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The eigenvalue problem for the 1-biharmonic operator

ENEA PARINI, BERNHARD RUF AND CRISTINA TARSI

Abstract. We consider the problem of finding the optimal constant for the em-
bedding of the space

wil@ ={uewy @I auver'@)

into the space Ll (), where 2 € R” is a bounded convex domain, or a bounded
domain with boundary of class C L@ This is equivalent to finding the first eigen-
value of the 1-biharmonic operator under (generalized) Navier boundary condi-
tions. In this paper we provide an interpretation for the eigenvalue problem, we
show some properties of the first eigenfunction, we prove an inequality of Faber-
Krahn type, and we compute the first eigenvalue and the associated eigenfunction
explicitly for a ball, and in terms of the torsion function for general domains.

Mathematics Subject Classification (2010): 46E35 (primary); 35G15, 35P30,
49J52 (secondary).

1. Introduction
Let 2 € R” be a bounded domain, and let WZ’ ! (€2) be defined as
w2l L 1,1 1
21(Q) = {ueWO Q)] Aucel (Q)}.

This function space turns out to be strictly larger than the Sobolev space W21 (Q)N
WO1 o1 (2), in which the whole set of second order derivatives is considered, in con-
trast with the case p > 1 where we always have Wi’p(Q) = W2P(Q)N Wol’p(Q),
provided 9€2 is sufficiently smooth: the equivalence between the full Sobolev norm
and || Aul|, can be achieved by standard elliptic theory, see [17, Lemma 9.17]. This

difference is highlighted by the corresponding sharp Sobolev embeddings, in par-

ticular in the so-called limiting case N =2 (p = 1 = %) one has W>1(Q) —

L>°(R2) (see, e.g. [2]), while this embedding fails for the larger space Wi’l(Q),
which embeds only into Lexp(€2) (see [7]).
Our aim here is to find the optimal constant for the embedding

wil@) — LY(Q)
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and to study the properties of the extremal functions. The optimal constant is given
by the inverse of the quantity

[l Aully
in . (1.1)
uew> @0yl
Our approach is inspired by the minimization of the quantity
v
inf 1Vl (12)

uew@njop el ’

for finding a first eigenfunction of the 1-Laplace operator (see [13,32]). Since the
space WOI’I(SZ) is not reflexive, minimizing sequences of (1.2) may not converge

weakly in WO1 ’I(Q): an appropriate space for the minimization problem is then
BV (L2), the space of the functions of bounded variation, and the existence of a
minumum is a consequence of the lower semicontinuity of the total variation in
L] () (see [3]).

A minimizer of problem (1.2) formally solves the eigenvalue problem

. Vu u .
—div (—) =A— In
[Vul |ue] (1.3)

u=~0 on 0%2.

The nonlinear operator Au defined by

. Vu
Au:=div| —
|Vul

is called the 1-Laplacian, and has been widely studied in recent years, due to its nu-
merous applications (e.g. in control theory and game theory, in mathematical image
restoration, in the theory of torsion and related geometric problems). Problem (1.3)
can also be seen as the limiting case, for p — 1, of the eigenvalue problem for the
p-Laplace operator A ,u := div(|Vu|P~2Vu) (see [19] and [27]); this interpretation
justifies a purely theoretical interest in the study of (1.3), since, as pointed out by
Evans ( [16]) in an article on the 1-Laplacian and the co-Laplacian: “an important
principle of mathematics is that extreme cases reveal interesting structures”.
Motivated by these considerations, we aim to study the ‘higher-order’
case, namely the minimization problem (1.1). As for the first eigenvalue of the
1-Laplacian, the infimum is not attained in Wi’l(SZ), and it will be necessary to

consider the larger space BLy(£2), consisting of all functions u € WO1 ’1(9) such
that Au is a Radon measure with finite total variation: the first part of the pa-
per (Sections 2-5) is devoted to the introduction of this new function space and its
properties. Note that BL((2) contains properly B H(2), the space of functions
with bounded Hessian, introduced in [12], and its subspace SB H (£2) of functions
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with special bounded Hessian, which finds application in the elastic-plastic plate
theory.

In order to make the minimization problem (1.1) well-posed, we require a reg-
ularity assumption on the domain Q: if 2 is convex, or has a boundary of class
C1, passing through the notion of solution in the sense of Stampacchia, we are
able to guarantee that any function u € Wol’l(Q) harmonic in distributional sense
is identically 0. This property does not hold for general domains, as shown by a
counterexample (see section 5).

Analogously to the case of problem (1.2), a minimizer of (1.1) formally satis-

fies
Au u .
A < ) =A— InS2
| Aul |ue]
u=~0 on 02 (1.4)

Au
= on 0%2.
[Aul

A%y = A “
1 .
|Au|

can be seen as the limiting case, for p — 1, of the p-biharmonic operator

The operator

A2ui= A (|Au|P*2Au) ,

and so we refer to it as the 1-biharmonic operator. The eigenvalue problem for the
p-biharmonic operator under Navier boundary conditions (that is, u = Au = 0)
was studied in [14], where it was proved that there exists a unique eigenfunction
(up to nonzero multiplicative constants), which moreover can be chosen positive
and superharmonic.

