Ann. Scuola Norm. Sup. Pisa Cl. Sci. (5)
Vol. IX (2010), 725-758

Reconstruction of an unknown inclusion by thermography

VICTOR ISAKOV, KYOUNGSUN KIM AND GEN NAKAMURA

Abstract. We establish a probe type reconstruction scheme for identifying an
inclusion inside a heat conductive medium by nondestructive testing called ther-
mography. For the one space dimension, this has been already achieved by Y.
Daido, H. Kang and G. Nakamura. The present paper shows that their result can
be generalized to higher space dimension.

Mathematics Subject Classification (2010): 35R30.

1. Introduction

Thermography is a nondestructive testing to extract the information of unknown
cracks, cavities and inclusions inside a heat conductor. This is a typical inverse
problem in industrial and medical engineering. The information we want to know
via thermography are their size, location etc. The procedure of thermography is to
apply a heat flux (sometimes called thermal load) to the surface of the heat conduc-
tor and measure the resulting temperature over certain time. This procedure can be
repeated several times and we can superpose the measured data. For more details,
we refer [3,16,17].

In this paper, we are concerned with a mathematical study of thermography.
In particular, we want to recover an unknown inclusion inside a heat conductor by
thermography. Under some mathematically idealized situation, we will provide a
mathematically rigorous scheme to reconstruct the unknown inclusion by boundary
measurements. In the rest of this introduction, we first introduce several notations
used throughout this paper to formulate our inverse problem and refer to the known
results on the problem.

Let Q be a bounded domain in R"” (1 < n < 3) with C 2 boundary if n > 2.
We consider a heat conductor € with an inclusion D such that D C Q, Q \ D
is connected and D is of class C1% (0 < o < 1) for simplicity. Let the heat
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conductivity y (x) in Q be given as follows:

1 forx e Q\D,

1.1
k forx e D, (1.1)

y(x) =

where k is a positive constant which is not 1. That is, by using the characteristic
function xp of D, y(x)is given as y (x) = 14 (k—1) xp. This is the most simplest
case for the heat conductivity. We will comment later at the end of this section on
more general case for the heat conductivity.

For simplicity, we denote B x (17, T2) and B x (0, T) by B(r,,15) and Br,
respectively, foraset B. H4(2), HP (02) and H?"" (Qr) with g, r € Z4 := NU{0}
and p= % denote the usual Sobolev spaces, where g and r in H?" (Q27) denote the
regularity with respect to x and , respectively. Also, for an open set U C R*+1,
q,r € Zy, H?" (U) is defined likewise H?" (Q27). Thatis, g € H?" (U) if the norm

172

llgllgar @) = / a“a{‘g‘ drdx
alt2k=q
k<

is finite. A function f(x, t) is said to be in L2((0, T); X) if f (-, t) takes a value in
a Hilbert space X for almost all # € (0, T') and

T
||f||iz((0,T);X) :‘/0‘ ||f(, t)||§(dt < OQ.

Let W(Qr) := {v € L>((0,T); H{(Q)); v € L>(0, T); (H'(Q))*)}, where
(H'(2))* is the dual space of H'(Q).

In this paper, we also use the Hormander’s notation for function spaces to
handle the mixed type boundary condition. Namely, when X is an ambient space,
let Y be a subspace of X where 0Y # ¢ and 9Y is of Lipschitz class. Then a
space . H’ (Y) consists of distributions which have extension to X and we shall write
HP (Y) for a space of distributions in H?” (X) supported by Y. It is well known that
there are dualities. For dual spaces (HP(Y))* (HP(Y))* of H"’ (Y), HP(Y), we use

H™PXY):=H"(Y)*, H "(¥):=HX)"

(See Hormander’s book [10].)
Let 0€2 consist of two parts. Namely,

AQ=rPUrV,

where T'? and 'V are open subsets of 92 such that '? N TN = ¢ and for n = 3,
the boundaries ' of I'? and TN of 'V are C? if they are nonempty.
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Now consider a boundary value problem to find a unique weak solution u =
u(f, g) € L*((0, T); H'()) which satisfies

Ppu(x,t) := du(x,t) —dive (Y (x)Vyu(x, 1)) =0 in Q7
u(x,t) = f(x,t) onT2,  du(x,t)=gx,t) onlN, (1.2)
u(x,00=0 forx e Q

1 -
for a given f € L?((0, T); H2(I'?)) and g € L*((0, T); H~2(TN)). In another
words, by assuming the initial temperature of a heat conductive medium €2 is 0 and
the temperature on FTD is f, it is to determine the temperature u = u( f, g) induced
in Q7 after applying the heat flux g on F¥ . Here d,u = Vu - v with outward unit
normal vector v to 9€2.

It is well known that the boundary value problem (1.2) is well posed( [19]).
That is, there exists a unique solution u = u(f, g) € L*>((0, T); H'(Q)) to (1.2).
Further, if T? # @, and f(-,t) = 0 = g(-,t) (t > T)) with0 < T’ < T,
then u( f, g) has the decaying property. That is u( f, g) decays exponentially after
t = T’. Based on the fact that (1.2) is well posed, we define the Neumann-to-

1
Dirichlet map A p as follows. For fixed f € L*>((0, T); H?(I'P)), define

Ap : L2((0,T): H=2(T'N)) — L2((0, T): ﬁ%(r’v))

Now, we take the Neumann-to-Dirichlet map A p as measured data. Then, our in-
verse problem is to reconstruct the unknown inclusion D from A p. This means that
by fixing the temperature on I'? to f, we repeat conducting a measurement many
times which puts a heat flux g on 'V and measure the corresponding temperature
on I'V over the time interval (0, T'). Taking the map A p as measured data is of
course impractical. However, when I'? # ¢ and f = 0, we can actually repeat the
aforementioned measurement many times due to the decaying property of u(f, g).
We can even superpose the measured data to generate A p approximately.

