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The eigenvalue problem for the 1-biharmonic operator

ENEA PARINI, BERNHARD RUF AND CRISTINA TARSI

Abstract. We consider the problem of finding the optimal constant for the em-
bedding of the space

W2,1
1 (�) :=

n
u 2 W1,1

0 (�) | 1u 2 L1(�)
o

into the space L1(�), where � ✓ Rn is a bounded convex domain, or a bounded
domain with boundary of class C1,↵ . This is equivalent to finding the first eigen-
value of the 1-biharmonic operator under (generalized) Navier boundary condi-
tions. In this paper we provide an interpretation for the eigenvalue problem, we
show some properties of the first eigenfunction, we prove an inequality of Faber-
Krahn type, and we compute the first eigenvalue and the associated eigenfunction
explicitly for a ball, and in terms of the torsion function for general domains.

Mathematics Subject Classification (2010): 46E35 (primary); 35G15, 35P30,
49J52 (secondary).

1. Introduction

Let � ✓ Rn be a bounded domain, and let W 2,1
1 (�) be defined as

W 2,1
1 (�) :=

n
u 2 W 1,1

0 (�) | 1u 2 L1(�)
o

.

This function space turns out to be strictly larger than the Sobolev spaceW 2,1(�)\

W 1,1
0 (�), in which the whole set of second order derivatives is considered, in con-

trast with the case p > 1 where we always have W 2,p
1 (�) = W 2,p(�) \ W 1,p

0 (�),
provided @� is sufficiently smooth: the equivalence between the full Sobolev norm
and k1ukp can be achieved by standard elliptic theory, see [17, Lemma 9.17]. This
difference is highlighted by the corresponding sharp Sobolev embeddings, in par-
ticular in the so-called limiting case N = 2 (p = 1 =

N
2 ) one has W

2,1(�) ,!

L1(�) (see, e.g. [2]), while this embedding fails for the larger space W 2,1
1 (�),

which embeds only into Lexp(�) (see [7]).
Our aim here is to find the optimal constant for the embedding

W 2,1
1 (�) ,! L1(�)
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and to study the properties of the extremal functions. The optimal constant is given
by the inverse of the quantity

inf
u2W 2,1

1 (�)\{0}

k1uk1
kuk1

. (1.1)

Our approach is inspired by the minimization of the quantity

inf
u2W 1,1

0 (�)\{0}

kruk1
kuk1

, (1.2)

for finding a first eigenfunction of the 1-Laplace operator (see [13, 32]). Since the
space W 1,1

0 (�) is not reflexive, minimizing sequences of (1.2) may not converge
weakly in W 1,1

0 (�): an appropriate space for the minimization problem is then
BV (�), the space of the functions of bounded variation, and the existence of a
minumum is a consequence of the lower semicontinuity of the total variation in
L1loc(�) (see [3]).

A minimizer of problem (1.2) formally solves the eigenvalue problem
8><
>:

�div
✓

ru
|ru|

◆
= �

u
|u|

in �

u = 0 on @�.

(1.3)

The nonlinear operator 1u defined by

11u := div
✓

ru
|ru|

◆

is called the 1-Laplacian, and has been widely studied in recent years, due to its nu-
merous applications (e.g. in control theory and game theory, in mathematical image
restoration, in the theory of torsion and related geometric problems). Problem (1.3)
can also be seen as the limiting case, for p ! 1, of the eigenvalue problem for the
p-Laplace operator1pu := div(|ru|p�2ru) (see [19] and [27]); this interpretation
justifies a purely theoretical interest in the study of (1.3), since, as pointed out by
Evans ( [16]) in an article on the 1-Laplacian and the 1-Laplacian: “an important
principle of mathematics is that extreme cases reveal interesting structures”.

Motivated by these considerations, we aim to study the ‘higher-order’
case, namely the minimization problem (1.1). As for the first eigenvalue of the
1-Laplacian, the infimum is not attained in W 2,1

1 (�), and it will be necessary to
consider the larger space BL0(�), consisting of all functions u 2 W 1,1

0 (�) such
that 1u is a Radon measure with finite total variation: the first part of the pa-
per (Sections 2-5) is devoted to the introduction of this new function space and its
properties. Note that BL0(�) contains properly BH(�), the space of functions
with bounded Hessian, introduced in [12], and its subspace SBH(�) of functions
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with special bounded Hessian, which finds application in the elastic-plastic plate
theory.

In order to make the minimization problem (1.1) well-posed, we require a reg-
ularity assumption on the domain �: if � is convex, or has a boundary of class
C1,↵ , passing through the notion of solution in the sense of Stampacchia, we are
able to guarantee that any function u 2 W 1,1

0 (�) harmonic in distributional sense
is identically 0. This property does not hold for general domains, as shown by a
counterexample (see section 5).

Analogously to the case of problem (1.2), a minimizer of (1.1) formally satis-
fies 8>>>><

>>>>:

1

✓
1u
|1u|

◆
= �

u
|u|

in �

u = 0 on @�
1u
|1u|

= 0 on @�.

(1.4)

The operator

121u := 1

✓
1u
|1u|

◆

can be seen as the limiting case, for p ! 1, of the p-biharmonic operator

12pu := 1
⇣
|1u|p�21u

⌘
,

and so we refer to it as the 1-biharmonic operator. The eigenvalue problem for the
p-biharmonic operator under Navier boundary conditions (that is, u = 1u = 0)
was studied in [14], where it was proved that there exists a unique eigenfunction
(up to nonzero multiplicative constants), which moreover can be chosen positive
and superharmonic.

The rigorous derivation of the Euler-Lagrange problem (1.4) requires meth-
ods of nonsmooth analysis, due to the nonsmoothness of the involved functionals;
furthermore, the quantities 1u

|1u| and
u
|u| in (1.4) are not well defined, so they must

be interpreted in a generalized sense. Following the approach used in [20, 32] for
the 1-Laplacian, for any measurable selection s(x) of the set-valued sign function
Sgn(u) we find some z 2 W 1,1

0 (�) \ L1(�) such that

1z = �s a.e. on �, with � =

|1u|T
kuk1

.