The rigorous derivation of the Euler-Lagrange problem (1.4) requires meth-
ods of nonsmooth analysis, due to the nonsmoothness of the involved functionals;
furthermore, the quantities IQ_ZI and ﬁ in (1.4) are not well defined, so they must
be interpreted in a generalized sense. Following the approach used in [20,32] for
the 1-Laplacian, for any measurable selection s(x) of the set-valued sign function

Sgn(u) we find some z € WOI’I(Q) N L% (2) such that
| Au|r

laelly

Az=As ae.on$, withi =

The function z can be considered as a substitute of Au/|Au| in the formal 1-
biharmonic operator, while s substitutes the formal multiplier u/|u| at points where
u vanishes. Hence, it turns out that for minimizers u € BLo(£2) of (1.1) infinitely
many Euler Lagrange equations have to be satisfied, in general.

Using standard symmetrization techniques, a Faber-Krahn inequality for the
1-Laplacian can be easily derived, which states that, among all domains with pre-
scribed volume, the first eigenvalue is minimal for the ball: the proof relies on the
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Polya-Szego inequality, which assures that the L? norm of the gradient of a func-

tion u in Wol’p () (1 < p < o0) does not increase under symmetrization. On
the contrary, dealing with second order derivatives, a Pélya-Szegd type result is
not available, and the derivation of a Faber-Krahn inequality for the 1-biharmonic
operator is no longer a trivial task. Nevertheless, we are able to prove it using in
particular a comparison result due to Talenti.

We are now ready to state our main theorem which summarizes the results
described above.

Theorem 1.1. Let Q € R" be a bounded convex domain, or a bounded domain
with boundary of class cle O <a<l),andlet

BLo(Q) :={uec W, ()] |Aulr < oo}

where |Au|r denotes the total variation of the distributional Laplacian Au. Con-
sider the minimization problem
|Aulr

Ap1(§2) = in :
' ueBLo(\{0} |lu|ly

Then:

(1) The infimum is attained: there is v € BLo(2) : |Av|lr = A1,1(Q)|v|l1;
furthermore, v is non-negative and superharmonic;
(i) The minimizer formally satisfies

u

Alu =1 in Q
Ju|
Au
u = =0 on 02
| Aul

in the sense that for any measurable sign selection s € Sgn(u) there exists
z € Wy (Q) N L®(Q) such that

® [zl =1, Az € L"(Q);
L4 |AM|T =fQuAZ;

e Az = As almost everywhere in , with A = [duly

el *

The following result provides a physical interpretation of A 1(£2): the first eigen-
value can be computed in terms of the torsion function and, in the case of radial
domains, its value can be explicitly exhibited, as well as the corresponding first
eigenfunction.

Theorem 1.2. For any convex domain Q € R", or any domain with C'-* boundary
(0 < o < 1), the first eigenvalue Ay 1(S2) of the 1-biharmonic operator is given by

A11(R2) = Y (§2) = maxj (x) (1.5)

Ym(Q)
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where r is the solution of the torsion problem

—AYy =1 inQ
Y =0 on 092.

Furthermore, the Green function G(zp, x), for the domain 2, provides a corre-
sponding eigenfunction, for any zy € 2, maximum point of ¥ (i.e. Yy(2) =
V(zm))-

If Q = Bp the ball of radius R centered in the origin, then

2n
A1 1(BR) = =2 (1.6
and a first eigenfunction is given by the solution of
—Au = in B
u=2~6y in Bpg 17
u=~0 on dBg,

where &q is a Dirac mass concentrated in 0.

Finally, the following Faber-Krahn type result holds true for the 1-biharmonic
operator:

Theorem 1.3. Let Q € R”" be a bounded convex domain, or a bounded domain
with boundary of class C* (0 < a < 1); then

AL 1(Q") < A1)

where Q* is a ball with || = |Q|. Moreover, equality holds if and only if Q is a
ball.

Since under dilation the first eigenvalue A 1(£2) scales as
1
A1 (12) = t—zAl,l(Q),
the Faber-Krahn type inequality can be written in the scaling-invariant form

Q" AL 1(Q) = 2nwy"

where w, = 7"/2/T'(1 + n/2) is the Lebesgue measure of the n-dimensional unit
ball (see Remark 6.7).

The paper is organized as follows: after giving the necessary definitions and
proving some preliminary results in Section 2, we give an approximation result
for functions in BLy(2) (Section 3). In the fourth section we discuss the well-
posedness of our minimization problem, while in Section 5 we prove Theorem 1.1.
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Finally, Section 6 provides a physical interpretation of the first eigenvalue (Theorem
1.2) as well as a Faber-Krahn type inequality (Theorem 1.3).

ACKNOWLEDGEMENTS. The authors would like to thank Guido Sweers and
Athanasios Stylianou for interesting and useful discussions about higher-order
problems, and in particular about the counterexample in Section 5. We are also
grateful to Guido De Philippis for his observations that led to the proof of Proposi-
tion 6.6, and to Lorenzo Brasco for suggestions about how to improve the regularity
assumptions in Proposition 4.3. Finally, we wish to thank the Referee for the care-
ful reading of the manuscript and the useful remarks that have helped us revise and
improve the article.

2. Definitions and preliminary results

Let 2 C R” be a bounded domain; unless otherwise specified, we will suppose that
its boundary is of Lipschitz class. A function u € L'(Q) is said to be of bounded
variation if its distributional derivative is representable by a finite Radon measure
W, ie.if

/ udivp = / pdu Ve CI(Q; R,
Q Q
or, equivalently, if the quantity

|Du| := sup {/ u dive | @ € CE(LRY), ¢l < 1} 2.1
Q

is finite. The space of functions of bounded variation is denoted by BV (£2). Anal-
ogously, we define BL () as the space of functions u € W' (Q) whose Laplacian
Au is representable by a finite measure ., i.e.