The uniqueness and stability of identifying D from A p has been already pro-
ved in [7] and [6], respectively. Further, as for the reconstruction Y. Daido, H. Kang,
and G. Nakamura [4] gave a reconstruction scheme for one space dimensional case.
It is an analogue of the probe method which was introduced by M. Ikehata [11] to
identify the shape of unknown inclusion in a stationary heat conductive medium.
They developed a theory how to adapt the probe method for the stationary heat
conductive case in one space dimension to the dynamical heat conductive case in
one space dimension. We will call their theory dynamical probe method.

The main purpose of this paper is to generalize the result of [4] to higher di-
mension in the case that the inclusion D does not depend on ¢. The new ingredients
of this paper are the followings:

(1) We slightly modified the definition of the indicator function introduced in [4]
for our purpose. Here, the indicator function is a mathematical testing machine
to identify D and it is defined in terms of the measured data A p.
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(i) We gave an explicit form for the dominant part of the reflected solution, which
is the key to analyze the behavior of the indicator function.

More precisely, indicator function is defined in (2.14) as a limit of a pre-indicator
function which is defined in Definition 2.3. By finding a special function called
reflected solution (you can find it after Lemma 2.4), we can see that it is enough
to know the behavior of the reflected solution to know that of indicator function
(Theorem 2.8). For the reflected solution wy sy, we decompose it in terms of some
fundamental solutions as follows:

W(ys) (X, 1) ={Ex,1;y,5) =T (D), 1; D(y), )} + {T-(P(x),1; D(y), 5)
—T(Dx), 15 @(y), )} +{[(P(x), 1; D(y), s) — [(x, 15y, 5)}
+{C(x,2;y,8) — Viy.0(x, D}

Meanings of each function in this decomposition are explained in Section 3. Spe-
cially, the second brace is the dominant part of the reflected solution, which is
analyzed in Lemma 3.4.

We would like to remark here that it is possible to develop the dynamical
probe method for the heat conductivities of general forms. They can be a piecewise
C* (0 < pu < 1) smooth anisotropic conductivity with discontinuity everywhere
across d D. These further development will be published elsewhere.

The rest of this paper is organized as follows. In Section 2, we will state
our main result. Its proof is given in Section 3. appendix includes some detailed
computations we postponed in Section 3.

ACKNOWLEDGEMENTS.  We would like to thank the referee for many useful
comments to improve our paper.

2. Main result

For (y, s), (v,s") € R® x R, let '(x, t; y, s) and T*(x, ; y, s’) for (x, 1) € Q7 be

1 lx — yI .
—_— X — . > S,
T,z y,5) = [dr -2 P | 40—y 2.1)

0, t<s,
0, t>s,

I*(x,t;y,5) = 1 lx — y|? / (2.2)
N =2, r<s.
[ar (s — 02 P | T4 =) =7

Then, Pyl (x,t;y,5) = (0 — A)T(x,t;y,5) = 0if (x,1) # (y,s) and
PyT*(x,t;y,8") 1= (=0 — AT (x, t;y,8") = 0if (x,1) # (y,s). Let
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G(x,t;y,s) be a solution of

PoG(x, 13 y,8) = 8(x — )8t —s) in  Qr,
G(,y,5)=0 on FIT),
G(x,t;y,s)=0 for xeQ, t<s

and G*(x, t; vy, s) a solution of

PyG*(x,t;y,5") =8(x —y)8(t —s') in Qr,
G*(,;y,5)=0 on TP,
G*(x,t;,5)=0 for xe€Q, t>s

such that
G(x,t;y,8) —T(x,t;y,8), G*(x,t;y,5) —T*(x,t; y,5) € C®(Qr).

Now we prove Runge’s approximation theorem. We follow the lines in [4]. But
we need a slight modification because we are dealing with mixed type boundary
condition.

Theorem 2.1. For TO/ < Ty < T1 < T}, let U be an open subset of Q(T(;’Tl/) such
that
oU is Lipschitz;
U C Qy.1py and gy 7y \ U) N {t =0} 2.3)
are connected for all 0 € (T, T)).

For further reference, we say U satisfies property (R) in Q(To’,T{) if U satisfies (2.3).
Then, for any open subset V of SZ<T(;’T1/) suchthatU C V.CV C Q(T(;,T,’) and any
v e H>\ (V) satisfying

Popv=0 in V,
v(x,t) =0 forall(x,t) eV with Tj<t <T,

2.4)
there exists a sequence {v/} C H>! (Q(T(;,T()) such that
P@Uj =0 in Q(T(;’Tl/)’
v =0 on TP x(Ty,T), (2.5)
v (x,t)=0 forall (x,t)e Q x (T, Tol,

and v/ converges to v in L>(U) as j — oc.
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Proof. Let X be the collection of all v € H>!(V) satisfying (2.4), and Y be the
collection of all u € H>! (Q(To/’Tf)) satisfying (2.5). We prove that Y is dense in X

in L2(U) norm, in other words, that if f € L2(U) satisfies (f, “)L2(U) = 0 for all
u €Y, then (f, U)LZ(U) =0forallv € X.

Suppose that f € L*(U) satisfies (f, u)2qy = O forallu € Y. Define F by

P f inU,
’ 0 in Q(TéaT{) \ U.
Then there exists a unique w € H Z’I(Q(T(;’T{)) satisfying
Pgw =F in Q(TO,,T]/)’
w=20 on 89(7‘0/’7“1/), (26)
wx, 7)) =0 for x € Q.

