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The regularity of Special Legendrian Integral Cycles

COSTANTE BELLETTINI AND TRISTAN RIVIERE

Abstract. Special Legendrian Integral Cycles in $° are the links of the tangent
cones to Special Lagrangian integer multiplicity rectifiable currents in Calabi-
Yau 3-folds. We show that Special Legendrian Cycles are smooth except possibly
at isolated points.

Mathematics Subject Classification (2010): 49Q15 (primary); 32Q25 (sec-
ondary).

1. Introduction

Some years ago, in a survey paper [5], S.K. Donaldson and R.P. Thomas gave a
fresh boost to the analysis of non-linear gauge theories in geometry by exhibiting
heuristically links between some invariants in complex geometry and spaces of so-
lutions to Yang-Mills equations in dimensions higher than the usual conformal 4
dimensions for these equations. In [22] G. Tian described the loss of compactness
of sequences of some Yang-Mills Fields in dimension larger than 4. This loss of
compactness arises along (n — 4)-rectifiable objects, called the blow-up sets. It
plays a crucial role in the compactification procedure of the space of the solutions
of Q-anti-self-dual instantons (the generalisation of the usual 4-dimensional instan-
tons to dimensions larger than 4).

Can one expect the blow-up set to be more than just rectifiable? What is its
exact nature?

At such a level of generality this question is wide open and difficult. The situa-
tion is better understood for some sub-classes of solutions: one example is given by
the so-called SU (4)-Instantons in a Calabi-Yau 4-fold. The concentration set is, in
this case, the carrier of a calibrated rectifiable cycle. Among these cycles we find
for instance the Special Lagrangian Integral Currents. This provides one possible
field of application for Special Lagrangian Geometry or calibrated geometries in
general.
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Further reasons for studying Special Lagrangians come from String Theory,
more precisely from Mirror Symmetry. According to this model, our universe is a
product of the standard Minkowsky space R* with a Calabi-Yau 3-fold Y. Based
on physical grounds, the so called SYZ-conjecture (named after Strominger, Yau
and Zaslov) expects, roughly speaking, that this Calabi-Yau 3-fold can be fibrated
by (possibly singular) Special Lagrangians, whence the interest in understanding
the singularities of a Special Lagrangian current. The compactification of the dual
fibration should lead to the mirror partner of Y. See the survey paper by Joyce [12]
for a more thorough explanation.

We remark also that, as all calibrated geometries (see [10] or [11]), Special
Lagrangian Geometry provides examples of volume-minimizing submanifolds or
currents; Special Lagrangians are a particularly large family. Having such examples
helps the understanding of the possible singular behaviour of such minimizers.

General description of the problem: setting and results. In the complex Eu-
clidean space C3 with the standard coordinates z = (z1, 22, 23), Zi = Xi + iyi,
consider the constant differential 3-form

Q = Re(dz! AdZ% A dD).

This is the so called Special Lagrangian calibration, introduced and analysed in
[10]. We recall some notions from calibrated geometry, referring to the quoted pa-
per for a broader exposition. Given a m-form ¢ on a Riemannian manifold (M, g),
the comass of ¢ is defined to be

[lp|I* := sup{{¢py, &) : x € M, &, is a unit simple m-vector at x}.

A form ¢ of comass one is called a calibration if it is closed (d¢ = 0); when it is
non-closed it is referred to as a semi-calibration.

Let ¢ be a calibration or a semi-calibration; among the oriented m-dimensional
planes that constitute the Grassmannians G (m, Tx M), we pick those that (repre-
sented as unit simple m-vectors) realize (¢, &x) = 1 and define the set G(¢) of
m-planes calibrated by ¢:

G(@) = Usem{bx € Gm, T: M) : (¢x, &x) = 1}.

In other words, these are exactly the m-planes on which ¢ agrees with the m-volume
form.

We recall now the notion of calibrated cycle. For definitions and notations
from Geometric Measure Theory we refer to [7] or [8].

An integral m-cycle C in M is an integer multiplicity rectifiable current of di-
mension m without boundary. Let us recall the basic notions used in this definition:

(i) Rectifiability: there is a countable family of oriented C! submanifolds N; of di-
mension m in M; in each of them we take a " -measurable subset A;, so that
the V;-s are disjoint; the union C = U;N; is a so-called oriented rectifiable set.
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C possesses an oriented approximate tangent plane H™-a.e. (see [7] or [8]).
On C an integer valued and locally summable multiplicity function 6 is given,
0 e LlloC (C; Z); the action of the current C on any m-form v, that is smooth

and compactly supported in M, is given by

cxw>=:£euxwmsadeux

where &, is the oriented tangent at x represented as a unit simple vector.

(ii) Closedness: the boundary dC of the current is 0'. Explicitly: for any smooth
(m — 1)-form «, that is compactly supported in M,

(0C)(a) :==C(da) =0.

The class of integer-multiplicity, rectifiable currents of dimension m in M is de-
noted by R, (M). The support spt(C) of the current is defined as the complement
of the open set

U{A : Aisopenand C () = O for all m-forms i compactly supported in A}.

Without loss of generality one can assume 6 to be strictly positive: for that purpose
it is enough to choose the appropriate orientation for the oriented rectifiable set and
neglect the part where & = 0. With this in mind, one can always express the action
of a rectifiable current C by means of a rectifiable set C on which a multiplicity
function 0 € LllOC (C; N\ {0}) is given: this underlying rectifiable set C is referred
to as the carrier of the current C.

We recall the notions of Smooth Points and Singular Points. A point x € C
is said to be a smooth point if there is a ball B, (x) in which the current acts as a
smooth m-submanifold V), i.e. if there is some constant N € N such that for any

smooth m-form ¥ compactly supported in B, (x)

aw=NAw

The set of smooth points is open in C by definition; its complement in C is called
the singular set of C, denoted by Sing C.

For a current in R, (M), at H™-almost every point x € C denote by T,C the
m-dimensional oriented approximate tangent plane to the underlying rectifiable set
C; given a (semi)-calibration ¢, C is said to be calibrated by ¢ if

for H™ -almost every x, sign(6)T,C € G(¢).

When ¢ is a closed form, then a current calibrated by ¢ is locally homologically
volume-minimizing; (closed) calibrations were introduced in the foundational pa-
per [10].

! The term cycle refers to the absence of boundary.
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Returning to our case, being €2 constant, it is obviously closed; as shown in
[10] it has comass one. Currents in R3(C3), calibrated by Q, are called Special
Lagrangians.

Let N denote the radial vector field N :=r % in C? and define the normal part
of Q by

Q N =1 NQ,

where ¢ denotes the interior product. We will work in the sphere S° ¢ C3, with
the induced metric. Consider the pull-back of 25 on the sphere via the canonical
inclusion map &€ : §° — C:

w:=&E *Q N-

An easy computation shows that
o = Re(z1dZ> A dz® + 20d2® Adz' + z3dz' AdZP).

w is a 2-form on §° of comass one. Indeed, |N| = 1 on S and for any simple
2-vector £ in T S°

lw@)| = QN AE] <IN A&l =&

Equality is surely reached when N A £ is a Special Lagrangian 3-plane, compare
Proposition 1.3. We remark that both €2 and @ are SU (3)-invariant. As explained
in [10, Section II.5] or [11, Section 2.2], w is non-closed.

w is referred to as the Special Legendrian semi-calibration. Rectifiable cur-
rents in S calibrated by w are called Special Legendrians.

Our main result is the following:

Theorem 1.1. An integer multiplicity rectifiable current C without boundary cali-
brated by w (this is called a Special Legendrian integral cycle) in S° can only have
isolated singularities, therefore finitely many.

In other words: C is, out of isolated points, the current of integration along a
smooth Special Legendrian submanifold with smooth integer multiplicity.

Remark 1.2. This result is optimal. We will provide an example in the next section,
see Remark 2.7.

Still from [10, Section I1.5] or [11, Section 2.2], the 2-currents of S° on which
o restricts to the area form are exactly those such that the cone built on them is
calibrated by Q:

Proposition 1.3 ([10] or [11]). A rectifiable current T in S is a Special Legen-
drian if and only if the cone on T

CT)={txeR0:xeT,t >0}

is Special Lagrangian.
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We know that Special Lagrangian currents (as a particular case of currents
calibrated by a closed form) are (locally) homologically area-minimizing in C3;
from [1] we know that volume-minimizing 3-cycles are smooth outside a set of
Hausdorff dimension 1. In the case of a cone, this roughly translates into having
radial lines of singularities, possibly accumulating onto each other. We establish
here that there can only by a finite number of such lines.

We remark here that Special Lagrangians can be defined in general Calabi-Yau
n-folds, see [12]; Special Lagrangians are known to possess tangent cones at all
points (see [10, Section II.5]), and such cones are Special Lagrangian cones in C".
Thanks to Proposition 1.3, our result can be restated as follows:

Corollary 1.4. Tangent cones to a Special Lagrangian in a Calabi-Yau 3-fold have
a singular set made of at most finitely many lines passing through the vertex.

From [20, Proposition 6.1.1], T in S5 is minimal, in the sense of vanishing
mean curvature, if and only if C(7)) ¢ C? is minimal. Therefore, Special Legen-
drians are minimal currents in S° (although not necessarily area-minimizing).

Relying on [1], Chang proved in [3] the corresponding regularity result for
area-minimizing 2-dimensional currents.

One advantage coming from the existence of the calibration, as will be seen,
is the fact that the current can locally be described as integration along a multi-
valued graph satisfying a first order elliptic PDE; the general problem of volume-
minimizing currents, instead, requires an elliptic problem of order two, see [1]
or [3]. It is also remarkable that the general regularity theory for mass-minimizing
currents developed by Almgren is extremely hard; his Big Regularity Paper [1]
comprises a thousand pages and it is therefore helpful to have shorter (and rel-
atively easier) self-contained proofs of regularity results for some sub-classes of
minimizing currents, such as Special Lagrangian currents or J-holomorphic cur-
rents (see [17,18,21]).

Proof. We will now give a sketch of our proof. The underlying structure is basically
the same as in [21] and [17], where the regularity of J-holomorphic cycles in a 4-
dimensional ambient manifold was shown. In our case we have a fifth coordinate
to deal with, which introduces new challenging difficulties, as will be seen. O

A standard blow-up analysis tells us that at any point x of > the multiplic-
M(CL B (x)
r?
mula (see [16] or [19]) tells us that, at any xp, is monotonically non-
increasing as r |, 0, whence we get that 6 is upper semi-continuous. Therefore the

is? an integer Q. The monotonicity for-
M(CL B, (x)
2

ity function 6(x) = lim,_,¢

2 For general integral cycles, the limit lim, _, exists a.e. and coincides with the
absolute value |0| of the multiplicity assigned in the definition of integer cycle. In our case

ML B, (x)
(V"

M(CL_B,(x))
rrrz

lim, is well-defined everywhere, therefore we can choose (everywhere) this nat-

ural representative for 6, after having chosen the correct orientation for the approximate tangent
plane.
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set
C=2:={xeS:0x) <0}

is open in $°. This allows a proof by induction of our result: indeed, the statement of
Theorem 1.1 is local, so we can restrict the current to C=€ and consider increasing
integers Q (see the beginning of Section 5).

One key ingredient is the construction of families of 3-dimensional surfaces
¥ which locally foliate S° and that have the property of intersecting positively the
Special Legendrian ones. As in [17], this algebraic property can be exploited to
provide a self-contained proof of the uniqueness of tangent cones for our current.
This result was proved for general semi-calibrated cycles in [16] and for general
area-minimizing ones in [23] using a completely different approach?.

Further, the positiveness of intersection allows us to describe our current, lo-
cally around a point x( of multiplicity Q, as a Q-valued graph from a disk D> ¢ C

into R?® = C x R. This means that we associate to each z € D? a Q-tuple of points
in C x R. The Q-tuple is to be understood as unordered, i.e. as an element of
the Q-th symmetric product of C x RR. It is not possible to find, globally on D2, a
coherent labeling of the multi-valued graph as a superposition of Q functions.

The transition current — multi-valued graph is done by slicing the current
with a “parallel family” of 3-surfaces X of the type mentioned above: one must
choose a good “direction” for the slicing, namely take a X that is transverse to the
tangent cone at xo. This ensures, locally around xg, the constancy of the intersection
index when we move X “parallel to itself”. The intersection index, which counts
intersections with signs, turns out to be constantly Q. But the sign of intersection
is always positive, due to the property of the X’s. This yields that the number of
points at which the 3-surfaces cross the current is exactly Q, taking multiplicities
into account.

Currents of integration along multivalued graphs constitute one of the impor-
tant objects of interest in Geometric Measure Theory. Multivalued graphs were
introduced by Almgren in [1] for the study of Dirichlet-minimizing and volume-
minimizing currents and were lately revisited in a new flavour in [4].

As we said above, the proof of Theorem 1.1 is done by induction on the multi-
plicity Q. Recall that by upper semi-continuity of the multiplicity, we already know
that all points in a neighbourhood of a point of multiplicity Q have multiplicity no
higher than Q. Therefore, the inductive step is divided into two parts: in the first
one we show that there is no possibility for an accumulation of singularities of mul-
tiplicity Q to a singularity of the same multiplicity; in the second part we exclude
accumulation of lower order singularities to a singularity of order Q.

First part of the inductive step. There is a situation in which, just by slicing tech-
niques, it is possible to exclude the possibility that singular points of multiplicity
QO accumulate onto a point xg of the same multiplicity. This case occurs when the

3 The proof in [23] relies however on the area-minimality property which is not generally true for
Special Legendrians.
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tangent cone at x¢ is not made of Q times the same disk and will be referred to as
easy case of non accumulation (see Theorem 4.6).

The case of a point with a tangent made of the same disk counted Q times is
considerably harder and leads to Theorem 5.1. Let us therefore focus on this case
and see an overview of the several steps.

We introduce the first order PDEs (for the Q-valued graph) that describe the
calibrating condition. These equations turn out to be, in appropriate coordinates,
perturbations of the classical Cauchy-Riemann equations, but with three real func-
tions and two real variables.

More precisely, we denote the Q-valued graph describing the current in a
neighbourhood of a point of multiplicity Q by

{(pj(@),aj(@)}j=1..0

where 7 = x+iy is the coordinate in the Disk D> C C, ¢; € Cand o; € R. Without
loss of generality we can assume (¢;(0), «;(0)) = (0,0) forall j =1,---, 0, so
that we are centered at the origin of D> x C x R.

The equations solved by the branches of {(¢;(z), a(z))} are as follows:

82901 = V((‘Pj’ aj)’ Z) az(p] +H’((¢jvaj)9 Z) (1 1)
Va; = h((g), a)), 2), '

where v and u are smooth complex valued functions on R> such that v(0) =
w(0) = 0 and & is a smooth R?>—valued map on R>.

It is remarkable that if we were dealing with a single (Sobolev) solution ¢ :
D?> ¢ C — C x R of the system above, then the regularity question would be
easily answered by elliptic theory, yielding that ¢ is C°.

As soon as we have a multi-valued graph, even just 2-valued, singularities
are actually allowed! Then we can restate Theorem 1.1 by saying that a singular
behaviour for a multi-valued graph solving the system above is possible at most at
isolated points.

We stress here that in order to get a Q-valued graph solving the system above
we need to perform a careful choice of coordinates. Since this choice will require a
lot of work, we digress shortly on its importance.

With general coordinates, induced by a slicing with arbitrary 3-dimensional
surfaces, we would, in a first instance, lose the property of positive intersection and
not any longer get a Q-valued graph. We could only associate to each z € D* a
set of points {A1(2), ..., Ap(2), B1(2), ..., BNy (2)} with P, N € N changing with z.
The only thing that would be independent of z would be the difference P — N = Q.
The points A; would be those where there is a positive intersection with the slicing
surfaces, the Bj-s those where this intersection is negative.

In addition to this, a further difficulty would arise. Writing equations for this
“algebraic” Q-valued graph, we would find a supercritical equation, as explained
in [18]. In comparison with the system (1.1), we would have a dependence on Vg ;
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inside p and v. With such an equation, even for a single-valued graph, we could
not perform bootstrapping in order to get regularity, and in our case of multiple
values, the unique continuation argument (see below) would fail.

Let us go back to the proof. Using the PDEs (1.1) we prove a W'2 estimate
for the average (¢, &) of the branches of our multivalued graph. We remark here

that we give a proof of the W!-2-estimate different than the one in [17], where the
authors had the further hypothesis that Sing C was H?-negligible (see Theorem 5.9).

We make a key use of the so-called relative Lipschitz estimate (Theorem 4.7
and Corollary 5.8). This estimate tells us the following: taken a point xg of mul-
tiplicity Q whose tangent cone is made of Q times the same disk Dy, if there is
a sequence of points {y,} of multiplicity Q accumulating onto xp then the tangent
cones at the points y, must flatten towards Dy as n — oo (see Figure 5.1).

The W' 2-regularity of the average allows us to translate the issue of accumu-
lation of singularities of multiplicity Q into a problem of accumulation of zeros for
anew (Q-valued graph solving a PDEs system - equations (6.14) and (6.15), that is
again a perturbation of the classical Cauchy-Riemann. The new multi-valued graph,
described by (6.13), is obtained from the original one by subtracting the average, as
illustrated in Figure 6.1. The W!-2-regularity of the average is the minimum reg-
ularity required in order to get that the new Q-valued graph (6.13) still represents
a boundaryless current in D? x C x R: this fact is crucial later for the essential
integration by parts formulae (see Lemma 6.6).

Then by a suitable adaptation of the unique continuation argument used in
[21], we prove that the multi-valued graph (6.13) obtained by subtracting the av-
erage from each branch cannot have accumulating zeros, thereby concluding the
first part of the inductive step. The proof is by contradiction. The argument re-
quires a further modification of the multi-valued graph (see (6.16) and (6.18)): this
trick allows to “focus attention” on an accumulating sequence of zeros. In order to
get a L°°-bound for this multi-valued graph (6.18) we need the Lipschitz-type esti-
mate of Corollary 5.8. Then we can use the partial integration allowed by Lemma
6.6 and get a contradiction thanks to the elliptic nature of the equations (6.19) and
(6.20) satisfied by the multi-valued graph.

The techniques we employ to show the partial integration formulae for multi-
valued graphs are more typical of geometric measure theory; we also provide in
Lemma 6.6 a step that was incomplete in [21].

Second part of the inductive step. Let xo be a point of multiplicity Q such that,
in a neighbourhood B, (xg), the current C is smooth except at points of multiplicity
< Q — 1 that are isolated in B, (xg) \ {xo} (this is what we have from the inductive
assumption and from the first part of the inductive step). Then we aim to prove that
it is not possible to have a sequence of such isolated singularities of multiplicity
< @ — 1 accumulating onto xq (this is the content of Theorem 7.1).

We use an homological argument inspired by the one used in [21], where the
same statement was proved in the case of J-holomorphic cycles in a 4-manifold,
although in our case the existence of the fifth coordinate induces new difficulties
and a more involved argument.
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For the moment we just sketch the underlying idea, warning the reader that in
Section 7 the formal proof will require new spaces and functions, different from
those sketched here, and some delicate estimates.

As above, we denote the O-valued graph describing the current in a neighbour-
hood of a singular point xg of multiplicity Q by

{(pj(@),aj(@)}j=1-0

and denote 77 : D> xC xR — D? the projection map. There is no loss of generality
in taking xo = 0, the origin of D? x C x R. We assume (inductive assumption +
first part of the inductive step) that the multi-valued graph is smooth except at 0 and
at a sequence of points (different from 0) having multiplicity < Q — 1, isolated in
D? x C x R and accumulating to xo (so we are arguing by contradiction to prove
Theorem 7.1). Denote the projection onto D? of this sequence by {z il

Roughly speaking, we would like to exhibit a continuous function u : D> —
C, vanishing exactly on the set 7(Sing C) = {0, z1, ...z}, ...}, such that when we
observe jon positively oriented loops in D? \ 7 (Sing C) the following hold:

(i) if the loop y encloses a point z; then the topological degree of ” cy — St
on that loop is strictly positive;

(ii) for any loop y, = 9B, (0) around the origin, the degree of |"j—| A ) Uis
bounded from below by a constant k € Z independent of .

From these properties we could conclude Theorem 7.1 by the following homotopy
argument.

Take any loop y;, = aBr1 (0) lying in D? \ m(Sing C) and look at the integer
deg( e y,l) the degree of # WY S'. Say it is 1000.

Inside B,, (0) we can choose ¥, = dB,,(0) lying in D? \ 7 (Sing C) so that in
the annulus B, (0) \ By, (0) there are 1001 + k of the points z;. This is possible by
the contradiction assumption of actually having a sequence converging to 0. Around
each such z; take an oriented loop y; which encloses exactly one of them. We can
of course ensure that each y; lies in the annulus and does not meet 7 (Sing C). We
know from (i) that deg(|Z—|, y,) > 1 for all /.

