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A note on quasilinear parabolic equations on manifolds

CARLO MANTEGAZZA AND LUCA MARTINAZZI

Abstract. We prove short time existence, uniqueness and continuous dependence
on the initial data of smooth solutions of quasilinear locally parabolic equations
of arbitrary even order on closed manifolds.
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1. Introduction

Let (M, g) be a compact, smooth Riemannian manifold without boundary of di-
mension n and let du be the canonical measure associated to the metric tensor g.
We consider the parabolic problem with a smooth initial datum ug : M — R,

uy = Q[ul  inM x[0,T] (L.1)
u(-,0) =u9 onM,

where Q is a smooth, quasilinear, locally elliptic operator of order 2p, defined in
M %[0, T) for some 7 > 0 which, adopting (as in the rest of the paper) the Einstein
convention of summing over repeated indices, can be expressed in local coordinates
as

Qlul(x, 1)

o _ 2
= A" (x,t,u,Vu, ..., V2P lu)vill-)--iZ

)+ b0t u, Vu, V2Pl
where A is a locally elliptic smooth (2p, 0)-tensor of the form
Altdtipip — (_I)PflEiljl ...E;)pj” (1.2)
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for some (2, 0)-tensors Ey, ..., E » and a function b smoothly depending on their
arguments.

Local ellipticity here means that for every L > 0 there exists a positive constant
A € R such that each tensor E, satisfies

EJ (o tou, Y1, Vp-DEE) = ME G, foreveryE e TYM,  (13)

when x € M, t € [0,T] with T < 7, u € R with [u] < L, Yy € T M
with [ |g) < L. In other words we require that condition (1.3) holds for some

positive A whenever the arguments of EZ’ lie in a compact set K of their natural
domain of definition and assume that A depends only on K. If A > 0 can be chosen
independent of K (i.e. of L), then we shall say that A is uniformly elliptic.

Clearly, this is not the most general notion of quasilinear parabolic problems,
due to the special “product” structure of the operator, anyway it covers several im-
portant situations. For instance, our definition includes the case of standard locally
parabolic equations of order two in non-divergence form. Notice that we make no
growth assumptions on the tensor A and the function b.

Interchanging covariant derivatives, integrating by parts and using interpola-
tion inequalities (see [10] for details), the following Garding’s inequality holds for
this class of operators. For every smooth u and ¢ € [0, 7'), we have

T 2
- /M YA @)VP L wdp = oY a0 — CIV T2 00

Vi € C(M),

(1.4)

where the constants 0 > 0 and C > 0 depend continuously only on the C”-norm of
the tensor A and on the C3?~!-norm of the function  at time ¢ (and on the curvature
tensor of (M, g) and its covariant derivatives). In particular, if # depends smoothly
ontime, o0 = o (t) and C = C(¢) are continuous functions of time.

The aim of this note is to prove the following short time existence result.

Theorem 1.1. For every ug € C°° (M) there exists a positive time T > 0 such that
problem (1.1) has a smooth solution. Moreover, the solution is unique and depends
continuously on ug in the C*°-topology.

Our interest in having a handy proof of this result is related to geometric evo-
lution problems, like for instance the Ricci flow, the mean curvature flow, the Will-
more flow [7], the Q-curvature flow [9], the Yamabe flow [4, 11, 13], etc. In all
these problems, the very first step is to have a short time existence theorem showing
that for an initial geometric structure (hypersurface, metric) the flow actually starts.
Usually, after some manipulations in order to eliminate the degeneracies due to the
geometric invariances, one has to face a quasilinear parabolic equation with smooth
coefficients and smooth initial data.

If we replace the compact manifold M with a bounded domain 2 C R”, short
time existence for quasilinear systems of order two, with prescribed boundary con-
ditions and initial data, was proven by Giaquinta and Modica [5] in the setting of
Holder spaces.
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A different approach to Theorem 1.1 was developed by Polden in his Ph.D.
Thesis [10] (see also [6]), by means of an existence result for linear equations
in parabolic Sobolev spaces and the inverse function theorem. Unfortunately, as
pointed out by Sharples [12], such procedure has a gap in the convergence of the
solutions of the “frozen” linear problems to a solution of the quasilinear one.

In the same paper [12] Sharples, pushing further the estimates of Polden and
allowing nonsmooth coefficients, was able by means of an iteration scheme to
show the existence of a short time solution of the quasilinear problem on a two-
dimensional manifold, when the operator is of order two and in divergence form.