(For a solvability of (2.6), see, for example, [19].) For any u € Y, we have

0=/qu=/§2
“Je

Then we obtain d,w = 0 on (IR \ F_D)(T(;,Tl’)s since u|yo

uPjw  dxdr =/ (uPjw — wPgu) dxdr

Q
) )

(woyu —uo,w) dodr = —/ udyw dodr.

Q2
1) 1)

e L2((T§, T));

(.1
H > (0€2)) can be taken arbitrarily except the condition # = 0 on o x(r, T{ ).
Then using the unique continuation property (cf. [12]), we get

w=0 on Q(T(;,T{) \U. 2.7)
Let v € X. Then, by (2.7), we have
W, Nr2w :/ vf = / (vPyw — wPgv)dxdt
U U
= / (wdyv —vdy,w) = 0.
oUu

Here, we extended the meaning of 9, to denote the outer normal derivative on oU.
This completes the proof. O
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Remark 2.2. An analogous theorem can be obtained for the dual problem corre-
sponding to the operator PPj. By the interior regularity [14, Theorem 7.13], we also

have the convergence v/ — vin H*1(U) if we shrink U a little bit.

1 . —va
Let f € L%((0, T); H>(I'®)) and g € L%((0, T); H_%(FN)). For arbitrarily
given ¢ > 0, let us consider two points (y, s) and (y, ") in Q(_¢ 74¢) With s # s'.
Then by Theorem 2.1 and Remark 2.2, we can select two sequences of functions

{ (} s)} and {‘/f( /)} m H (Q(—s,T+e)) such that

ng(y 5 =0 n Qcer4e),
vy (1) =0 if —e<r<o,
(y’s)_>G(’ ;y,s) in HR'(U) as j— oo,
and
P*W(\ s T in Q(—e,T+g),
w(’ =0 on TP x (=& T +e),
1ﬂ(ys/)(x =0 if T<t<T+e,

w(ys,)—>G(,,ys) in H>'(U) as j— o

for each open set U in Q(_¢ 74) Which satisfies property (R) with T; = —¢, T| =
T + ¢ and does not contain (y, s) and (y, s').
Let v and i be functions such that

Pgv =0 in Qe 7140, Py =0 in Q¢ 174e),

v=f onTP? x (=g, T +¢), ¥v=0 onlP? x (—&,T+e),
v=0 onTVN x (—¢, T +e), Y=g onTV x (=&, T +e),
v(x,0) =0 forx e Q, Y(x, T)y=0 forx e Q.

For j =1,2,---, we define

{ o) =V o, ) 2.8)
Yy =¥+ ‘”(y sy

Then sequences {v(jy s)}, {w(jy S,)} are to be sequences of approximate functions sat-
isfying

v(])_r,s) - V()HS) =v+G(, y,s)

w(Jy,s/) - \I”(yasl) =Y+ G*(-, y, S/)

in H>'(U) as j — oo.
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Definition 2.3. Let (v, s), (v, s’) € Q7 be such that s # s/, and {v{y,s)}, {1/f(jy s C

H 2’1(9(—3,T+e)) be sequences of approximate functions given in (2.8). Then, we
define the pre-indicator function I (y, s; y, s) as follows.

I(y, s'; y,8) = jll)n;o /FN(A(Z) - AD)(avU{y’s)“‘y) av@/f(]y’s/)lrydo’xdt
T

whenever the limit exists.

This pre-indicator function will be used later to define an indicator function
which is a mathematical testing machine to identify the unknown inclusion.
For approximate functions {v(]y’ S)} CH 2'1(9(_5,“_5)) given in definition a-

J - J J S A | J
bove, let Uiy sy "= u(f, va(y’s)lrva) and Wiy sy = Uiy ) ™ Viys) Then, Wiy )

satisfies the following mixed boundary value problem

Pow(,, = (k= Ddiv(xp Vv, ;) in sz}€
J — D J —
Wiy, = 0 onl7, avw(y’s) =0 onl7,

w{y’s)(x, 0)=0 forx e Q.
The derivation of Lemma 3.2 in [4] gives the following result.

Lemma 2.4 ([4]). Let (y,s) € (2 \ D)7. Then the sequence {w{y s)} has a limit
W(y,s) in W(Qr) satisfying

PDw(y,s) = (k — l)diV()(DVV(y,S)) in QT,

Wy =0 onTR dwyg=0 onTl, (2.9)
Wy (x,0) =0 forxeQ.

We call wy g the reflected solution.

Proposition 2.5. For (v, s), (y,s') € (Q\ D)7 such that s # s', we have
I(y,s';y,8) = (k— 1)/ V(wey,s) + Viy,s) - V¥(y ¢ndxdt.
Dr

Remark 2.6. The proofs of this proposition and the next theorem look similar to
those in [4]. The differences of proofs happen because we are dealing with the
mixed boundary value problem.
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Proof of Proposition 2.5. For simplicity, we drop the subscripts (y, s) and (y, s’).
By the definition of Neumann to Dirichlet map, we have

/(A@—Am(avvf)avwf=/ (v-’—uf)avw-’=—f w’ B,y
ry ry y

=_/ w’ 9,y =_f (Vw’ - V! +wl Ayd)

QT Qr

- —/ [y — (k= Do)Vl - V4w Ay
Qr

=—/ yoow/ i+ [ [V (yVw)yl+k — DxpVw’ - Vi —dwiy/]
QT Qr

= [ [=tk—=DV-xpVvHY! + (k — DxpVw! - V']

Qr

=Gk-1D[ V' +w)) vyl
Dr

Let U C Q(—¢ 7+¢) be an open set with property (R) in Q(—¢ 74¢), (v, 5), (v, 5) &
Uand Dy C U. Since u/ = v/ +w/ — V + win H0(U), we have

/N(A@—AD)(avvj)avl//je(k—l) V(V 4+w) -VWdxdt as j— oo.
ry Dr

This completes the proof. O

Moreover, we can derive the following representation for pre-indicator func-
tion.