By homotopy, since IZ_I is continuous on D? \ 7(Sing C) = {u # 0}, we have

et (g7 ) = (3 |’V’2)+E’deg<| |’”)

where the summation is taken over the 1001 + k loops y; in the annulus. Each term
in this summation is > 1. From this we get deg(|Z—|, yrz) < k — 1, contradicting (ii).

This is also the idea in [21]. In that work, the function u is defined by observing
the relative difference of points having the same projection on D?: this is naturally
an element of C in that case.
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But for our Special Legendrian, the relative difference naturally lives in C x R

(see Figure 7.1), and there is no notion of degree for a function u : D? > C xR,
therefore we need to change the setting. We will introduce a new space, modelled
on the product of the 2-dimensional current with R and define a function u from
this product into C x R; this function mimics the relative difference and that allows
a homological argument.

Close enough to each isolated singularity, the C-component of the relative dif-
ference encloses all the topological information and we can neglect the R-compo-
nent (see Lemmas 7.5 and 7.6). Unfortunately this is only possible very close to
each isolated singularity, and we need to take care also of the R-component when
we seek a global estimate from below (obtained in Lemma 7.8) analogous to the
one in (ii), whence the somewhat curious choice of u# and of its domain.

ACKNOWLEDGEMENTS. The authors are very grateful to Gang Tian for having
suggested this problem to them and for very fruitful discussions.

2. Preliminaries: the construction of positively intersecting foliations

In this section we are going to construct in a generic way a smooth 3-surface ¥ in §°
with the property that, anytime X intersects a Special Legendrian L transversally,
this intersection is positive, i.e., the orientation of T),L A T, X agrees with that of
17,5 > (S being oriented according to the outward normal). Then we will construct
foliations made with families of 3-surfaces of this kind.

Contact structure. Now we recall some basic facts on the geometry of the contact
structure associated to the Special Legendrian calibration in $°, see [11] for more
details.

S inherits from the symplectic manifold ((C3, Z?:l dzt A dZi) the contact
structure given by the form

3
y =&y <Zdzf A d?) .

i=1

This is a 1-form with the contact property saying that ¥ A (dy)? # 0 everywhere;
the associated distribution of hyperplanes is ker(y (p)) C T), S3. In the sequel the

hyperplane of the distribution at p will be denoted by H#, where H stands for
horizontal*. The condition on y is equivalent to the non-integrability of this distri-

4 This is nothing else but the universal horizontal connection associated to the Hopf projection
$% — CP? sending (21,22, 23) — lz1.22,23]. The fibers ¢ p, 6 € [0,27] and p € S°,
are great circles in S3 and the hyperplanes Hg of the horizontal distribution are everywhere
orthogonal to the fibers. This structure is SU (3)-invariant.
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bution, i.e. it is impossible (even locally) to find a 4-surface in S> which is every-
where tangent to the H*. The vectors v orthogonal to H 4 are called vertical; they
are everywhere tangent to the Hopf fibers ¢/? (z1, 22, z3) C S 3,

Special Legendrians are tangent to the horizontal distribution. The Special
Legendrian calibration w has the property that any calibrated 2-plane in 7 S> must
be contained in H*. Therefore, Special Legendrian submanifolds are everywhere
tangent to the horizontal distribution and they are a particular case of the so called
Legendrian curves, which are the maximal dimensional integral submanifolds of the
contact distribution. We can shortly justify this as follows: recall that @ and the hor-
izontal distribution are invariant under the action of SU (3). At the point (1,0, 0) €
> the Special Legendrian semi-calibration is easily’ computed: ®1,0,0) = dx? A
dx?® — dy* A dy>. Then if a unit simple 2-vector in T1,0,0) S3 is calibrated, it must
lie in the 4-plane spanned by the coordinates x3, y2, x3, y3, which is the horizontal
hyperplane H, (41 0.0) orthogonal to the Hopf fiber ¢/?(1, 0, 0). The SU (3)-invariance

of w and of {H*} implies that, at all points on the sphere, Special Legendrians are
tangent to the horizontal distribution.

J-structure and J-invariance. We introduce now a further structure: on each hy-
perplane H;‘, w restricts to a non-degenerate 2-form, so we get a symplectic struc-
ture and we can define the (unique) linear map

Jp: Hy — H,
characterized by the properties that J 1% = —Id and, forv, w € Hg,
o(p)(v, w) = 0 (p)(Jpv, Jyw), (v, w)r g5 =@ (p)(V, Jpw). 2.1

This is a standard construction from symplectic geometry and the uniqueness of
the J,, at each point implies that we get a smooth endomorphism of the horizontal
bundle; in our case the setting is simple enough to allow an explicit expression of
Jp in coordinates, as follows.

w(1,0.0) = dx* A dx® — dy? A dy? and recall that Hé 0.0y 18 spanned by the
coordinates x, y2, x3, 3. Then choose ’

0 0
[ % PR
0x) 0x3
J(1,0,0) := 9 9
— = ——.
ay2 ay3

The conditions in (2.1) hold true at this point.
For any p € §°, take g € SU(3)/SU(2) sending p to (1,0, 0). The SU(2) in
the quotient is the stabilizer of H é 0.0)" This stabilizer leaves J(1,0,0) invariant (any

5 Recall that we are using standard coordinates z; = x; +iyj, j =1,2,3 on c3.
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element of SU(2) commutes with J(; 0,0)) and we can define, forv € H 4

Jp(v) :=dg ™ (J1.0.0)(dg (V).

Thus we get a smooth J-structure on the horizontal bundle.
From the properties in (2.1), if a simple unit 2-vector v A w in H;‘ is calibrated
by w, then
I =w,(v,w) =w,(Jpv, Jyw) = (Jpv, w>TPS5

SO
v A w is a Special Legendrian plane < J,(v Aw) := Jyuv A Jpyw =v A w,
ie.

Proposition 2.1. A 2-plane in T), S° is Special Legendrian if and only if it lies in
I—? (horizontal for the Hopf connection) and it is J,-invariant for the J-structure
above.

Since all the above introduced objects are invariant under the action of SU (3),
we can afford to work at a given point of S°; from now on we will focus on a neigh-
bourhood of the point (1, 0,0) € S°, where we are using the complex coordinates
(21,22, 23) = (X1, Y1, X2, ¥2, X3, y3) of C°.

Positive 3-surface. We are now ready for the construction of a 3-surface with the
property of positive intersection.

Oriented m-planes in C? will be identified with unit simple m-vectors in C.
In particular, T S° is oriented so that 7S A % = C3.

Writing down the Special Lagrangian calibration explicitly

Q =dx' Adx> Adx® —dx' Ady?> Ady? —dy' Adx® Ady? —dy' Ady? Adx3,
it is straightforward to see that
d 0 a
A A
dx1 Odxp 0x3

is a Special Lagrangian 3-plane passing through the origin of C> and through the
point (1,0,0). We now consider, for a small positive ¢, the following family
{Lo}oe(—s.e) Of Special Lagrangian planes, where {(eie, 0,0)}oe(—e.¢) is the fiber
containing (1, 0, 0) and Ly goes through the point (¢'?, 0, 0):

e’ 0 0
Lo=| 0 90| Lo
0 0 1

*

ol . a 0 . a 0
cos— +sinf— | A [ cos@— —sinf— | A —,
ax1 1 9x, y2 0x3
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which is Special Lagrangian since it has been obtained by pushing forward Ly by
an element in SU (3).

We introduce the 4-surface ©* in C> obtained by attaching the Lg-planes along
the fiber {(¢'?, 0, 0)}oe(—¢,¢): this 4-surface can be expressed as

4 = (ae'?, be7?, 0),
parametrized with (a, b, c) € R3 \ {0}, O € (—¢,¢). Then define
r=3x*ns.

As stated in the coming Lemma 2.2, this 3-surface has the desired property of in-
tersecting Special Legendrians positively.

We can make the equivalent construction starting from the form w restricted to
the fiber {(eie, 0,0)}pe(—e,¢), namely

w= cos@(dx2 Adx® — dy2 A dy3) + sin6(—dx? A dy3 — dy2 Adxd),

and explicitly writing down the J-structure on H* introduced above. On

(€,0,0)
Hé,-g 0.0) Ve can use coordinates (x7, y2, x3, ¥3) since H*Av=TS>TS A % =
300 -0 4_ 3 3 9
Caﬂdv—lW,SOH—a—xz/\EAm/\a—yz.
0 0 . 3
— = cos@——sm@a—
d0x) 0x3 y3
0 d . 3
— — —cosf— —smég
ay2 V3 3
Jg - J(eie’o’o) = a a
— — —c0sf— +sinf-L
0x3 0x2 9y2
i 6" 4 ino 2
— —  cosH— +sinf=.
ay3 dy3 0x2

So Jp is represented by the matrix JyAg, where 6

0 0-1 O cos@ sinfd O 0
I = 0 0 0 1 A — —sin® cosf 0 0
=11 0 o o 7~ 0 0 cos® —sinf
0-1 0 O 0 0 sinf cos6
6 In complex notation, looking at H(4€,.9’ 0.0) % (C%z’ 23+ We can write

e? 0
Ag:(o e_l-9>.
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If v A w is a J-invariant 2-plane in H?, with w = Jyv, then Ae_l vAwIis Jy

invariant, in fact Jy (A, lv) = JoApAy Iy = Jov = w. Take the geodesic 2-sphere
Lo tangent to the Jo-holomorphic plane

0 0

axa  Ax3

This Special Legendrian 2-sphere Lg coincides with £oN S? introduced above. The
2-plane
1 0 0 ad . ad 0
Ay — N—=\(cosf— —sinf— | A —
0xp  0Xx3 dxo ay2 0x3
is therefore Jy holomorphic and the geodesic 2-sphere tangent to it is £g N S°. =

is the 3-surface obtained from the union of those Special Legendrian spheres as
0 e(—eg,e).

Lemma 2.2. There is an &9 > 0 small enough such that for any € < &gy the follow-
ing holds:
let S be any Special Legendrian current in B¢(1,0,0) C s> ; then, at any point
p where T),S is defined and transversal to T, Z, S and T intersect each other in a
positive way, i.e.
T,SAT,% =T,S.

Proof of Lemma 2.2.

so, along the fiber, the tangent space to X is spanned by two vectors !, 12 such that
I" A % is Special Legendrian and by the vertical vector vy. At any other point p
of X, the tangent space always contains two directions / }), 1[2) such that / [1) A 112, is
Special Legendrian (from the construction of ¥). The third vector w, orthogonal
to these two and such that l}, A lf, A w = T, drifts from the vertical direction as
the point moves away from the fiber, but by continuity, for a small neighbourhood
B:(1, 0, 0), we still have that

4 5
Hp/\wpszS.

On the other hand, it is a general fact that, given a 4-plane with a J-structure, two
transversal J-invariant planes always intersect positively. Therefore

1,72 _ g4
TpS AL, AL, =H,
at any point p, so

TyS ATy =TS AUy A Awp) = (TpS ALy ALY Aw, =T, O
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First parallel foliation. Now we are going to exhibit a 2-parameter family of 3-
surfaces that foliate B¢ (1, 0, 0) and have the property of positive intersection. Con-
sider the Special Legendrian 2-sphere

( R I ) S
L={— A— ns-.
0x1 3y2 dy3

This is going to be the space of parameters. Consider SO (3) and let it act on the
3-space —i A a?»z A 85;3. We are only interested in the subgroup of rotations

ad

having axis in the plane Ty 8%3 This subgroup is isomorphic to SO (3)/S, where

S is the stabilizer of a point, in our case the point (1,0,0) € —% A 3; A 3?};
Thus the rotatlons in this subgroup can be parametrized over the points of L =

( ail A agz A5y ) N S° and we will write A, for the rotation sending (1, 0, 0) to

g € L. We extend A, to a rotation of the whole S3 by letting it act diagonally on
R3@R3 =C3. Then define
X, =Al(2),

for g € L. Since A; € SU(3), Special Legendrian spheres are invariant and
Ag(€9(1,0,0)) = €A ((1,0,0)) = €%, so the fiber through (1,0, 0) is sent
into the fiber through g. Therefore, for a fixed ¢, X is a 3-surface of the same type
as X, that is, it contains the fiber through ¢ and is made of the union of Special
Legendrian spheres smoothly attached along the fiber. By the SU (3)-invariance of
o, from Lemma 2.2 we get that 3, has the property of intersecting positively any
transversal Special Legendrian S.
For the sequel define L, = L N B¢(1,0,0).

Lemma 2.3. The 3-surfaces ¥, as q € Le, foliate a neighbourhood of (1,0, 0)
inS>.

d
s — dyz

5 = —a5 and £ = Zo with (a,b,¢,0) € (52N Be(1,0,0)) x (=&, ), with

(a,b,c) € S c R® = a_xl/\ade/\Axg and 6 € (—¢,¢) as done during the

construction (we seta = (1 —b?—c?)!/2). Consider the function ¢ : ¥ x L, — §°
defined as

Proof of Lemma 2.3. Parametrize L, with normal coordinates (s, t), with 2

Y(p,q) = Aq(p)

for p =(b,c,0) € X,q = (s,t) € L.. Analysing the action of the differential d
on the basis vectors at (0,0) € ¥ x L, we get:

a9 oy aaw aa¢ 881&_ 9
b dxy’ dc  ox3 90 dy;  as  dyx ot dyy

So the Jacobian determinant at 0 is 1 and ¥ is a diffeomorphism in some neighbour-
hood of (1, 0, 0) where we can introduce the new set of coordinates (b, c, 6, s, t).
Therefore, the family {%; ;}(s,ner foliates an open set that we can assume to be
Y (X x Lg) if both ¥ and L, were taken small enough. O
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Coordinates induced by the first parallel foliation. Recall that, in each H: we
are interested in the possible calibrated 2-planes, which, as shown above, must be
Jp-invariant. The set of these 2-planes is parametrized by the complex lines in C?
and is therefore diffeomorphic to CP'. We are often going to identify H* with
C? (respectively CP', if we are interested in the complex lines) with the following
coordinates: on H(41,0,0) we set H(41,0,0) =TL®T(Lo) = Csyir ® Cpyic, Where
L, Lo are the Special Legendrians introduced above; T L, T Lo are C-orthogonal
complex lines in H{‘LO,O), TL = % A % and TLg = % A aa_c Then the complex line

L will be represented by [1, 0] in CP' and Lo by [0, 1]. Extend these coordinates
to the other hyperplanes H* as follows: at any H; we have that, for the unique X
containing p:

T,L=1[1,0], T,XnN H; = [0, 1]. (2.2)

Families of parallel foliations. We will often need to use not only the foliation
constructed, but a family of foliations. Keeping as base coordinates the coordinates
that we just introduced, we can perform a similar construction. The foliation we
constructed is parametrized by g € L with the property that 7, ¥, N H; =1[0,1] €
CP!. For X ina neighbourhood of [0, 1] € CP!, eg (X =[Z,W] € CP!,:
|Z| < |W]|}, we start from the 3-surface Eé( built as follows: the Special Legendrian
spheres that we attach to the fiber should have tangent planes in the direction X €
CP'. Then, for any such fixed X, we still have a foliation of a neighbourhood of
(1, 0, 0), parametrized on L and made of the 3-surfaces

X = A(Z). qelL. (2.3)

We will refer to X (f as to the 3-surface born at ¢ in the direction X. The origi-

nal surfaces we built will be denoted X011, By the SU (3)-invariance of , from
Lemma 2.2 we get the positiveness property for ;‘ :

Corollary 2.4. Foranyq, ¥ ;( has the property of intersecting positively any trans-
versal Special Legendrian S, i.e. at any point p where T, S is defined and transver-
salto Tp X ;( ,

TS ATyS) =T,S°.

For a fixed X, a parallel foliation {¥ if } (as p ranges over L) gives rise in a neigh-
bourhood of (1, 0, 0) to a system of five real coordinates. The adjective parallel
is reminiscent of this resemblance to a cartesian system of coordinates in the cho-
sen neighbourhood. There are several reasons why we produced parallel foliations
keeping freedom on the “direction” X; they will be clear later on.

Families of polar foliations. So far we have been dealing with “parallel” foliations.
We turn now to “polar” foliations’.

7 The term polar is used as reminiscent of the standard polar coordinates in the plane.
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Notice that, a point in L being fixed, say 0, we have that, as X runs over a
neighbourhood of [0, 1] € CP', the family {Eé(} foliates a conic neighbourhood

of Z([)O’”. Observe that the rotations in SO(3) C SU (3) fixing the fiber through
g € S° have for differentials exactly the rotations in SU(2) on H; . Denoting Rx y
the rotation whose differential sends X to Y € H; , we have Rx,y(Ef )= 25 .

Lemma 2.5. With the above notations, let U be a small enough neighbourhood

of Y € CP! and consider 25 for some point q. Let LY C EqY be the Special
Legendrian 2-sphere tangent to Y at q. Then

(Uxev Z)) — (g}
is a neighbourhood of LY — {q}.

Proof of Lemma 2.5. Introduce the function ¥ : ¥ x U — S° sending (p, X), p €
=3 5 , X € U, to the point Ry x(p) € E;‘ . Observe that, in a neighbourhood of
(1, 0, 0), the differential of i is different from zero except at the points of the Hopf
fiber through (1, 0, 0). Indeed, on this fiber, di/ restricted to the 3-space T X has
rank 3and TYX = Y| A Y5 A v, with Y] A Y3 the 2-plane in C? represented by Y.
At any point ' among these, dy is zero on the tangent space to U at Y, since the
image ¥ (F, X) is constantly equal to F for any X. For any fixed point p not on the
fiber and for X on a curve in U through Y, ¥ (p, X) is a curve transversal to X g ,
since we are moving p by the rotation Ry x. Therefore the differential dy(p, Y)
has rank 2 when restricted to the tangent to U at Y, while on the complementary
3-space d still has rank 3 by smoothness. Therefore we get the desired result. [

Remark 2.6. We remark here that a 3-surface X of the type just exhibited above,
is foliated by Special Legendrian spheres, so the Special Legendrian structure re-
stricted to X is integrable; a Special Legendrian integral cycle contained in such a
2 must locally be one of these spheres.

Remark 2.7. With the above notations, Lo 4 L is a Special Legendrian cycle with
isolated singularities at the points (1, 0, 0) and (—1, 0, 0). This example shows that
our regularity result is optimal. The reader may consult [11] for further explicit
examples of Special Legendrian surfaces.

3. Tools from intersection theory

In this section we recall some basic facts about the blowing-up of the current at a
point and about the Kronecker intersection index (for the related issues in geometric
measure theory we refer to [8]); then we show that this index is preserved when we
send a blown-up sequence to the limit.

Let C be the Special Legendrian cycle that we are studying. The blow-up
analysis of the current C around a point x¢ is performed as follows: consider a
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dilation of C around xq of factor » which, in normal coordinates around xg, is
expressed by the push-forward of C under the action of the map *=C:

7

X — X x—x\"
Cxo,r(l//)=[( " )C](¢)=C<< p )1/f>

From [16] or [19] we have the monotonicity formula® which states that, for any xo,
the function mass ratio, i.e.

M(CL B, (xo))
r2 ’

is monotonically non-increasing as r | 0, therefore” the limit

f(x) := lim w
r—0 r

exists for any point x € S°. This limit coincides (a.e.) with the multiplicity 6

assigned in the definition'® of integer cycle, whence the use of the same notation.

We can therefore speak of the multiplicity function 6 as a (everywhere) well-defined

function on C.

We recall the definitions of weak-convergence and flat-convergence for a se-
quence T, of currents in R, to T € R,,,. We remark, however, that the notions of
weak-convergence and flat-convergence turn out to be equivalent for integral cur-
rents of equibounded mass and boundary mass (as it is in our case), see [19, 31.2]
or [8, page 516].

We say that 7,, — T weakly when we look at the dual pairing with m-forms,
i.e. if T,(¥) — T () for any smooth and compactly supported m-form .

T, — T in the Flat-norm if the quantity F(T — T,) := inf{M (A) + M(B) :
T—T,=A4+0B,Ae Ry, BeRy+1}goesto0asn — oo.

The fact that w is monotonically non-increasing as r |, 0 gives that,
for r < ro (for a small enough ryp), we are dealing with a family of currents {Cy, ,}
which are boundaryless and locally equibounded in mass; by Federer-Fleming’s
compactness theorem'!, there exist a sequence r, — 0 and a rectifiable boundary-
less current Coo such that

Cxy.r, = Coo in Flat-norm.

8 This formula is proved in [16] for semi-calibrated currents and in [19] for currents of vanishing
mean curvature; both cases apply here.