/Vqua:/god,u Ve CP(R).
Q Q

Recalling that the total variation of a measure is defined as

|](£2) = sup {/Q<Pdu‘ @ € Ce(R2), [l@lloo < 1}

we define the total variation of the Laplacian of u to be the quantity
|Aulr = sup{/ pdau| ¢ eCu@, gl < 1}
Q

- sup{/gwdAu] 0 € CEQ@, gl = 1}
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where we used the fact that C2°(£2) is dense in C.(£2). Hence
BL(Q) ={ueW'(Q)| |Aulr < oo}
Furthermore, we denote by B L(£2) the space
BLy(Q) := {u € W, ()| |Aulr < o).

For n = 1, the space BL(£2) coincides with the space of functions of bounded
Hessian B H(2) introduced in [12], which are functions whose gradient is locally
in BV (R2). However, if n > 2 the latter space is strictly contained in BL(S2),
as a consequence of the results in [10, Theorem 3]; indeed, the authors prove the
existence of a function u : [0, 1] x [0, 1] — R such that u,, and u,, are Radon
measures with finite total variation, but the total variation of u,, is infinite, so that
u ¢ BH(S2). Finally, we define the space

wil@) =uwew, (| AueL'(Q)
Note that W' (@) € BLo(R): indeed, for any u € W3'(Q) the distributional
Laplacian is given by Au dx, but the inclusion is strict: there exist functions u €

BL(S2) such that Au is singular with respect to the Lebesgue measure. As an
example, one can consider the Green function of €2 defined as

—Au =34, inQ
u=~0 on 02,

where 6y is a Dirac mass concentrated in a point y € 2. Then u € BL(£2), but
u ¢ Wx' (). Furthermore, if u € Wx' (), then |Au|r = ||Aul|;. Indeed one has

|Aulr := sup {/ 0 Au|peC®), gl = 1}
Q
so that, for any admissible function ¢,

[ aue| < [ 1autiel < [ 180 =paai,
Q Q Q

which implies |Au|r < ||Au]|;.
To prove the reverse inequality, let us denote by i the function ¥ := sgn(Au)
and by Y the function vy := V xgq, where

1
Q= {x € Q| dist(x, 92) > ;}
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Since v is measurable and has compact support, by Lusin’s Theorem there exists
a function ¢y € C.(2) such that || @k |lco < [|Vkllco = 1 and

Vi :i= o # ¥}l <

| =

Hence

‘f Augi — [ Aully =‘/ Au(wk—w>+/ Au(wk—w'
Q Qe Q\ Q2

f Au (g — Yi) / Au (¢ — W)’
Qe Q\ Qg

52/ |Au|+2/ |Au| — 0
VNS 2\

as k — oo. From the definition of |Au|7 it follows that |Au||; < |Au|r. This
yields the claim.

< +

Remark 2.1. The quantity |Au|7 is lower semicontinuous with respect to the L'!-
convergence. To check this, we need only to notice that |Au|r is the supremum of
the functionals 7, defined for ¢ € CZ2°(2) as

Ty(u) :/ uApdx,
Q

which are continuous in the L'(Q) topology.

Finally, we present an equivalent definition of the space B L(€2), which will be
used in the proof of Proposition 3.1.

Proposition 2.2. Leru € Wh1(Q). Then u € BL(Q) if and only if
Va(u, Q) =Sup{/ Vu W)‘ 9 € CX (R, llolloo < 1}
Q

=sup{/uA<o] ¢ e CT@R), ||<p||oosl} < +o0.
Q

Moreover, Va(u, 2) = |Aulr.

Proof. Suppose that there exists a Radon measure p with finite total variation such
that —Awu = p in distributional sense. Then

Va(u, 2) = sup /ww\ 0 € CEQ@), gl < 1}
Q

—sup{ [ pau| vecr@. ||<o||oo51}

= sup fgsadu] v € Co(), ||<p||oosl}=|Au|T<sz>,
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where we used the fact that C2°(2) is dense in C.(€2). Conversely, suppose that
Va(u, Q) < +00. Then

/ VuVe < Va@u, ) - 9]l
Q

for every ¢ € C2°(S2). Since C°(RQ2) is dense in C.(£2), we can find a linear
continuous operator L on Co(£2) such that Ly = fQ VuVy for every ¢ € CX°(R2),
and |[L] < Va(u, ).

By the Riesz representation Theorem (see [31, Theorem 6.19]) there exists a
Radon measure p with |[L|| = |u|(2) and Ly = fQ e du forevery ¢ € Cc(2). In
particular [, VuVe = [, ¢ du for every ¢ € C°(Q), which means —Au = 4 in
distributional sense and implies

Va(u, Q) = [Aulr. a

3. An approximation result

We say that a sequence {uy} in BL(S2) converges strictly tou € BL(2) if

o uy — uin WH(Q) as k — oo, and
o |Aur|r — |Aul|r as k — o0.
In this section we prove that any function B L(£2) can be approximated with respect

to the strict convergence by a sequence of smooth functions. The proof is similar to
the analogous result for BV functions proved in [18, Theorem 1.17].

Proposition 3.1. Let u € BL(S2). Then there exists a sequence of functions uy €
C°°(2) N BL(L2) converging strictly to u as k — o0.

Proof. Fix ¢ > 0. There exists a number m € N such that, if one sets for k =
0,1,2...

Qk:={x€Q

1
dist(x, 0Q2) > } ,
m+k

then |Au|7 (2 \ ) < €.

