = 1. Under our assumption (2.5), the intersection
form Z on Hy (T (x), u) x Hy(T (x), u) does not degenerate and {Dl‘j}vezg is a basis

even in this case. Since we can regard the second expression of m,, as a limit of
parameters, it is valid as the circuit transform.

(i1) Suppose that ¢; ¢ Z. Under the linear map
D" + o, D" — (e — D)pr;(D"),

D" € W is invariant and D" € Wl.J- is transformed into aéf)”. By Lemma 6.4, this

map coincides with mf). It is easy to see that mg is represented by the matrix Mé for
the basis {D}] }uez’g-

We consider the case ¢; € Z. Under our assumption (2.5), the intersection
form Z on Hy (T (x), u) x H (T (x), u) does not degenerate and {Dl‘j}vezlE is a basis

even in this case. Note that the map (aé — Dpr; is represented by 2% x 2K-matrix
(¢ — VH '"EY(E:H'EY)™'E; (7.1)

for the basis {Dg}vezé. The 21 x 2= matrix E; H 'E} has the factor (af) -1

by Propositions 6.1 and 6.2. Thus this factor in the expression (7.1) is canceled. If

we regard this case as a limit of parameters then (aé — 1)pr; converges to a linear
transformation satisfying

ker((e) — Dpr;) = Im((ef) — Dpr;) = W
and the expression of mé is valid as the circuit transform. O

Remark 7.3.

(i) The eigenspace of the circuit transform m,, with eigenvalue 1 is the orthogonal
complement

(Ay)" ={D" € Hi(T (%), u) | Z(D", Al) =0}
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of AY. If o, = 1 then Al belongs to (A”W)L, otherwise Hy (T (x), u) is
spanned by A% and (A';j)J-. If @y, = 1 then the Jordan normal form of m,, is

given by
1 11
S E J1,2=(0 1)-

1

Ji2

(ii) If ¢; € Z then the Jordan normal form of mé) is the direct sum of 2¢~! copies
of Ji2:
Ji2

A. Sketch of a proof of Proposition 6.2

A.1. Determinant formula

Set
o=y Bi=po, Vi=MWi VY=

Then Proposition 6.2 reads that det(H) equals

afiyi — 1 k=1
(@—DB1 =Dy = 1) ’
(aBry1Bay2 — D(epiyr — D(afay2 — 1) k =2).

(@ — D3(B1 — D2(y1 — D2(Br — D2(yn — 1)2

3
(Otﬂl)/lﬁz)/zﬂ3)/3—1)l [1 3(01,3;')/1',3/'3//'—1) ]_[l(otﬂi)/i—l)
<i<j< i=

(k =3),

3
(@—=D7 B — D — D

i=1

and in general,

k
[Moens [“ [T Bvp™ = 1}
j:

det(H) = P

(@ — DY [116; = D~ HpE!

j=

— k
where v = (vy, ..., %) € Zs.
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A.2. Outline of the proof

We index the rows and the columns of the intersection matrix H by elements v €
Zé, which are arranged in the lexicographic order:

©,...,0<@,...,0,1)<@©,...,1,00<@©,...,. 1, D) <---<(1,..., 1).

We apply the Laplace expansion to the determinant det(H ) with respect to the 2¢~!
rOWS:

0,7), V= (va,..., ) €Zs".

. . . k—1
We choose 2! columns with indices vP, v@ ... v@ ) ¢ Zg and make the
minor. Let us write their entries as

U(i) — (ei’ i’)(l)), V(l) (U(l) . (l)) c Zk 1 (1 S l f 2/{—1)'
Lemma A.l. The minor is zero unless V) are distinct, that is,
P01 <i <2y =750

Proof. Note that if 90 = 9) for i # j then the two columns of the minor are
proportional. O

Let the chosen columns be indexed as
(I =0D > 0@ > 5@ =0, 0.