9 To be precise, due to the fact that the metric is not flat, the mass ratio is almost monotone,
. M(CL Byr(xp)
ie. B e
r | 0 and tends to the multiplicity at xg as r |, 0, and a function O (r) which is infinitesimal. The
additional infinitesimal term O (r) does not affect the analysis we need to perform.

10 The multiplicity 0 can be assumed to be positive by choosing the right orientation for the
approximate tangent planes to the current.

11 See [8, page 141].

= R(r) + O(r) for a function R which is monotonically non-increasing as
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C turns out to be a cone (a so called tangent cone to C at xp) with density at the
origin the same as the density of C at xo and calibrated by w,, (see [10, Section
I1.5]); being Jy,-holomorphic, this cone must be a sum of J,,-holomorphic planes,
50 Coo = @in | Di, where the D;’s are (possibly coinciding) Special Legendrian
disks. In particular, the multiplicity (the limit of the mass ratio) 6 is everywhere
N-valued in our case.

An important question for regularity issues is to know whether this tangent
cone is unique or not, or, in other words, if C, is independent of the chosen {r,}:
the answer happens to be positive in our situation. We are going to give a self-
contained proof of it in the next section (Theorem 4.5) based on the tools from this
section.

What kind of geometric information can we draw from the existence of a tan-
gent cone? The following lemma shows that, considering a blown-up sequence
Cy,.r, tending to one possible tangent cone Co, We can fix a conic neighbourhood
of C, as narrow as we want, and if we neglect a ball around zero of any radius
R < 1 the restrictions of Cy, , to the annulus By \ Bp are supported in the chosen
conic neighbourhood for n large enough!?.

Remark 3.1. Itis a standard fact that two distinct sequences Cy, , and Cy, ,, must
tend to the same tangent cone if a < %’l < b for some positive numbers a and b.
See [14].

Lemma 3.2. Let C be a Special Legendrian cycle with xo € C and let0 < R < 1.

With the above notations, let p, — 0 be such that Cy, p, — Coo = EBiQ: 1 Di.
Denote by Ag the annulus {x € B1(0), |x| > R} and by E; the set {x € B1(0),
dist(x, Co) < € |x|}. Then, for any € > 0, there is ng € N large enough such that

sptCyy.p, VAR C E¢
for n > nyg.

Proof of Lemma 3.2. Arguing by contradiction, we assume the existence of &y > 0
such that
Vn 3x, € sptCyy,p, N Ego N Ag.

Recall that the sequence Cy, ,|x,| also converges weakly to the same tangent cone
C since R < % < 1 (previous remark). From the monotonicity formula we
n

have
Xn 7'[8(2)
M Cxo,p,,lxnl I_ BéTO |x | Z T'
n

By compactness, modulo extraction of a subsequence, we can assume that

Xn
EA

Xoo € By N E,. Then, since for n large enough 33% (Xs0) D B%o (%), we get

—

2
7'[80

M (Cx()spnlxn| L B&?TO (x00)> > 4

12 Recall that C Yo, lives in a normal chart centered at 0.
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Recall that, from the semi-calibration property, we have

id *
M (CXO»pn|xn| L B%TO(XOO)> = (CXOapnxﬂ L B¥(xw)> ( w) ;

PnlXnl

moreover

id * c>B)
0 —>
Pnlxnl

as n — 00, where wy is the constant 2-form w (0). Putting all together, we can write
(the first equality expresses the fact that wy is a calibration for C)

(2]

M (coo L Bﬂum)) _ <coo L Bai(xoo)) (a0)

= llzn (Cxo,pn|xn| L B%‘j"T() (x00)> ((,()0)

id * (3.1
= lim (Cxo,pnlxnl L B (xoo)> (— w)
n 4 OnlXnl
| ne2
:hmM CXO,pnlxn‘ |_ BS&‘O (X()O) Z R
n = 4
which contradicts the fact that sptCoo N B3ey (X00) = 0. ]
=

We need some more tools from intersection theory. For the theory of intersec-
tion and of the Kronecker index we refer to [8, Chapter 5, Section 3.4]. We recall
the definition of the index relevant to our case.

Let f : RS x R° — R5 be the function f(x,y) = x — y. The Kro-
necker intersection index k(S, T) for two currents of complementary dimensions
S € Ri(RY), T € Rs_(R?) is defined under the following conditions:

sptSNspt(dT) = P and sptT Nspt(dS) = 0, (3.2)

which imply
0¢ f(spt(3(S xT))).

Then there is an € > 0 such that B (0) N f(spt(3(S x T))) = @. By the constancy
theorem ([8] page 130) we can define the index k(S, T') as the only number such
that!3

J«(§ x T)LB:(0) = k(S, T)[B: (0)1.

k(S, T) turns out to be an integer.
For §, T as above, whenever the intersection SNT exists (in that case, SNT is a
sum of Dirac deltas with integer weights), then k(S, T) = (SN T)(1). In particular,

13 We are using f to denote the push-forward under f’; in [8] the notation is f;.
The brackets [ B¢ (0)] denote the current of integration on Bg (0).
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when § and T are standard submanifolds k(S, T') just counts intersections with
signs as in the classical intersection theory.
In the following lemma we focus on a chosen sequence Cy, ,, converging

to a possible cone Coo = @iQ: D;. For notational convenience we set C,, :=
Cxy.p,=B1(0) and C := Co L B(0), always assuming to be in a normal chart
with xg at the origin.

Lemma 3.3. Let C,, — C in By. Take X to be any 3-surface such that ¥ N C N
0By = 0. Then, for all n large enough, k(C,, ¥) = k(C, X), where k is the
Kronecker index just defined.

Proof of Lemma 3.3. Define T,, := C — C,,. T, — 0 in the Flat-norm of Bj, so
we can write T, = S, + 0R,,, with M(T,,) + M(S,) — 0, where S,, € R, and
R,, € R3. From the hypothesis on ¥ we can choose ¢ > 0 small enough to ensure
that X N E, N Ap = 0, where E. N Ag = {x € By, |x| > R, dist(x,C) < € |x|},
for some suitable 0 < R < 1. For all n big enough, from Lemma 3.2 , we get that
spt T, N Ar C Eg; in particular, the condition (3.2) on the boundaries of ¥ and C
is fulfilled and the intersection index k(7},, X) is well-defined.

Denote by 7,3, as in [8], the push-forward (z,)«[X] of ¥ by the translation
map t,, where a is a vector. The Kronecker index is invariant by homotopies keep-
ing the boundaries condition, so we can assume that all the intersections we will
deal with are well defined as integer 0-dim rectifiable currents: in fact, for a fixed
n, the intersection T, N 1, X exists for a.e. a, and n runs over a countable set.
Obviously

k(Ch —C, %) =k(Sy, ) +k(OR,, X);

we are going to show that both terms on the r.h.s. are zero for n large enough.
From [8] we have that (the index k counts the points of intersection with signs)

k(OR,, X) = (R, N X)(1).
On the other hand,
OR,NEL =R, NIX —3(R,NXE)=—-0(R,NX)
since 3% = 0in B;. So
IR, NE)1) = (R, NE)d] =0,

which implies k(dR,, ) = 0.
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Consider now k(S;,, ) and recall that 3S,, = a7,,. We have that sptdS,NYX =
¢ and sptS, NdX = B,s00 ¢ f(spt(d(S, x X))) and this index is well-defined
and given by

Ja(Sp X ) = k(Sy, D)[B: (0],

where f : R xR> — R’ is f(x, y) = x —y and ¢ is such that B; N f (spt(3(S,, x
Y))) = ¥; thanks to Lemma 3.2, ¢ can be chosen independently of n. So, for a
fixed €, we have that

Je(Sn x B) = k(Sy, D)[B:(0)]] (3.3)

holds for all n large enough. By assumption we know that M (S,) — O, therefore
M(S, xZ) - 0and M (f(S, x X)) — Osince f is Lipschitz; but then, for ¢ fixed
and k € N, the only possibility for the r.h.s. of (3.3) to go to zero in mass-norm is
that eventually k(S,, ¥£) = 0. So we can conclude that k(7,,, ¥) = O for all large
enough n. O

Remark 3.4. If Q is the multiplicity at 0 and ¥ = g such that ¥ is transversal
to all D; that constitute the tangent cone C, then k(C;, ¥9) = Q for i greater than
some ig. Once we have this, k(C;, £) = Q also holds for any 3-surface ¥ that can
be joined to ¥¢ via a homotopy during which we do not cross dC;, in particular for
small translations t, Xg.

4. Uniqueness of the tangent cone - easy case of non-accumulation -
Lipschitz estimate

The uniqueness of the tangent cone at an arbitrary point of the Special Legendrian
follows from the more general result proved in [16] for general semi-calibrated
integral 2-cycles. In this section, using the tools developed in the previous sections,
we will give a self-contained proof of this uniqueness in our situation. The section
then continues with proofs in the same flavour of the two other results quoted in the
title of the section.

The following lemma (see left picture in Figure 4.1) is stated separately since
it will be repeatedly recalled in the several proofs of this section. C is our Special
Legendrian current.

Lemmad.1. Let p € S° and consider a polar foliation born at p, i.e. a family

(E;f) of 3-surfaces, for X varying in an open ball U of CP' = IP’H;. For0 <r <
R , consider the open set

W = (Uxeu Z5) N (Br(p) — B, (p)).

Assume that CL_W #0 and that spt (3(CLLW)) CUxeyu X . Then k(CLW, =) >
1 forany X € U.
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Proof of Lemma 4.1. The carrier of C LW is just C N W, where C is the carrier of
the Special Legendrian current.

Define s : W — U to be the smooth function taking the value Y € U at points
of ¥ [{ N W. From slicing and intersection theory we have the following facts.

e from [8, page 156], we know that the slice (CL. W, s = Y) is well-defined for
H? almost all Y € U as a sum of Dirac deltas with integer weights, supported
on the finite set of points CN W Ns~ (Y} =CNWnN 21}7]' The weight of each
Dirac delta is just the multipliciticy of the Special Legendrian at that point, with
a sign induced by the sign of the intersection of the oriented tangent to C and
the tangent to E};. The sign is always positive in our case, due to the positive
intersection property of the foliation;

e recalling that (CLW,s =Y) = (CLW)N >¥ we have that, when the slice
(CLLW,s =Y) exists, the Kronecker index k(CL W, E;) isjust (CLW,s =
Y)(1), the sum of the weights of the Dirac deltas that appear in the slice. By the
positiveness of intersections we then see that, as long as (CL. W) N 25 exists

andCNWnN E},’ # @, the index k(CL W, E},’) is strictly positive.

Observe further that, as soon as we have a particular Ye U for which k(CLW, X ,{ ) >
1, we can say the same for any other X € U, thanks to the hypotesis on the boundary
of C: indeed the 3-surfaces E; N W and E;f N W, for any X,Y € U, can be
connected by homotopy without crossing spz(d(C L W)), therefore the intersection
index stays constant.

In view of the observations made, it is enough to have the strict positiveness
of k(CLW, E},’) for just a single ¥ € U in order to conclude the proof of the
lemma. Therefore we ask: is it possible that, for almost all X € U the intersection
CNwnNnzx if is empty? Let us analyse what should happen in this case.

If for H{?-almost all X € U the forementioned interection is empty, we would
find by the coarea formula (see [8, Theorem 3, pages 102-103]) that

/ deH2=/ {/ dHO}dHZ(X)zo,
cnw U /s H{X}

where J, SC is the Jacobian of s relative to the approximate tangent of C. The formula
would imply that 7> almost everywhere on C N W it must hold JSC = 0, so that
each approximate tangent to C must have at least a direction in common with the
tangent to ©X: but thanks to the pseudo-holomorphic behaviour from proposition
2.1 and the way the 3-surfaces are constructed, this would then force, at almost all
points of C N W, C to be tangent to the 3-surfaces = 1)7( .

It could be proved directly that this is impossible, since it would force C to
be made of a sum of Special Legendrian spheres (some of those building up the
3-surfaces £¥), and C would therefore have boundary on d B, and d Bg, contradic-
tion.
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parallel foliation

with direction Z at a
does not cross d(CLW)

d(C L W) lives here

Figure 4.1. On the left: schematical view of the statement. C is dashed. Due to the
condition on the boundary of C L. W, for any Eff with X € U we must find a strictly
positive intersection index. On the right: the choice of the parallel foliation near a.

We prefer however to avoid the technicalities of that proof, and show just the content
of the lemma: this can be achieved as follows.

We have seen that, if for H2-almost all X € U it is true that CNW N T ff =,
then for H2 a.e. g € CN'W we must have TqC CT E;f, for the unique X such that
q € Eif .

Take a point a € C N W having density 1 with respect to 2. It exists since
C N W is non-empty. Denote by X 1’;‘ the 3-surface born at p passing through a.

Now take a 3-surface £Z born at a, where Z is a direction in CP! = PH?
taken such that Eaz is transversal to X ;‘ and Eaz N oW is disjoint from Uy sy Eg ,
in particular disjoint from spt (d(C L W)). To ensure that, it is enough to take Zaz
close enough to X ﬁ.

Take a parallel foliation of 3-surfaces 25 parallel to ¥ aZ . Choose this parallel
foliation such that all the 25 do not intersect spt (d(C L W)) (Figure 4.1, picture
on the right), which is ensured if these parallel 3-surfaces stay close enough to X7,
Aréy small enough neighbourhood V,, of a is foliated by these parallel 3-surfaces
DI

Claim. It is not possible that for 7{*-almost every 3-surface of the parallel foliation
it happens CN'V, N ©Z = ¢.
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Indeed, if this were the case, we would find, by means of the coarea formula
as above, that H2-almost all of C NV, is tangent to the 3-surfaces 25 (remark that,
no matter how small V, is, H2(C N V,) > 0 since a has density 1).

But C N V, cannot simultaneusly be tangent to the XZ’s and to the Zif ’s.

Indeed, Zaz was chosen transversal to El‘?, so if V, is small enough, inside V, we

have that, by stability of the transversality, all the X 1)7( are transversal to all the £Z.
This proves the claim.

So we can find a H2-positive set of £Z such that C NV, N £Z # @. Now,
looking at the situation in the whole of W, for H2-almost all the £Z°s, the intersec-
tion C N Eg is well-defined and the Kronecker index k(C L W, Egu) =((cLwyn
25 )(1) must be > 1 due to the strictly positive contribution in V.

But 25 and X 11?4 can be joined by homotopy without crossing the boundary of
C L W, therefore the index stays constant during the homotopy and kK(C LW, ¥ ;‘) >

1. Again by homotopy, we find that for any Z € U the index k(CL W, fo )is a
striclty positive integer, concluding the proof. O

Uniqueness of the tangent cone. We start with the following:

Lemma 4.2. Take any point xy of a Special Legendrian cycle C and be Q its mul-
tiplicity. Then there exists a unique choice of n distinct Special Legendrian disks
D1, ...D, going through xo such that any tangent cone at xo must be of the form
T,C = @®}_, N Dy, for some Ny € N\ {0} satisfying >y _ Ny = Q.

Remark 4.3. This result “almost” gives the uniqueness of the tangent cone. What
still is missing, is the fact that the multiplicities Ny are also uniquely determined.
This will be achieved in Theorem 4.5.

Proof of Lemma 4.2. We work in a normal chart centered at the origin, so that 0 has
multiplicity Q. With a little abuse of notation, we will write C L B, (0) (for small
enough ) meaning the current, restricted to the geodesic ball of radius r, seen in
the chart.

Argue by contradiction: take two tangent cones CC%) = @Z': lN,fl)D,EU and
C(%) = @2'2:1 N ,EZ)D,?) having distinct supports, and two blown-up sequences {Cy, r; }
and {Cy,,;} converging to each of them. In this proof we denote Cy, L B1(0)
simply by C;, so

G el ¢y,
As the proof goes on, the reader might refer to Figure 4.2 for a schematic visualiza-

tion of the objects involved.
Take a positive § much smaller than the angular distance

D ~@ o o D) A
Csx's Coo '_Dgngi ,Dj >8>0



86 COSTANTE BELLETTINI AND TRISTAN RIVIERE

(the distance is given by the Fubini-Study metric in CP! = IP’HS‘ and is strictly posi-
tive by the contradiction assumption). Moreover assume, without loss of generality,

that the disk of C c(,é) on which the minimum is achieved is Dy, the disk represented
by [1,0] € CP'. In particular we are also assuming that Dy is not in the support

of C C(,%). By abuse of notation we will write Dy € Cc(,é) to express the fact that Dy

is one of the disks that build up the cone Céé). Analogously we have Dy ¢ Cé?.
Choose pj, such that

(1) for j > ip, 0(CL B, j) is contained in E2, the 8-conic-neighbourhood of C é?
(possible by Lemma 3.2);

(i) k(Cp;, 2([)1’0]) = Q for any j > ip. Remark that E([)l’o] is transversal to CC%).
By homotopy, it also holds that k(C);, Eé‘ ) = Q for any j > ip and any Zé‘
with X € CP! in a §-neighbourhood of [1, 0]. Indeed, the homotopy keeps the
condition of non-crossing boundaries expressed in (3.2).

Choose now r;; < pj, such that
(iii) denoting by Eg the §-conic-neighbourhood of Dy and setting
Wi = (B, \ Bry) N E},
we have
CLW; #£0;

this is true for i large enough since C,, — Cc(,é) > Dy.
Take now p;; K r’Tl Define
Wi := (By, \ By, ) N Ey D Wi,

W, is foliated by Eé( as X varies in a §-neighbourhood of [1, 0].
From (i), 3(C L.(By,, \ By, )) is zero on W, N dBg and on W5 N 3 B,
From (iii) we know that C L. W, # 0.
So we can use Lemma 4.1 in the open set W5. Then, for almost all X in the
8-neighbourhood of [0, 1], we have

k(CL B, ,33)=k(CL By, , 53) + k(CL(B,, \ By, ), T5)
= k(Cp, , ) + k(CL W2, T5) 4+ k(CL((By, \ By, )\ W2), Z)
= Q +k(CL Wy, ) + k(CL((By, \ By, ) \ W2), )
=0+

the last inequality follows from the positivity (> 0) of intersection in (Bpl.0 \ B iy )AN
W, and the strict positiveness (> 1) guaranteed in W,. This contradicts (ii). O
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d(C L(Bp;,\Bp;,)) is forced to live
here by point (i)

Figure 4.2. In the picture we have taken C é}} to be Q times Dg. C é%) is a different disk
counted Q times. The horizontal and vertical directions should be respectively thought
of as [1, 0] and [0, 1]. The fifth direction should be imagined as entering the picture.
The dotted region corresponds to W5; its subset W is shaded.

Now that this “almost uniqueness” of the tangent cone is established, we can im-
prove Lemma 3.2 as follows:

Lemma 4.4. Let {Dy};_, be the uniquely determined disks on which any tangent
cone to C at xo must be supported. Let us therefore write T = Uy Dy, for this well-
determined support. Denote by E¢ the cone {x € By, dist(x, T) < € |x|}. Then for
any € > 0 there is ps small enough such that for any p < ps

spt (Cap,pL B1(0)) \ {0} C E.

Proof of Lemma 4.4. The proof is similar to the one of Lemma 3.2. Assume the
existence of &g > 0 and p,, — 0 contradicting the claim and argue as in the proof
of Lemma 3.2. The only modification in the proof consists in using the “almost
uniqueness” of the tangent cone at 0 (Lemma 4.2) instead of the condition R <

Pnlxnl —
oon = 1 If Cyg p, converges to the cone Coo = @} _; Nk Di, then Cy p, x|

n

must tend to a limiting cone C 00 = EBZ:] Nk Dy. So the computation in (3.1) can be

performed with C oo instead of Co, still leading to a contradiction since the supports
of Co and C are the same. ]
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Now we can complete the proof of the uniqueness of the tangent cone:

Theorem 4.5. The tangent cone at any point xo of a Special Legendrian cycle C is
unique.

Proof of Theorem 4.5. With the result and the notations of Lemma 4.2 in mind, we
only have to exclude that the multiplicities Ny may depend on the chosen sequence
that we blow-up.

Choose ¢ small enough to ensure that different £-neighbourhoods

E!l = {x € By, dist(x, D;) < ¢ |x|}, El ={x € By, dist(x, D}) < ¢ |x|}

of different disks D; and D; do not overlap, i.e. Eé N Eg =0.

Rotate Bj in order to have that the family X, := EE,O’” is transversal to all
the disks Dg. Then, for p in a neighbourhood Bs of 0 and for all small enough r,
the index k(C,, X)) is well-defined since Lemma 4.4 ensures the condition (3.2) of
non-crossing-boundaries.