Define for i € N the sets A; by A = Qp, and A; = Q41 \ Q;_; for
i > 2. Let {y;}72, be a partition of the unity subordinate to the covering {A;},
which means that ¥; € C{°(A;),0 < y; < 1,and ) 2, ¢; = 1.

Let n be a positive symmetric mollifier. For every i, it is possible to choose
&; > 0 such that, setting n; := 7, , one has:

e supp n; * (ui) C Qi12 \ Qj—2 (where Q_1 := ()
o [olmix ) —uii| < 27
o [olmi* Vuy) — Vuy)| < 27
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hd fQ [n; * VuVy;, — VuVi;| < 2-ig
o [oni *divuVy;) — div V)| < 277,

Define now u, 1= o) ni * (u;).
Since this sum is locally finite, it follows that u, € C°°(2); furthermore, one

e — Ul =< i i) — i ,
/Qm ul ;/Qmww) uyi) < e

has

and

Vu, — Vu| < i *V i)—V i .
fgw ul ;fgln*(uw) )| < e

Hence u; — u in Wy (R2) as & — 0. It follows that [Au|z < liminf,_¢ | Au|7.
Let now ¢ € C2°(R2), l¢lloc < 1. It holds

[ vuve =3 [ Yoy =Y [ o vapnve
Q e i=178
= 2/ Vi)V * @) = Z/ YiVuV(m; * @)
i=1Y% i=17¢
+> fQ uV iV (i * )
i=1
= Zf VuV i @) — Z/ e * VuVi;)
i=1Y9 i=17%
=3 [ dvavvom o)
=179
= Z/ VuV (i (ni * ¢)) —Z/ i * VuVi;)
i=1Y9 i=17%

- f (i * div(u V)
i=17%

=L+ 5L+

Let us analyze the three integrals separately. Since |; (17; * ¢)| < 1, one has, taking
into account the fact that each point in 2 belongs at most to three of the sets A;,

= /Q VY (1 (n # 0))

x
+Z/ VuV @i (i % 9)) < |Aulr + 3| Aulr (R \ Qo) < |Aulr + 3.
) JQ
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Recalling that Zfi | ¥i = 1 we obtain

ol = |3 [ ot Vv ' / o1 * VuV ;= Vuvy)
00
< Z/Q Ini * VuVi; — VuVi;| < e.
Finally
|3 = gm]l s div(u Vi) ' / o x divu Vi) — d1v(uV1ﬁ,))‘
o0
< Z/ Ini * div(uVr;) — divu V)| < e.
- JQ
Summing up we obtain |Au.|7 < |Au|r + S5¢. Hence we obtain the claim. O

As in [18, Remark 1.18], the approximating sequence uj can be chosen such
that the trace of u; on 92 coincides with the trace of 1. Therefore we can state the
following result.

Proposition 3.2. Letu € BLo(S2). Then there exists a sequence of functions uj €
C® () NC(Q) N BLy(2) converging strictly to u as k — 00.

Notice that u € BLo(2) N C%®(2) N C(RQ) implies u € W5 (). Hence, as a
consequence of Propositions 2.2 and 3.2 we obtain

, |Aully . |Aulr
inf = inf .
wewi@noy lullt  ueBLo@\©) [lull:

4. Equivalence of distributional solutions and solutions in the sense
of Stampacchia

As remarked at the end of the previous section, we are led to study the minimization

problem
| Aulr

in
ueBLo(\0) ||lu|l1

in the broader space BL((£2), that is, in the space of Wo1 'I_functions whose distri-
butional Laplacian is a Radon measure. This new setting naturally leads to examine
the properties of the equation
—Au = in
“=pom @.1)
u=20 on 2
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where p is a Radon measure with finite bounded variation: in particular, we are
interested in a suitable definition of solution for which we can guarantee existence
and uniqueness. Problems involving elliptic equations with measure data have been
widely studied by many authors: the linear case has been approached by Stam-
pacchia in [35] by means of duality methods, whereas the general case has been
considered, for example, in [4,5,11] and, more recently, in [26].

The notion of distributional solution turns out to be too weak to approach the
problem, as pointed out by Serrin: in [33] he exhibited a nontrivial family of func-
tions u,, depending on a small parameter ¢, which are distributional solutions of the
problems

—div(A;(x)Vu) =0 x €B
u=20 x € 0B

where A, (x) is a suitable family of bounded and coercive matrices. The distribu-

tional solutions u, belong to WOI’ ! _s(B), but not to HO1 (B). On the other hand,
the equations clearly have also weak solutions v, € HO1 (B).

In the case of the Poisson equation, we can consider a simpler counterexample:
let @ C RR? be defined in polar coordinates as

3
Q:{(r,ga)eR2’0<r<1,O<g0<§7r}

and consider the function

u(r, ¢) = (r% —r_%> -sin (%(p) )

It is easy to verify that u € WO]’1 (Q),u € C*®°() and Au = 0 in the classical (and
hence distributional) sense; however, u # 0. This implies in particular that for this
domain

|Avlr

mn ==
veBLy(\{0} ||y

Therefore we need to find some conditions on the domain €2 in order to guarantee
uniqueness of the distributional solution of (4.1).

To this aim, we introduce a notion of weak solution due to Stampacchia [35]
(Definition 9.1), that guarantees existence and uniqueness properties for (4.1); then,
we will prove that solutions in the sense of Stampacchia and distributional solutions
actually coincide, under suitable regularity assumptions on the boundary of €.