The function z can be considered as a substitute of 1u/|1u| in the formal 1-
biharmonic operator, while s substitutes the formal multiplier u/|u| at points where
u vanishes. Hence, it turns out that for minimizers u 2 BL0(�) of (1.1) infinitely
many Euler Lagrange equations have to be satisfied, in general.

Using standard symmetrization techniques, a Faber-Krahn inequality for the
1-Laplacian can be easily derived, which states that, among all domains with pre-
scribed volume, the first eigenvalue is minimal for the ball: the proof relies on the
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Pólya-Szegö inequality, which assures that the L p norm of the gradient of a func-
tion u in W 1,p

0 (�) (1  p  1) does not increase under symmetrization. On
the contrary, dealing with second order derivatives, a Pólya-Szegö type result is
not available, and the derivation of a Faber-Krahn inequality for the 1-biharmonic
operator is no longer a trivial task. Nevertheless, we are able to prove it using in
particular a comparison result due to Talenti.

We are now ready to state our main theorem which summarizes the results
described above.

Theorem 1.1. Let � ✓ Rn be a bounded convex domain, or a bounded domain
with boundary of class C1,↵ (0 < ↵  1), and let

BL0(�) := {u 2 W 1,1
0 (�)

��
|1u|T < 1}

where |1u|T denotes the total variation of the distributional Laplacian 1u. Con-
sider the minimization problem

31,1(�) := inf
u2BL0(�)\{0}

|1u|T
kuk1

.

Then:

(i) The infimum is attained: there is v 2 BL0(�) : |1v|T = 31,1(�)kvk1;
furthermore, v is non-negative and superharmonic;

(ii) The minimizer formally satisfies
8><
>:
121u = �

u
|u|

in �

u =

1u
|1u|

= 0 on @�

in the sense that for any measurable sign selection s 2 Sgn(u) there exists
z 2 W 1,1

0 (�) \ L1(�) such that
• kzk1 = 1, 1z 2 Ln(�);
• |1u|T =

R
� u1z;

• 1z = �s almost everywhere in �, with � =
|1u|T
kuk1 .

The following result provides a physical interpretation of 31,1(�): the first eigen-
value can be computed in terms of the torsion function and, in the case of radial
domains, its value can be explicitly exhibited, as well as the corresponding first
eigenfunction.

Theorem 1.2. For any convex domain� ✓ Rn , or any domain with C1,↵ boundary
(0 < ↵  1), the first eigenvalue 31,1(�) of the 1-biharmonic operator is given by

31,1(�) =

1
 M(�)

,  M(�) = max
x2�

 (x) (1.5)
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where  is the solution of the torsion problem
(

�1 = 1 in �
 = 0 on @�.

Furthermore, the Green function G(zM , x), for the domain �, provides a corre-
sponding eigenfunction, for any zM 2 �, maximum point of  (i.e.  M(�) =

 (zM)).
If � = BR the ball of radius R centered in the origin, then

31,1(BR) =

2n
R2

(1.6)

and a first eigenfunction is given by the solution of
(

�1u = �0 in BR
u = 0 on @BR,

(1.7)

where �0 is a Dirac mass concentrated in 0.

Finally, the following Faber-Krahn type result holds true for the 1-biharmonic
operator:

Theorem 1.3. Let � ✓ Rn be a bounded convex domain, or a bounded domain
with boundary of class C1,↵ (0 < ↵  1); then

31,1(�
#)  31,1(�)

where �# is a ball with |�#| = |�|. Moreover, equality holds if and only if � is a
ball.

Since under dilation the first eigenvalue 31,1(�) scales as

31,1(t�) =

1
t2
31,1(�),

the Faber-Krahn type inequality can be written in the scaling-invariant form

|�|
2/n31,1(�) � 2n!2/nn

where !n = ⇡n/2/0(1 + n/2) is the Lebesgue measure of the n-dimensional unit
ball (see Remark 6.7).

The paper is organized as follows: after giving the necessary definitions and
proving some preliminary results in Section 2, we give an approximation result
for functions in BL0(�) (Section 3). In the fourth section we discuss the well-
posedness of our minimization problem, while in Section 5 we prove Theorem 1.1.
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Finally, Section 6 provides a physical interpretation of the first eigenvalue (Theorem
1.2) as well as a Faber-Krahn type inequality (Theorem 1.3).

ACKNOWLEDGEMENTS. The authors would like to thank Guido Sweers and
Athanasios Stylianou for interesting and useful discussions about higher-order
problems, and in particular about the counterexample in Section 5. We are also
grateful to Guido De Philippis for his observations that led to the proof of Proposi-
tion 6.6, and to Lorenzo Brasco for suggestions about how to improve the regularity
assumptions in Proposition 4.3. Finally, we wish to thank the Referee for the care-
ful reading of the manuscript and the useful remarks that have helped us revise and
improve the article.

2. Definitions and preliminary results

Let� ✓ Rn be a bounded domain; unless otherwise specified, we will suppose that
its boundary is of Lipschitz class. A function u 2 L1(�) is said to be of bounded
variation if its distributional derivative is representable by a finite Radon measure
µ, i.e. if Z

�
u div' =

Z
�
'dµ 8 ' 2 C1

c (�; Rn),

or, equivalently, if the quantity

|Du| := sup
⇢Z

�
u div'

��' 2 C1

c (�; Rn), k'k1  1
�

(2.1)

is finite. The space of functions of bounded variation is denoted by BV (�). Anal-
ogously, we define BL(�) as the space of functions u 2 W 1,1(�) whose Laplacian
1u is representable by a finite measure µ, i.e.Z

�
ru r' =

Z
�
'dµ 8 ' 2 C1

c (�; R).

Recalling that the total variation of a measure is defined as

|µ|(�) = sup
⇢Z

�
' dµ

���� ' 2 Cc(�), k'k1  1
�

we define the total variation of the Laplacian of u to be the quantity

|1u|T := sup
⇢Z

�
' d1u

��� ' 2 Cc(�), k'k1  1
�

= sup
⇢Z

�
' d1u

��� ' 2 C1

c (�), k'k1  1
�
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where we used the fact that C1

c (�) is dense in Cc(�). Hence

BL(�) = {u 2 W 1,1(�) | |1u|T < 1}.