The key observation is that the rescaled C, form a continuous (with respect to
r) family of currents (with respect to the flat-topology) and they are always con-
strained in the E.-neighbourhood given by Lemma 4.4. Fix i: the fact that the E é‘
are well separated implies that, for any p € Bs,

IC,LEYNE, =0, (C,LE)NIZ,=0.

Moreover, due to the mentioned continuity, as r — 0 the currents C, L E é are all
homotopic to each other, and these homotopies keep the condition (3.2) between
C,LE;and X,L E;.

Therefore k(C, I_E(é, X ,) must stay constant as r — 0, so there is a well-
determined N; € N such that k(C, Eé, 3 p)=N;. Then any limiting cone C, must
satisfy k(Coo I_Ef;, ¥ ) = N;, with the same proof as in Lemma 3.3. This means
that Coo L E ; = N; D;, so all the multiplicities Ny are uniquely determined. ]

Easy case of non-accumulation. The following result solves the “easy case” of
non-accumulation of singularities of multiplicity Q to a singularity p of the same
multiplicity: this “easy case” arises when the tangent cone at p is not made of Q
times the same disk. We will see how to handle the “difficult case” (tangent cone
made of Q times the same plane) in Sections 5 and 6.

Define the set SingQ of singularities of multiplicity (or order) Q of the Special
Legendrian cycle C:

Sing? := {p € C : pis a singular point, 6(p) = Q).
In the same fashion we will use the notation

Sing=? := {p € C : pis a singular point , 6(p) < O}.
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Theorem 4.6. For a Special Legendrian cycle C, assume xg € SingQ, T, C #
OlD], i.e. Ty C = ®;_ Nk Dk, where Dy are distinct Special Legendrian disks
and m > 2. Then Ir > 0 such that

Sing? N B, (xo) = {xo}.

Proof of Theorem 4.6. The proof uses techniques similar to those from Theorem
4.5. Take a normal chart with xo = 0: by contradiction, assume 3 x, — 0, with
x, € Sing?. Rename the D;’s so that Dy and D, realize the minimum y of the
angular distances D/,,\D] y > 0since ToC # Q[ D] and y < 7 since this is the
maximum for the Fubini-Study metric.

Define p, = 2|x,| and blow up about O using p, as rescaling factors. Up
to a possible exchange of the roles of Dy and D, and up to a subsequence, we

can assume Zf;” |~ P € D> N dBy,;. Rotate By to ensure that Dy and D are
n

contained in the 3T”-cone around Dy = [1, 0] and that ZE,O’” is transversal to the
disks {D j}’;?: |- The situation is schematically described in Figure 4.3 (read the

caption for some heuristics of the proof).
Take o < y; for all n large enough, thanks to Lemma 4.4 we can ensure that

spt(Cxg.py L B1) C U EX U {0}, “.1)

where E* denotes the cone of width o around D;. Thanks to the position of D

and D, we can find a small enough ball U C CP' centered at [0, 1] such that for
any X € U we have that Z[)f is transversal to the disks {D‘/}T=1 and that E;f N
spt(0(Cxy,p,LB1)) = 0.

In this situation, thanks to Lemma 3.3, we know that for X € U and for all
large enough n

n
k(Cryp, LB, Z)) = k(Ty,C, Z5) =Y Njk(D;, X)) < Q. (42)
=1

Let V be a ball strictly smaller than U with the same center and define

W= E;Xm(uxwzjf).

At each y, choose an open ball V,, C CP! =~ PH;‘n so that, for n > ng large
enough,

(1) VY X € V,, we have that E;i is transversal to the disks {D j}’;’: , and that E;,(" N
Spt(a(cxo,pn L By)) =0
(ii) setting W, := E{ N (Uxey, T3 ). itholds W C Nyzpo Wi

Properties (i) and (ii) can of course be achieved for y, close enough to p and V,
perturbations of V.
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[0,1]
X,

8(Cx0‘ anW)
must live here

Ao

777777777777777777777 I~______ a(CxO,pnl—Bl)
Do \ - lives here

these Eijdo not
Cross 3(Cxo, ,,nLBl)

~_ 7

14

Figure 4.3. Situation inside the ball By. To avoid confusion in the picture, we imagine
that y, coincides with p. The dotted region corresponds to W.

Heuristic idea of the proof: any X, X € V, should intersect Cy,. 0, With multiplicity
O near p, since there we have a point of multiplicity Q. But there is mass of Cy, p,
in W and this portion must also give a strictly positive contribution to the intersection
index of Cy, 5, and X [)f . But now there is too much intersection.

Thanks to the convergence Cy, ,, — Tx,C > D1, we can ensure that for all n large
enough
Cxopn W #0,

which trivially implies Cy, ,, L W, # 0.
W, is foliated by Uxcy, E;i and 9(Cy,,p, L W,) C Uxesv, Z;i by (4.1). Then by
Lemma 4.1 we have that, forall Y € V,,,

k(Cuypy L Wn. 20 ) > 1.
On the other hand, recalling Remark 3.4, for ¢ small enough it must hold

k(Cxg,p, - Be(yn), E;) = Q for all but finitely many Y’s (we only have to ex-
clude the Y’s that build up 7y, C). Since W, N B:(yo) = ¥, we get

k(Cryp,LB1.Z)) > Q +1



THE REGULARITY OF SPECIAL LEGENDRIAN INTEGRAL CYCLES 91

But then
k(Cryp, LB, Z)) = O+ 1

by homotopy (by (i) and (ii) we do not cross the boundary of Cy, ,, L Bi during the
homotopy). This contradicts (4.2). O

Relative Lipschitz-type estimate. The following theorem still uses the same ideas
and will be of central importance for treating the more delicate case of a singular
point p having a tangent cone that is Q times the same plane. We can without
loss of generality assume that the plane involved is Do = [1, 0]. The result shows
the “continuous behaviour” of tangent cones at points of multiplicity Q as they
approach p (see Figure 5.1 in the next section).

Theorem 4.7. Let xg be a singular point of order Q of a Special Legendrian cycle,
Xo € SingQ, with TyyC = Q[ Doll. Then ¥{y,} — xo sequence of points having
multiplicity Q, the following holds:

T,,C — QI Dol.

Remark 4.8. The convergence in the statement can of course be understood in the
Flat-sense for currents in the tangent bundle and what we are proving is:

Ve 38 s.t. [x — x| < Sand O(x) = O = F((T:C — QI Dol)L By (x0)) < &.

We give however a more concrete definition in terms of “angles” between the disks.

We are going to speak of “the angle between Dy and D),” although these
disks may lie in the horizontal hyperplanes at different points. More precisely:
let Dy C Hjo and D, C H;,l be holomorphic disks for the respective J-structures.

Then we can define D/p,-Bo after identifying the two hyperplanes according to the
coordinates induced by the first parallel foliation, see (2.2) in Section 2 (we can
assume, without loss of generality xo = (1,0, 0)), and taking the distance in the
Fubini-Study metric. The convergence in the theorem above amounts of course to
the fact that the angles between Dy and the disks of 7, C go to 0.

In the same fashion we will speak of X ;f , Do for some 3-surface born at p,
meaning the angle between X and Dy as just explained.

Proof of Theorem 4.7. Work in a normal chart centered at xo. Assume, by contra-
diction, that there exists {y,} — 0 such that 7y,,C / Q[ Do]l. Take as rescaling

factors p, = 2|y,| and blow up about 0. Denote x,, = 2|yy”,1\ and keep denoting

EBI.Q: lD}{l the tangent disks at x,. Now, up to a subsequence, for some o > 0,

—

Dfl, Do > o > 0 and x, € 9B1,2 hold for all n. Choose ¢ <« « such that ES N d By

is disjoint from any X, of the set {X,, | p € E; N B2, ﬁo > 5}, see Figure
4.4. For a large enough n

(i) Cxy,p,LB1 C E; U {0} by Lemma 4.4,



92 COSTANTE BELLETTINI AND TRISTAN RIVIERE

s Ef
l\
DL, s

X;p

aC
is here

Figure 4.4. The objects involved: with C, as in the proof, we mean Cy, ,, L Bj.

(i) k(Cxppn_B1,£g) = Q V %, with £, Dy > % and g € Dy N B34(0) by
Lemma 3.3 and Remark 3.4.

Notational remark: the n fulfilling (i) and (ii) is chosen once for all. Therefore we
are going to drop, in the rest of this proof, the index n from all the objects related
to x,, in particular we will denote by x the point x, itself, by 7, C = T, Cy,,,

TN D (the total multiplicity is Q) the tangent cone at x, and by ! the 3-
surface born at x,, and containing ch. Moreover, since the theorem is local, it is
enough to look just at the dilated current Cy, ,, L B1(0): by an abuse of notation
we will write, during this proof, C instead of Cy,, 5, L B1(0).

—

From the contradiction assumption, at least for one index I, DL, Dy is greater
than a positive number very close to .

—

Observe now the following: Take B < min;«;{o, ch, D){ }. Consider the cone
Efl around X!. Tt is not possible that spt(CI_Efl) C X!: indeed, this would

imply that the current CL E f ; must escape the barrier Ej (by Remark 2.6, having
B

no boundary in the interior of £,

C would have to coincide with the Special
Legendrian 2-sphere tangent to ch), which contradicts Lemma 4.4.

So take p € sptC N Ef,l’ p ¢ Ei. Let Zf = X, p be the 3-surface born
at x going through p; surely P/,Fo > %. We are going to show now that, up to
tilting X7 a bit, we can assume that it is transversal to C and the intersection is
well-defined and non-zero.
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o —

Take § K ch, Xy, p and r K dist(x, p) in such a way that (see Figures 4.4
and 4.5)

(iii) k(CL By (x), Xx p) = O (possible by Remark 3.4, since Xy ) is transversal
to T,C),

@iv) CLB,(x) C Eﬁ U {x} (by Lemma 4.4, with Eﬁ denoting the §-conic neigh-
bourhood of 7, C).

By homotopy (see the remark following Lemma 3.3)
k(CL Br(x), E;’) =0

for all but finitely many Y’s in a small ball around P in C]P’l_ (the finitely many Y’s
we have to exclude are those that are tangent to the disks D', so to ensure that Y
is transversal to 7, C). The ball should be chosen small enough so that Y, Dy > %

and E;’ stays away from Ejz so that these E;’ do not cross d(C L B, (x)), see Figure
4.5.

d[C L(B; \ Br(x))] is here

ACL(B; \Br(x)]=0
on W N B, (x)

Figure 4.5. Magnify around x: selection of W (shaded region).
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We are going to apply Lemma 4.1:

W = (UyED) N (B1(x) \ B, (x))

is a foliated neighbourhood of p and we have boundary of C neither on WNoB
(by (1)) nor on W N 9 B (x) (by (iv) and by the choice of the Y’s).
So, for the Y’s that we have chosen, if r is small enough, then

k(C, V) =k(CLB,(x), Z) + k(CL(B1 \ B-(x)), Z)) > 0 + 1.

But, by homotopy, going back to the standard notations, we find that k(Cy, ,,, = ;’n )=
k(Cxy, 00> 25) for some w € DM B3/4(0) (identifying IP’an and ]P’H,j). So we have
contradicted (ii). ]

The result just proved will be restated as a relative Lipschitz-type estimate (for
the multi-valued graph describing the current) in Corollary 5.8.

5. Logical structure of the proof of Theorem 1.1 and first part
of the inductive step: coordinates, PDEs and average

Having established the previous results, in this section we start the proof of the
regularity Theorem 1.1, which will go on in the next sections.

Structure of the proof. The proof proceeds by induction. By the monotonicity for-
mula, the multiplicity function is upper semi-continuous on the Special Legendrian
C, therefore the set of points with multiplicity > N, for N € N is closed in C.
Then, to achieve our result, a singular point g with multiplicity Q being given, we
only need to show that singular points of multiplicity < Q cannot accumulate onto
q. The idea is hence to prove this result by induction on the multiplicity Q: at each
inductive step, we will assume that we are working in a neighbourhood where Q is
the maximal multiplicity.

Basis of induction : Q=1. We are in an open set where all points of the Special
Legendrian C have multiplicity 1. Since C is minimal (H = 0) and boundaryless,
we can deduce the smoothness in this set straight from Allard’s theorem, see [19].
We can however provide a self-contained argument here: from Theorem 4.7 we
know that the tangent planes are continuous, therefore C is a C! current. A classical
bootstrapping argument then leads to C* regularity.

Assumptions for the inductive step : Q-1 = Q. We are in an open ball B, where
SingQ is a closed set (that could a priori have positive 2 - measure) and C\SingQ is
smooth except at the points Sing=¢~!, which are isolated in the open set C\ Sing€.
We are going to divide the proof of the inductive step into two parts:

#1 : Sing? is made of isolated points in B, i.e. there is no possibility of accu-
mulation of singularities of multiplicity Q to another singularity p of the same
multiplicity;
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fo : singularities of multiplicity < Q — 1 cannot accumulate onto a singularity of
multiplicity Q.

The proof of #; will be achieved in this section and the next: we aim to prove

Theorem 5.1. Let B> be a ball in which the highest multiplicity for the Special
Legendrian cycle C is Q. Assume that SingSQ_l is made of isolated points in
(CLB)\ SingQ. Then the set SingQ is made of isolated points in B>.

Recall that there is an easy case of §; that we already proved: indeed, for
p € Sing? having a tangent cone that is not Q times the same disk, the result is just
Theorem 4.6.

Therefore we only need to prove fi; if the tangent cone at p is Q[[D]. As
explained in the introduction, Theorem 5.1 will be achieved after having intro-
duced a multi-valued graph that locally describes the Special Legendrian current.
In suitable coordinates the branches of the multi-valued graph satisfy the elliptic
system of PDEs (1.1), which is a perturbation of the classical Cauchy-Riemann.
Thanks to a W !-?-regularity result for the average of the multi-valued graph, we will
translate the issue of accumulation of singularities of multiplicity Q into a problem
of accumulation of zeros for a new multi-valued graph whose branches solve a PDE
that is still a perturbation of the classical Cauchy-Riemann. At this stage we will
prove 5.1 by a unique continuation argument.

In the present section we provide the fundational steps for the unique continu-
ation argument:

e we find suitable coordinates in which the multi-valued graph satisfies the PDEs
(1.1);

e we study the regularity of the average of the multi-valued graph, showing that it
is W2 on D2.

The proof of ff; will then come to an end in the next section.

Coordinates. We are now going to choose appropriate coordinates to guarantee
later a W!-2-type estimate. In order to do that, we will need the result contained in
the next lemma. First observe the following:

Remark 5.2. Due to the construction of X, given any 3-surface X (;( and for any
point p € Z;(, then TP(Z;() N H; is a complex line in H;. This can be seen as
follows: TP(Z;( )N H;‘ is a two-dimensional subspace since Z(f is transversal to
H;‘; moreover one of the Special Legendrian spheres foliating (and building up)
)3 (f must go through p and it is tangent to H;‘.

Remark 5.3. In the construction of the 3-surfaces XX performed in Section 2, ¢
was taken in a neighbourhood of the Special Legendrian 2-sphere Lg. We can
parametrize this neighbourhood of Ly with a complex coordinate w such that the
point (1,0, 0) € Lo has coordinate 0. By abuse of notation we will also write XX
instead of X ;( when the point ¢ € L has coordinate w.
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Lemma 5.4. There exist open neighbourhoods V, U of [0, 1] in CP! so that we
can define'* the function:

d : 315 xV - 322 x U, given by d(p,Y) = (w, X) s.t. 25 contains p and
Y C TpEg. Moreover, d is of class cl.

In other words, for any point p € Bl5 and any almost vertical direction Y there exist
a unique point w € Lo and direction X such that 25 goes through p with direction
Y. Moreover this correspondence is C'.

Proof of Lemma 5.4. Take the following neighbourhood U of [0, 1] in CP, U =
{{Z; W] € CP' : |W| > 2|Z|}. Define the function

II)ZBISXU—>B%

where w = w(p, X) is the point in 822 =LoN st such that p € Eg (w is uniquely
defined since {Efg} foliates Bf as the base point runs over Lg). w is a smooth
function.

Recall Remark 5.2. Denote by X = X(p, X) € CP! the complex line' in
H;‘ such that X, as a 2-dimensional plane, is contained in the tangent to Eg at p.

X( p, X) is a smooth perturbation of X, since the contact structure in 315 is a smooth
perturbation of the integrable structure C> x R. Consider

D:B?XUXB%XU—)(CXCPI

D:(p.Y,w,X)— (w—w(p, X), X(p, X) = Y).
The function D is C' and we can compute its (w, X)-differential
by
D _ (1 A )

and its determinant is non-zero, therefore, by the implicit function theorem, the set
{D = 0} can be described as a graph over 315 xV

(p,Y,d(p,Y))

for some d € C' and V C U. The condition D(p,Y,w, X) = 0 expresses the
fact that X goes through p with direction Y, thus d satisfies the statement of
Lemma 5.4. O

14 By Bl5 we mean the 5-dimensional ball of radius 1. Analogously for B2, which we implicitly
identify with the disk in C of radius 2.

15 Recall that CP! = PH,.
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Before starting the proof of non-accumulation of singularities of order Q to
a singular point xo having tangent cone of the form Q[ D], we are going to set
coordinates so that the current and the leaves of the chosen foliation % have only
isolated and at most countably many points of non-transversality.

Recall that a parallel foliation {X if } for X fixed, of the type constructed in
Section 2, locally induces a system of 5 real coordinates around xo = (1, 0, 0), the
first two, (s, t), lying in the space of parameters Lg (the chosen Special Legendrian
2-sphere) and the remaining three in X, see Lemma 2.3 and the discussion about
families of parallel foliations. We can also think of having a complex coordinate
on Lg N B; = 322 rather than two real ones. This means, for instance, that in
this coordinates, if ¢ € Lo has coordinate z9 € C, the leaf Eé( is described by

{(zo0, b, ¢, a)}, as (b, ¢, a) describes to BS’ C R3. In the same vein, Ly is described
by {(z,0,0,0)} or by {(s, ¢,0,0,0)}, where we used respectively a complex and
two real coordinates for Ly N Bg = Bzz.

In the coordinates so induced by {X ;f }, introduce the projection map 7 : 822 X
Bg’ — B22 sending (z, b, ¢, a) to z.

Now we want to choose a privileged direction X to ensure the transversality
announced above. Recall that we are working in a neighbourhood of xoy where the
multiplicity is everywhere < Q. Start with coordinates set in such a way that xo =
0, D = Dy = [1, 0] and the foliation we are using is given by {E[po’l]}, and assume
that we have blown up enough in order to ensure that spt? (CO,r LB 1) c ESU{0)
for some small § (Lemma 4.4) and that 7,Co , makes an angle smaller than § for
any y € Sing? (Theorem 4.7).

Recall Lemma 5.4 and let S be the smooth part of the current Cq , where the
tangent planes are in V. Denote by m, the projection 7, : B% x U — U. Define

the following function v : § — CP!

Y (p) = m(d(p, TpS)).

The tangent on S is a smooth function, thus, by composition, ¥ is also smooth.
Therefore we can find a regular value X for ¢ as close as we want to [0, 1]. We
choose then the coordinates induced by this > X which we will denote by {(z,b,c,a)}

or by {(s, t, b, ¢, a)}, where z = s + it. They have the property that the leaves EZX
are tangent to the smooth part of the current only at isolated points {#;}7°, (they
can possibly accumulate on the singular set). As for the singular set, the points of
multiplicity up to Q — 1 are also isolated singularities by inductive assumption, so
we can assume that there is transversality there up to picking a new X, again among
the regular values (only a countable set of X must be avoided). On the set SingQ
the tangent cone makes a small angle with the horizontal, thanks to the Lipschitz
estimate from Theorem 4.7.

Multi-valued graph. With the coordinates just taken, denote by 7 the projection
onto Dy = {(z,0,0)}. Recall that we are also assuming to have dilated the current
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about 0 of a factor r small enough to ensure that C, := Co - L By has support 5-close
to TpC and that 7, C, makes an angle smaller than § with ToC for any y € SingQ.

We can now say that, by intersection theory, except on the countable set {rr (#;)},
the leaves intersect C transversally and positively; as explained in Remark 3.4, for
some R < 1, EZX intersect the current at exactly Q points (counted with multiplici-
ties) for a.e. |z| < R. We have thus defined a Q-valued function

{bi,Ci,Oli},-Qzl(Z) : Dg — R3, or

{(/)iaoli}l-Q=1(Z) :Dp - C xR,

with Dg = {(z,0,0), |z] < R}, ¢; = bj + ic;. Equivalently, we have a function
from Dpg into the Q-th symmetric product

(9
SQ((C x R) = w’

~

where two Q-tuples are equivalent if one is a permutation of the other. When using
the notation {¢p;, ai}iQ: | it should be kept in mind that the Q-tuples are unordered,
so the indexation is not global on Dg.