Let i be a Radon measure with finite bounded variation.

Definition 4.1. We say that u is a solution in the sense of Stampacchia of

—Au=p inQ
u=0 on 0Q2
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—/uA<0=/<0du
Q Q

for every ¢ € WOI’Z(Q) N C (L) such that Ap € C(RQ) .

It is clear that every solution in the sense of Stampacchia is a distributional so-
lution of the same equation. By [35, Theorem 9.1], there exists exactly one solution
u in the sense of Stampacchia of (4.1), which moreover satisfies u € WO1 "(Q) for

every r € [1, #) We have indeed the following:

Theorem 4.2 (Stampacchia). Let Q2 be a domain with a Lipschitz boundary, and
let ;1 be a Radon measure with finite total variation. Then there exists exactly one
solution (in the sense of Stampacchia) of the problem

—Au=pu inS
u=0 on 022.

The solution satisfies u € WO1 T(Q) forr €1, #), and there is a constant c(r) >
0 such that

IIMIIW&,r <cr)lplr
where |u|T denotes the total variation of .

Let us now prove that the notions of distributional solution and solution in the
sense of Stampacchia coincide, provided €2 is a convex domain, or a domain with a
boundary of class Cl witha € O, 1].

Proposition 4.3. Let 2 be a bounded, convex domain or a bounded domain whose
boundary is of class C1* with a € (0, 1]. Then every distributional solution u €

Wy ' () of

—Au=pu inS
u=0 on 0Q2

is a solution in the sense of Stampacchia of the same equation.

Proof. Let ¢ € WOI’Z(Q) N C(R) be such that g := Ap € C(R). By the regularity
result in [24, Theorem 1] (in the case €2 convex, see also [9, Theorem 1.4]) or
by [25, Theorem 1] (if 92 is of class C1®), we have that S WOI’OO(Q). Take a

sequence {uy} in C2°(S2) approximating u in the W norm. Since © satisfies an
interior cone condition, it is possible to use [8, Theorem 2.1] to integrate by parts

in order to obtain
—/ ukAgo:/ VurVo.
Q Q
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Sending k — 0o, we obtain

—/ uA(p:/ VuVe.
Q Q

Now take a sequence {¢y} in C2°(S2) approximating ¢ in the W1.%_norm. Then we
have

—/ uA(p:/ VuVep = lim VuV ey
Q Q k—oo Jo

= limfgokduzfgod,u.
k—oo Jo Q

Hence we obtain the claim. O

Remark 4.4. If 92 is of class C!*1, it is not necessary to use [8, Theorem 2.1]
in the proof of the previous proposition. In that case, standard regularity theory

implies that actually ¢ € WP(Q)N W(;’p(Q) (see [17, Theorem 9.15]), and so the
classical integration by parts applies.

Corollary 4.5. Let Q2 be a bounded, convex domain or a bounded domain whose
boundary is of class C1* with « € (0,1]. Ifu € WOI’I(Q) is harmonic in Q in
distributional sense, then u = 0.

Proof. By Proposition 4.3 u is a solution in the sense of Stampacchia of

—Au=0 inQ
u=0 on 0%2.

By uniqueness Theorem 4.2 it follows u = 0. O

5. The eigenvalue problem for the 1-biharmonic operator

The aim of this section is to discuss Theorem 1.1; its proof will be divided into
different steps.

In the following we will assume that 2 is convex, or that its boundary is of
class C1% (0 < a < 1). Corollary 4.5 and Theorem 4.2 imply that, for each Radon
measure p with finite total variation, there exists exactly one distributional solution

u e WOI’1 (€2) of the problem

—Au=p inQ
u=0 on 012.
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Moreover, u € WO1 "(Q) forevery r € [1, nnT1> (see Theorem 4.2). Let us define

|[Aulr

A Q) = :
11(52) ueBLo(\{0} |lu|l1

In the next proposition we will show that the above infimum is attained for a func-
tionu € BLo(R2).

Proposition 5.1. There exists a function u € BLy(2) such that

|Au|r

llael1

= A1,1(82).

Proof. Let {uy} be a minimizing sequence in BLg(S2) such that ||ux|; = 1. Since
there exists a M > 0 such that |Aug|r < M, by Theorem 4.2 the sequence is

uniformly bounded in Wol’r (Q) forafixedr € <1, ﬁ) So there exists a function

u € WOI’F(Q) (and hence in WOI’1 (£2)) such that, up to a subsequence, uy — u

weakly in W(}’r(Q) and u; — u strongly in L'(2); this implies in particular that
lluxll1 = 1. By Remark 2.1 we obtain the claim. ]

A minimizer u can be seen as the first eigenfunction of the 1-biharmonic op-
erator, where the associated Euler-Lagrange equation has to be interpreted in an
appropriate sense. In fact, u formally satisfies

Au u .

A =A— 1In
[Aul |ue]

u=~0 on 9%2

A
- on 992
|Au|

for A = A1,1(€2). The last equation is formally obtained as a natural boundary con-
dition which is similar to the usual Navier boundary condition Au = 0. However,
u

the expressions Iﬁ_ul and - are undetermined for Au = 0 and u = 0 respectively.

To overcome this difficulty, we follow [20, Proposition 4.23] adapting the results to

our situation. We define the extension of |Au|r in the space L"/(Q) forn' = n”j

(observe that BLo(2) € W' (Q) C L1 ()

Eopy o | 1Aulr if u € BLo(%),
=1 Joo ifue L")\ BLo().