Furthermore, we denote by BL0(�) the space

BL0(�) := {u 2 W 1,1
0 (�) | |1u|T < 1}.

For n = 1, the space BL(�) coincides with the space of functions of bounded
Hessian BH(�) introduced in [12], which are functions whose gradient is locally
in BV (�). However, if n � 2 the latter space is strictly contained in BL(�),
as a consequence of the results in [10, Theorem 3]; indeed, the authors prove the
existence of a function u : [0, 1] ⇥ [0, 1] ! R such that uxx and uyy are Radon
measures with finite total variation, but the total variation of uxy is infinite, so that
u 62 BH(�). Finally, we define the space

W 2,1
1 (�) := {u 2 W 1,1

0 (�) | 1u 2 L1(�)}.

Note that W 2,1
1 (�) ✓ BL0(�): indeed, for any u 2 W 2,1

1 (�) the distributional
Laplacian is given by 1u dx , but the inclusion is strict: there exist functions u 2

BL(�) such that 1u is singular with respect to the Lebesgue measure. As an
example, one can consider the Green function of � defined as

(
�1u = �y in �
u = 0 on @�,

where �y is a Dirac mass concentrated in a point y 2 �. Then u 2 BL0(�), but
u 62 W 2,1

1 (�). Furthermore, if u 2 W 2,1
1 (�), then |1u|T = k1uk1. Indeed one has

|1u|T := sup
⇢Z

�
' 1u

���' 2 Cc(�), k'k1  1
�

so that, for any admissible function ',

���
Z
�
1u '

��� 

Z
�

|1u| |'| 

Z
�

|1u| = k1uk1,

which implies |1u|T  k1uk1.
To prove the reverse inequality, let us denote by  the function  := sgn(1u)

and by  k the function  k :=  ��k where

�k :=

⇢
x 2 � | dist(x, @�) >

1
k

�
.
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Since  k is measurable and has compact support, by Lusin’s Theorem there exists
a function 'k 2 Cc(�) such that k'kk1  k kk1 = 1 and

Vk := |{'k 6=  k}| 

1
k
.

Hence����
Z
�
1u 'k � k1uk1

���� =

����
Z
�k

1u ('k �  ) +

Z
�\�k

1u ('k �  )

����


����
Z
�k

1u ('k �  k)

���� +

����
Z
�\�k

1u ('k �  )

����
 2

Z
Vk\�k

|1u| + 2
Z
�\�k

|1u| ! 0

as k ! 1. From the definition of |1u|T it follows that k1uk1  |1u|T . This
yields the claim.
Remark 2.1. The quantity |1u|T is lower semicontinuous with respect to the L1-
convergence. To check this, we need only to notice that |1u|T is the supremum of
the functionals T' defined for ' 2 C1

c (�) as

T'(u) =

Z
�
u1'dx,

which are continuous in the L1(�) topology.
Finally, we present an equivalent definition of the space BL(�), which will be

used in the proof of Proposition 3.1.

Proposition 2.2. Let u 2 W 1,1(�). Then u 2 BL(�) if and only if

V1(u,�) = sup
⇢Z

�
ru r'

��� ' 2 C1

c (�; R), k'k1  1
�

= sup
⇢Z

�
u1'

��� ' 2 C1

c (�; R), k'k1  1
�

< +1.

Moreover, V1(u,�) = |1u|T .

Proof. Suppose that there exists a Radon measure µ with finite total variation such
that �1u = µ in distributional sense. Then

V1(u,�) = sup
⇢Z

�
rur'

��� ' 2 C1

c (�), k'k1  1
�

= sup
⇢Z

�
' dµ

��� ' 2 C1

c (�), k'k1  1
�

= sup
⇢Z

�
' dµ

��� ' 2 Cc(�), k'k1  1
�

= |1u|T (�),
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where we used the fact that C1

c (�) is dense in Cc(�). Conversely, suppose that
V1(u,�) < +1. Then Z

�
rur'  V1(u,�) · k'k1

for every ' 2 C1

c (�). Since C1

c (�) is dense in Cc(�), we can find a linear
continuous operator L on C0(�) such that L' =

R
� rur' for every ' 2 C1

c (�),
and kLk  V1(u,�).

By the Riesz representation Theorem (see [31, Theorem 6.19]) there exists a
Radon measure µ with kLk = |µ|(�) and L' =

R
� ' dµ for every ' 2 Cc(�). In

particular
R
� rur' =

R
� ' dµ for every ' 2 C1

c (�), which means �1u = µ in
distributional sense and implies

V1(u,�) = |1u|T .

3. An approximation result

We say that a sequence {uk} in BL(�) converges strictly to u 2 BL(�) if

• uk ! u in W 1,1(�) as k ! 1, and
• |1uk |T ! |1u|T as k ! 1.

In this section we prove that any function BL(�) can be approximated with respect
to the strict convergence by a sequence of smooth functions. The proof is similar to
the analogous result for BV functions proved in [18, Theorem 1.17].

Proposition 3.1. Let u 2 BL(�). Then there exists a sequence of functions uk 2

C1(�) \ BL(�) converging strictly to u as k ! 1.

Proof. Fix " > 0. There exists a number m 2 N such that, if one sets for k =

0, 1, 2 . . .

�k :=

⇢
x 2 �

��� dist(x, @�) >
1

m + k

�
,

then |1u|T (� \�0) < ".
Define for i 2 N the sets Ai by A1 := �2, and Ai := �i+1 \ �i�1 for

i � 2. Let { i }
1

i=1 be a partition of the unity subordinate to the covering {Ai },
which means that  i 2 C1

0 (Ai ), 0   i  1, and
P

1

i=1  i ⌘ 1.
Let ⌘ be a positive symmetric mollifier. For every i , it is possible to choose

"i > 0 such that, setting ⌘i := ⌘"i , one has:

• supp ⌘i ⇤ (u i ) ✓ �i+2 \�i�2 (where ��1 := ;)
•

R
� |⌘i ⇤ (u i ) � u i | < 2�i"

•

R
� |⌘i ⇤ r(u i ) � r(u i )| < 2�i"
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•

R
� |⌘i ⇤ rur i � rur i | < 2�i"

•

R
� |⌘i ⇤ div(ur i ) � div(ur i )| < 2�i".