The Q-valued function just constructed is L since the current is contained in a
cone E% around Dg.

Remark 5.5. Introduce the following notation:
A= Dg\n(Sing?), B=A\x(Sing=%""), G =B\ U2, {x(1;)).

7(Sing?) is a closed set since we are working in a neighbourhood where Q is
the highest multiplicity and thanks to the inductive hypotesis, therefore A is open.
B = Dy \ 7(Sing=9?) is also open since Sing=? is a closed set. G is open since we
are taking away from the open set B a countable set of isolated points that can only
accumulate on the complement of /5.

Observe that, locally on B, it is possible to give a coherent global indexation
of {¢;, oc,-}l.Q: |5 i.e., for any point in B there is a small ball centered at this point on
which the multifunction is made of Q distinct smooth functions.

Average. Define the average of the branches {¢;, «;} IQ: | by

0 0

D1 ¥ D
o 0 ’

which is a single-valued L function on Dg. The next steps aim to prove that this

average is actually a W2 function. This will be achieved with Theorem 5.9. The
strategy is as follows:

@:@@y:(

o after writing the PDEs satisfied by the branches of the Q-valued function at
smooth points, we will estimate that the W12_norm on G is finite and bounded
by the mass of the current;
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e we will successively extend the estimate to B and A by using the fact that, in
dimension two, the W -?-capacity of an isolated point is zero;

e cventually, thanks to Theorem 4.7, we will conclude that (¢, @) is W12 on the
whole of Dg.

PDEs. As noted above, on the open set G the branches {¢;, a,-}lQ: , are locally
smooth functions. We restrict ourselves to a small ball A C G on which they can be
globally indexed and we are going to write the PDEs satisfied by these Q functions
coming from the fact that these (smooth) pieces are calibrated by w. Notice that
also the derivatives of the Q branches are well-defined functions. We are using
coordinates (z, ¢,a) = (s, t, b, c,a), where z = s + it,{ = b + ic are complex
and the others real. Recall that ¥ were built so that the coordinate vectors % and

% are always tangent to the 4-planes H* of the horizontal distribution. Denote by

J the J-structure defined on these hyperplanes,
Jp: Hy — Hj.

We can assume that each leaf X is parametrized in such a way that

d 0 0 d
JIN=)== J|l=)=—. 5.1
< b ) ac < 8c> ab 1)
Recall that we are assuming, without loss of generality, that the origin of Dg x R3

corresponds to the point (1, 0,0) € c3 (this can be done by rotating S 3 via a rotation
in SU(3)). We also assume that (s, ¢) are such that 3‘% and % coincide respectively

with 32 and in C3 at the point 0, so @ (0) = dx? A dx> — dy? Ady3 as a form
in (C3 isds A dt + db A dc in the new coordinates. Moreover,

a 8
b e are always orthogonal to each other,
a Ja . 3
are also orthogonal to the unit fiber vectorv (v =i— in C° ).
b’ dc or

All the other scalar products of the'® coordinate vectors %, %, a‘{’—b % 34 atapoint

p are bounded by K ¢, for an arbitrarily small €, as long as we blow-up of a factor
r small enough, since they are orthogonal at the point 0 and the structure is smooth.

Analogously, since the fiber vector at 0 is also equal to - and orthogonal to

%, 9 we have

ot
ad a a 0 a 0
_K‘("S — V) \ V) \ s — <K8 (5.2)
as ot s’ 0a| \ot’ da

16 Throughout the section, K will always represent a constant independent of the chosen A C
Dpg.



100 COSTANTE BELLETTINI AND TRISTAN RIVIERE

Further, with w, := rlz((rx)*(a))), for any / we have that [[w, — @ (0)ll¢ci(p,) = O
asr — 0. Remark that w, calibrates the blown-up current C,..

As we said before, each branch W; = (¢}, «;) is a well-defined graph on A.
We can focus on one precise branch, for a certain j € {1, ..., Q}: the parametriza-
tion of this smooth piece is

Aj(s, 1) :=(s,t,bj(s,1),cj(s, 1), aj(s, 1)),
with tangent vectors

_8Aj=<1’0,%,&’%), _aAJ':(O,L%’%,%) (5.3)
s ds 0s  0s ot at ot ot

On each tangent space T), S° extend J to a linear map defined on the whole of T, 53
J:T,S5 — T,8,

by setting J (%) = % (this is quite arbitrary). Introduce the following notation for
the coefficient of this map in the given basis:

J 9) = a—|—)»a+ a—|-,38—|- 0
os) " “as "ot Tea T Pab TV ac

where ¢, n, B, y are small in modulus, say less than some K - r since they are
equal to O at the point O, while |A| is close to 1. These five functions depend on
the variables (s, t, b, ¢, a), but we will not explicitly write this dependence. For
the other coefficients of J, recall (5.1) and the extension of J done above. The
condition of being a Special Legendrian expressed by proposition 2.1 is then given
by the two relations valid at any point:

— A —= C H”, 5.4
as ot 4
; IA; _Xaz\jJr IN; 55)

as ) " "Tor TS Tas '

The fact that the last two coefficients must be exactly A and ¢ will be clear in a
moment. We explicit now (5.5), using (5.3):

TC I VL]
as as ot da ob dc
Dby 0 _de; b dey 0
ds dc ds db ds da
:k&%—g% (5.6)
Jt as
(Lt td b d)
ot at db at oc dat da

L2 b0 08 By 0
S\os " o5 9b " 9s ac ' 9s 9a
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(from comparing the coefficients of -2 35 and 7 We can see why we needed Aand ¢

in (5.5)). Identifying the coefficients of the coordlnate vectors 3 5 and -2 3¢ in the first
and third line of (5.6) leads to

Aoy g0 9

9 FIR 5.7)
o 0, D

Bs ot 9

Substituting the expression for glven by the first line of (5.7) into the second we

get
R R R R )
as ot a s )V

which implies

ab; A acj ob; —
—L = 5 | =2 — 05 L F-v), (5.8)
s 1+¢=\ 0t ot A
Plugging this back into the first identity of (5.7) we get
ac; A ob; ac; B+gsy
il A =L+ - . (5.9)
s 1+¢ ot ot A

. . AA; aA
Let us now draw some conclusions from (5.4). We have to impose that —-* and —-*
are always orthogonal to the vertical fiber vector v. Since the first two components

of % are fixed and equal (1, 0) and -2, - are orthogonal to v, (5.4) means

a daj [0
—v)=—— {(—,v). (5.10)
as ds  \da
. . A .
Doing the same with —;* we obtain
0 da; [0
Zoo)=-24 (2 ), 5.11)
ot ot \da

Since (%, v) is close to 1 (see (5.2)), we get

daj
as

daj

<Ks. 5.12
o7 (.12)
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We can rewrite!” equations (5.8), (5.9), (5.10) and (5.11) as

i 4% 4 g% ¢

Bs 3t 3t
dep _ i g0 619
ds at 3t

Va; =h(s,t,¥;) .

Here A, B, C, F are smooth real functions of (s, 7, b;(s, 1), cj(s, 1), a;(s, 1)) with
A(0,0,0,0,0)=1, B(0,0,0,0,0) =C(0,0,0,0,0) = F(0,0,0,0,0) =0,s0 A
is close to 1 and B, C, F are less than € in modulus!8. The R2-valued function /4 is
Lipschitz thanks to (5.12).

Complex PDE. We are going to rewrite the first two equations in (5.13) in complex
form, so we use the complex coordinate 7 = s + if, and observe the function
¢j(z) = bj(s,t) +icj(s,t). The complex derivatives 8% = % (% - 1%) and
8% = % (% +i %) will be denoted respectively by d and 9. Compute the first

equation in (5.13) plus i times the second:

dp;j . dy; .
— =(—-iA+B)—+C F.
s (—iA+ )8[ +C+i
Then

_ 0Q;
V2ag; = (1 - A)i+ By c4iF,
o1
i (5.14)
V2 89; = (—(1 + A)i +B)% +C +iF.

We seek a function v = v| + iv; so that
1—-A4)yi+B=—W +iv)(—1+ A)i+ B),

which rewrites, separating imaginary and real parts:

1+A —-B vy (1—-A
B 1+A v ] -B )
The matrix on the Lh.s. is a perturbation of 2 Id, and the vector on the r.h.s.
has norm bounded by ¢, therefore we can invert the system and find that there is

17 Recall again that we are focusing on a chosen branch W ji= (b jsCjse j), which describes a
smooth piece of the multi-valued graph above A.

Beisa positive number which can be assumed as small as we wish: it is of order r, the rescaling
factor that we used for the blow-up.
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a unique solution for v = v; + iv; whose norm is bounded by ¢. Then, setting
u= %(1 + v)(C 4 i F) we can write, from (5.14),

09; 4+ v(z, ), a))dp; + n(z. ¢, a;) =0, (5.15)
with v, u : C; x C; x R; — C smooth functions, v(0) = n(0) =0, |v|, |u| < &.

The first two equations in (5.13), or equivalently equation (5.15), are perturba-
tions of the classical Cauchy-Riemann equations. Notice however that the coeffi-
cients depend on s, ¢, b (s, t), c;(s, 1) and « (s, ), and we need the third equation
in (5.13), to clarify the “«-dependence”.

At this stage, we can estimate the L?-norm of the jacobian of ¥ j using (5.8),
(5.9) and (5.12). Recall that the functions ¢, n, 8, y are in modulus smaller than
K ¢ and A is close to 1. The metrics in the base space Ay, and in the target R?

b,c,a
are perturbation of the standard Euclidean metrics (at O they coincide with them),

SO
2 2 2 2 2 2
|qu.|2 <K % % 8& 8& % %
7= ds ot s ot ds at
b [> oc;|?

<K ( B—tJ + % +C82> + Ké&? (5.16)

sk na] 2] |2l

- ot ot ’

The constant K obtained at the end only depends on the factor r that we used for
the dilation and is valid for any smaller r, moreover it is independent of the chosen
A. We can assume that K = 2, since this constant gets closer to 1 as » — 0.

W12 estimate for the average. For ¥ j = (b}, cj, aj) (we are still focusing, locally
on A, on a single smooth branch), consider (\Ilj)*a)o = (1 + 9bj dcj _ 9b; E) dsn

ds Ot Jar os
dt and plug in (5.8) and (5.9):

() 0= 1+ A [ 2+ A [(0bj\?
AL %€ 99
i) 0= 1+¢2\ or 1+¢2\ ot

BbjBCj Bbj ac;j
o ot | e Bt G.17)
1 ;> |aci|? 1
> - [14 & 4% >—(1 Vb2 + |V -2>,
_2(Jr ot ot )_4 +IVhjIT+1Ve]

db;j dc; 1 ab; \? ac\2 dcj 1 3ci \?
where we used & | - - 55(8 (a—t’> +¢ (8—;) ) and e |=5| < E(S—I—é‘ (—f) ),
the hypothesis on ¢, 1, B, y, A and (5.16) with K = 2 as said above.
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Consider now w, — wy. Write this 2-form in the canonical basis in the coordinates
s, t, b, c,a. All the coefficients are smaller than € in modulus, if » was chosen small
enough. Therefore

(\I"j)>)< (wr — o)
is a 2-form in ds A dt whose coefficient comes from summing products of deriva-

ab; |2 2

Using this fact, together with (5.17) and the triangle inequality we have

1
/ (¥)) wr > <-—s)/ 1+ |Vb;|> +|Ve;l*.
A 4 A

Recalling (5.16) we can finally write the desired estimate:

dc;
ot

tives of W;. As above, we can bound this coefficient by & (1 + ‘

/ |IDW;|* < K/ (V) wr = K/ wr = K - H*(¥;(A)), (5.18)
A A (M)

with a constant K independent of the chosen A. We can therefore conclude, recall-
ing the notations taken during the inductive assumptions,

Lemma 5.6. On the set G = <DR \ Sing=®) \ UE2, ()} it holds

Y
ZL (|D(ﬂi|2 + |D01i|2) <K -H*(C,) < 00
i=1

and therefore the average function W = (¢, &) is W2(G) with norm bounded by
the mass of C, (we already knew that it is L*°).

The next considerations will allow us to extend this estimate for (¢, &) to the
set B = G U, {m(5;)}. One can do this in a straightforward way recalling that
the capacity of a point in R? is zero. Anyway we also give a direct proof. Rename
for notational convenience ¢; = 7 (¢;) and take B%i (gi) C B balls centered at the
gi’s so that ) ; p; <8, for § chosen arbitrarily small. Let £ be any test-function in

C2°(B). Then
_0& 1) .. |0
TG =3RS~k i ML 0
UiBp, (i) 95 B\U; By, (gi) 95 9By, (gi) §

.75,
B(pas
< C8%[9loolI VE oo + 181l w126 16N 23y + COlIF N0 1€l oo

Since § was arbitrarily small,

o

<

T2

< l@llwizglIE 2
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We can do the same for the ¢-derivative. For & things are even easier, indeed & is
Lipschitz. Therefore the average function is W' on 3 with the same norm as on
G. We can do the same passing from B to A = Dg \ Sing?: again we have to add
a (countable) set of points which are isolated in .4, so the same as above applies.
Eventually we have proved

Lemma 5.7. On the set A = Dg \ SingQ the average function U = (, @) defines
a W2 map from A into C x R with norm bounded by the mass of Cy.

The next step will establish the definitive result on the whole of Dg.

The following corollary is basically a restatement of Theorem 4.7 as a rela-
tive Lipschitz estimate, in terms of coordinates in which the current is seen as a
multi-valued graph:

Corollary 5.8. Let xo € Sing? and T,C = QI Doll, as before. Take coordinates
D? x C x R so that xq is at the origin and Dy is identified with D* x {0}.
ThenV e >0 3Ir =r(e, xo) such that

Vx =(z,¢a) €C:={peC:0(p) = Qlandx' = (Z,¢',d") € sptC N B, (x0)
we have the estimate (¢, a) — (', ad)|cxr < €1z — 7' |p2-

Proof of Corollary 5.8. The estimate for the third coordinate a is obvious. We need
to show that, identifying C = R?,
(¢ = &NIpe < €1z — e

We are going to use Theorem 4.7, which guarantees the continuity at O of tangent
cones at points in C 2. Choose r s.t. Vx € By, (0) having multiplicity Q the angular

distance Dﬁc is less than %; we can also guarantee that
k(CL By (0), =) = Q (5.19)

for any w € Do N B3,/4(0) and Y € CP! realizing [To,\Y > &. Assume by contra-
diction that we can find x € C< and y € sptC, with x, y € B,.(0) for which

16 = ¢Ige > €lz = Zlpe

holds. Then take X y: this 3-surface is transversal to the current at x since

e & 1. - . . Y . Y
I;C, %y > 5 and we can tilt it a bit finding a X transversal to C, with 7, C, Y >
% and with a non-zero intersection, as already done in the proof of Theorem 4.7.
Then

k(CL By (0), B)) =k(CL B,(x), ) +k(CL(B2r(0) — B,(x)), }) = O +1,

for some small enough p < dist(x, y). Since D/O,\Y > &, we can homotope Zf
into a Zf; for some w € Do N B3, 4(0) keeping it away from C on 9 By, , so we are
contradicting the identity in (5.19). O
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. D counted twice
counted twice

Figure 5.1. An example for Q = 2, with the current sketched as two curves. The
tangents at points of multiplicity 2 flatten as they approach 0.

Theorem 5.9. The average function U : D — R3isin WH2(Dg).

Proof of Theorem 5.9. SingQ is a closed set (possibly with positive H>2-measure)
andon F = n(SlngQ) (still a closed set) W coincides with the Q branches {W }lQ 1
We know that the Lipschitz estimate of Corollary 5.8 holds for any couple of points
x,ysuchthat W(x) e SingQ. In particular, ¥| # is Lipschitz, it is therefore possible
to extend it to a function u defined on the whole of Dg which is Lipschitz with
constant K equal 3 times the Lipschitz constant of W|r (see [7, Section 2.10.44]).
Let § be positive and arbitrarily small. Take now a smooth compactly supported
function o such that
{1 if dist(x, F) < 8
os(x) = o
0 ifdist(x, F) = 26

and |Dog| < % for some k > 0. Explicitly o5 can be defined as follows: take

a smooth bump-function x on [0, c0), which is 1 on [0, 1) and 0 on [2, co). Set
Xry(X) = X(‘x:—yl) for x, y € C. Define

G
05(2) = o / s . (w)dwdw,
) {x:dist(x, .7-—)<3‘3}

the right normalization constant G depending on fooo x (H)t3dt. Introduce
\ifg =osu + (1 — 03)\11

and notice that, for any § > 0, this function is W2, Moreover, for x € {dist(x, F) <
268}, denoting by p € F the point realizing this distance, from Corollary 5.8 and by
the definition of u

[(u — W) (x)| = |u(x) — u(p) + ¥ (p) — U(x)| < 2K|p — x| < 4KS.

In the lines that follow, D denotes the partial derivative with respect to either of the
coordinates s, ¢; notice that, in order to control DWs, we need to take DW only on
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the set {dist(x, F) > 8} C A, since elsewhere 1 — o5 = 0, so we can freely take
derivatives.
DV = (Dos)u + osDu — (Dos)W + (1 — 05) DW
= (Dos)(u — W) + o5Du + (1 — 05) DV.

We can now compute

|Das|2|u—®|2+f 0312 Du

IDE 2, < [
Dg

(5<dist(x, F) <25}

+/ 11— 052 DU
{dist(x,F)>8}

< (K, B+ 1DV, ) < e(K. k).

So the W!-2-norm of the s are uniformly bounded as § — 0, therefore, by com-
pactness, we can find a sequence W5, , §, — 0, which converges in L? and weakly*
in W12 to some ¢ € W'2(Dg). On the other hand, from the computation above,

y 3 5 0 on F
|Us — U = |os(u — )| = { <4KS on {dist(x, F) <28} — F
0 on {dist(x, F) > 28}

o} \ilan converge uniformly to WU on Dg. Therefore H?-a.e. it holds ¥ = ¥ and
Theorem 5.9 is proven. O

6. End of the proof of 1,: unique continuation

In this section we will complete the proof of #}1, the first part of the inductive step,
i.e. the fact that there is no possibility of accumulation among singularities of equal
multiplicity.

Holder estimate. We are going to establish the following

Theorem 6.1 (Holder estimate). For any small enough disk Dg, there exist con-
stants C, § > 0 such that, for anyr < R,

(Y]
Z/ Vo, < Cr’. 6.1)
j=17Dr

This easily yields
f VI <cr’. (6.2)

-
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Remark 6.2. This decay implies that U is %-Hélder thanks to Morrey’s embedding
theorem, see [15] for instance.

Remark 6.3. The integral in (6.1) should always be understood as

0
> </ ldg;|*ds dt+/ |v¢|2v712>,
=1 \J(D,—P)\7(Sing=2~1) F

J

where F = 7 (Sing?); recall that all branches agree with the average on JF and that
Sing=2~! is made of at most countably many points, isolated in D, — F.

Proof of Theorem 6.1. Remark that the « j-s are Lipschitz thanks to (5.12); there-
fore, once (6.1) will be established, (6.2) will follow immediately.
We are going to analyse the behaviour of the function

[
o= [ 1ve,
j=17Dr

Remark that, with our choice of 3 and 9, it holds |V<pj|2 = |8(,0j|2 4 |5(ij2. We
already showed in the previous section that, for any r small enough, y(r) is finite,
being bounded by the mass of the current in the cylinder Z, = D, x R3 ={|z| <r}).
Recalling that C is boundaryless,

¢dt —¢dg

(CLZ)(dE AndE) = (0(CLZ,)) ( 5

) =i(C, lz|,r) (Zm(£d?)) .