The idea is to consider minimizers of E constrained on the set {u eL"” (D ull=1}.
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Proposition 5.2. Let u € BL(X2), and denote by d E (u) the subdifferential of E at
u. Then u* € 0E (u) if and only if there exists 7 € WOI’I(Q) N L% () such that:

o [zlloo = 1
e u* = Az € L () in distributional sense;
o E(u) = [quAz.

Moreover, if u # 0, then ||z||co = 1.

Proof. For the proof we can follow [20, Proposition 4.23] almost verbatim. Let us
define

M* = {u* € L"(Q) |u* = Az for some z € Wy (2) N L®(RQ), ||zl < 1}.

Since in particular u* € L'(R2), by regularity we have that M* = M* for every
re [l,n/),where

M} :={u* € L"(Q) |u* = Az for some z € Wol’r(Q) NL®(Q), lzlleo < 1}.
We want to show that M* is closed. To this end, fix r € (1, n' ) and take a sequence
{uf} in M* such that uj — u* in L"(Q2); since M* = M}, it is possible to find a

sequence {zx} in WOI”(Q) N L°°(2) with the property that ||zx|.o < 1 for every &,
and that u; = Az in distributional sense, which means

/ upp = / 2k Ag for every ¢ € C°(R).
Q Q

The sequence {zx} is then a distributional solution of the equation Av = uy with
Dirichlet boundary condition, bounded in L°°(2); by Proposition 4.3 each dis-
tributional solution v to this problem is also a Stampacchia solution, so that, by
Theorem 4.2, it satisfies ||v||W0|,r < c()|luflly for any r € [1,n’) (or, alterna-

tively, by [6, Theorem 8]); as a consequence, the sequence {zx} is bounded also
in WO1 " (), since {u7} is uniformly bounded in L'(€2). So there exists a function
zZ € WO1 T(R) N L®(R) such that, after passing to a subsequence,

e —zin Wy (Q),  z —*zin LK),

which implies ||z]loc < liminfi— o |2kl < 1 and

/u*gp:/zmpforevery(pecgo(ﬂ),
Q Q

which means that #* = Az in distributional sense. Hence, u* € M*.
Let Ip+ : L™(2) — R be the function defined as

0 ifu* e M*
+00 otherwise.

Ing (™) = {
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The conjugate function to I3+ is given by

Ii«(u) = sup {/ u*u—IM*(u*)}z sup /u*u
ureL? (@) VR uwreM* JQ

Now take u € BLo(2) and u™ € M*; then there exists a sequence {uy} in C*°(2)N
BLy(2) N C(Q) such that uy — u in Wol’l(Q) (without loss of generality also in
L”’(Q)) and |Aug|r — |Aul as k — oo. We have

/u u—/ Azu = 11m Azukz lim/zAuk
k—oo Jo

(5.1)
<llzlloo lim | [Aup| < lim | [Aug| = lim |Aug|y = [Au|r.
k—o0 Jo k—o0 Jo k—o00

Hence,

Iy« (u) = sup /u*uSE(u).
wreM* JQ

Now we have
E(u) = sup / VuVe| ¢ e CX(Q), gl < 1}
Q
= sup / ulg| ¢eCr(Q), ¢l < 1}
Q

< sup /qu| ze WP @) NL¥(Q), Az € (), ||z||oosl}
Q

= sup /u*ul u*eM*}=I}f,I*(u).
Q

Since the above inequality is true also for u € L”/(Q) \ BLy(S2), we obtain
I3+ () = E(u)

for every u € L”/(Q). M* is closed and convex and thus /. is convex and lower
semicontinuous, which implies (see [15, Chapter 1, Propositions 3.1 and 5.1])

By [15, Chapter 1, Proposition 5.1] one obtains that ™ € d E (u) if and only if
f uu* =E@W) + E**) = Eu) + Iy+(u"),
Q
which implies that u* € dE(u) if and only if u* € M* and E(u) = fQ u* u, which

is the claim. Moreover, if u # 0, then E(u) # 0 by Corollary 4.5 and hence
Izlloo = 1 from equation (5.1). O
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Let us define G : L" (Q) — R,n' = -, as

n—1°"

G(u) ::/ lul.
Q

Foru € L"/(Q) one has that u* € dG (u) if and only if
u* € Sgn(u)
(see [20, Proposition 4.23]). We recall that v € Sgn(u) if and only if:

o v(x)=1ifu(x) >0,
o v(x)=—1ifu(x) <0;
e v(x)e[—1,1]ifu(x) =0.

We are now ready to characterize the first eigenfunctions of the 1-biharmonic oper-
ator (Theorem 1.1, part (ii)).

Proposition 5.3. Let u € BLy(2) be a minimizer of E constrained to the set {u €
L”,(Q)I G(u) = 1}. Then, for every measurable selection s € Sgn(u) there
exists z € Wy (2) N L™(Q) such thar:

(D) llzlloo = 1

(2) Az € L™() in distributional sense;

(3) E(u) = |Aulr = [qu Az;

(4) Az = As almost everywhere in Q, with . = E(u).

Proof. From [20, Proposition 6.4] (setting # = —u), it follows that for every g* €
G (u), there exists a ¢* € dF(u) and a & € R such that g* = A e*, which plays
the role of a Lagrange multiplier rule in this non smooth setting. Multiplying both
sides of the equality by u and integrating on €2, one obtains that A = E(u). The
claim easily follows if one remembers how the subdifferentials of £ and G are
characterized. O

Remark 5.4. The function s (respectively, z) in Proposition 5.3 can be seen as
an interpretation of the possibly undetermined expression ‘Z—‘ (respectively, Iﬁ—zl)‘

Observe that the condition z € WO1 /1 (R2) allows to give a sense to the formal natural

boundary condition Iﬁzl =0ond%2.