Define now u" :=

P
1

i=1 ⌘i ⇤ (u i ).
Since this sum is locally finite, it follows that u" 2 C1(�); furthermore, one

has Z
�

|u" � u| 

1X
i=1

Z
�

|⌘i ⇤ (u i ) � u i | < ",

and Z
�

|ru" � ru| 

1X
i=1

Z
�

|⌘i ⇤ r(u i ) � r(u i )| < ".

Hence u" ! u in W 1,1
0 (�) as " ! 0. It follows that |1u|T  lim inf"!0 |1u"|T .

Let now ' 2 C1

c (�), k'k1  1. It holds
Z
�

ru"r' =

1X
i=1

Z
�

r(⌘i ⇤ u i )r' =

1X
i=1

Z
�
(⌘i ⇤ r(u i ))r'

=

1X
i=1

Z
�

r(u i )r(⌘i ⇤ ') =

1X
i=1

Z
�
 irur(⌘i ⇤ ')

+

1X
i=1

Z
�
ur ir(⌘i ⇤ ')

=

1X
i=1

Z
�

rur( i (⌘i ⇤ ')) �

1X
i=1

Z
�
'(⌘i ⇤ rur i )

�

1X
i=1

Z
�
div(ur i )(⌘i ⇤ ')

=

1X
i=1

Z
�

rur( i (⌘i ⇤ ')) �

1X
i=1

Z
�
'(⌘i ⇤ rur i )

�

1X
i=1

Z
�
'(⌘i ⇤ div(ur i ))

=: I1 + I2 + I3.

Let us analyze the three integrals separately. Since | i (⌘i ⇤')|  1, one has, taking
into account the fact that each point in � belongs at most to three of the sets Ai ,

I1 =

Z
�

rur( 1(⌘1 ⇤ '))

+

1X
i=2

Z
�

rur( i (⌘i ⇤ '))  |1u|T + 3|1u|T (� \�0)  |1u|T + 3".



THE EIGENVALUE PROBLEM FOR THE 1-BIHARMONIC OPERATOR 317

Recalling that
P

1

i=1  i ⌘ 1 we obtain

|I2| =

����
1X
i=1

Z
�
'(⌘i ⇤ rur i )

���� =

����
1X
i=1

Z
�
'(⌘i ⇤ rur i � rur i )

����


1X
i=1

Z
�

|⌘i ⇤ rur i � rur i | < ".

Finally

|I3| =

����
1X
i=1

Z
�
'⌘i ⇤ div(ur i )

���� =

����
1X
i=1

Z
�
'(⌘i ⇤ div(ur i ) � div(ur i ))

����


1X
i=1

Z
�

|⌘i ⇤ div(ur i ) � div(ur i )| < ".

Summing up we obtain |1u"|T  |1u|T + 5". Hence we obtain the claim.

As in [18, Remark 1.18], the approximating sequence uk can be chosen such
that the trace of uk on @� coincides with the trace of u. Therefore we can state the
following result.

Proposition 3.2. Let u 2 BL0(�). Then there exists a sequence of functions uk 2

C1(�) \ C(�) \ BL0(�) converging strictly to u as k ! 1.

Notice that u 2 BL0(�) \ C1(�) \ C(�) implies u 2 W 2,1
1 (�). Hence, as a

consequence of Propositions 2.2 and 3.2 we obtain

inf
u2W 2,1

1 (�)\{0}

k1uk1
kuk1

= inf
u2BL0(�)\{0}

|1u|T
kuk1

.

4. Equivalence of distributional solutions and solutions in the sense
of Stampacchia

As remarked at the end of the previous section, we are led to study the minimization
problem

inf
u2BL0(�)\{0}

|1u|T
kuk1

in the broader space BL0(�), that is, in the space of W 1,1
0 -functions whose distri-

butional Laplacian is a Radon measure. This new setting naturally leads to examine
the properties of the equation (

�1u = µ in �
u = 0 on @�

(4.1)
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where µ is a Radon measure with finite bounded variation: in particular, we are
interested in a suitable definition of solution for which we can guarantee existence
and uniqueness. Problems involving elliptic equations with measure data have been
widely studied by many authors: the linear case has been approached by Stam-
pacchia in [35] by means of duality methods, whereas the general case has been
considered, for example, in [4, 5, 11] and, more recently, in [26].

The notion of distributional solution turns out to be too weak to approach the
problem, as pointed out by Serrin: in [33] he exhibited a nontrivial family of func-
tions u", depending on a small parameter ", which are distributional solutions of the
problems ⇢

�div(A"(x)ru) = 0 x 2 B
u = 0 x 2 @B

where A"(x) is a suitable family of bounded and coercive matrices. The distribu-
tional solutions u" belong to W

1, n
n�1�"

0 (B), but not to H10 (B). On the other hand,
the equations clearly have also weak solutions v" 2 H10 (B).

In the case of the Poisson equation, we can consider a simpler counterexample:
let � ✓ R2 be defined in polar coordinates as

� =

⇢
(r,') 2 R2

��� 0 < r < 1, 0 < ' <
3
2
⇡

�

and consider the function

u(r,') =

⇣
r
2
3 � r�

2
3
⌘

· sin
✓
2
3
'

◆
.

It is easy to verify that u 2 W 1,1
0 (�), u 2 C1(�) and 1u = 0 in the classical (and

hence distributional) sense; however, u 6⌘ 0. This implies in particular that for this
domain

inf
v2BL0(�)\{0}

|1v|T
kvk1

= 0.

Therefore we need to find some conditions on the domain � in order to guarantee
uniqueness of the distributional solution of (4.1).

To this aim, we introduce a notion of weak solution due to Stampacchia [35]
(Definition 9.1), that guarantees existence and uniqueness properties for (4.1); then,
we will prove that solutions in the sense of Stampacchia and distributional solutions
actually coincide, under suitable regularity assumptions on the boundary of �.