We make the product of this minor and the complementary minor, the minor made
by complementary rows and the complementary columns, and denote this product
as

m(eqp—1 -+ €1).

Set
Bivi — ®
Jo,p0 = ﬁ Olyll_[(ﬁ/)//)f -1/,

1 k O
fren = Bz (, H(ﬂj)/j) i —=1].
yi—1 =2
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For example, we have

_(ayi=D@irn—-D

Jo,0 ,
yi—1
(aylﬂz)/z—l)(ﬂlyl—l)
Jo )
y1—1
oo (053/1—1)(,31)/1—1)’
y1—1
(Ol)/l Byo—D(Biyi—1)
Joa ,
yi—1
(05V1/331/3—1)(/31V1 -1
fo.0 ,
yi—1
o (063/1/323/2,33)/3—1)(131)/1—1)
y1—1 ’

for k = 2 and k = 3. Note that

Jo,s = fo,@.0,....0)5

fro
fia
Ji.00

fiio=
fro1=
fin=

_le=DBi=bn

yi—1
(Otﬂz)/z—l)(ﬁl—l))/l
yi—1
_(a=DHBi—=bn
yi—1 ’
(@Bay2—1)(B1—Dy
y1—1 '
(aB3y3—1)(B1—Dy
yi—1 '
(Otﬁzyzﬁ3y3—1)(ﬂ1—1))/1
yi—1
» = J1..,0....,0)

k .
(@)
foso = frgo = [[Bivp' — 1.

The products of the minors can be expressed in terms of these f’s as follows:

2k-1 k @
[T |(=D< (06 ﬂz(ﬂj)/j) ;= 1) Je; 50
i=1 j=

Lemma A.2.

m(ex—1 «-+ €1) =

j=

Since we have the relations (A.2), we sum up m(ey—1 ---

m(eqp—1 -+ €) 1= m(€p-1 -+ -

and then set

m(€yp—1 « -+ €3) 1= m(€p—1 -+ -

k
(@ — DT TTIB — D(yi — DI
=2

€ 0) +m(ep—1 -+ €2 1),

€30) +m(epn-1 -+ €3 1),

(A1)

(A2)

€1) two by two: set
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and so on. We end up with

det(H) = Zm(ezk,] S €]) =
all

m(00) +m(01) +m(10) + m(11) = m(0) + m(1)

k
[]( I1 BiiViy ---Bi,vi, — 1

p=1 l<i1<~~-<i,,<k

(« 1W1nw D2y — 2!

[1 {a ﬁ By — 1}

veZk Jj=1

- .
(@ — D TTIB — Dy — DI

i=1

Instead of giving proofs to the statements and Lemma A.2, we show the procedure
when k = 1, 2, 3. These will light up the way in general cases.

A3. k=1
_ Bin-1 N4ZL
Do - Dy Dy - Dy Br—=Dn—1D yi—1
Dy -Dy Dy- Dy N7 ay; —1
vy — 1 (=D —1)
_ 1 <(6¥V1—1)(51V1—1)_(01—1)(/31—1))/1)
Bi—Dy1—D(a—-1) yi—1 y1—1

_ apryr — 1
Bi— Dy —De@—1)

We use the identity

(CB-1)(AB-1) (C-1D((A-1B

— =CAB -1
B—1 B—1
often.
Ad. k=2
Set
apryr — 1

= G DB =D — D2 — D2 — 12
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this is the factor with the expected denominator and the numerator which does not
contain 81 nor y;. Then we have

m(00) = F2 - fo,1 - foo, —m(01) = F2- fo1 - f1,0,
—m(10) = F> - fi.1- foo, m(1)=F2- fi1- fio-
Write down the identities (A.2) as
foo— fo=abivi— 1, fo1— fii=aBiyifay — 1,
which imply
m(0) :=m(00) + m(01) = F2 - fo.1 - (@Biy1 — 1),