Theorem 2.7. For (y, s), (v,s') € (Q\ D)7 with s # s', we have

I(y,s'5y,8) = —/N Wiy, Wdoxdt — | [dw(y0G*(, -y, s")
) Qy

+ Vwys - VG*(-, 3 y, s")]dxdt.
Proof. For ¢ € W(Qr) with ¢(x, T) = 0 for all x € Q and <p|FTD = 0, we have
(—wdp +Vuw - Vo) = / [0;wp + (y — (k— D)xp)Vw - Vo]
Qr

Qr

=/ a,w¢+/ yavwga—/ [V (yVu)g + (k — DxpVuw - Vol
Qr QT Qr
[ G-V GoVVIe— k-1 [ Vw.Ve

Qr Dy

=—(k-1) V(V +w)-Vo.
Dt
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That is,

/ (—wdheo+Vw-Vo)=—k—-1) | VIV +w)- Vg (2.10)
Qr Dr

for all ¢ € W(Q2r) with the properties ¢(x, T) = 0 and (p|1~? = 0. Let us consider

an open ball B, (y, s) of radius » > 0 centered at (y, s) in R"*! and use B, for

B.(0,0) for brevity. For 0 < r < R < oo, let n € C{P(R"!) be such that

0<n<1l,p=1o0n B,,supp(n) C Bg,and |Vyn| < %. For e > 0, let

x—y t—s
na(x’t) :77< P} 2 )
& £

Since (y, s’) & Dr, there is & such that 5, = 0in D7 forall 0 < ¢ < &g. From
now on we suppose that & < g and fix an open set E with supp(n;) C E C E C
(2 \ D). We can further assume that (y, s) & E by taking smaller y. Substitute
¢ = (1 — 1)V in (2.10). Then we have RHS of (2.10) = —1(y, s’; y, s) and

LHS of (2.10)= [—wo,¥Y+Vw- -V¥[+ [ [wo;(n:¥)—Vw -V(n.¥)]. (2.11)
Qr Qr
By the way, we have
[—wo, ¥ + Vw - VY] = [—woy + Vw - V]
QT QT

+ [—wd;G* + Vw - VG*]
Qr

=/ [—waz\/f—WA'//]+/ WY
QT BQT

+ | [8wG* + Vw - VG*]
Qy

= f wo,r + [B;wG* + Vw - VG™].
N Qu
T K}

For the second term in (2.11), we have

[wd;(neW) — Vw - V(e W)] = / wd; (ney) — Vw - V(ne )

Qr Qr

+ / wd, (1:G*) — V- V(1 G*)
Qr
= _/ [8twns‘p + Vuw - Vnslﬁ + Vuw - Vkﬁns]
Qr

— | [Bwn.G*+Vw-Vn.G*+Vw -VG*1,].
Q.
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Since ¥, Vi, G*, VG* € L'(Qr) and w € C®(E), we can see that each term
below

/ drwne Y, f Vw - Vi, / 8twn€G*a / Vuw - VG*ns
Qr Qr Q, Q

s

Ix—y> (' —1)?
=1

goes to zero as ¢ — 0. Set O, := {(x,1) € R**!:
.

Then, we have

/ Vw-VnsW‘ =
Qr

/ Vw-Vnew‘
E

c 1/2
— Il sup|Vw|U dxdt]
s(R—r) " Oy (0er\Qer)NQr

n n
=Cle ezt =C"¢2 - 0 ase — 0.

Finally, for the term

J

Vw - Vn.G* = / Vw - Vi, G*
ENQy

S,

= / Vw - Vi (G* —T%) + / Vw -V IT*
ENQ, ENQ,

=L+ 1,

we get

Cc
[I}] < ———sup|Vw| sup |G*_r*|/ dxdt = Cle= 12 5 0
8(R - r) E ENQy (Q:r\Qer)NQy

as & — 0 and

[I>] < sup [Vw| M dxdt
E

=
8(R — r) (QSR\Qer)mQS/
1
<(Cle! / S S
(Br\B)N{0<r <5} (4re2T)"/
=C"¢e >0 ase—0.

€17 nt2
xp[—?]s dédr

This completes the proof. O

Finally, we have the following representation formula for the pre-indicator
function in terms of the reflected solution.
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Theorem 2.8. For (y,s), (v,s') € (Q\ D)7 withs # s', we have

I(y, s’ Y, 8) = —wey,5) (Y, s — /N W(y,s) (X, )0, ¥(y,¢)(x, Hdo,dt. (2.12)
r

T

Proof. For an arbitrary positive constant ¢, let G¥(x, 1; y,s") = G*(x, t; y, s’ + €).
To begin with, we prove the following:

I(y,s';y,8) =— /N wo, ¥ — g]im B;wGE + Vw - VGY). (2.13)

ry =0Jq,

Choose § > 0 sufficiently small so that Bs(y, s") N D7 = . Let n be a smooth cut-
off function supported in Bs(y, s’) such that n = 1 near (y, s’). Then by Theorem
2.7 we have

I(y,s';y,s)+ /N wd, Y + A 0wGE + Vw - VG¥)
FT s/

= / N[ w(G* — G*) + Vuw - V(GE — G*)]
Q

+ | A =nBw(G; — G*) + Vw - V(G; — G")]
QS,

=11 + Db.