Let µ be a Radon measure with finite bounded variation.
Definition 4.1. We say that u is a solution in the sense of Stampacchia of

(
�1u = µ in �
u = 0 on @�
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if
�

Z
�
u1' =

Z
�
' dµ

for every ' 2 W 1,2
0 (�) \ C(�) such that 1' 2 C(�) .

It is clear that every solution in the sense of Stampacchia is a distributional so-
lution of the same equation. By [35, Theorem 9.1], there exists exactly one solution
u in the sense of Stampacchia of (4.1), which moreover satisfies u 2 W 1,r

0 (�) for
every r 2

h
1, n

n�1

⌘
. We have indeed the following:

Theorem 4.2 (Stampacchia). Let � be a domain with a Lipschitz boundary, and
let µ be a Radon measure with finite total variation. Then there exists exactly one
solution (in the sense of Stampacchia) of the problem

(
�1u = µ in �
u = 0 on @�.

The solution satisfies u 2 W 1,r
0 (�) for r 2 [1, n

n�1 ), and there is a constant c(r) >
0 such that

kukW 1,r
0

 c(r)|µ|T

where |µ|T denotes the total variation of µ.

Let us now prove that the notions of distributional solution and solution in the
sense of Stampacchia coincide, provided � is a convex domain, or a domain with a
boundary of class C1,↵ with ↵ 2 (0, 1].

Proposition 4.3. Let � be a bounded, convex domain or a bounded domain whose
boundary is of class C1,↵ with ↵ 2 (0, 1]. Then every distributional solution u 2

W 1,1
0 (�) of (

�1u = µ in �
u = 0 on @�

is a solution in the sense of Stampacchia of the same equation.

Proof. Let ' 2 W 1,2
0 (�) \ C(�) be such that g := 1' 2 C(�). By the regularity

result in [24, Theorem 1] (in the case � convex, see also [9, Theorem 1.4]) or
by [25, Theorem 1] (if @� is of class C1,↵), we have that ' 2 W 1,1

0 (�). Take a
sequence {uk} in C1

c (�) approximating u in the W 1,1-norm. Since � satisfies an
interior cone condition, it is possible to use [8, Theorem 2.1] to integrate by parts
in order to obtain

�

Z
�
uk1' =

Z
�

rukr'.
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Sending k ! 1, we obtain

�

Z
�
u1' =

Z
�

rur'.

Now take a sequence {'k} in C1

c (�) approximating ' in the W 1,1-norm. Then we
have

�

Z
�
u1' =

Z
�

rur' = lim
k!1

Z
�

rur'k

= lim
k!1

Z
�
'k dµ =

Z
�
' dµ.

Hence we obtain the claim.

Remark 4.4. If @� is of class C1,1, it is not necessary to use [8, Theorem 2.1]
in the proof of the previous proposition. In that case, standard regularity theory
implies that actually ' 2 W 2,p(�)\W 1,p

0 (�) (see [17, Theorem 9.15]), and so the
classical integration by parts applies.

Corollary 4.5. Let � be a bounded, convex domain or a bounded domain whose
boundary is of class C1,↵ with ↵ 2 (0, 1]. If u 2 W 1,1

0 (�) is harmonic in � in
distributional sense, then u ⌘ 0.

Proof. By Proposition 4.3 u is a solution in the sense of Stampacchia of
(

�1u = 0 in �
u = 0 on @�.

By uniqueness Theorem 4.2 it follows u ⌘ 0.

5. The eigenvalue problem for the 1-biharmonic operator

The aim of this section is to discuss Theorem 1.1; its proof will be divided into
different steps.

In the following we will assume that � is convex, or that its boundary is of
class C1,↵ (0 < ↵  1). Corollary 4.5 and Theorem 4.2 imply that, for each Radon
measure µ with finite total variation, there exists exactly one distributional solution
u 2 W 1,1

0 (�) of the problem
(

�1u = µ in �
u = 0 on @�.
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Moreover, u 2 W 1,r
0 (�) for every r 2

h
1, n

n�1

⌘
(see Theorem 4.2). Let us define

31,1(�) := inf
u2BL0(�)\{0}

|1u|T
kuk1

.

In the next proposition we will show that the above infimum is attained for a func-
tion u 2 BL0(�).

Proposition 5.1. There exists a function u 2 BL0(�) such that

|1u|T
kuk1

= 31,1(�).

Proof. Let {uk} be a minimizing sequence in BL0(�) such that kukk1 = 1. Since
there exists a M > 0 such that |1uk |T  M , by Theorem 4.2 the sequence is
uniformly bounded in W 1,r

0 (�) for a fixed r 2

⇣
1, n

n�1

⌘
. So there exists a function

u 2 W 1,r
0 (�) (and hence in W 1,1

0 (�)) such that, up to a subsequence, uk * u
weakly in W 1,r

0 (�) and uk ! u strongly in L1(�); this implies in particular that
kukk1 = 1. By Remark 2.1 we obtain the claim.

A minimizer u can be seen as the first eigenfunction of the 1-biharmonic op-
erator, where the associated Euler-Lagrange equation has to be interpreted in an
appropriate sense. In fact, u formally satisfies

8>>>><
>>>>:

1

✓
1u
|1u|

◆
= �

u
|u|

in �

u = 0 on @�
1u
|1u|

= 0 on @�

for � = 31,1(�). The last equation is formally obtained as a natural boundary con-
dition which is similar to the usual Navier boundary condition 1u = 0. However,
the expressions 1u

|1u| and
u
|u| are undetermined for 1u = 0 and u = 0 respectively.

To overcome this difficulty, we follow [20, Proposition 4.23] adapting the results to
our situation. We define the extension of |1u|T in the space Ln

0

(�) for n0
=

n
n�1

(observe that BL0(�) ✓ W 1,1
0 (�) ✓ L

n
n�1 (�))

E(u) :=

⇢
|1u|T if u 2 BL0(�),

+1 if u 2 Ln0

(�) \ BL0(�).