Our goal here is instead to simply fill the gap in Polden’s proof. We start with
his linear result and we show that his linearization procedure actually works if one
linearizes at a suitably chosen function and discusses in details the above mentioned
convergence.

As we do not assume any condition on the operator (only its product structure)
and on the dimension of the manifold, we have a complete proof of the short time
existence of a smooth solution to these quasilinear locally parabolic equations of
arbitrary order on compact manifolds and of its uniqueness and smooth dependence
on the initial data. We refer the interested reader to the nice and detailed introduc-
tion in [12] for the different approaches to the problem.

The paper is organized as follows. In the next section we present the lin-
earization procedure, assuming Polden’s linear result (Proposition 2.2 below) and
we prove Theorem 1.1 by means of Lemma 2.5 which is the core of our argument.
Roughly speaking, when a candidate solution u stays in some parabolic Sobolev
space of order high enough, the functions u, Vu, ..., Vv2P=1ly are continuous (or
even more regular), hence the same holds for the tensor A and the function b. This
implies that the map u — (u; — Q[u]) is of class C I between some suitable spaces,
as it closely resembles a linear map with regular coefficients. This allows the appli-
cation of the inverse function theorem which, in conjunction with an approximation
argument, yields the existence of a solution. The last two sections are devoted to
the proof of Lemma 2.5 and to the discussion of the parabolic Sobolev embeddings
on which such proof relies.

We mention that the results can be extended to quasilinear parabolic systems as
the linearization procedure remains the same and Polden’s linear estimates (Propo-
sition 2.2) can be actually easily generalized, assuming a suitable definition of ellip-
ticity. In fact one easily sees that our result applies to all quasilinear systems whose
linearization is invertible in the sense of Proposition 2.3 below. For more general
definition of elliptic or parabolic operators of higher-order see [2].

In the following the letter C will denote a constant which can change from a
line to another and even within the same formula.

ACKNOWLEDGEMENTS. We are grateful to Alessandra Lunardi for useful sug-
gestions. We wish to thank Mariano Giaquinta for several interesting discussions.
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2. Proof of the main theorem

We recall Polden’s result for linear parabolic equations. Let us consider the problem
) 2p—1
i1...0 p J1--Jkxgk _
u; — A" 217Vil.__l.2pu — Z RV su=b 2.1
k=0
u(-,0) = uo,
where all the tensors A and Ry depend only on (x,7) € M x [0, 400), are smooth
and uniformly bounded with all their derivatives. Moreover, we assume that the
tensor A has the product structure (1.2), where each E; is uniformly elliptic.
The Gérding’s inequality for the linear operator
2p—1
L(u) = ANy — N Rk
k=0

- U
i1...12p J1---Jk

reads (see again [10] for details)

)\’ [e.¢]
- fM VLW Al = S1V oy = ClY Iy, YW €CTMD,  (22)

where the constant C > 0 depends only on the C”-norm of the tensors A and Ry.
Clearly, by approximation this inequality holds also for every ¥ € W2P-2(M).

Definition 2.1. Forany m € Nanda € R we define P (M) to be the completion
of CZ°(M x [0, +00)) under the parabolic norm

2 _ ik o2
1/ W cony = > f ¢~2115) VE £ dpudr
j.keNand2pj +k < 2pm Y Mx[0,+00)

and analogously P™ (M, T') as the completion of C*°(M x [0, T]) under the norm

2 ik £2
N pmar. 1) = 3 / 07V P dpdr,

j,keNand2pj+k <2pm Mx[0,T]
forevery T € R™.

Clearly forevery T € R there is a natural continuous embedding P (M) <
P"(M,T).

We have then the following global existence result for problem (2.1), by Polden
[10, Theorem 2.3.5].

Proposition 2.2. For every m € N there exists a € R™ large enough such that the
linear map

2p—1
® () = (uo,u, — ARV D = Y RV jku) = (uo. L(w)), (2.3)
k=0

where ug = u(-,0), is an isomorphism of P} (M) onto WwrPCm=1.2(p1)x Pt’l”_1 (M).
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In the following it will be easier (though conceptually equivalent) to use the
spaces P™ (M, T) instead of the weighted spaces P* (M). For this reason we trans-
late Proposition 2.2 into the setting of P™ (M, T') spaces.

Proposition 2.3. For every T > 0 and m € N the map ® given by formula (2.3) is
an isomorphism of P™(M, T) onto WPCm=D-2(My x P"=Y(M, T).

Proof. The continuity of the second component of ® is obvious while the continuity
of the first component follows as in the Polden’s proof in [10, Proposition 2.2].
Hence, the map & is continuous, now we show that it is an isomorphism.