—m(1) :==m(10) + m(11) = F2 - fi.1 - (@fiy1 — 1);

m@0) +m(l) = F, - (aBiy1B2y2 — D(afiyi — 1)
_ (@Bry1B2y2 — D(aBiyr — DBy — 1)
(@ — D3B1 — D2(y1 — D2(Ba — D2(ya — )2

Every 2 x 2-minor can be computed by the determinant formula when k = 1 estab-
lished in the previous subsection. For example, we compute 7 (00):

Doo - Doo Doo - Doq
Do - Doo Doi - Doy

Bivi—1 Baya—1 Biyi—1 NGZ)
B Br=D—=1) (B2—=D(r2—1) (Bi—DH(1—1) -1
Biyi—1 N4Z) Bivi—1 ay)—1
Br=D1—1 y—1 Br—=Dy1—=1D (@=D(n-1)
Bry2—1 N4Z)
_( Biyi—1 )2 (B2—D(2—1) r2—1
S \Bi-bHn-1 S ayr—1

2—1 (@=1)(2—1)
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The second term of the last line is the intersection determinant appeared in the last
subsection with the substitution:

B1— B2, Y1 — 2.

D1o - D1o Di1o - D1
D11 - Do D11 - D
ay;—1 Baya—1 ay;—1 N4Z)
| =Dla=D B2=D(2=1) (ri—Dla—=1)y2—1
ay;—1 42 ay1y2—1
1—D(a—=1) -1 (a—D(1—D@r—1
) Bay2—1 NSz
_ ( ay—1 ) (Bo—D (=1 yr—1
(1=D@=1 Vo enpnol
-1 (ayi—D(n—1)

The second term of the last line is the intersection determinant appeared in the last
subsection with the substitution:

Bi— B2, vi—y, and a — ay.

(Geometrically, the last substitution corresponds to the blow up at the intersection
point of the lines labeled y; and «; the exceptional curve corresponds to y;.) At
any rate, the product of the two minors above give m(00).

AS. k=3

Set

_ (aBayr—1D)(aB3y3—D(afry2B373—1) )
@=1)7(B1=D*n—D*HB—D* (s —D* (B3~ D3 =D
this is the factor with the expected denominator and the numerator which does not

contain B nor y;. See (A.1) for fy yand f; 5 (V € Z%). The products of two minors
are given as

F3:

(=D rsTetely ey, €3, €2, €1) = F3 - feu 11 fe3.01  fer.10 * fe1.00-

By (A.2), we have

fo,00 — fr,00 =afiyi — 1, Jo,10 — fi,i0 =aBiviBay: — 1,
foor — fio1 =aBiviBsys — 1, foon — fi,11 =afiviBayeBsys — 1.
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These identities imply

(—DSrS T 2m(es, €3,€2) = F3+ fe, 11+ fe3.01 + fea10 - (@Bryi—1),
(=D Sm(es, €3) = F3 - fe 11+ fes01 - (@BiyiBaya—D(@fiyi—1),
(=D%m(eq) = F3 - fe,11 - @Piv1Bzyz—D(apiyifoya—D(afryi — 1),

m(0) + m(1)
= F3 - (aB1iy1B2v2B83v3—D(@BryiB3vs — D(afryi B2y — D(apryi —1).

The last identity is the expected expression.
Let us have a look at a typical minor:

det((Dy - Dy)1,7={000,001,010,011});

this turns out to be the product of

< Biyr — 1 )4
Br—Dyi—1D
and the determinant of the intersection matrix when k = 2 with the substitution:

B1— B, vi = v2, B2 — B3 v2 = v3s
and the complementary one
det((Dy - Dy)1,7={100,101,110,111});

this turns out to be the product of

(@)
(=D -1
and the determinant of the intersection matrix when k = 2 with the substitution:

Bi— B2 vi—> 2, Bo— B3, v2—> ¥3, and a — ay.

Geometrically, the last substitution corresponds to the blow up along the intersec-
tion line of the planes labeled by y; and «; the exceptional surface corresponds to

ay).
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