The idea is to consider minimizers of E constrained on the set {u2Ln0

(�)|kuk1=1}.
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Proposition 5.2. Let u 2 BL0(�), and denote by @E(u) the subdifferential of E at
u. Then u⇤

2 @E(u) if and only if there exists z 2 W 1,1
0 (�) \ L1(�) such that:

• kzk1  1;
• u⇤

= 1z 2 Ln(�) in distributional sense;
• E(u) =

R
� u1z.

Moreover, if u 6= 0, then kzk1 = 1.

Proof. For the proof we can follow [20, Proposition 4.23] almost verbatim. Let us
define

M⇤

:= {u⇤

2 Ln(�) | u⇤

= 1z for some z 2 W 1,1
0 (�) \ L1(�), kzk1  1}.

Since in particular u⇤
2 L1(�), by regularity we have that M⇤

= M⇤

r for every
r 2

⇥
1, n0

�
, where

M⇤

r := {u⇤

2 Ln(�) | u⇤

= 1z for some z 2 W 1,r
0 (�) \ L1(�), kzk1  1}.

We want to show that M⇤ is closed. To this end, fix r 2

�
1, n0

�
and take a sequence

{u⇤

k} in M
⇤ such that u⇤

k ! u⇤ in Ln(�); since M⇤
= M⇤

r , it is possible to find a
sequence {zk} in W 1,r

0 (�) \ L1(�) with the property that kzkk1  1 for every k,
and that u⇤

k = 1zk in distributional sense, which meansZ
�
u⇤

k ' =

Z
�
zk 1' for every ' 2 C1

c (�).

The sequence {zk} is then a distributional solution of the equation 1v = u⇤

k with
Dirichlet boundary condition, bounded in L1(�); by Proposition 4.3 each dis-
tributional solution v to this problem is also a Stampacchia solution, so that, by
Theorem 4.2, it satisfies kvkW 1,r

0
 c(r)ku⇤

kk1 for any r 2 [1, n0) (or, alterna-
tively, by [6, Theorem 8]); as a consequence, the sequence {zk} is bounded also
in W 1,r

0 (�), since {u⇤

k} is uniformly bounded in L
1(�). So there exists a function

z 2 W 1,r
0 (�) \ L1(�) such that, after passing to a subsequence,

zk * z in W 1,r
0 (�), zk *⇤ z in L1(�),

which implies kzk1  lim infk!1 kzkk1  1 andZ
�
u⇤ ' =

Z
�
z1' for every ' 2 C1

c (�),

which means that u⇤
= 1z in distributional sense. Hence, u⇤

2 M⇤.
Let IM⇤ : Ln(�) ! R be the function defined as

IM⇤(u⇤) =

(
0 if u⇤

2 M⇤

+1 otherwise.
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The conjugate function to IM⇤ is given by

I ⇤M⇤(u) = sup
u⇤

2L p0 (�)

⇢Z
�
u⇤ u � IM⇤(u⇤)

�
= sup

u⇤
2M⇤

Z
�
u⇤ u.

Now take u 2 BL0(�) and u⇤
2 M⇤; then there exists a sequence {uk} in C1(�)\

BL0(�) \ C(�) such that uk ! u in W 1,1
0 (�) (without loss of generality also in

Ln0

(�)) and |1uk |T ! |1u| as k ! 1. We haveZ
�
u⇤ u=

Z
�
1z u = lim

k!1

Z
�
1z uk = lim

k!1

Z
�
z1uk

kzk1 lim
k!1

Z
�
|1uk |  lim

k!1

Z
�

|1uk | = lim
k!1

|1uk |T = |1u|T .

(5.1)

Hence,
I ⇤M⇤(u) = sup

u⇤
2M⇤

Z
�
u⇤ u  E(u).

Now we have

E(u) = sup
⇢Z

�
ru r' | ' 2 C1

c (�), k'k1  1
�

= sup
⇢Z

�
u1' | ' 2 C1

c (�), k'k1  1
�

 sup
⇢Z

�
u1z | z 2 W 1,1

0 (�) \ L1(�),1z 2 Ln(�), kzk1  1
�

= sup
⇢Z

�
u⇤ u | u⇤

2 M⇤

�
= I ⇤M⇤(u).

Since the above inequality is true also for u 2 Ln0

(�) \ BL0(�), we obtain

I ⇤M⇤(u) = E(u)

for every u 2 Ln0

(�). M⇤ is closed and convex and thus I ⇤M⇤ is convex and lower
semicontinuous, which implies (see [15, Chapter 1, Propositions 3.1 and 5.1])

IM⇤ = (I ⇤M⇤)⇤ = E⇤.

By [15, Chapter 1, Proposition 5.1] one obtains that u⇤
2 @E(u) if and only ifZ

�
u u⇤

= E(u) + E⇤(u⇤) = E(u) + IM⇤(u⇤),

which implies that u⇤
2 @E(u) if and only if u⇤

2 M⇤ and E(u) =

R
� u

⇤ u, which
is the claim. Moreover, if u 6= 0, then E(u) 6= 0 by Corollary 4.5 and hence
kzk1 = 1 from equation (5.1).
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Let us define G : Ln0

(�) ! R, n0
=

n
n�1 , as

G(u) :=

Z
�

|u|.

For u 2 Ln0

(�) one has that u⇤
2 @G(u) if and only if

u⇤

2 Sgn(u)

(see [20, Proposition 4.23]). We recall that v 2 Sgn(u) if and only if:

• v(x) = 1 if u(x) > 0;
• v(x) = �1 if u(x) < 0;
• v(x) 2 [�1, 1] if u(x) = 0.

We are now ready to characterize the first eigenfunctions of the 1-biharmonic oper-
ator (Theorem 1.1, part (ii)).

Proposition 5.3. Let u 2 BL0(�) be a minimizer of E constrained to the set {u 2

Ln0

(�) | G(u) = 1}. Then, for every measurable selection s 2 Sgn(u) there
exists z 2 W 1,1

0 (�) \ L1(�) such that:

(1) kzk1 = 1;
(2) 1z 2 Ln(�) in distributional sense;
(3) E(u) = |1u|T =

R
� u1z;

(4) 1z = �s almost everywhere in �, with � = E(u).