Given any b € P"~ (M, T) we consider an extension b € Pg’_l(M) of the
function b and we let & € P"(M) be the solution of problem (2.1) for b. Clearly,
u = | pmxjo,r] belongs to P (M, T) and satisfies ® (u) = (uo, b) in M x [0, T].
Suppose that v € P™(M, T) is another function such that ® (v) = (ug, b) in M x
[0, T], then setting w = u — v € P™(M, T) we have that

2p—1

_ Alli2pgcP _ Sl degk — _ —
w; — A V”mlzpw E R V5 jw=w — L(w)=0
k=0

w(-,0)=0.

By the very definition of solution in P (M, T) (see [10]) and Gérding’s inequal-
ity (2.2), we get

t
fwz(x,t)du(x):f / 2ww;duds
M 0 JMm
t
:2/ f wL(w)duds
0 JMm
)\’ t t
——/ / |pr|2duds+C/ / w?duds
2Jo Ju 0o Jm

t
§C/ / wz(x,s)du(x)ds,
0 JM

as w(-, 1) € W2P2(M) for almost every ¢t € [0, T] and where the constant C > 0
depends only on T as the coefficients of the operator L are smooth. Then, by
Gronwall’s lemma (in its integral version) it follows that f M w2(-, 1) du is zero
for every t € [0, T], as it is zero at time ¢ = 0. It follows that w is zero on all
M x [0, T], hence the two functions u and v must coincide.

Since the map ® : P"™ (M, T) — WPC"=D.2(pM) x P"~Y(M, T) is continu-
ous, one-to-one and onto, it is an isomorphism by the open mapping theorem. [

IA

Remark 2.4. When u( and b are smooth the unique solution u of problem (2.1)
belongs to all the spaces P (M, T') for every m € N. As by Sobolev embeddings
for any k € N we can find a large m € N so that P (M, T') continuously embeds
into CK(M x [0, T1), we can conclude that u actually belongs to C*°(M x [0, T']).
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Now we are ready to prove Theorem 1.1. The tensor A and the function b
from now on will depend on x, ¢, u, Vu, ..., V2P=1y as in the introduction. Since
M is compact there exists a constant C > 0 such that the initial datum satisfies
lug|+|Vuglg+. ..+ |V2P=lyq |¢ < C. Then, since we are interested in existence for
short time, possibly modifying the tensor A and the function b outside a compact set
with some “cut-off” functions, we can assume that if |u|+|Vu|g+. . . +] v2r=1 ulg+
t > 2C, then

E/ (et u, Vu, ..., VP luy=g(x), and b(x,t,u,Vu,..., VP lu)y =0.

In particular we can assume that the tensors E, are uniformly elliptic.
For a fixed m € N, we consider the map defined on P (M, T') given by

F) = wo,uy = Qlud) = (u(-,0), s = A@) - Vu = b(w),
where in order to simplify we used the notation

A@) - V2Pu(x, 1) = A2 (x 1 u(x, 1), ..., VP u(x, 1)V

P v D),

and
bu)(x, 1) = blx,t,u(x, 1), ..., VP lu(x, 1)

foru,ve P"(M,T).

We have seen in Proposition 2.3 that if A(x#) and b(u) only depend on x € M
and ¢ € [0, T'] (and not on u and its space derivatives), then JF is a continuous map
from P™(M) onto WP@=D.2Z(pry x pm=1(p). This is not the case in general
when A and b depend on u and its derivatives, but it is true if m € N is large
enough and in this case F is actually C'.

Lemma 2.5. Assume that

dimM +6p—2 n+6p—2
> =
4p 4p

m , (2.4)

andu € P"(M, T). Then F(u) € WPE"=D2(M) x P"=Y(M, T) and the map
F:P"(M,T) — WPP=D2(pry x P~ (M, T)
is of class C'.

We postpone the proof of this lemma to Section 3.
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We fix m € N such that the hypothesis of Lemma 2.5 holds and we set

m—1 ?
~ ap(x)t
do(x, 1) = 7
=0
for some functions ag, ..., a,_1 € C®(M) to be determined later. Let w €

P™(M, T) be the unique solution of the linear problem

w; = A(ily) - VP w + b(iip)
w(-,0) =ugp.
Such solution exists by Proposition 2.3 and it is smooth by Remark 2.4, as uo and
1o are smooth (thus also A(ug) and b(up)).
Hence, we have