Since (1 —n)(G} —G*) = (1 —n(G}; —T}) —(G* —T*)+ ('} —I'*)] is smooth
in Q¢ and tends to zero as ¢ — 0 together with its derivatives, we have

|12 < ||3tw||L2((o,s/);(H1(Q))*)||(1 - n(G; — G*)HHLO(QS/)

+ [IVawl[ 2 ) I(1 = MV (Gy — G*)||L2(QS,)’

and hence |I;] — Oase — 0.
On the other hand, w is smooth in Bs(y, s’) and V. (G} — G*) converges to 0
in L'(Bs(y, s)) as ¢ — 0. It then follows that

11| < CUIGE = GHlIL1By(y.sy) F IV (GE = GOIL1(By(y.57) = O

ase — 0.
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Thus we have (2.13). By integration by parts, we get

@G+ YW V6 = | (-wi Gl - waG))
—1—/ w(x,s)Gi(x,s'; y,s’)dx—l—/ wd, G
Q IRy
:/ w(x, sG*(x, s’; y,s'—{—s)—l—/ wd, G}
Q a2

=/ w(x, s)(G*(x,s";y,s" +e)
Q
—T*(x,s"s .5 +¢)

+/ w(x,s’)F*(x,s’;y,s’—i—s)—i—/ wd, G
Q 0Qr

Note that for any ¢ > 0
G*(x,s;y,s" +&) —T*(x,s; y,s" +¢)

is C®°(Qr) and goes to G*(x,s"; y,s") — '*(x,s";y,s’) = 0as e — 0. Since
M(x,s";y,5"+¢)=T(x,¢; y,0) and I'(x, ¢; y, 0) is the forward heat kernel, we
have

lim | w(x,s)C(x,e;y,0)dx = w(y,s).

e—=0Jq

Therefore, we get

1(}’7 S/; Y, S) = - /N w(y,s)(-xv t)avw(-xv t)doxdt - w(y,s)(ya S/)
r

T

- /N w(y,‘v)(xvl)ava*(x, t;y, s)do,dt
r

T

—W(y,5) (Y, s — / W(y,s)(x, )0y, W(y ¢ (x, t)do,dt. O
FN

T
Now we are ready to define the indicator function.

Definition 2.9. Let C := {c(1); 0 < A < 1} be a non-selfintersecting C I curve in
2 which joins ¢(0), c¢(1) € 9€2. We call such a curve C a needle. Then, for each
c(X) € Q and each fixed s € (0, T'), we define the indicator function J(c(1), s) by

J(c(A),s) = 61i_1)r(1)1i1§1¢%)nf|1(c(k —68),s+ €2 c(A—=96),s5)| (2.14)

whenever the limit exists.
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c(0)—=X )

c(0)

c(

Theorem 2.10 (Main result). Let C be given as in Definition 2.9 above. Then, for
afixed s € (0, T), we have the followings.

(1) Ifthe curve C is in Q2 \ D except ¢(0) and c(1), then J(c(X), s) < oo for all A,
0<xr=sl

(i) IfCND # @, let hs (0 < Ay < 1) be such that c(hs) € 0D and c(X) €
Q\ D (0 < A < X;). Namely, c(ry) is the point at which c first hits 9 D. We
call c(Ay) the first hitting point. Then,

Ay =sup{l0 <A < 1; J(c(X),s) <oo forany0 <A <A} (2.15)

Remark 2.11. Based on Theorem 2.10, we can in principle reconstruct D as fol-
lows. We first draw many needles which could intersect with D. Then, Theorem
2.10 says that by observing the behavior of the indicator function along each nee-
dle, we can extract the first hitting points for each needle. Then, if we consider
some surface which is very close to these first hitting points, this surface will be
an approximate reconstruction of d D. The numerical implementation of this recon-
struction scheme has been already given for the two space dimensional case [18].

3. Proof of Theorem 2.10

The proof for the case n = 1 is basically given in [4]. Since the rest of the cases
can be handled in the same way, we will give the proof only for the case n = 3.
Let (y,s) € Q7. First of all, by Theorem 2.8, we can analyze the behavior
of the indicator function J(c(}), s) by the behavior of the reflected solution. If y
is not on the boundary of D, then w(y s is bounded due to the interior regularity
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estimate (see, for example [8]). So we only need to know the behavior of wy )
when y approaches the boundary of D along the curve C.

To start with, let E(x, t; y, s) 1= w(y 5 (x, 1) + V(y 5 (x, ). Then, E is obvi-
ously a fundamental solution for the operator Pp. Further, let C be as in Defini-
tion 2.9.

Now let P = ¢(Xg) € 8D for some Ag. Since 3D is C1* (0 < « < 1), there
is a C1« diffeomorphism ® : R3 — R3 which transforms P to the origin O in R3,
®(D) c R? = {x = (x1, x2, x3) € R3; x3 < 0}. This ® is the same as that in the
paper of G. Alessandrini and M. Di Cristo [1]. For reader’s convenience, we will
give the definition of ® in details. To start with, let P = (p1, p2, p3) = (p, p3) €
dD. Since 3D is of class C1?, there exist positive constants 7, L and a map ¢
under which we have

DN Br(P) ={x € B7(P) : x3 < p3 +¢(x")}, (3.1
where ¢ is a C!* function on Br(p’) C R? satisfying ¢ (p') = |V (p’)| = 0 and
l@llcre(py(pyy < LT. Here the norm is defined as

pllcroqs, oy = 1Dl B + FIVG By +F IV Bla oy (3:2)

Then, let 6 € C°(R) be suchthat 0 <6 < 1,0() = 1for |t| < 1,60(t) = O for
[t] > 2 and |‘é—?| < 2. We consider the following change of variables & = ®(x)
defined by

€/=X/_p/ / ’
$3=x3—1?3—¢(x/)9<|x —p|>9<X3—p3>’ 3.3)

r r

where r; = %min{l, (8L)71/ “}. Then it can be easily verified that the Jacobian
matrix of ® at P equals the identity matrix.