Proof. From [20, Proposition 6.4] (settingeu = �u), it follows that for every g⇤
2

@G(u), there exists a e⇤ 2 @E(u) and a � 2 R such that g⇤
= � e⇤, which plays

the role of a Lagrange multiplier rule in this non smooth setting. Multiplying both
sides of the equality by u and integrating on �, one obtains that � = E(u). The
claim easily follows if one remembers how the subdifferentials of E and G are
characterized.

Remark 5.4. The function s (respectively, z) in Proposition 5.3 can be seen as
an interpretation of the possibly undetermined expression u

|u| (respectively,
1u
|1u| ).

Observe that the condition z 2 W 1,1
0 (�) allows to give a sense to the formal natural

boundary condition 1u
|1u| = 0 on @�.

Remark 5.5. In general, it is not true that |1|u||T  |1u|T . A counterexample is
given by the function u(x) = 1 � x defined on the interval I := [�1, 1]. Given a
function ' 2 C1

c (I ) with k'k1  1 one has

Z 1

�1
u0'0

= �

Z 1

�1
'0

= '(�1) � '(1) = 0
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so that |1u|T = 0, while
Z 1

�1
|u|0'0

= �

Z 0

�1
'0

+

Z 1

0
'0

= '(�1) � 2'(0) + '(1) = �2'(0)

so that |1|u||T = 2.
The previous remark implies that it is impossible to prove the non-negativity

of a first eigenfunction u simply considering the Rayleigh quotient for the function
v := |u|, as can be done for the first eigenfunction of the Laplacian or even of the p-
Laplacian. On the other hand, this approach does not work for eigenfunctions of the
p-biharmonic operator (p > 1), since u 2 W 2,p(�) does not imply |u| 2 W 2,p(�).
Nevertheless, the result holds true, as shown in the following result:

Proposition 5.6. Let u 2 BL0(�) be such that

|1u|T
kuk1

= min
v2BL0(�)\{0}

|1v|T
kvk1

.

Then µ := �1u is a positive Radon measure and u is non-negative.

Proof. Suppose by contradiction that the Radon measure µ := �1u is not a pos-
itive measure. Let us consider the Jordan decomposition µ = µ+

� µ�, where
µ+ and µ� are nontrivial positive measures. Let w and z be the solutions of the
problems

(
�1w = µ+ in �
w = 0 on @�,

(
�1z = µ� in �
z = 0 on @�.

Then u = w � z, and since w, z � 0 and w, z 6⌘ 0 by the maximum principle
(see [38, Theorem 2.9]), it holds kuk1 < kwk1 + kzk1. From [31, Theorem 6.13]
one has

|1u|T = |µ|(�) = µ+(�) + µ�(�) = |µ+

|(�) + |µ�

|(�) = |1w|T + |1z|T .

But then
min

⇢
|1w|T
kwk1

,
|1z|T
kzk1

�


|1w|T + |1z|T
kwk1 + kzk1

<
|1u|T
kuk1

,

a contradiction to the definition of u. Hence, u must be superharmonic (and hence
non-negative).

Remark 5.7. We observe that a similar result was obtained in [14, Theorem 1.1]
for the first eigenfunction of the p-biharmonic operator under Navier boundary con-
ditions.
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6. A physical interpretation for 31,1(�)

This last section is devoted to the evaluation of the first eigenvalue of the 1-biharmo-
nic operator for general domains. In order to state our next result, let us introduce
the elastic torsion problem. Let� ✓ Rn be a bounded convex domain, or a bounded
domain with boundary of class C1,↵ (0 < ↵  1), and consider the problem

(
�1 = 1 in �
 = 0 on @�.

(6.1)

If n = 2 and the domain is simply connected, the problem is related to the well
known elastic torsion problem, where  is the torsion function of a beam with
cross section �; other physical applications for problem (6.1) can be found, for
instance, in [21].

By standard arguments,  is the unique classical solution of (6.1), is non-
negative and its maximum value  M(�) = k k1 is assumed in the interior of
�, thanks to the maximum principle; upper and lower bounds for  M(�) are well
known in the literature (see for instance [34, Chapter 6], [21, 29]). In the follow-
ing we will prove that the maximum value  M(�) of the torsion function is the
reciprocal of the first eigenvalue of the 1-biharmonic operator, 31,1 (see Theorem
1.2).

Proof of Theorem 1.2. Let u 2 BL0(�) be a minimizer for

31,1(�) = min
v2BL0(�)\{0}

|1v|T
kvk1

;

by Proposition 5.6, u is a non-negative function, with µ = �1u a positive Radon
measure. By the divergence theorem, and recalling that u =  = 0 on @�

kuk1 =

Z
�
u dx =

Z
�
u(�1 ) dx

=

Z
�

ru · r dx =

Z
�
 dµ

  M(�)

Z
�
dµ =  M(�)|µ|(�) =  M(�)|1u|T

(6.2)

so that
|1u|T
kuk1

�

1
 M(�)

.

We have then proved that

31,1(�) = inf
u2BL0(�)\{0}

|1u|T
kuk1

�

1
 M(�)

. (6.3)
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Let us now prove the reverse inequality. Since @� is at least of class Lipschitz, there
exists a unique Green function G : �⇥� ! R, G � 0 satisfying the problem(

�1G(z, x) = �z x 2 �

G(z, x) = 0 x 2 @�

�z denoting the Dirac measure giving unit mass to the point z (see [22, Theorem
1.2.8]). Let zM be a maximum point for  , i.e.,  (zM) =  M , and set

v(x) = G(zM , x).