Denote by T the simple 2-vector describing the oriented approximate tangent plane
to the rectifiable set C; by definition

(0] .
Z/ (d¢ AdT, TYAH?
{‘pj»aj}(Dr)

(CLZ»(%dc ndT) =
=

0
=> / (109,1* — [0g;1*)ds di
j=1"Pr=F

0 i
13 = 2
+ /smgQ S(d¢ AT, T)dH

j=1
Q —
= Z/ (IV;1* —2[0¢;|*)ds dt
j=l Dr—}—
0

+ Z/S_ , %(d{ AdT, T)dH?.
j:1 mg
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Recalling that the average ¢ is W12 and that the tangent plane at points in Sing€ is
Q times the tangent to the average, we can rewrite this last term as

L 2 5y 2 2 72 2
Z/rf(wwﬂ —203¢;?) ds dt+Q/F(|V¢| ~ 200 1?) dH2.
So we have

0
Z/ IVo,|2ds dt+Q/ IV & |2dH?
mi/D-F F
Q J—
=3 / 2090, 2ds dt (6.3)
= /D,-F

+ Q/ 210 ¢ [2dH? + (C, |z|. 1) (—%Im(édf))
]_‘

Now (5.15), which is satisfied by the smooth parts of {guj}jQzl, i.e. on Dg\ F minus
countably many points, gives

/ 19¢;|%ds dt < Cy&* Z / \Vo;|*ds dt + Car?. 6.4)

Putting (6.3) and (6.4) together,

0
y(r):Z(/D }_|V<pj|2ds dt+ff|V¢|2dH2>

j=1

~ 1 _
<30 / V¢ 1PdH? + Ki(C. |zl r) (—Ezm@d;)) +Car?.
]_'
By Corollary 5.8, |V ¢ | is bounded by a small constant on F, so

! = 2
y(r) = Ki(C, |z, r) (-EIm(CdO) + Kor®. (6.5)

The slice of the current with |z| = r exists as a rectifiable 1-current for a.e. r, as
explained in [8, Lemma 1, page 152]. On the set Dy \ F, the multi-valued graph
is smooth except at a countable set of isolated points. For all but countably many
choices of r, d D, will avoid this set. For a.e. r the current (C, |z|, r) is described by
the same multi-valued graph {¢;}. This multi-valued graph, being one-dimensional,
can be actually described as a superposition of honest W12 functions as follows:
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(i) D, N F = @: for such ar, {¢;} is smooth on dD,, then, starting from any
point in the multigraph, we can follow the loop and we will eventually come
back to the same point after a certain number n of laps, n; < Q. Then we can
define the function g; to be equal ¢; on an interval 7 of length 27rn;r, and g;
has the same value at the endpoints of /;. Then do the same, starting from a
point that was not covered yet by g1. This procedure leads to the construction
of K smooth functions gx, K < Q. By [6, page 164], gi are w2 for ae. r,
since it is the restriction of a W2 function to a line.

(i) aD, N F # @: in this case the set 3D, — F, being open in 9 D,, must be
an at most countable union of open intervals U;(a;, b;). Then D, N F =
Ui[bi, ai+1]. On each (a;, b;) we can give a coherent labelling to the {¢;},
while on the [b;, a;41] all the branches agree. Then we can write the multi-
valued graph as a superposition of Q functions g;. Each g; is W'2: in fact,
on each (a;, b;) we can use the result from [6] again, and therefore for a.e. r,
8ilop,—F is W12, Then we can getthat g; € W1’2(a D,) by the same argument
that we used to prove Theorem 5.9 by means of the Lipschitz property from
Theorem 4.7, which holds on D, N F.

Then, using Holder’s and Poincaré’s inequalities, we can write (in the following
computation A denotes the average of gx on I and the fourth equality is justified
by [, L dgr = 0, which comes from the fact that g; takes the same value at the
endpoints of Ii):

[0(CLZ))(cde)| = [(C, Izl,r) (¢ AdD)|

ZQ _
—1 \Jap,—F IDNF

j=1

kdgk

1 1
2 2 (6.6)
52( |gk—xk|2) (/ |ng|2)
k I I
<3 Kmr ( / |ng|2)
k k
Y
KQrZ(/ |V¢j|2+/ |V¢|2>.
= \Jop,~F dD.NF

The function y(r) is weakly increasing in r and absolutely continuous, being an
integral; therefore it is a.e. differentiable and, thanks to (6.5) and (6.6), satisfies at
a.e. r (we can assume k > 1) the inequality

(gk — M)dgk
k

A

y(r) < kry' (r) 4 cy?.
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By setting v(r) = y(r) — ﬁrz, we turn the inequality into
v(r) < krv'(r).

This yields
v(p) < Cp%

2

and then, adding =57, we get the desired estimate for y(r):

y(r) < Cré,
for some é := % > 0. O

Unique continuation argument. This will conclude the proof of #; and is in-
spired to the techniques used in [21], and before by Aronszajn in [2]. For this
section we are going to describe our current by a multi-valued graph Dg — C?2,
by setting the fourth (real) coordinate equal 0. So we have a multi-valued graph
{9j(2), a; (z)}jQzl, with o purely real. The average ¢(z), is a w2 Holder (and
bounded) function, @(z) is Lipschitz.

Lemma 6.4. There exists a constant K such that, if R is small enough, there exists
a W2 and C? solution w(z) : Dgr — C to the equation

dw + v(@, @)dw =0 (6.7)
that is a perturbation of the identity, precisely it satisfies

lw(z) —z| = KRlz|.
Proof of Lemma 6.4. For a function u defined on the whole of C, we seek w of the
form w = xr(1 + u(z))z, where g is a radial, smooth cut-off function equal to 1

on Dpg and O on the complement of Dyr. The requests on w can be translated as
follows

V@@ 4o
Z

du + xrv(P, @)u + xR

lu| < KR.
It is very important at this stage to observe that V@@ s an L™ function thanks to
the Lipschitz estimate of Corollary 5.8, although it need not be continuous; so there
is some constant K (independent of R) such that @ < K (still from Corollary
5.8 we actually know that this constant goes to 0 as R goes to 0). The solution u
will be found by a fixed point method.
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Consider the!” space H = {f € W1L2(C) such that Vf € L**}, for some
A > 0 to be chosen later. By a result due to Morrey, these functions are %—Hélder;
they also decay at infinity, therefore they are bounded. H is a Banach space with
the norm whose square is

LA = 1f17e + UV 132 + 1V F 152

1
=sup|f|2+f|Vf|2+ sup — VP
C C x0€C,p>0 P By (x0)

Define the functional P on H that sends f to P(f)

1 [ Xrv(@ @ + xg"GLA+ f)
PI© =5 [ — ddE

(all the functions in the integral are functions of &). For any fixed z, the integral
is finite: this can be seen as follows, by breaking it up as a series of integrals over
annuli A, (z) centered at z with outer and inner radii respectively 25,1 and 2'ﬁ2 (all
the constants we are calling K are independent of R);

n+2

R

v(@, @) (g, @)
n § §

Zzn</ xal) I3f|2% (68)
o3 ([, ) () -
— R \Ja, An(2)

KR KR fllLee
)t

n n

where we used ||@||L°°(DR) < K thanks to the finiteness of ||Vf||i“ we can
bound the first term in the following way:

1 1 1
2 2 2
([ ([ o) = #()ore)
Xn: (Anm ) o™ Z ne
RM2 [/ 9n\ - 1 (69)
=R - af1?
; 2% (<R> /An(z)| f|)

< KR|IV fll 25

XR XR

/ IxrV(@, @)3f | +
An(2)

d

19 Here we make use of the Morrey space

1
L>* = g:(C—>]R:||g||i“ = sup — g|> < oot .
x0€C,p>0 P JB,(xo)
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Note that
[PO)] < KR
and from the computations in (6.8) and (6.9) we also see that
IPCf) —PO)llLe < KR| flla- (6.10)

Also observe that, since we only need to integrate on & € By (0), for |z] > 4R we
have £ — z| > £l 50 |P(f)| is bounded by KR IV £l 12 + ILf Il 2)-

Iz

P(f) is in W12 (we will shortly show that P(f) € H) and solves

= . - v(@, a)
I(P(f)) = —xrv(®,@)0f — xr - 1+ 1), (6.11)
since i is the fundamental solution for the operator 5; in fact, ﬁ = %(ln |z —

£]),and 39 = i A, compare [9, page 17].
Therefore, what we are looking for is a fixed point for P in H. Observe that
P is an affine functional, therefore, to show that it is a contraction in H, it will be
enough to show
P() € H,
IP(f)=POlla <kl fllu,

for any f and for some 0 < k < 1. From (6.11),
13(P(f) = PONlz2 < KRAV flig2 + 1f )

and, since P(f) — P(0) decays at infinity as % we can integrate by parts to get

IVP(f) =PO)I2 = KIFP(f) = PO)l2

6.12)
< KR(IVfli2+ I1fllLe).

The fact that

ID(P(f) = PODI 2 = KRUDS N2 + 11l z20)

follows from equation (6.11) by [15, Theorem 5.4.1, page 146].
The last estimate, together with (6.10) and (6.12), implies

IP(f)=POlae < KRIflla-

Similarly we can show that P(0) € H, with ||P(0)||z < KR. If R is small enough
(recall that % < K independently of R), we have a contraction and by Caccioppoli’s
fixed point theorem we have the existence of a unique fixed point u for P and

lullLe <2KR.

So we have a Holder function w = z(1 + u) solution to (6.7). Since v(¢, &) is
Holder-continuous of exponent § thanks to Theorem 6.1, by means of a Shauder-
type estimate w is C'19. O
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Remark 6.5. Observe that |w(z) — z| < K R|z| implies that at 0, dw ~ 1, dw ~ 0,
with perturbations of order K R. By taking R smaller if necessary, we can assume,
since w is C1%, that 9w and dw stay as close as we like to 1 and O in Bg.

Core of the proof of Theorem 5.1. We are now ready to complete the proof of
non-accumulation, which will go on until the end of this section. Take the function
G : C?® — 3 given by

G(Za 47 a) = (Z7 § - @(Z)a a — &(Z))v

and consider the pushforward I' := G,C. The map G is proper (if K is compact,
G~!(K) is closed by continuity and bounded since the average function is L)
and W12: this gives that the pushforward is well-defined and commutes with the
boundary operator. The point here is that the W12 function G, from a domain in
R? into R3, can be approximated by C! functions G, as ¢ — 0 so that the minors
DG converge weakly in L! to the minors of DG (see [8, Propositions 2 and 3,
pages 232-233]). This implies that dI" = 0 and that the current I is described by
the multi-valued graph

{Gj,‘[j}={g0j—§5,otj—5(}. (6.13)

From (5.15), the smooth parts of {0} solve

Y [Y
doj + v(@.@)do; + Y Siox + Y Tin =0, (6.14)
k=1 k=1
with |T}‘|, |S§-| < K+ Z?:] [Voi| + Zlel |Va;|). Therefore, by the Holder
estimate in Theorem 6.1, |T}(|, |Sj‘-| are in L>(Dg). As for {z;}, from (5.10) and
(5.11) we have that

Va(z) = h(z, ¢j(2), aj(2)),

for a smooth R%-valued &, so
= . k < k
B‘L’j = ZAjo‘k +ZBka ,
k=1 k=1

with A];, Bf bounded; for dz; we have a similar equation, since the t; are real

(so the equation we wrote actually contains the whole information on the two real
derivatives). Putting them together (we keep writing A, B although these coefficient
are different)

0 0
0t +v(@. @)t + Y Ator + )Y B =0, (6.15)
k=1 k=1

with A];, Bf bounded.
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I'= G«C)

Figure 6.1. A sketch for a 3-valued graph. The average is the dotted line in the first
picture. By subtracting it, we get a new 3-valued graph: the points of multiplicity 3
are turned into zeros. The new 3-valued graph still represents a boundaryless current,
thanks to the W !-2-estimate on the average.

Observe that singularities of order Q in C have the property that all the branches
coincide at those points, therefore they are zeros of the multi-valued graph {0}, 7;}.
Assume by contradiction the existence of a sequence of singular points in

Sing? accumulating onto 0.

Then we can take N points g, € F = n(SingQ) which lie in D,, with N
as large as we want and r < R arbitrarily small and {0}, 7;}(g,) = 0, forn =
1, ..., N. In the estimates to come, one should always pay attention to the fact that
the constants obtained must not depend on the chosen N and r, unless otherwise
specified.

Define the function

g(2) ==Y (w(z) — w(g)),
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with the w obtained in the previous lemma. Then g is a C!, W!? function and it
solves on D

g+ v(@,@)dg =0.
Take F : C? —» C3

¢
F » 5 = s AT s AT VRN 6‘16
(z,¢,a) (z X (z)g(z) X (z)g( )) (6.16)

where x, is a radial, smooth cut-off, 1 on B,, O on the complement of By,, with
gradient bounded by g; we are going to analyse the pushforward F,(G«(C)). First

observe that, on any set of the form Dp \ UlN: 1 Bs(g;) for 6 as small as we want, F
is a C!, Lipschitz and proper function. Set

= (Dr \UjL, B5(g)) x C x C;
we can restrict I' to As, writing I's := 'L As, and then the pushforward As :=
F.(Ts) is a well defined i.m. rectifiable current with finite mass, and it can develop
boundary only on (U{V: 19Bs(gi)) x C x C. Now we will prove
Lemma 6.6. Sending 56 — 0, we can define the pushforward A = F,(I") =

F(G4(C)) on the whole of D x C x C, and A is a boundaryless current of
finite mass. Then we can rewrite the following relation

A(d¢de) = dA(de)

as a standard integration by parts formula, where both integrals are finite:

N |2
Lo SN = 2h () e
By () %5 By (0) 5 8

Remark 6.7. Formula (6.17) is the only thing we will need in the sequel. The
finiteness of the integrals was not clear in the analogous formula used in [21].

Remark 6.8. In this formula V( %) is understood to be 0 on the set F= n(SingQ).
The reason for this will be clear during the proof. On the complement Dg \
7(Sing?) the gradient is well-defined since the functions are smooth except at the
isolated points 77 (Sing=¢~").

Proof of Lemma 6.6. From what we said before, A can develop boundary only on
(va: 19i) x € x C. Moreover, A is described by the multi-valued graph

{erfj erj}Q _ (6.18)
8 8 Jj=1
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From Theorem 4.7, this multi-valued graph is bounded on Dg, indeed we only
have to check it at the points g;: on some neighbourhood of a chosen g, thanks to
Corollary 5.8,

loj ()| = loj(z) —o(g)| < K|z — qxl.

By Lagrange’s theorem, if the mentioned neighbourhood was chosen small enough
(its size should be much smaller than the distances between the ¢;’s), then g(z) ~
MY | (z — ¢i); more precisely, K111,z — gi| < |g(2)| < KoIY. ||z — ¢;| with
K1, K> close to 1 (the perturbation is due to the perturbations 0w ~ 1 and dw =~ 0).
Therefore

loj ()] = Kig;3|g(@)I,

where Ky, is a constant that depends on the choices of r and the set {g;} (more

precisely the constant is of order IT;+;lg; — g; |~1). This will not be problematic,
all that matters to us is the fact that

{xroj XrTj }Q
8 , 8 j=1

is bounded. We further observe that, thanks to the equation solved by g, the multi-

valued graph
%2
g g j=1
satisfies, on Dg \ F,
=[0j - Oj Q k Ok Q k Tk
o(L)+v@@a|L)+d Si(—)+D 1= ) =0, (6.19)
g g k=1 8 k=1 8

. N 0
3 (%) (@, @) (%) +3 4k <%> +> B (3) —0,  (620)

with the coefficients A, B, S, T as above.

Step 1: A has finite mass. Remark that the closed set F = n(SingQ) is included
in {z : Vi 0j(z) = 1;(z) = 0}. The integer multiplicity rectifiable current As pos-
sesses a.e. on F \ UlN: 1 Bs(gi) an approximate tangent plane that must be horizontal,
i.e. it must be the plane (z, 0, 0). Indeed, this is true at any point of density 1 of the
set {z: Vi oi(z) = 7i(z) =0} \ UlN: 1 Bs(gi), as can be seen from the definition of
tangent plane (see [8] page 92).

Let us observe the action of As on d¢ A d¢. By the observation we just made,
this action gives 0 on F, therefore we can extend V(%) tobe O on F \UlN: 1 Bs(qi)
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(compare Remark 6.8). With this understood we can write:

As(de Ad5)=/ Zd(m>Ad<X’OJ)
By \UL Bs (i) 8 8

ICSINICS

—/Bzr\UlN_l Bs(qi)

) (6.21)

By (6.19) and the triangle inequality la—b|? > @ —|al? we get, recalling that [v| <
&, (the integrals in the following lines are performed on an arbitrary measurable set

disjoint from UY_| Bs(g)):

2 (6.22)

ey (i () o (222
- [2 () (%)

J

1 . .
-[2(+) A ()
; 8
Notice that the first term at the beginning of the last chain of inequalities is finite,
from the condition on the 7’s and S’s, and the fact that %, fg—" is bounded.

Let us restrict to a small ball B, (¢g;): we will show that

_f(0o;
lim Z ‘a (—’)
=08, ()\Bo(qi) J 8

is finite; the global finiteness on Dg will follow since the g;’s are finite and there are
no poles elsewhere. In a first moment we are going to construct a sequence p, |, 0
for which M(dA,) is equibounded.

2
+&2As(dl AdT)

2
+&29As(c AdD).

2
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Since A, = Fi(T'p) and [|VF || LB, (g)\B,(g1)) = %, from [8, page 134], we get

M@A,) < gM(arp). (6.23)

Moreover, from slicing theory, see [8, Proposition 2, page 154],

/" M@T,)dp =
0

/" MU, I2], o))
0

(x/n)? (x/n)?

= (r/n)?

M(TL(B3(gi) x C?))

and this is bounded as n — oo by the monotonicity formula, since the tangent is
horizontal at (g;, 0, 0) and the multiplicity of this point is Q. Then

A
1 / n A
e M@T',)dp < K—,
(/) Jo g n
so by the mean-value theorem there is ﬁ < pp < % such that

1
(x/n)
Now (6.23) yields that M(dA ) are equibounded.

As observed above, % is L°°, therefore the function ¢ is bounded on A, so
there is some constant which bounds uniformly in n

Py
n A
M@OT,,) <2 f M@OT,)dp < 2K = < 8Kpj.
0 n

104, (£dD)].
This yields, together with the inequality (6.22) used with § = p, on the set B, (¢g;) \
B,On (ql)s
_[(o0; 2
lim Z 0 <—]> < O0;
Pn=0J B, (ai)\Bp, (a1) 8
consequently
_[(0o; 2
lim PE (—’) < o0,
P=0JB@)\Bpai) 8

since this integral is a monotone function of p, so the limit must exist and it is
enough to check in on a sequence. Once we have the finiteness of

[20 ()

2
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using |A,, (d¢ A dt)| = |8Apn(§d5)| < oo again, by (6.21) we also get the finite-

ness ()f
R J

This implies that the Jacobian minors of % are in L', so the finiteness of the mass

2

can be obtained by the Area formula?’, see [8, page 225].

Step 2: A has no boundary. As said above, we only have to exclude boundary
terms localized at the points g;. As before, we restrict ourselves to A L Bj(g;) %
C?. During this step, we will keep denoting this current by A. To simplify things,
we will test A only on the 1-forms x,(z)¢d¢, which is needed for the integration
by parts formula (6.17); the proof for other 1-forms is similar?!. Since the possible
boundary in the interior of Dy is localized only in g; x C?, the result will be the
same for any p.

IA(xp(2)Cdl) = Aldxp A EdE) + A(xpdE AdY).

ICRIINCIEN DS v(%)

Bap(qi)

From the previous step,

2
— 0

for p — 0. Let us now analyse the first term:

O’j— Uj
Dot
By (ai)\By(gi) 8 8

Josanniar s 1217 (5)
< = v(=
Boy(gi)\By(gi) P 8
and by Holder’s inequality

1

% N

7w ZFG)
Lo P Byo(ai) 8

This integral goes to 0 as p — 0 thanks to the previous step. So there is no boundary
term at any of the g; when we test on the one form ¢d¢. O

|Adx, A ¢de)| =

9j

8

LOO

9j

8

20 Recall that it is enough to apply the Area formula to the smooth parts of the current A that are
above Dg \ F. The rest of the current lies in F, which has finite measure.
21 For the reader who is familiar with the support theorem for Flat-currents (see [8, page 525]), we
remark that the absence of boundary can be obtained by showing, via an approximation argument,
that A is a Flat 1-current. The quoted theorem then implies that A = 0.
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We are now ready to finish the proof of non accumulation started before Lem-
ma 6.6: recall that we assumed, by contradiction, the existence of N points g, €
F = m(Sing?) which lie in D,, with N as large as we want and r < R arbitrarily
small and {0}, 7;}(g,) =0, forn =1, ..., N. From Leibnitz rule and (6.19)

= [ XrOj
Lpf <o, 2l + ), s (D)
By, J 8 BZr\Br j Boy j

-2 ‘7/ 2
=k [ wa(w,an %] ( )‘
B2F\Br j By
o |2 2
+K/ (1+Z|chilz+2|wl~|2>z<xr—’ )
Bay i=1 i=1 F

Now, using |v| < € and (6.17) (notice that the previous lemma and the fact that
{%, g} is bounded guarantee the finiteness of all terms),

/BZw«o,an xr( ) /B%Zw(w,an ' axr(—)+a("’g‘”>r

2r Jj
2 2
o
§K82r_2/ ) +82/ (—X’ f)‘ .
B\ Br j By 8

Putting all together, with a further use of (6.17) on the Lh.s., we get

[l =2, b ()
By 8 By 7 8
2
-
< Kr_Z/ -
BZr_Br;

.
X~
g

+

9j
8

. (6.24)

2
0j

Y] Y]
+1</ <1+Z|wi|2+2|wi|2>2<x —
By i=1 i=1 j

r

Similarly, from (6.20), and using the analogous partial integration

o B = RO
By (0) BZr(O) j ’

2

we get
2
8

o
Xr—
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’

Set now v := max; {

Xr % Xr % } This function is W1-2: indeed, this is true on

D \ 7(Sing=9?), since it is the maximum of W2 functions; then by arguments
already used,

° n(SingSQ_l) are isolated points so we can extend the W12 estimate to D», \
7 (Sing?);
e then we extend to Dy, \ (UlN: 1 Bs(gi) N JF) for any arbitrarily small §, thanks to

the fact that v = 0 on on SingQ \ {gi};
e finally, sending § — 0, to the whole of Dpg since the g; are isolated.