Fw) = (o, wi—0lw]) = (uo, (AGio)—Aw))- V2 wrtb(iio)—b(w)) =: (o, f),

where we set f = (A(ip) — A(w)) - V2Pw + b(iiy) — b(w).
If we compute the differential d F,, of the map F at the “point” w € C*°(M x
[0, T']), acting on v € P™ (M, T), we obtain

dF,w) = (vo, v — Alt-i2p (w)VzP v — DwA"""izl’(w)vvzl7 w...

i1..02p i1...2p
o= Dy, . AV vy 2.5)
Wji.jap—1 1 :

Jied2p— i1...i2p

2p—1
— ow(U))U te ij1<<»j2p—l b(w)vjl---hp—l U),
where vo = v(-, 0) and we denoted by Dy, Alt-i2p (), Dy, ; b(w) the deriva-
tives of the tensor A and of the function b with respect to their variables Vf} W,

respectively.
Then, we can see that dF,,(v) = (z, h) € WPE"=D-2(pr) x pm=1(M, T)
implies that v is a solution of the linear problem

-Jk

2p—1
i 2 g T/
— All-l2pygP _ Z i dkegk —

v, — A V”mlzpv R; V]l___]kv h
k=0

U(', 0) =2,

where
Zl'l.,.izl, =Ai1...i2p(w)

Rl =Dy, AV @)V w4 D

Wik i1..i2p

b(w)

Wiy ... jk

are smooth tensors independent of v.
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By Proposition 2.3 for every (z, h) € WPCm=D:.2(pM) x P"=1(M, T) there ex-
ists a unique solution v of this problem, hence d F, is a Hilbert space isomorphism
and the inverse function theorem can be applied, as the map F is C! by Lemma 2.5.
Hence, the map F is a diffeomorphism of a neighborhood U C P™(M,T) of w
onto a neighborhood V. WP@"=D-2(p1) 5 P~V (M, T) of (ug, f).

Getting back to the functions ay, we claim that we can choose them such that
ap = 8fw|,:0 € C®(M) forevery £ =0,...,m — 1.

We apply the following recurrence procedure. We set ag = ug € C°°(M) and,

assuming to have defined ao, . . ., ag, we consider the derivative
9wl = af[Ail---iZP(x, b0, Viio, ... Vi)V w
i
+b(x, 1,7, Vo, ..., Vi) ||
=
and we see that the right-hand side contains time-derivatives at time ¢t = 0 of
o, ..., V2P~ and Vl.zl P i,,w only up to the order £, hence it only depends on
etap
the functions ag, ..., ae. Then, we define a,y| to be equal to such expression.
Iterating up to m — 1, the set of functions ag, . . ., a,,— satisfies the claim.

Then, ay = 8f'120| (=0 = Bfwl =0 and it easily follows by the “structure” of the
function f € C®°(M x [0, T]), that we have 8! f|,—o = 0 and V73 f|,— = O for
any0 <¢{ <m—1land j e N.

We consider now for any k € N the “translated” functions f; : M x[0, T] —> R
given by

P it <1/k
KEU=Y rer— 1) it 1Jk<t<T.

Since f € C*(M x [0,T]) and Vjaffh:o = 0forevery) < £ <m — 1 and
every j € N, all the functions Vjaffk e CO(M x [0, TY) for every0 <l <m-—1
and j > 0, it follows easily that

VIl fi — VIalf in L*(M x [0, T])for0<€¢<m—1,j >0,

hence fy — f in P™(M,T). - -

Hence, there exists a function f € P"™1(M, T) such that (uo, f) belongs to
the neighborhood V of F(w) and f = 0in M x [0, T'] for some T’ € (0, T]. Since
Fly is a diffeomorphism between U and V, we can find a function u € U such that
Fu) = (up, f). Clearly such u € P™(M,T’) is a solution of problem (1.1) in
M x [0,T']. Since u € P™(M,T') implies that V??~'u e CO(M x [0,T']),
parabolic regularity implies that actually u € C*°(M x [0, T']).

We now prove uniqueness by a standard energy estimate, which we include for
completeness. In the sequel for simplicity we relabel T the time 7’ found above.
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Suppose that we have two smooth solutions u#, v : M x [0, T] — R of Prob-
lem (1.1). Setting w := u — v, we compute in an orthonormal frame

%/M|pr|2du=/ o), wvl (A(u)-VZPu—A(v)-V2Pv) du
+/M2fo 5wVl (b = b)) du
2/M Pl (Aw - vPrw)dp
+2/ Lowvh ((A(u)—A(v))-V2pv>d,u
+2(=1)P / VPV (b — b)) dp
2/M L wYh (A(u) sz’w) du
+2 [ 19270(1460) = AWV 0] + 160 = b)) dis,

where the integrals over M are intended at time ¢t € [0, T'].