Remark 5.5. In general, it is not true that |A|u||7 < |Au|r. A counterexample is

given by the function u(x) = 1 — x defined on the interval I := [—1, 1]. Given a
function ¢ € C°(I) with |l¢|lco < 1 one has

1 1
/1u’¢’=—flw’zw(—l)—w(l)zo
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so that |[Au|7r = 0, while

1 0 1
/1 lul'¢” = —/lw/ +/0 ¢' = o(=1) —2¢(0) + ¢(1) = —2¢(0)

so that |Alul|r = 2.

The previous remark implies that it is impossible to prove the non-negativity
of a first eigenfunction u simply considering the Rayleigh quotient for the function
v := |u|, as can be done for the first eigenfunction of the Laplacian or even of the p-
Laplacian. On the other hand, this approach does not work for eigenfunctions of the
p-biharmonic operator (p > 1), since u € W27 () does not imply |u| € W>?(Q).
Nevertheless, the result holds true, as shown in the following result:

Proposition 5.6. Let u € BLy(S2) be such that

|Au|T . |Av|r
= min .
llulli  veBLo(2\{0} |v]l1

Then u := —Au is a positive Radon measure and u is non-negative.

Proof. Suppose by contradiction that the Radon measure p := —Au is not a pos-
itive measure. Let us consider the Jordan decomposition © = ™ — ™, where
wt and p~ are nontrivial positive measures. Let w and z be the solutions of the
problems

—Aw=pt inQ —Az=pu" inQ
w=0 on €2, z=0 on 02.

Then u = w — z, and since w,z > 0 and w, z # 0 by the maximum principle
(see [38, Theorem 2.9]), it holds |lu#||1 < ||lw|l1 + |lzll1. From [31, Theorem 6.13]
one has

|Aulr = |pl(R) = wT(2) + 17 (Q) = [T 1(2) + |1~ [(R) = |Aw|r + |Az]7.

But then

{|Aw|T |AZ|T} [Aw|r + |Azlr  |Aulr
n R =< < ,
lwllt Nzl lwll + 1zl fluelly

a contradiction to the definition of . Hence, # must be superharmonic (and hence
non-negative). O

Remark 5.7. We observe that a similar result was obtained in [14, Theorem 1.1]
for the first eigenfunction of the p-biharmonic operator under Navier boundary con-
ditions.
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6. A physical interpretation for A | ($2)

This last section is devoted to the evaluation of the first eigenvalue of the 1-biharmo-
nic operator for general domains. In order to state our next result, let us introduce
the elastic torsion problem. Let 2 € R” be a bounded convex domain, or a bounded
domain with boundary of class C'® (0 < a < 1), and consider the problem

—AYy =1 inQ ©.1)
Y =0 on 0€2.

If n = 2 and the domain is simply connected, the problem is related to the well

known elastic torsion problem, where v is the torsion function of a beam with

cross section €2; other physical applications for problem (6.1) can be found, for

instance, in [21].

By standard arguments, ¢ is the unique classical solution of (6.1), is non-
negative and its maximum value ¥ (2) = ||V |l 1S assumed in the interior of
€2, thanks to the maximum principle; upper and lower bounds for ¥3/(€2) are well
known in the literature (see for instance [34, Chapter 6], [21,29]). In the follow-
ing we will prove that the maximum value 1/37(€2) of the torsion function is the
reciprocal of the first eigenvalue of the 1-biharmonic operator, A1 1 (see Theorem
1.2).

Proof of Theorem 1.2. Letu € BLo(£2) be a minimizer for

|Av|r
A11(2) = min ;
veBLo\(0} [[v]l1
by Proposition 5.6, u is a non-negative function, with @ = —Au a positive Radon

measure. By the divergence theorem, and recalling that u = ¥ = 0 on 9Q2

ul =f udx=/ u(—AY) dx
Q Q
=/Vu-Vl//dx=/1//d,u 62)
Q Q

< l/fM(Q)/SZ dp =Yy (Q)|ul(2) = ¥y (Q)|Aulr

so that A |
|Aulr -

lally — ¥m()

We have then proved that

. |AulT 1
inf > .
ueBLo(\{(0} |lu|l1 Y (2)

A1) = (6.3)
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Let us now prove the reverse inequality. Since d€2 is at least of class Lipschitz, there
exists a unique Green function G : Q x Q — R, G > 0 satistying the problem

—AG(z,x) =6; x € Q
G(z,x)=0 x €0

8, denoting the Dirac measure giving unit mass to the point z (see [22, Theorem
1.2.8]). Let zp be a maximum point for v, i.e., ¥ (zp) = ¥y, and set

v(x) = G(zm, x).