Then v 2 BL0(�), and |1v|T = 1 by definition of the Green function; on the other
hand, the function  can be represented as

 (z) =

Z
�
(�1 (x))G(z, x) dx

so that

 M(�) =  (zM) =

Z
�
(�1 (x))G(zM , x) dx

=

Z
�

v(x) dx =

Z
�

|v(x)| dx

= kvk1

thanks to the definition of  and the positivity of the Green function. We have then
proved that

|1v|T
kvk1

=

1
 M(�)

. (6.4)

Statement (1.5) follows combining (6.3) with (6.4); furthermore, (6.4) proves that
the function v(x) = G(zM , x) is an eigenfunction for 31,1.
If � = BR is a ball with radius R, then  (x) =

1
2n (R

2
� |x |2) and therefore

31,1(BR) =
2n
R2 . Moreover, the solution of the problem(

�1u = �0 in BR
u = 0 on BR,

is a first eigenfunction. Hence, in the 1-dimensional case, u has the form

u(r) =

1
2
(R � |r |) if r 2 (�R, R)

whereas in the other cases

u(r) =

8>><
>>:
1
2⇡

log
✓
R
r

◆
if n = 2,

1
n(n � 2)!n

⇣
r2�n � R2�n

⌘
if n � 3.
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Remark 6.1. We verify that the function u defined in (1.7) satisfies the conditions
stated in Proposition 5.3. Indeed, since u > 0 in BR we have that s ⌘ 1 in BR , so
that the function z must satisfy8<

:1z =

2n
R2

in BR
z = 0 on @BR .

It is easy to check that the function z(x) =
|x |2
R2 � 1 is a solution of the above

equation, which moreover satisfies kzk1 = 1.
Remark 6.2. We observe that the first eigenfunction u of the 1-biharmonic opera-
tor in a ball which we have found has a singularity at the origin for n � 2, and so it
does not belong to L1(�). Moreover, we have that u 2 W 1,q

0 (�) for q 2

h
1, n

n�1

⌘
,

but u 62 W
1, n

n�1
0 (�). This means that in general an eigenfunction does not enjoy

more regularity than its “natural” regularity given by Theorem 4.2.
As a consequence of the previous proof, we have the following 1- dimensional

inequality.

Corollary 6.3. Let u 2 W 2,1(a, b) \ W 1,1
0 (a, b). Then

Z b

a
|u| 

(b � a)2

8

Z b

a
|u00

|.

Proof. This is a direct consequence of Theorem 1.2 when n = 1. Note that the
sharp constant is not attained on W 2,1(a, b) \ W 1,1

0 (a, b).

Remark 6.4. Corollary 6.3 improves the result that one could obtain by combining
two optimal inequalities: on one hand, we have

Z b

a
|u| 

(b � a)
2

Z b

a
|u0

| (6.5)

(see for instance [36]), while from the fact that
Z b

a
u0

= u(b) � u(a) = 0

it follows from [1, Theorem 3.2] that
Z b

a
|u0

| 

(b � a)
2

Z b

a
|u00

|. (6.6)

Both inequalities are optimal, but their combination would give
Z b

a
|u| 

(b � a)2

4

Z b

a
|u00

|,
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where the constant is not optimal. This fact is essentially due to the non coincidence
of the extremal functions of the two cited inequalities. Indeed, the extremal function
for inequality (6.5)

Z b

a
|u| 

(b � a)
2

Z b

a
|u0

|, u 2 W 1,1
0 (a, b)

is given by
u1(x) = �(a,b)(x)

which belongs to BV (R), while the extremal function for the inequality

Z b

a
|u � u| 

(b � a)
2

Z b

a
|u0

|, u 2 W 1,1(a, b)

(where u =
1

b�a
R b
a u), which implies directly (6.6), is given by

u2(x) =

1
2
�(a, a+b2 )(x) �

1
2
�( a+b2 ,b)(x).

Remark 6.5. Since the first eigenfunction of the Laplace operator with Dirichlet
boundary condition belongs to BL0(�) and satisfies the equation

(
�1' = �1(�)' in �
' = 0 on @�;

we obtain the following upper bound for 31,1(�):

31,1(�)  �1(�).

Let us remark that first eigenfunctions may not be unique, since we can find an
eigenfunction for each maximum point of the torsion function for the domain �.
However, if the torsion function has only one maximum point (as is the case of
convex domains), then the first eigenfunction is unique, as shown by the following
result:

Proposition 6.6. Suppose that the solution  of (6.1) admits only one maximum
point zM 2 �. Then, the solution of

(
�1v = �zM in �
v = 0 on @�

is the only first eigenfunction of the 1-biharmonic operator.
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Proof. Let u 2 BL0(�) be a first eigenfunction satisfying |1u|T = 1. Looking at
the proof of Theorem 1.2, one notices that the equality sign must hold in (6.2). This
implies in particular that Z

�
 dµ =  M(�),

where µ = �1u, and therefore µ must be supported in the set M := {x 2

� | (x) =  M}. IfM = {zM}, this implies that µ = �zM , and therefore the
claim is proved.

Finally, we show that also for the 1-biharmonic operator the Faber-Krahn in-
equality holds true: among all domains with prescribed volume, the first eigenvalue
31,1 is minimal for the ball.

Proof of Theorem 1.3. By Theorem 1.2, 31,1(�) =
1

 M (�) where  is the torsion
function, solution of (6.1), and  M(�) = maxx2�  (x). Let us denote with e the
torsion function associated to the symmetrized domain �#, that is(

�1e = 1 in �#e = 0 on @�#.

Then, by Talenti’s comparison principle [37, Theorem 1] # 
e where # denotes

the radially symmetric decreasing rearrangement of  ; hence

 M(�) = k kL1(�) = k #kL1(�#)  k
e kL1(�#) =  M(�#)

which implies directly the first part of the claim, while the second part follows
from [23, Theorem 5.1].

Remark 6.7. By Theorem 1.2 and Theorem 1.3 we have

31,1(�) � 31,1(�
#) =

2n
R2

where R is the radius of the ball�# having the same measure as�. Note that, under
dilation, 31,1 scales as follows

31,1(t�) = min
u2BL0(t�)

|1u|T
kuk1

= min
v2BL0(�)

tn�2|1v|T
tnkvk1

=

1
t2

min
v2BL0(�)

|1v|T
kvk1

=

1
t2
31,1(�)

so that we obtain

|�|
2/n31,1(�) � |�

#
|
2/n31,1(�

#) = 2n!2/nn . (6.7)
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As a consequence, we recover the following upper bound for the maximum value
of the torsion function

 M(�) = max
x2�

 (x) 

1
2n

✓
|�|

!n

◆2/n

(see also [28,30]).
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