Now we consider the integral fM V{: _'_ipwV{: ml.p(Ajl e J2p (u)ij‘ll_’._jzpw) du.

i ivati p Ji-J2 2p

Expanding the derivative Vl.] dp (A r(u)V 1 d2p
. . 3p

Jiee 2
term A P (u)Vil iy J1 o J2p
B(x,t,u,..., V3P—1u)#qu with 2p < g < 3p, for some tensor B smoothly
depending on its arguments, where the symbol # means metric contraction on some
indices. For each of these terms, integrating repeatedly by parts, we can write

w) we will get one special

w and several other terms of the form

/ VPw#B(x,t,u,..., V3p*lu)#qudM
M
2p
= Z/ Viw#De(x, t u, ..., VP LD #VIPwdu

where the tensors Dy are smoothly depending on their arguments.

Since u € C®°(M x [0, T)), all the tensors Dy are bounded, hence we can
estimate

P 2 P » 3p
/ Vi “ i, (A@) - pr)d,u</ A w AT 2 WV i Jop wdp

+C Z Z/ IViw| |V w|dpu .
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where C is a constant independent of time (actually C depends only on the structure
of A). Interchanging the covariant derivatives we have

3p—1
v =V 2 RtV
Vitvipitodsp® = Vitinpirip® T Rg#Viw
q=0

where the tensors R, are functions of the Riemann tensor and its covariant deriva-
tives, hence they are smooth and bounded. We can clearly deal with this sum of
terms as above, by means of integrations by parts, obtaining the same result. Then
we conclude, also using Garding’s inequality (1.4)

/v” - wVv? (A(u)-V2pw)du</ VP wAN2e )V VP wdp

i1...Ip 0.0 i1...ip Jieedop Ciledp
2p—1 2p
+C Y Zf \Viw| |V w|dp
r=p {=p
2p—1 2p
< —a/ IVPwl*du+C ) Z/ V| |V w|dpu,
M r=p i=p'M

for some positive constant «. Getting back to the initial computation and using
Peter-Paul inequality we get

2p—1 2p

d 2 2 2 4
E/waun du < —2a/M|V PwlPdp+C Y Z/ V| |V w|dp

r=p [:p
c| 192 wi(1A@ = AW 1V20] + [bw) — b)) dps
M
2p—12p—1
g—mf IVPwlPdu+C ) Z/ IViw| |V w|du
M =p i=p IM
2p—1
+ Z(e,/ |V2”w|2d,u+Cg,/ |er|2d,u)
r=0 M M
+8 |V2”w|2du+C3/ (lA(u)—A(v)|2+|b(u)—b(v)|2>du
M
2p—1
f—a/ IVZPw)?du + C Z/ \V'w|*>du

+Cs [ (1460 = AP + b b)) i
M

where we chose § + Zzp 0 ! & = o and we used the fact that |V?Pv| is bounded.
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As the tensor A and the function b are smooth, we can easily bound

2p—1 2p—1
AW = AW +[b@) = b’ <C Y [Vu—=VoP=C ) [Vul,
r=0 r=0

so finally

2p—1

d
E/ |pr|2duf—a/ V2w du + C Z/ IV'wdu.
M M =0 /M

Now we have, using again Gérding’s and Peter-Paul inequalities,
—/ wdp= 2/ (A(u) V2P u— A()-V2P )du+2/ (b(u) b(v))) di
_ / wAW)-V2Pwdu + 2/ ((A(u) AW)) - V2Pv + b(u) — b(v)) du
M
< —,3/ IVPw|? dp+ C/ w?dp + C/ w(Aw)—AW) +bu) — b)) du
M M M
< —ﬂ/ VP dp + C/ w? dp + C/ (14w =AW + 1660 b)) dp.
M M M
Estimating the last integral as before and putting the two computation together we

obtain

2p—1

d
(|va|2+w )du < - _/ VPwlPdp+C Yy f IV w)?du.
r=0 vM

dt

In order to deal with the last term, we apply the following Gagliardo-Nirenberg
interpolation inequalities (see [3, Proposition 2.11] and [1, Theorem 4.14]): for
every 0 <r < 2p and ¢ > 0 there exists a constant C, such that

IV F 1320 < ENVZP FIZ 200 + Cell Fl7200,

for every function f € W2r2(M).
Hence, for some ¢ > 0 small enough we get,

d

7 (lV”wI +w )du

2p—1 2p1
2 2p, 12
S—Z/ \V2Pw|?du + C E /M|v Pw| d,u—i—C / w?du

SC/ wzdu.
M
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From this ordinary differential inequality and Gronwall’s lemma, it follows that if
the quantity f % w|? + w?) dp is zero at some time o, then it must be zero for
every time t € [tp, T]. Since at t = 0 we have w( -, 0) = ug — vg = 0, we are done.