Then v € BLy(S2),and |Av|r = 1 by definition of the Green function; on the other
hand, the function v can be represented as

V@) :A<—Aw<x>>G(z,x> dx
so that

Um() = ¥(zm) = /Q(_AW(X))G(ZMJC) dx

:/v(x)dx:/ [v(x)| dx
Q Q

= [lvlls

thanks to the definition of ¥» and the positivity of the Green function. We have then

proved that
|Avlr 1
vl Ym(Q)
Statement (1.5) follows combining (6.3) with (6.4); furthermore, (6.4) proves that
the function v(x) = G(zu, x) is an eigenfunction for Ay ;.
If @ = Bg is a ball with radius R, then ¥ (x) = 5-(R? — |x|?) and therefore
A11(Br) = %. Moreover, the solution of the problem

(6.4)

—Au = 80 in BR
u=0 on Bp,

is a first eigenfunction. Hence, in the 1-dimensional case, u has the form
1
u(r)ZE(R_M) ifr € (—R, R)

whereas in the other cases

ulr) =
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Remark 6.1. We verify that the function u# defined in (1.7) satisfies the conditions
stated in Proposition 5.3. Indeed, since u > 0 in Bg we have that s = 1 in Bg, so
that the function z must satisfy

2n .
Az = ﬁ in Br
z=0 on d0Bg.
It is easy to check that the function z(x) = I;—Izz — 1 is a solution of the above

equation, which moreover satisfies ||z|lco = 1.

Remark 6.2. We observe that the first eigenfunction u of the 1-biharmonic opera-
tor in a ball which we have found has a singularity at the origin forn > 2, and so it

does not belong to L°°(£2). Moreover, we have that u € W Q) forg e [1, = 1)

but u ¢ WO’”_l (£2). This means that in general an eigenfunction does not enjoy
more regularity than its “natural” regularity given by Theorem 4.2.

As a consequence of the previous proof, we have the following 1- dimensional
inequality.

Corollary 6.3. Let u € W>!(a, b) N Wol’l(a, b). Then

b N2 b
lu| < u |u”|.
- 8
a a

Proof. This is a direct consequence of Theorem 1.2 when n = 1. Note that the
sharp constant is not attained on w2l (a,b)N WO1 )1 (a, b). O

Remark 6.4. Corollary 6.3 improves the result that one could obtain by combining
two optimal inequalities: on one hand, we have

b b — b
f|u|5( 2w 6.5)

(see for instance [36]), while from the fact that

b
/ w =u®) —u@ =0

it follows from [1, Theorem 3.2] that

b_
/ | ( a)/ lu // (6.6)

Both inequalities are optimal, but their combination would give

2
/Iul< )fl"
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where the constant is not optimal. This fact is essentially due to the non coincidence
of the extremal functions of the two cited inequalities. Indeed, the extremal function
for inequality (6.5)

b b
b_
= P29 [T wew! @by
2 0

a a

is given by
ui(x) = X(a,b)(x)

which belongs to BV (R), while the extremal function for the inequality

b b— b
/lu—ms( a)/ W'|, uewhla,b)
a a

2

(where @ = 71— [” u), which implies directly (6.6), is given by

a

1 1
uz(x) = EX(Q’#)(X) - EX(#J,)(X)-

Remark 6.5. Since the first eigenfunction of the Laplace operator with Dirichlet
boundary condition belongs to BL(£2) and satisfies the equation

—Ap =1 (Q)¢ inQ
=0 on 02;

we obtain the following upper bound for A 1(£2):

A1,1(82) = A1(€2).
Let us remark that first eigenfunctions may not be unique, since we can find an
eigenfunction for each maximum point of the torsion function for the domain £2.
However, if the torsion function has only one maximum point (as is the case of
convex domains), then the first eigenfunction is unique, as shown by the following

result:

Proposition 6.6. Suppose that the solution v of (6.1) admits only one maximum
point 7y € 2. Then, the solution of

—Av =0z, in
v=0 on 0$2

is the only first eigenfunction of the 1-biharmonic operator.
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Proof. Letu € BLy(2) be a first eigenfunction satisfying |Au|r = 1. Looking at
the proof of Theorem 1.2, one notices that the equality sign must hold in (6.2). This
implies in particular that

/ W dp = v (),
Q

where @ = —Au, and therefore @ must be supported in the set M = {x €
QY(x) = yu}. If M = {zp}, this implies that © = §,,, and therefore the
claim is proved. O

Finally, we show that also for the 1-biharmonic operator the Faber-Krahn in-
equality holds true: among all domains with prescribed volume, the first eigenvalue
A1,1 is minimal for the ball.

Proof of Theorem 1.3. By Theorem 1.2, A1,1(2) = m where 1 is the torsion

function, solution of (6.1), and ¥/ (2) = max,eq ¥ (x). Let us denote with 1; the
torsion function associated to the symmetrized domain Q*, that is

—AY =1 inQ"
V=0 on aQ".

Then, by Talenti’s comparison principle [37, Theorem 1] ¢# < & where y# denotes
the radially symmetric decreasing rearrangement of i; hence

Y (@) = 1l = 1V ety < 11l oqry = Ym(QF)

which implies directly the first part of the claim, while the second part follows
from [23, Theorem 5.1]. ]

Remark 6.7. By Theorem 1.2 and Theorem 1.3 we have

2n
#
A1(2) = A 1(27) = R2

where R is the radius of the ball Q¥ having the same measure as 2. Note that, under
dilation, A 1 scales as follows

| Aulr . "2 Av|r
A1 (tQ) = min - — 7
ueBLy(tQ) |lulli  veBLo( t"||v|
1 . |Av|T 1

— min —— = —=A11(R)
12 veBLo( ||v|I1 20

so that we obtain

QYA () > 19 AL Q) = 2n02!" 6.7)
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As a consequence, we recover the following upper bound for the maximum value
of the torsion function

1 /190"
Ym (2) zgleaéw(m < — (—)

T~ 2n \ w,

(see also [28,30]).
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