Let us proceed to our proof. Let I'_ be the fundamental solution for the opera-
tor 9, —div((14 (k— 1) x_)V) in R* with the characteristic function x_ of the space
R3 such that ' (x,t;y,s) = 0fort < s. For this operator, we can explicitly com-
pute the reflected solution W(&, t; n,s) with & = ®(x), n = ®(y) of ['(§, ¢; 1, 5)
givenas W(,t;n,s) =T_(,t;n,5s) — '(§,¢; n,s). As a consequence, we can
have estimate W(&,¢;n,s) asé = n — O and ¢ | s. Hence, in order to see the
behavior of w(y s)(x,2) asx =y — Pandt | s, we compare w(y s (x, ) with
W(®(x),1; ®(y), s). More precisely, we decompose w(y s as follows:

Wy, (X, 1) = E(x,t;y,5) — Vi 9(x, 1)
={Ex,1;y,5) —T_(®(x), 1; D(y), 5)}
H{T-(P(x), 1; P(y), s) = T(P(x), 15 D(y), 5)} (3.4)
+{[(P(x),1; P(y),s) —I'(x, 15 y,5)}
+{TCx,t5y,8) — Viy5(x, D}
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From the definition of V(y 5)(x, ), we can see that it has the same singularity with
I'(x, t; y,s) and so the difference I'(x, t; y, s) — V(3.5 (x, t) is bounded. The third
term is directly calculated because of the explicit definition of I" which is given in
(2.1). In Lemma 3.6, we get the integral representation of the second term. This is
obtained from Laplace transform and Fourier transform. This term is the dominant
part in the behavior of w(y 5)(x, 7).

Let ¢ > 0 be given. We take x = y = y(8) = c¢(Ao — &) € C \ D so that
y(@é) — P (5| 0). Then,asé | 0, =n — ®(P) = 0.

Remark 3.1. When ¢ > s, the definition of I" gives us the fact

1

Ly, t5y,8) = m

So, the third parenthesis is zero if we take x = y and t = s + &°.

As for the fourth term, we have the following lemma.

Lemma 3.2. We have
F(-xv [; ya S) - V(y,S)(xs t)

is C at (v, s) and so bounded in some closed neighborhood of (y, s).

Proof. Note that
F(-xa 1 y,S) - V(y,s)(-xa t) = F(-xa 1 yvs) - G(-x7 1 Yy, S) - U(.x, t)

and I'(x,t; y,5) — G(x,t;y,5) € C®(Q7). By the definition of the function G*,
we have, for (x, 1) € Q7,

v(x,t) = —/ v(z, 1)8,,G*(z, T3 x, t)do dt
FIoN
= / v(z, 1), (I'" — G™)(z, T; x, t)do.dr
FIo)

—/ v(z, 1)9,,T*(z, 7; x, t)do dr.
IoN

Since T (x, t; v, s) — G*(x, t; v, s) is C*®°(Qr), we can conclude that v is smooth
at (y, s). L]

Next, we will estimate the remaining terms in (3.4) in the forthcoming lemmas:

E@ &), ;@7 (), s) —T_(&,#;1,5) inLemma 3.3,
r_¢,t;n,s)—T(E,t;n,s) inLemma 3.6.

To begin with, we put E(E, t:n,8) = E(®71 (&), t; (), 5). Then, we have the
following.
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Lemma 3.3. If y approaches the boundary of D, then there is a positive constant
C such that

limsup [(E — T_)(&, s + &2, 1, 8)| < Ce% 3, (3.5)
510

where C does not depend on ¢.

Proof. Note that E satisfies
[0 — Ve - (1 + (k — Dy )MEV)IEE, t;1,5) = 8(5 — )8t — s)

in R3 x R!,where M(¢) = JJT with J = %(CD_I(S)) and E(&,t;1,s) = 0 for

t <s. (Here, JT is the transpose matrix of J.) Then R(S, t;n,s) = E(E, t;n,s)—
I'_(&,t; n, s) satisfies

RE t;n,8) = Ve - (14 (k= D)x_)(M — DVe)E(, t; 1, 5)

inR3 x R!.
Now, let I'* be the fundamental solution for —9; — divg ((1 4+ (k — 1) x—-)Vg)
suchthatI'* (&, ¢; z, ) = Ofort > 7. Choose a ball B, (O) with aradius r centered

at the origin so that ®(2) C B,(0). Then, we have the following representation:

t
R(E, 151, 5) =f / (14 (k—Dx-)(I — M)V.E(z, 51, 5)
s +(0)
-V, I (z, 1; &, t)dzdt (3.6)

t
+/ / (1+(k—1)X7)[i1§(z,f;ﬂ,S)Fi(Z,T;f,t)
s JoB.(0) v,

~ a
— R(z,t5n,8)-—T%(z, 7; &, 1)]do.dr. (3.7)
av;
Note that the integration (3.7) is finite by the choice of B, (O).
For analyzing the behavior of R, we need to know the estimate of gradients of
E and I'* . That is we need the estimates:

(- ) lz—n?

|VZE(Z’ T:n, S)| SCI(T—S) exp —m y (38)
* . -2 |Z_§-|2

V.2 (z,7: 6, 0)] <c3(t — 1) “exp [ - m] (3.9)

for some constants ¢; > 0 (1 < i < 4). For the derivation of these estimates, we
gave some comment and references right after the end of the present proof.