We now prove the continuous dependence of a solutionu € C*°(M x[0, T]) on
its initial datum ug = u( -, 0) € C*°(M). Fix any m € N satisfying condition (2.4),
so that by the Sobolev embeddings u € P™(M, T) implies V??~'u e CO(M x
[0, T]). By the above argument, u = (Flo) Y uo,0) € P™(M, T) where Fly
is a diffeomorphism of an open set U ¢ P™ (M, T) onto V C wPem=D.2(p1y x
P"Y(M, T), with (ug,0) € V. Then, assuming that ux o — uo in C*°(M) as
k — oo, we also have uy o — up in wPCm=D.2(p1y hence for k large enough
(uk,0,0) € V and there exists uy € U such that F(ug) = (ux0,0). This is the
unique solution in P (M, T) (hence in C*°(M x [0, T']) by parabolic bootstrap)
with initial datum uy ¢. Moreover, since F |y is a diffeomorphism, we have uy — u
in P"(M, T).

By uniqueness, we can repeat the same procedure for any m € N satisfying
condition (2.4) concluding that uy — u in P (M, T) for every such m € N, hence
inC®(M x [0,T]).

3. Proof of Lemma 2.5

We shall write P = P"(M, T), LY = L4(M x [0, T]), C° = CO%(M x [0, T])
etc..., so that for instance CO(P™; C') will denote the space of continuous maps
from P"(M,T) to C'(M x [0, T]). The first component of F, i.e. the map
u — u(-,0) is linear and bounded from P™ to WP@n=1-2(pr), by Proposition 2.3,
therefore it is C'. Obviously the map u + d,u is linear and bounded from P™ to
P™=1 hence also C'. Thus, it remains to show that the two maps

Falw) = Au) - v2ry, Fp(u) :=b(u)

belong to clepm; pm—h,
We first prove that F, F, € CO(P™; P™~!). By an induction argument, it is
easy to see that for every k € N

k
VE(A@) - VPu) =) > T A)#V  u# . H#V Iy, (3.1)
j=0 il,iz,...,ij+121
ittt j1 <k+2p+Q2p-1)j

where 8/ A(u) denotes the j-th derivative of A with respect to any of its arguments
and D#FE denotes an arbitrary contraction with the metric of two tensors D and E.

Taking into account formula (3.1) with k < 2p(m — 1), in order to prove that
the map u > V2P"=D(A(u) - V2P u) belongs to CO(P™; L?) we have to show that
any map of the form

u > 3 A@HV I utt - #VH Y (3.2)
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belongs to CO(P™; L?) whenever
i1+ +ij1 <2pm+Q2p—1)j and i, 041 > 1. 3.3)

The case r = 0 and £ = 2p — 1 of the Sobolev embeddings (4.3) below and condi-
tion (2.4) imply that if u € P™ then V?P~!u e C (and the immersion is bounded),
hence all the maps u — 37 A(u) belong to cocpm. 9.

We can assume from now on that j > 1, since in the case j = 0, we get
the term A(u)#V2Ptky which is continuous from P™ to L? as a function of u for
k<2p(m—1).

As for the factors Vi¢y appearing in formula (3.2), first we assume that each i,
is such that we are in case (4.1) of Sobolev embeddings, i.e.

1 1 2pm—iy

— === — >0, 3.4
qe 2 n—+2p

so that the map u — Vity lies in CO(P™; L9¢). By Holder’s inequality, the condi-

tion
Jjt+l jt+l i
1 1 2 — 1
Z _ L_epm—u < -, (3.5)
— \2 n+2p 2

implies that the map u + Vilu#- .. #Viit1y belongs to CO(P™; L9), hence also
to CO(P™; L?), as L1 embeds continuously into L? for q > 2. Then, if we show
inequality (3.5), the map defined by formula (3.2) belongs to C°(P™; L?). From
inequalities (2.4), (3.3) and j > 1 it follows,

jii _JH1 2pm+ 1) =2pm—(2p-1)j
= n2p (3.6)
1 j Q@Cpm-—=2p+1)j 1
==-+= - < —.
2 n+2p 2
Now, if for some iy, say iy, . .., iy, we have 251’2_;‘ > %,then we are in case (4.3) of

Sobolev embeddings and the corresponding maps u — Vi¢u belong to C°(P™; C?),
hence we can avoid to estimate such factors, as for A(u). Then, since (3.4) holds
for¢ € {s +1,..., j + 1}, arguing again by induction, in this case we have to deal
with functions u +— Vi+ly# ... #V'i+ly under the conditions
i5+1—|—~-+ij+1§2pm+(2p—1)(j—s) and i3+1,...ij+121.