Also observe that, by the Cauchy-Schwarz inequality, |V (Jv])| < |Vv], so

2
o T
BZr BZr ] g ] g

s0 (6.24) and (6.25) imply

2

’

gj

Vol < Kr—2/ L
‘/;Zr By \Br ;

ﬂ2
g
0 0

+1</ L+ Y IVeil? + ) [Vai* ) v
By, i=1 i=1

Recall that (1 +22 VeP+ Y2 Ve |2) is L' by Theorem 6.1 (Holder esti-

mate); then, by [15, Lemma 5.4.1], we get the existence of § > 0 such that the last
term can be bounded by

Y [Y)
/ (1+Z|V¢I-|2+Z|Vai|2) vt < Kraf Vol
BZr [ [ BZr

i=1 i=1
2
2/ 2 .
r [Vv|© < Kf ;
B2r BZr\Br XJ: ( )
2)

now, since v € WO1 ’Z(Bgr), by Poincaré’s inequality

2

v- < K /

/B2r By \ B ; (

Since ) ; (|)(,%|2 + |X,% 2) < 2Qv? by definition of v, and x, = 1 on B, the
last inequality implies the following Carleman-type estimate
2
> , (6.26)
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with K independent of r and the cardinality N of the set {g;}. Assume that the
{gi} were chosen much inside D, say in D, 4. Then, from the definition of g, if

r was chosen small enough (which doesn’t influence K), on the l.h.s. of (6.26)

g < (%Tr)N, while on the r.h.s. g > (%)N, so we get

2N
.
|o~|2+|r~|251</ (—) o 1> + |7 1%
/Br Z ! ! BZr\Br |Z| ; g !

/o

letting N go to infinity, we can make the r.h.s. as small as we wish, which implies

f > oyl + 171> =0,
B,

4

i.e. all the branches of the multigraph describing our original current must agree
with the average on a neighbourhood of 0. But then this average must be itself
a Special Legendrian counted Q times, therefore it must be smooth in this neigh-
bourhood thanks to the basic step of the induction. We have therefore completed
the proof of #;.

7. Proof of f;: non-accumulation of lower-order singularities

To complete the proof of the inductive step, we have to exclude the possibility of
accumulation of points in Sinng—1 to a singularity of order Q.

Let xo € Sing?; from Theorem 5.1 (and recalling the monotonicity formula)
we can assume that we work in a ball B> centered at xo such that all the points of
C in this ball are of multiplicity at most Q and

B°N SingQ = {xo0}.

By the inductive assumption, the other singularities in B> are isolated and of multi-
plicity < O — 1.

Thus we can take local coordinates about x¢ in such a way that C is given by a
Q—valued graph over D? that we denote by

{(pj(2),aj(@)}j=1.-0

where 7z = x + iy is the coordinate in the Disk D?, ¢; € C and o; € R and where
forall j € {1,---, Q}itholds (¢;(0), «;(0)) = (0, 0).

Assumption on the multiplicity. In order to simplify the exposition, we assume
that all smooth points of C L B> have multiplicity exactly 1. The following argu-

ment shows that there is no loss of generality in doing s02.

22 This assumption is not really needed to perform the proof presented in this last section, how-
ever it makes it less technical.



124 COSTANTE BELLETTINI AND TRISTAN RIVIERE

If a smooth point p has multiplicity M > 2, it must have a neighbourhood all
made of smooth points of equal multiplicity M. Take the maximal of such neigh-
bourhoods and denote it by /. This smooth submanifold, counted once, constitutes
an i.m. current U in B>, whose smooth points have multiplicity 1, possibly having
singularities located at the same points where the singular points of C were.

We claim that U is a boundaryless current. Let us prove it. Let {g;} be the at
most countable singularities of C of order < Q — 1, possibly accumulating onto 0.
First of all, from the maximality of / we can deduce that the topological boundary
dU inside the smooth 2-dimensional submanifold (C \ {0}) \ Ug; is empty. This
implies that 0U must be supported at the singularities. Thanks to this, we can
localize U to a neighbourhood Vl-5 of each isolated singularity and we can exclude
the presence of boundary at each g; as follows. By abuse of notation we keep
denoting by U the localized current.

We will write B) for the ball BS (gi). For almost any choice of A > 0, the
slice of U with 9 B, exists as a 1-dimensional rectifiable current of finite mass and
it is the same current, with opposite sign, as the boundary of U, := U I_(Vi5 \ By).
Moreover from slicing theory we have

Py
/ M(@3U,)d» < M(UL B;) < M(CL By).
0

From the monotonicity formula and by the mean value theorem, we get the exis-
tence of a sequence {A,} — 0 of positive real numbers such that

M(@U,,) < Ky,

which implies that U, — 0. On the other hand, U;, — U since M(U — U,,,) =
MU L B;,) — 0, therefore dU;, — 90U and we get U = 0.

Once we have excluded the presence of boundary located at the singularities
qi, we can perform the same argument to exclude boundary located at 0. So U is
boundaryless>>.

The current C — (M — 1)U is thus still a Special Legendrian cycle and has
exactly the same singularities as Cj; it is therefore enough to prove the result about
non accumulation for this Special Legendrian “subcurrent”, in order to get in for C.
Starting now from C — (M — 1)U, we can inductively repeat the argument and get
to the desired assumption of having multiplicity 1 at all smooth points.

We still denote by 7w the map on C which assigns the coordinate z. With the
assumption just discussed, the singularities of order < Q — 1 are located exactly at
the points 7 ~!(z;) for which z; # 0 and

j#Fk st (9(zo), @j(z0)) = (¢ (20), ax(20)) - (7.1)

23 An alternative argument to exclude boundary located at the singular set, is to use an analogous
approximation U, of U obtained by “cutting out” smaller and smaller balls around the singular
set and show that dU, is a Cauchy sequence in the Flat-norm, therefore obtaining that dU is a
Flat 1-dimensional current. The support theorem (see [8, page 525]) tells us that a non-zero Flat
1-current cannot be supported on a set of 0-Hausdorff dimension, therefore dU = 0.
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As recalled at the beginning of this section, we are working under the assumption
that the points in (7.1) form a discrete set in D? \ 0, therefore at most countable.
Away from them, each branch j of the multiple valued graph satisfies a system?* of
the form

dzpj =v((gj, ), 2) 020; + u(ej, «)), 2)

Va; =h((gj,aj),2),

where v and p are smooth complex valued functions on R such that v(0) =
1(0) = 0 and & is a smooth R?>—valued map on R>.

(7.2)

To complete the proof of the main result we need to show

Theorem 7.1. With the previous notations, let O be a singular point of multiplicity
Q of the Special Legendrian cycle. If we are working under the (inductive) assump-
tion that all the other singularities are of order < Q — 1 and are isolated in B>\ {0},
then there is no accumulation at O of singularities of the form (7.1).

The proof of the Theorem 7.1 we are giving below is inspired by the homo-
logical type argument in [21, pages 85-86]. The heuristic idea has been given in
the introduction: we want to find a function that is able to “detect” the presence
of isolated singularities when its topological degree is observed. Global bounds on
the degree imply that it is impossible ho have a sequence of isolated singularities in
Sing=2~!C accumulating onto 0.

In view of this ideas, we are now going to analyse the structure of the Special
Legendrian current in a neighbourhood of an isolated singular point g.

The structure of an isolated singularity. Recalling our assumption on multiplici-
ties, given an isolated singular point ¢ in C, for a small enough radius p, C L Bg (9)
can be represented as

CLB3(q) = &, Lt (7.3)

where each Ly is either a smooth Special Legendrian embedded disk, or an im-
mersed one branched at g; N is bounded by the multiplicity of g in C and Ly # L;
ifk #1.

We give a brief description of the reason why this is true. Consider the slice
(C,|p — q| = p): this is a smooth, one-dimensional, boundaryless current y,
so it is made of several smooth simple closed curves y;, each one counted with
multiplicity 1.

Each y; can be obtained as the image of a circle (p cost, psint) C R?=C
through a smooth simple map. By the smoothness assumption on all points of y;, we
can get a smooth parametrization from an annulus in C to a subset of C contained
in a corresponding annulus. Take the maximal extension: since there are no other
singularities, this must be a smooth simple map from B, \ {0} into (CL_B),) \ {g}.

24 These are the equations we derived in (5.13) and (5.15). With respect to the notations in
Sections 5 and 6, we are changing here the signs of the functions v and w.
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By a removable singularity theorem, this map can be extended smoothly in 0.
There is no real need to invoke such a theorem: the extension to O is obviously
continuous, and it is indeed smooth by standard elliptic theory. Thus get a smooth
map from B, into C L B,; repeat the same argument for all connected components
i’s. A mass comparison shows that this procedure must cover the whole of CL_B,,.

Remark 7.2. For each branched disk L in (7.3), we have a smooth parametrization
from D? C Cinto R, with a critical point at 0. Just like in Section 5, by using (2.1),
the calibrating condition for the Special Legendrian yields that the parametrization
is a pseudo-holomorphic curve 2.

By elliptic theory and conformality, as explained in [13, Section 6], one can
change coordinates diffeomorhically and find that, in the new coordinates, the
parametrization is of the form (w!, f(w)) for w € D? c C, f: D? - R3,
I eN,I>1, f(w) = o(Jw|"). However, we are not going to make use of this
result.

Relative difference of branches around an isolated singularity. The following
discussion is needed to understand the behaviour of the difference functions ¢; —¢;
and o; — « for i # j in a small neighbourhood of an isolated singularity g; let
71 = m(q) and be M the multiplicity of g. Choose a neighbourhood centered at ¢,
having a cylindrical form Bg X Bg, with p small enough so that C L(B% X Bg) is

discribed as a M-valued graph above Bf) (z1), namely

{(9j (@), aj@N}j=1. M-

Remark that (¢;(z;), a(z;)) coincide forall j = 1, ..., M, while for z # z; we have
(pj(2),aj(z)) # (¢i(2), @i (z)) whenever i # j (this follows from the assumption
on multiplicities taken at the beginning of this section).

Above any z € Bf) (z1) \{z1}, consider the difference vector ((¢; —¢;)(2), (o —

aj)(z)) € IR3 for any choice of i # j. The tail and head of this vector will belong
respectively to some Lj and L;, possibly with k = [. Observe that, moving this
vector by continuity for z # z;, this condition on head and tail will be preserved
with the same k and [/; remark that if k = [ the difference vector is joining two
points of the same branched disk, while if £ # [ it is joining points belonging to
different disks. In Figure 7.1, picture on the left, there is an attempt to visualize this
in the case of a single branched disk (so k = [) that gives rise to a 2-valued graph
locally around the branch point.

25 The term pseudo-holomorphic curve is commonly used for a map taking values in an almost-
complex manifold, so an even-dimensional manifold with an almost complex structure J on the
tangent bundle (on each tangent J 2=—1 d). So here there is an abuse of terminology, since our
parametrization takes values in R with a J that is defined on the 4-dimensional hyperplanes of
the contact distribution. However we can extend J to R> x R by setting that the vertical vector
of RY (orthogonal to the hyperplanes) is sent into the extra direction added. This gives an almost

complex structure on RG, we can look at the parametrization as R6—valued, so that it becomes
pseudo-holomorphic.
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For any fixed choice of (k,1) € {1, ..., N} x {1, ..., N}, we are now going to
analyse the functions ¢; — ¢; and a; — «j fori # j s.t.

(@i, o) belongs to a branch of Ly and (¢}, ;) to a branch of L, (7.4)

with particular interest to the behaviour of the difference vector when it evolves as
described above.

This means that, in the discussion that follows, leading to Lemmas 7.5 and 7.6,
we need to focus only on the disks Li and L; of (7.3).

From the second equation of the Special Legendrian system (7.2), taking dif-
ferences, we get locally

V(i —aj)=F - (g —¢;) + G- (o — ), (7.5)

where F, G are bounded functions of (z, ¢;(z), ¢;(z), ;(z), «;(z)) depending on
the derivatives of &; so they satisfy | F|, |G| < Ko < oco. Take a positive 7 < ﬁ. In

the ball {|z — z;| < 1)}, consider the point w where |o; — o ;| realizes its maximum,
taken over all possible choices of i # j satisfying (7.4). Along the segment /
joining z; to w, we can coherently label «;, aj, ¢; and ¢; as smooth functions with
a;(z;) = aj(z;) and @; (z;) = @;j(z;). It makes then sense to integrate the equation
(7.5) above along the segment / and get

t t
(i —aj)(w) = /0 (FIDG) (@i — @j)(s)ds +/0 (Gl ) (i — ej)(s)ds

fort = |w| <7.

Notational convention. Remark that we are using &,/ for the fixed choice of
disks in (7.3); for the branches of the M-valued graph describing C I_(Bg X Bg)
we use, instead, the letters i, j. In the present discussion, we are going to denote
by llai — |l op2(, 7)) the quantity sup{le; — a|(z) : z € B*(z;,7) and i #
J are as in (7.4)}. An analogous convention holds for [[¢; — ;|| (p2(;,.7))-

Thus taking the L°°-norm over all possible choices of i # j satisfying (7.4)
with the fixed choice of (k, [), we have

lloti = atjllpoo(p2(gy.0y) = loi — j1(2)
< Kotllgi = @jll o2z + Kotllai — ajllpoop2zy))5
this implies
1
loti = jllpoe (B2 7y = S 1100 = @jllLoB2ey)»

with i and j as prescribed in (7.4). Choosing ¢ smaller at the beginning, we can get
an arbitrarily small constant instead of %: therefore

llai — ajllpooB2z .0

—0ast — 0. (7.6)
Noi — @l B2(z.0))
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For i # j asin (7.4), we introduce the following multivalued graph on {|z] < 1},
with p > 0:

(65‘(1)’ Efj(z)) _ ( (pi — i)z + pz) (i — )z + p2) ) |

llei — <Pj||L00(32(Z,,p))’ llpi — <Pj||LO<>(32(Z,,p))

Remark 7.3. This multi-valued graph has either one or two connected components.
The former case happens when k = [, the latter when k& # [. In the latter case,
however, the two connected components are symmetrical with respect to (z, 0, 0):
one of them is just minus the other. Of course, this happens when we take ¢; — ¢;
and then ¢; — ¢;. So we can basically assume to be always dealing with a unique
connected component.

We are interested in the behaviour of (@fj (2), Efj(z)> as p — 0.

Thanks to (7.6), both @fj and Efj are smaller or equal than 1 in modulus; more

precisely E; ; goes uniformly to 0 as p — 0 and |®fj| always realizes the value 1

by definition. From (7.2) and (7.5), the branches of this multivalued graph solve

locally on {0 < |z] < 1} equations of the following type:

307(2) +v(z + p2)907;(2) + pS(p2)0O7;(2) + pT (p2) Ef;(z) =0 an
VE/(2) = pF(p2)0];(2) + pG(p2) E](2), '

with F,G € L® and S, T € L2
We prove now:

Lemma 7.4. As p — 0 the multi-valued graph (@l‘-)j (2), Efj(z)) converges uni-
formly to a multi-valued graph (@i i(2), 0), where ®;; is holomorphic in the vari-

_ /1 [ 1 = ; .
able w = e ¢ +v(zp) TP 2 and homogeneous, i.e. there is T € Q

such that, for any A € (0, 00) it holds ©;j(Az) = A" 0;;(2).

Proof of Lemma 7.4. All the multivalued graphs of the sequence are pinched at 0.
By an argument similar to the one used in Theorem 6.1, we can deduce a uniform
Holder estimate on (@fj (2), Efj (z)) independent of p. By Ascoli-Arzela’s theorem,
as p — 0, we can extract a subsequence converging uniformly to a multi-valued
graph (©;;(2), Ej(z)) and, as we said above, E;;(z) = 0.

To complete the proof, we need to prove that this limit is unique, homogeneous
and holomorphic in w.

In a way reminiscent of the discussion preceeding 7.2, the unique connected
component of (z, (¢; — ¢;)(z; + pz), (@; — aj)(z1 + pz)) (always with i # j as
in (7.4)) can be smoothly parametrized by a map from the unit disk D> ¢ C into
D?> x C x R.

This can be achieved as follows. When the difference vector (¢; — ¢, otj —
a;)(z14+poz) (observed as an object in C x C x R) evolves by continuity with a fixed
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po as in Figure 7.1, it comes back to the starting position after that the projection of
its tail onto the first C-factor has made I laps, for some integer / that depends on
the branching order of L; and L. So we can parametrize the multi-valued graph
(z, (pi — @) (214 poz), (et; — ) (21 + poz)) restricted to 9D? x C x R as a smooth
curve from dD? into C x C x R of the form (z/, ¢ (z), aix(z)). Now, by the
smoothness of the current out of the isolated singularity, this map can be extended
to a smooth map (z/, ¢ (z), aix(z)) from D? \ {0} into C x C x R, describing
(@ (9 = 0@+ po2), (@ — )@ + po2)) ¢ |z] < 1} on (D*\ {0}) x C x R.

By a standard computation we can translate (7.7) into a first order system for
(¢ik, ajx) of the schematic form

Iu(@) + 9@ (@) + S @i (@) + T @an(z) = 0 1.8)
Van(z) = F(2)pi(z) + G(@air(z) =0, '

with C1-9 coefficients (0 < o < 1) and || small. Elliptic regularity yields that the
extension of (z/, ¢k (z), aix (z)) to D?, which is obviously continous at 0, is actually
at least C2.

Moreover, after the linear change of coordinates z — w

1 1 _
Y=V T e T T e ©

and by taking the 9d,,-derivative of the first equation, we get an inequality of the
form

|Agu|(w) < K|Dére|(w) + K || (w),

where K is a positive constant and A is an elliptic second order operator that co-
incides with the Laplacian for w = 0. By elliptic theory, the function f(p) :=
Prkll .00 B2) cannot have derivatives at 0 all vanishing, see [13, Theorem 1.1 and
Corollary 1 on page 41] (this theorem is basically due to Hartman and Wintner).
Fix z € 3D* c C. Then, since f(p) is just ||¢; —@jll Lo B2z, py)» WE Can write

(0i — @)z + p2)

©;j(z) = lim Of,(z) = i 7.9
1@ = Jim O @) = lim = (7.9)
and
(A7) = lim OF (uz) = lim YL $DE 012 (7.10)
p—0 Y p—0 f(p)
This blow-up can be equivalently expressed in terms of ¢;,. What we are looking
for in (7.9) and (7.10) are respectively @y (z) = lim,_o 2422 and ®y (r2) =

lim,_,¢ %. As we saw above, the function f is smooth and it is not possible

that all of its derivatives at p = 0 vanish.
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It is then enough to restrict to the segment joining z; to z and apply de L’Hopital’s
theorem to compute the two limits: we get that there is k € N, namely the first
integer such that £®)(0) # 0, for which ®(Az) = AK®(z). This immediately gives
©;j(Az) = AT0;j(z) fort = 6 and the uniqueness of the limit.

Moreover, it is not difficult to see that the convergence @fj — ©;; is more
that just uniform: indeed, the gradients are equibounded and equicontinuous, so
we can pass (7.7) to the limit and get that (@,-j (2), 8ij (Z)) must solve, locally on
{0 <zl =1},

30,;(2) + v(2)30;j(z) = 0, with [v(z)| < 1, a1
VE;j(z) =0.

Therefore, since (@i i(0), Ejj (0)) = (0, 0), from the second equation we recover

once again (@ij (2), &ij (z)) must be of the form (@,-j (2), 0). Consider now the

equation for ©;;: again with the linear change of complex variable z — w, we can

deduce that ®;; solves

0
—0;; =0;
aw i (w)
thus ®;; is holomorphic w.r.t. the variable w. We will also say that it is almost-
holomorphic in z. U

The fact that ®;; is holomorphic in w and homogeneous implies that ©;; is
always non-zero on dD?. Indeed, if we had a zero on y € aD?, ©; j would be
zero on the whole segment joining O to y: recalling that there is a unique connected
component and by holomorphicity we would then get that ®;; is zero on the whole
of D?, contradicting that its L>°-norm is 1.