To proceed further, we use the estimate |M (z) — I| < C|z|* (|z| < r) for some
constant C > 0, because D is C1:%. Note that as y approaches the 3D (that is,



742 VICTOR ISAKOV, KYOUNGSUN KIM AND GEN NAKAMURA

8 1 0), & =n — O. By using the Fatou lemma, the limsupy of the absolute
value of the integration (3.6) can be bounded from above by a constant multiple of
the following:

t
/ / 1z|“|V,E(z, T; O,5)||V."*(z, T; O, 1)|dzdt =: F.
K lz|<r
Now let us substitute 7 = s + £2. From (3.8) and (3.9), we have
s+£2 »
F =/ / 12|*IVE(z, 5 O, $)||V.I' (g, T; O, 1)|dzdr
s lz|<r

S+82
§C1/ / z2|%(t — )2 s+ 2 —1)2
s lz|<r
21,12
e°|z|
. — dzd
GXP[ C2(1:—S)(S+82—‘L’):| S

1 2
_ _ |z]
§Cs6/f 2%l — ) Zexp| ——————— | dzd
’ 0 ]R3| e o P Cae?pu(l — ) .
2

1 -
< Gyt / / (1 — 1) T 17| exp [—ﬁ} dzdp
0 JRr3 G

5 CSSOI—3

with some constants C; > 0 (1 <i < 5). Thus we can conclude that F < Ce® 3,
Finally, we obtain

limsup|1§(§, s + &% n,8)| < Ce*3
810

for some positive constant C which does not depend on ¢. O

The estimates (3.8) and (3.9) are proved in [5]. For the reader’s convenience,
we write down the results proved there.

Let D be a bounded domain in R",n = 2,3, with a C1¢ boundary (0 <
a < 1) andlet Dy, 1 < m < L, be a finite number of disjoint subdomains of
D, each with a C1-% boundary. Furthermore, suppose that D = UZZID,,,. Let

AM e CcH(D,,) (0 < pu < 1) be a symmetric, positive definite matrix-valued
function, and define

Ax)=A"™ (), xeD,, 1<m<L.

Under these assumptions, authors in [5] proved the following Theorem 3.4 and
Proposition 3.5.
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Theorem 3.4 ([5]). LetO <r < T,7rQ C Dandu € W(rQ x (—r2,r%)) be a
solution of (0 — V- AV)u = 0inrQ x (—r2, r2). Then, there exists a constant
¢ > 0 such that forany 0 < p < r/2and (x,t) € (r —2p)Q X (—r2 + 4,02, r2),
we have

C
IVt oo ooy x (- p2 ) < /22 Nl 12200 (x) x (—402+1,0))5

where Q(x) = {y = (y1,--+,yn) € R" ¢ |xi —yil <1, 1 =i < n}with
x = (x1,--+,xp) and Q := Q(0).

It is well known that there exists a fundamental solution I'(x, t; y, s) of the
operator ; — V - AV with the estimate

L=y

[(x,t;y,5) < T x500) (t,s€ER, t>5, ae.x,y e D),

[4r(r — 5)172°

which is positive for ¢ > s, where C > 0 is a constant which depends only on A, n
and x[5,00) 18 the characteristic function of [s, 00) (See [2]). As an application of
Theorem 3.4, they derived the estimate of V,I" by combining the scaling argument
of Di Cristo-Vessella [6], that is,

Proposition 3.5 ([5]). Let I'(x, t;y, s) be the previous fundamental solution. Then,
there exists a constant C > 0 depending only on A and n such that

C _ =yl
Vil (x, 85y, 8)| < ————e €9

(t—s)2

foranyt,s € R t > s and almost every x,y € D.

Now put

WE, t;n,8):=T_(¢,t;n,5) —TE, t;5n,5).

Let us denote W(¢,t;n,s) for £&3 > 0 by Wi(é, t;n,s). Then, we have the
following lemma.

Lemma 3.6. If y approaches the boundary of D, then there is a nonzero constant
C which does not depend on ¢ such that

mWHE, s+ ¢ n,s) = Ce™3.
540

Because the proof is little bit tedious, we will explain the outline of it in advance. W
satisfies (3.10) which can be expressed as a transmission problem (3.11). At first,
we apply Laplace transform to (3.11) with respect to ¢ and then apply Fourier trans-
form to it with respect to & = (£1, £&). Then, we can get the ordinary differential
equation with respect to £3. This ordinary differential equation is solved explicitly.
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To this explicitly expressed solution, we apply inverse Laplace transform and then
inverse Fourier transform. From these elementary calculations, we finally get the
integral representation of the solution (See (3.13)). It can be justified that this is the
solution to the original problem (3.11) we want. (You can find this justification in
appendix.) So, W is given as an inverse Laplace-Fourier transform with respect to
the Fourier variable ¢’ of £” and Laplace variable t of ¢. We first reduce the inverse
Laplace transform to an integral along a segment joining the two branch cuts of
integrand. Then, the integration with respect to ¢’ can be computed explicitly if we
let£ =n — Oand ¢ = s 4 2. At this point, W is given as £~ times an integral
over (0, 1) which turns out to be a nonzero constant. Now, let us start the proof of
Lemma.