Then, computing as in inequality (3.6) one shows

S J+1—S C2pm(j+1—8) = 2pm—Q2p—1(j—s)
zs+1q‘3_ n+2p
_1+j—s_(2pm—2p+1)(j—s) (3.7)
2 2 n+2p
1
<_7
~2
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where we intend that if s = j + 1 there is nothing to sum. Notice that the last
inequality is strict if s # j, and in the case s = j the map u — Vi+!y is continuous
from P" to L? as ij+1 <2pm.

If in addition for some iy, say iz, ..., i,, we have 251'2_1)" = % (i.e. we are in
the critical case (4.2) of the Sobolev embeddings), we know that for such indices the
maps u — Vitu belong to CO(P™; L9) forevery 1 < g < 0o. Then inequality (3.7)
still holds true if we choose ¢gs+1, ..., g, large enough, since, unless s = r = j,
the last inequality in (3.7) is strict.

Hence, we conclude as before that the map u — VZ2P"~D(A(u) - V?Pu) lies
in CO(P™; L?).

The time or mixed space-time derivatives o] VE(A®) - V*Pu) with 2pr + k <
2p(m — 1) can be treated in a similar way, observing that the functions 9; Vu have
the same integrability of V27" +¢y from the point of view of the embeddings (4.1)-
(4.3).

Starting from formula (3.1) and differentiating in time, again by an induction
argument, one gets

3 VE(Aw) - V*Pu)

r+k
. . L .
=> > 3T AQ)#d, V' u# - #3, TV . (3.8)
J=0 ip,eniji1tesentjr1=0
iyt j 1 <k+2p+Q2p-1)j
(1 <

Then, with the same proof as before one shows that a map of the form
w > 07 AQu)#0 Vi - - #9,7T Viy

belongs to CO(p™tl, 12y whenever iy, ..., ij41,t1,.--,tj41 = 0and

it+- i +2p+- -+ ) <2pm+Q2p—1)j. (3.9)
Hence the map u — 9/ VK(A(u) - V*Pu) belongs to CO(P™; L?) for 2pr + k <
2p(m — 1), which means that F4 € CO(P™; P"™~!) as wished.

The map F} can be treated in a similar way, so also Fp € cocpm; pm—1y,

It remains to prove that d Fa, d F;, € CO(P™; L(P™; P"~1)), where L(P™; P 1)

denotes the Banach space of bounded linear maps from P™ into P"~'. We first
claim that the Gateaux derivative

d
(u,v) > dFa(u)(v) := E}—A(u +tv) -0 (3.10)

belongs to cOpm x P™; P~y Indeed, d Fa(u)(v) can be written as

B(u, v)#V*Pu + A(u) - V*Pv,
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where B is a tensor depending smoothly on x, ¢, u, ..., v2P—1y and linearly on
some derivative of v up to the order 2p — 1, that is, B(u, v) = Zal Bi(u) - Vtv,
compare with formula (2.5). The estimates proven for F4 can be applied to any
term of the form 9; VK(B(u, v)#V2Pu), since they can be expressed as a sum similar
to the right-hand side of identity (3.8). The only difference is that now in every term
of such sum one linear occurrence of u is replaced by v. Precisely, writing #; := u,
uy := v every term 94 A(u)#3 V'l u# - - - #3,"" Vi+1y has to be replaced by some

D()#3; V' ur #- - #3,T VIu (3.11)

where exactly one of the indices 71, ..., ;41 is equal to 2, and the others are equal
to 1.

An analogous reasoning applies to the term A(u) - V2Pv. It is then easy to
see, since v € P™ like u, that we can repeat the same estimates used to show the
continuity of u > F4(u). This proves in particular that d F4 (1) € L(P™; P"~1).