Lemma 7.5. Fix (k,[) € {1,..., N} x {1, ..., N}, fori # j s.t. (¢;, ®;) belongs to
a branch of Ly and (¢j, oj) to a branch of L; (possibly with k = 1), the following
holds: for any § > 0 there is p > 0 small enough, s.t.

i — I

loi — @il + loi — a2

lz—zil <p= (z) <é.

In particular, for |z — z;| < p and z # z;, we have ¢; — @; # 0 fori # j.

Proof of Lemma 7.5. By contradiction, if for some § > 0 and a sequence z,, — z;
loi —aj 2

we had —————
loi —@j12+la;—a ;|2

(zn) = &, the sequence

(@ljn—zﬂ (Z), El[;n—zﬂ(z))

could not converge to a limit of the form (@i i(2), 0). O
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Lemma 7.6. Fix (k,1) € {1,..., N}x {1, ..., N}, by Lemma 1.5, for p small enough
and fori # j s.t. (¢;, o) belongs to a branch of Ly and (¢, o j) to a branch of L,
(possibly with k = 1), it makes sense to compute the degree of

Qi — @j
loi — @l

on the closed curve y = Ly N7~ Y|z — z1| = p). This degree is strictly positive.

Proof of Lemma 7.6. See Figure 7.1 for a visual explanation. y is a closed, con-
nected curve; orient it so that its projection () on C winds positively. Fix then,
with an arbitrary starting point on y, any determination of the vector ¢; — ¢; and
let it evolve along y in the given direction, keeping its tail on the curve; meanwhile,
its head will move along a closed curve in L, which could be either the same or a
different curve. In the former case we are staying inside the same branched disk L;,
in the latter we are dealing with two different disks Ly and L;. In any case, the vec-
tor will eventually come back to the initial one after having run, possibly more than

once (say [ times), over the whole of y. We then get a smooth map IZ; :Z; i

multiple cover y @...@®y of ¥ to S'. The multiple cover is homeomorphic to S!, so

it makes sense to consider the degree of the S'-valued map ‘z’::zi jony ..o y.

Introduce the multi-valued graph ¢; — ¢; for i, j in the Ly and L; involved. This
multi-valued graph has a unique connected component (or two symmetrical ones).
By Lemma 7.4

from a

.o G)'f). O
Qi —@Q; ij ij
— (7 +pz2) = —5(2) =
loi — @l |®fj| 171

(2)

uniformly, so it must contribute with a strictly positive degreeon y @ ... @ y if p
was small enough, since so happens ®;;, which is almost-holomorphic. O

Some heuristics. Roughly speaking, with Lemmas 7.5 and 7.6 we have found
out that, by observing the relative differences between branches, we can somehow
“count” the points in Sing=2~!.

Indeed, locally around each ¢ € Sing=?~!, we have functions defined via the
relative differences of branches that are able to catch the presence of p by producing
a strictly positive integer contribution when the degree is observed.

loi —o;]
the strict positiveness of the degree, we made a key use of thje structure (7.3) of C
around an isolated singularity g. This allowed us, locally around ¢, a “separation
of the branches”: we were able to focus just on the disks L; and L involved in the
evolution of the difference vector. With the use of PDEs and parametrizations, we
were lead to the results on ®;; and to the control on the degree.

Moreover we have produced a way to “count’ singularities with functions that

are only defined close enough to the singular point itself. As we get further from the

However, both in the definition of these functions z’ %I and in the proof of
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CxR

start from here

Figure 7.1. On the left, an attempt to represent y = 7~ !{|z — z;| = p} in the case of
a two-valued graph in C x C x R. We observe the evolution of the difference vector
joining points above the same z € {|z—z;| = p} C C: as the tail of the difference vector
runs along y, we keep track (picture on the right) of the normalized difference vector
projected on the second C-factor an observe how it winds around S'. If we are around
an isolated singularity, then we find that the represented map from y to S' has strictly
positive degree. In this particular picture, after having run once along y the normalized
difference vector winds once positively around S'.

singularity it might happen that the difference vector (¢; — ¢, a; — aj)(z) has zero
C-component, so we cannot construct a global function that counts singularities by
looking only at ¢; — ¢;.

With the notations taken at the beginning of this section, we are thus lead to
the following questions:

e can we produce a similar function that is well-defined in a whole neighbourhood
of 0 € D? and whose degree still detects the presence of points in Sing=¢~!?

e can we find a lower bound for the degree of this function, to allow a homotopy
argument as sketched in the introduction?

Remark that we have no information about the structure of C around the origin,
unlike it happened in the situation (7.3). A natural candidate function on D? to
collect the information on the degree of the difference between branches would
be (IT;+j(p; — ¢;), ;+j(o; — aj)). However this function does not solve any
appealing equation.
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To overcome this difficulty we are going to introduce a new 2-dimensional
space w*C that is modelled on the current C but allows to observe the relative
difference of branches without having to separate them and, most important, with
the use of this new space we will be able to write equations for the difference of
branches: this will be crucial in answering the second question.

More precisely, due to dimensional reasons rooted in the problem, we will
produce a function u on the space 7*C x R taking values in C x R: this function
will mimic the behaviour of the difference vector when we are close enough to an
isolated singularity.

Recalling the heuristic ideas from the introduction, we can see that the techni-
cal reason is that we need a function u that vanishes exactly at the singular points
and for which we can take the degree of ﬁ: since the difference of branches is
naturally an element of C x R, we need to add an extra-dimension to 77 *C in order
to have a notion of topological degree.

The core of the proof of Theorem 7.1 will be Lemma 7.8, where we bound
from below the degree of |Z—| Lemma 7.7 is a restatement of Lemma 7.6 in terms
of the new space 7*C x R and of the function u. These two results together allow
the homological argument that yields Theorem 7.1.

Proof of the non-accumulation. Denote by 7*C the following subset of R3 x
R3 x D?:

T e { §= ({1,022 eR*xR*x D? st 3Fjkell---0} }
satisfying §1 = (¢ (2), @j(z)) and & = (¢k(2), ok (2))

By an abuse of notation we will also write {1 = (¢1, o1) and {» = (¢2, o2), more-
over?® we denote 7 = (&) - i.e. w is extended naturally to 7*C.

Observe that C C 7*C as the result of the identification of C with the points
(¢1, &2, z) such that ¢; = ¢». Away from these points, 7*C \ C realizes a smooth
2-dimensional oriented submanifold of R* x R x D? with local chart given by z.

On *C we define the function

d®) =10 — ool =/l P + o1 — 2l

which is smooth and non-zero on 7*C \ C. On 7*C \ C we define

o) — ap]?
ot — 2 |? + lo1 — @22
Let ¢ be a smooth non negative compactly supported function satisfying

b(s) = {1 fors < 1,

A(§) =

0 fors > 2.
For 1 > § > 0 we denote ¢s(-) = ¢ (-/$).

26 Here ¢i (i € {1,2}) will always be an element of R3 of the form (¢j(2), aj(2)); it should not
be confused with the complex coordinate ¢ in C; x C; x R, used in Sections 5 and 6, which will
anyway not appear in this section.
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Let § < 1 be a regular value of the function A on 7*C \ C we define a
stretching-contracting map

S; : R — R

in the following way : Ss is axially symmetric about the z-axis, |Ss(x, v, z)| =
[(x, y, z)| and the following conditions are satisfied:

2
S5(x, y,2)= o,o,\/ﬁ if— o,
5(x, y,2)=s8n(z) ( X2y +z27) i 24212 =

ZZ

if ¥————5 < =,
x24y2 422 2

Ss(x,y,2)=
Ss(x,y,2) =(x,y,2)

. .. 2
with a smooth join for % < m < § chosen so to ensure det(DSs) > 0.

Denote by N the following 3-dimensional manifold:
N:={Ene@"C\C)xR}.

Set
1

D = Dj = .
L1
)

Observe that D > 0 has been chosen in particular in such a way that
Dl ar —ml < lg1 2] = AG) =8 = ps(AEN =1. (.12

At this stage we are going to make a short digression to choose a suitable value for
8 < 1 (besides the requirement that § be a regular value of A), which will be kept
throughout the rest of the section.

Let R be the radius of D?. Denote by B, forr < R, the part of 7*C \ C above
the set {|z| < r}, By := n—l(Brz(O)). For any § < 1, express the set {A > §} as the
union of its connected components, i.e. {A > §} = U,-Af;. We are going to prove
the following claim: there exist 6 < 1 and7 < R s.t.

Vi andVr <7 ALN3B, A0 = A\NIBr =0. (7.13)

To prove the claim, we argue by contradiction: assume the existence of sequences
8p — 1, r, — 0 for which we can always find a connected component intersecting
both 0 B;, and 9 Bg. Then we can choose C ! curves Vn, parametrized by arc length,
joining 0B, to dBg and staying inside the corresponding connected component.
Up to a subsequence, by Ascoli-Arzela’s theorem, we can assume the existence of
a uniform limit curve y, joining O to d Bg. The function A is greater than §, on the
image of y;,, therefore

bp—=1=>Aoy=1= g1 —¢p| > 0asn — occ.
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The limit curve y could a priori be merely continuous and not C'. We can write,
from (7.5), for any n and for any ¢ in the domain of y;,:

t
a1 — a2l () < lo1 — 021 (7 (0) + Ko /O a1 — a2l (7a(s)) ds.

Sending to the limit as n — oo

t
lar —aa|(y (1) =< KO/O lar — a2[(y (s)) ds,

thus a1 — «y is identically O on the curve y; here ¢ — ¢, also vanishes and therefore
the image of y is a line of singularities, contradiction. Thus the claim is proved.
End of the digression.

Now, for the § just chosen, take any positive r < 7 arbitrarily small and such
that 7~ 1(d B,2 (0)) does not intersect the set of z; satisfying (7.1). Let

d)
JiT D2

By the assumption on r, g9 > 0.
Let ¢ > 0 be a regular value less than &g for the function |¢; — @2|. Denote by
g the following function on 7*C \ C :

g0 1= inf{ D Ee(T*C\ O) mn—l(aBE(O))}.

g6 = — P

max{|a; — a|, De}

Observe that since (C L B>) \ {0} is assumed to be a smooth Special Legendrian
curve and since (¢;(0), @;(0)) = (0,0) for all j, |1 — v |7 1({e}) is a smooth
compact curve in 7*C \ C for any regular value ¢ > 0. Observe moreover that
since &€ < g9 we have that

(*C\(g: A© > )N (lo1 — 2l T (D) N7 @BIO) =9 (7.14)

Define the open set U in 7*C \ C made of the connected components of {A > §}
that intersect B, = 7! (Br2 (0)) (and therefore not 0 Bg thanks to (7.13)).

For any fixed r < 7, choose ¢ small enough as follows: firstly, ¢ < &g; sec-
ondly, take

e <min{lp1 — 921(6) : £ €3 (U N (Br\ B)\ 0B, CoU|.

The minimum on the r.h.s. is strictly positive. Indeed, if it were 0, then either we
would have a singular point that realizes it, or a smooth point where A = 1. In
the former case, Lemma 7.5 tells us that there is a neighbourhood of the singularity
where {A < %}, therefore it cannot be a boundary point of U, since in U we have
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A > §. In the latter case there ought to be a neighbourhood where {A > 4}, so it
could not be a boundary point.
Finally define the open set in 7*C \ C

Yer ={lo1 — g2l <€}NBHYUU.
¢ r has the following properties:

(1) z1 € m(Ze,) = z1 € w(B;), since there are no singularities in U
due to Lemma 7.5;

lo1 —@2|(p) = ¢ lo1r —@2|(p) > €

WP et = {A@) <5 " aw =s.

solgl=,/+—1=D"'ondz,,.

Thus § and ¢ have been chosen in such a way that 0%, , is a closed smooth compact
curve in 7*C \ C which is included in the level set |g|~'({D~'}). Remark that
0%, is obtained by homotopy from the loop 7~ Y|z| = r} without crossing any
singularity of C C 7*C.

On N we define the map v given by

v:N— §2

(36). a1~ +1g50AE)
VIEEP +lar —az + 15 0 A(E)?

Observe that [g(£)|2 + o] — a2 + £ 5 0 A(£)]? = 0 implies that |@; — @2| = 0. If
o] — ap # 0 then ¢s o A(§) = 0 and hence we would have |o; — ap| = 0 which
is a contradiction. Hence v is well-defined smooth map on N. Finally define the
S2-valued map u by

&0 —

u:=Ssov ‘N — S2.
On the complement of X, , the map v simplifies to

_ G®.a—a+
VIgE P + oy —ag + 12

From the definition of Sj, for any two-form @ on S* we have hence that, on N \
(Zer x R), (S5 0o v)*w = 0 for |¢| > 1/¢ (Assuming without loss of generality
that d (&) is bounded by 1 on 7*C). Hence the degree of u restricted to any closed
compact curve in the complement of X, , times R is well defined since in N \
(2¢r x R) we have u* # 0 only on a compact set.

The rest of the section is occupied with the proof of the following two lemmas,
which will imply by a simple homotopy argument that can be found at the end of
the section, that the number of z; is uniformly bounded and Theorem 7.1 will be
proved.

v(§) (7.15)
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Lemma 7.7. For any z; as in (7.1) and for p > 0 small enough

/ o > 1,
71 (9B2(z) xR

where w is an arbitrary 2—form on S* such that /. go=1

137

(7.16)

Lemma 7.8. Under the previous notations, there exists a constant K € R™ in-
dependent of r and ¢ such that (the indexes of the two-form are to be understood

mod 3)

3
/ u* Zx-’ dx’ TP Adxi V) > —K .
8251 xR i=1

Proof of Lemma 7.8. This constitutes the core of the proof of Theorem 7.1.

(7.17)

Recall that |g(§)|= D londx ¢.r- Denote A the following function on ¥, , xR

AE D) =D 2+ (@) —op +1)2.

We additionally denote by w the following C x R-valued map?’ on X, x R :

(gE),a1—on+10)
5 .

w(,t) =

Observe that w = von 9%, x R.
First we claim that

/ [(Ss 0 w)*(dx' Adx*> Adx®)| dH?> dt LN < +00.
e r xR

We now prove the claim (7.18). We write on one hand
Si(dx' A dx® Adx®) = det(DSs)(y) dy' Ady* A dy?
and locally on the other hand

w(dy' Ady> Ady?)= 2T3dfN Adf? Ad(ag —an + 1)

(7.18)

+A72dr A (f‘ dfz—fzdf1> Ad(ay—aa+t) (7.19)

+A72 (@ —a+ 1) df Adf? AdrT,

where?® locally f(z) = f'(2) +if?(z) := g'(£(z)) +ig?(£(z)). Observe now that

the following 3- and 2-forms are zero

df' AdfP Ad(a; —a2) =0 and dA"'Ad(a) —ar+1) =0.

27 Sometimes we will also look at w as a R3-valued map.
28 g1 and g2 denote respectively the real and imaginary part of g.

(7.20)
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Hence (7.19) becomes, from the definition of A,

w*(dy' Ady* Ady®) = AT3df Adf? A de
— 2 —ar + )2 df Adf A de (7.21)
=27 D2 df Adf? Adt.

We rewrite
w(dy' A dy? Ady?) = 'Ex—5 D2 [|azf|2 - |85f|2] dz NdZAd.  (122)

We first estimate the following integral:

+o00 —+00 dt
/ det(DSs)(w(&, 1)) A7>dt < Cs / —————— <Cs.  (7123)
—00 — 00 (D—Z + .52)5
Observe that
VAl < e 'D7'V(g1 — @)l + e 2D 2|p1 — 2| V(r — ). (7.24)

Since fD2 Z]'Q:1 (|V<pj|2 + IVozj|2) < 400 combining (7.20), (7.23) and (7.24) we
obtain the claim (7.18).

We now establish the lower bound (7.17). To that purpose we compute an
equation for f.
From the equations in (7.2) we deduce that locally

0z (@1 —@2) =v (@2, a2) 3, (g1 — @2) + [v(e1, a1) — v(g2, a2)] 3;¢1
+u(er, ar) — u(ez, a2), (7.25)
V(ay —az) = h(r, a1) — h(p2, az).

‘We have that

oz(¢1 — ¢2) Ozl — oz

f o —ay|>De . (7.26)

0z f =

o max{|a; — ar|, De}

max{|a; — az|, De}

where 1|4, _q,|> De is the characteristic function of the set where |a; — az| > De.
Inserting now (7.25) in (7.26) we obtain

9.(p1 — ¢2) [v(g1, a1) — v(g2, a2)]
dzf = v(p2, x2) - + d.a
max{|o; — ay|, De} max{|o; — az|, De} 727
w(pr, ar) — u(pz, az) Ozlay — az] .

- f llal—a2\>Ds .

max{|a; — ar|, De} max{|a; — ar|, De}
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From (7.27) we deduce

0l — a3
0= = v(p2, @) B f + (g2, @) f Ny ar}De ——

max{|e; — az|, De}

[v(p1, a1) — v(g2, a2)] b.ar + w(pr, a1) — u(gp2, az) (7.28)
max{|o; — az|, De} max{|o; — as|, De}
Ozlor — ]

— 1y — D .
S diar—al>e S ton —anl, De)

Using now the second equation in (7.25) we obtain the existence of a constant
Ko > 0 such that

IV(er —a2)| = Ko [lo1 — @2 + |y —a2]] . (7.29)
This later fact gives

V(o —az)
max{|o; — as|, De}

‘ <Ko [IfI+1]. (7.30)

Combining (7.28) and (7.30) we obtain the following bound : there exists K; > 0
and K, > 0 such that

0:f = V(g2 @) 0 f| < KL [F1+ 11 gt + K2 [IFP+1] . (31)

From (7.22) we have that

/ (Ss o w)*(dx' A dx?* Adx?)
e xR

|

i +oo
/ D—2[|azf|2— |85f|2] dzndz (/ det(DSg)owA_sdt).
7(Ze,r) —00

Since det(DSs)(y) > 0 on R3,

(7.32)

+o00
n(z) := / det(DSs) ow A2 dt > 0.

—0o0

Moreover we also have the following bound given by (7.23)

n=Cp==0Cs. (7.33)
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Using (7.31) we then deduce the following lower bound:

f (Ss o w)*(dx' A dx?* A dx?)
e XR
) 2 2 i _
z/ D [1 =22 a2l fP] n Sdz Az (7.34)
7(Ser) 2

= o [HEDP 11 P a2 (P12 Sdzndz.

Using the fact that | f(z)] = |g(€)| < D~! on X, and that, for » small enough
|[v(p2, @2)| < 1/2, we obtain the existence of a constant K5 such that

f (S5 o w)*(dx' A dx? A dx>)
2 r xR

(7.35)

Q .
> —K(;/ 3 [|Vg0j|2+1] Ldzndz> —K,
D2 j=1 2

with K > 0 independent of r and ¢.
Recall now that w = v on 0%, , x R. Then by Stokes theorem

3
/ (S5 o w)*(dx' A dx* A dx?) =/ (S5 ow)* (ij dxj+l/\dxj_1)
Y xR

8281 xR i=1

3
:/ (S5 o v)* <ij dxj+1/\dxj_l> )
9

284',‘ XR i=1

This is the desired lower bound (7.17) and Lemma 7.8 is proved.
O

Proof of Lemma 7.7. The result follows straight from Lemma 7.6. Observe that, by
Lemma 7.5 and by homotopy, the degree computed there is the same as the degree
of the function

on the loop {|¢; — ¢j| = &} around z;. By the same computation performed in
(7.32) (we can take without loss of generality w = Z?:l x/ dxitt A dxI 1), since
the degree of g is exactly fn(zw) D2 [|8Zf|2 — |83f|2] 5dz A dz, we get that the
degree of S5 o w is strictly positive. O
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Proof of Theorem 7.1. We argue by contradiction. If we had countably many sin-
gularities of the form (7.1) accumulating onto 0, around each such singular point,
on 7 1(d Bg (z1)) x R, we would have a strictly positive degree for u, thanks to
Lemma 7.7. Let us observe, however, the degree of u on d B, x [R; this is the same
as the degree of u on 0%, ¢ x R, since these two 2-surfaces are homotopic and we
do not cross any singularity during this homotopy (see (ii) on page 64 and recall
that u is smooth out of the singularities). Choosing r smaller and smaller, we must
then have, under the contradiction assumption, that the degree of # on d B, x R goes
to —oo as r — 0, which contradicts Lemma 7.8. O
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