In order now to prove that dF4 € cOp™; L(P™; P 1)) we need to show
that

sup [ dFa@)(v) —dFau))|pn-1 — 0 asu — uin P™.

vl pm <1

Again, this estimate is similar to what we have already done. Indeed, supposing
that 74 is the only index equal to 2 in (3.11) and assuming that there are no time
derivatives for the sake of simplicity, we want to see that, as ¥ — u in P™,

sup | D@#V 1V u# - - - #VIAVIH v — D@)#V I u# - #VIuV | 20— 0, (3.12)

loll pm<1

where i; +---+1ij11 < 2pm + (2p — 1) j (see formula (3.1) and condition (3.3)).
Adding and subtracting terms, one gets
| D@#VG# - - #VIT VI Y — D@V ud - #V Ty Vity
< {Ip@ - De| vl - 19
+1D@)| [V @ = w)] V23] --- |Vl
o D@ VU] - (V@ = w195
Studying now the L? norm of this sum, the first term can be bounded as before and
it goes to zero as D(u) is continuous from P™ to L°°. The L? norm of all the other

terms, repeating step by step the previous estimates, using Holder’s inequality and
embeddings (4.1)-(4.3), will be estimated by some product

~ By ~ B~
CllullBm @l pm 10 pm 12— wllpm < CllallBm |6ll o |t — ]| pm
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for a constant C and some nonnegative exponents «, 8, y, o satisfyinga + 8+ y +
o < 1and o > 0. Here we we used the fact that |v|| pm < 1.

As i —u — 0 in P™, this last product goes to zero in L2, hence uniformly
for ||v]|p» < 1 and inequality (3.12) follows, as claimed. The analysis of the
estimates with mixed time/space derivatives is similar and all this argument works
analogously for the term A(u) - V>Pv.

Then, the Gateaux derivative d F 4 is continuous which implies that it coincides
with the Frechét derivative, hence F4 € C'(P™; P™~1).

The map F}, can be dealt with in the same way and we are done.

4. Parabolic Sobolev embeddings

Proposition 4.1. Let u € P™ (M, T). Then forr,£ € N with2pr + £ < 2mp, we

have
7 Vul <Clul T A PR
u u|| pm f-=---——"_"r -50; )
/ LI(Mx[0,T]) < P (M,T) 72 " i2p
1 2pm—L£—2pr
||3;V£u||Lq(Mx[0,T])SCIIMIIPM(M,T)ifi_pn-i-ih)p:oand1561<00;(4-2)
the function 3" V'u is continuous and
1 2pm—L£—2pr
¢ .
197 VZullcoio,ryy < Cllull pmen, 1) le T ax2p <0, (4.3)

where the constant C does not depend on u.

Proof. Of course we can write

P™(M,T)
=L*([0,T; H* (M)NH'([0,T]; H*P™ =D (M) N--- N H™([0,T]; L>(M)).

By standard interpolation theory, see e.g. [8, Theorem 2.3], we have the continuous
immersion

P™(M,T) < H*([0, T]; H**"™=9(M)), foralls € [0, m].

2pm—L—=2pr
n+2p

0<o < % and for any Hilbert space X we have the Sobolev embedding

We shall now assume that % — > 0 and prove inequality (4.1). For

H°([0,T]; X) — L%([0, T]; X) for 3; = % — 0.
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Then, for £,r € N with 2pr + ¢ < 2pm and for any s € (m— % — %,m—
¢

ﬂ] N [r, r+ %), also using the standard Sobolev embeddings on M, for every

u e P™(M, T) one gets

o/ Viu € H7 ([0, TT; HP™=)=4(M)) — LI([0, T1; H* =9~ (b))
< LI([0, T]; L(M)),

with 1 1 1 1 2 V4
_:__s+r and :=__w.
qg 2 qg 2 n
We now choose s = mﬁ—’é";% and claim that s € (m—%—%,m—%]ﬂ[r,r+%).
Then
I 1 1 2pm—{—2pr
g q 2 n+2p

hence for such ¢ € R we have
ue L0, T]; L9(M)) ~ L9(M x [0, T]),

and embedding (4.1) is proven. As for the claim, the inequalities s > r and s <
m — % easily follow from the inequality 2pr 4+ ¢ < 2pm, while inequality s <

1

2pm—t=2pr () This means 7

r+ % is equivalent to % - T

4 n
s>m—5—4—

R
The proof of inequality (4.2) is analogous.

Finally, if % — W < 0, using that foro > % one has H° ([0, T]; X) —

C%([0, T1; X) and that for c > % one has H° (M) < C°(M), for every u €
P™(M, T) we infer

> 0 which implies

o' Viue HS ([0, T]; HP=9=¢(M))— C°([0, T]; CO(M)) ~ CO(M x [0, T]),

fors = miﬁ%_e e(r+4,m-— % - %). This proves embedding (4.3). O
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