Proof. We first note that

or_(&,6;m,5) = Ve - (I +(k—Dx)Vel' (&, 15n,5) =8¢ —n)d —s)
&, t;m,8) — AeT(E,t5m,8) =686 —n)d(t — )

inR3 x R!.
Then, for any ¢ in Cgo (R3 x (0, 00)), we have

/ / [0, We + (1 + (k— Dx_)VW - Veldedr
0 R3
_ f / (3,70 + (1 + (k — Dx_)VT_ - Vgldéds
0 R3
_ / / T[0T+ (14 (k= D VT - Voldédr
0 R
=<ﬂ(n,S)—qo(n,s)—/ /(k—l)X—VF'Vcodet
0 R3

:_foo/ (k — 1)x_VT - Vodéd:.
0 R3

Thus, W satisfies

W&, t:n,8) — Ve - (I + (k= Dx)VeW(E, t;1m,5))

3.10
= (k = DV - (x-Vel'(§, 1,1, 5)). G0

Let us analyze the behavior of W. Let I" be the Laplace transform of I" with respect
to ¢, that is,

o0
F(S,r;n,S)=/ e ''T(E, t;m, s)dt.
0

Thus, [ satisfies

D, tin,8) — Al (E, Tims) = ™8E —n) in R
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Now, we denote I for (&3 — 73) > 0 by I'*. For ¢ € C(‘)’O(R3), we have
0= [ 1efo+ F Vo - e — olds
R3

=L/ tf¢d§+:/ Vf*-V¢d§+:/ VI~ - Vodg
R3 {&3—n3>0} {63—n3<0}

B / e 8E —n)pE n3)dE’
{&3—n3=0}

. art | At
= tlpdé — —od&’ — AT " pdé
R3 {E&3—n3=0) 083 {E3—n3>0)

ar— .
+ —@dé" — AT @dé
{&3—n3=0} 083 {&3—n3<0}

_/ e T8 — ), n3)dE’

{&3—n3=0}

:i/ Uf*——Af+Mﬂ§+:/ [r[~ — AT pdé
{&3—n3>0} {&3—n3<0}

) S ) s
+ / O O wse — ) | gag.
§3n3=0}[ 96 983

Therefore, we have the following transmission problem:

APE — T =0 in{£(& —n3) > 0},

[T =01~ =0 on{&—n3=0},

art  ar- s

— — —— = ¢ "8 — 1) on{&—n3 =0}
0&3 0&3

Let ¢* be the Fourier transforms of I'* for & = (&1, &). From now on, we use
¢’ = (&1, &) to denote the Fourier variable associated with £€’. Then, we have

82¢i 12 + .
02 1"+ 1™ =0 in {3 —n3) > 0},
3
¢>++— ¢~ =0 on{& —n3 =0},
0 00~ o

This is an ordinary differential equation in R? with transmission boundary condi-
tions on {£3 — n3 = 0}. So, proper calculations give us

+ / _ ; _ _ s / . / _ _ /
¢7(¢,83) = 200 7) exp(—ts —in - — (53 —n3)O(’, 1))
1
(¢ &) = s——exp(—ts —in - ' + (& — n3)O, 1)),

20(¢', 1)
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where ®%(¢/,7) = |¢/|> + T and real part RO of ® > 0. Thus we obtain the
representation of I'*:

[*E, v, 5) =

i&-¢ k. de’
<mmzé/ $E(E £
_ / L w1 e F @ -m)e 0 g
872 Jr2 ©(L', 7)
Note that W satisfies the following transmission problem:
Wt —AWT =0 in{& > 0},
W™ —kAW™ = (k—1)AT'™ in{& < 0},
WHr—W~ =0 on{& =0},

(3.11)
WY ! (&5 = 0)
—k——=(k—-—1)— on{& =0},
08 0& s !
W¥(,0)=0in{& >0}, W7(£,0)=0in{& < 0}.
Let W be the Laplace transform of W* with respect to 7. Then we get
Wt — AWT =0 in {& > 0},
(W™ +I‘ )— kAW~ +T7)=0 in{& <0},
Wt —W~=0 on {53—0} (3.12)
oWt W~
— —k— = —1— on {&3 = 0}.
05 05 (k )ag {£&3 =10}

By the same method that we used to obtain the representation of '+, we can obtain
the representation of W=. In other words, W+ and W~ have the representations:

* 1 @ k®k . / / / /
W &, t5n,8)= /Rzmexp[—sr +iE =)' —(&+ n3)O)dL,
1
W &, tim,8) = 47_[2 2 m exp[—st + i(f/ _ n/) 'C/ 1506, —7)3®]d§'/
1 1
- g /Iéz 6 exp[—st + i(é/ — n/). é—/ + (& — U3)®]d§/,
where

@ :=0¢ . 0)’={P+1. HO >0,
07 =0 1) = ¢ +1/k, RO > 0.

Therefore, by the inversion formula for the Laplace transform, we have

1 o+ioo R
WTE, t;n,s) = 2—/ TWTE, Ty, s)dT
’1” o—ico (3.13)

=——1éfmuﬁfdem%

472
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where o > 0 and

1 [oF® ©-—kO
h(' 1) = — / Tk )r-Etm)Og, (3.14)
A Jo_ice OO +kOy)

(in appendix, we show that W= obtained from this derivation satisfy (3.11).)

Since the case k < 1 can be handled in the same way as the case k > 1, we
assume k > 1 from now on. Performing a contour integration with appropriate
branch cuts for the multi-valued functions ® and ®j in (3.14)(see appendix), we
have

V=T (1| 2
We' = | Thew [~ =9l Plhr —r 1) (3.15)
\/——l«/k(l—
X [[+lm p{i (&3 + n3)y/ (k — Dr|¢'[} (3.16)
Jr4iJkA=7)
R i@ + )y k—1>r|c|} SRNERY)
Hence, W (£, t; n, s) becomes
WHErim0) = Vi— |:\/7—l«/k(1—r +\/17+i«/k(1—r)1 ]d
S = e f Jrtivki—n T r—ivka=n |7
N1 [ k+Dr—k VKA =T1)
R /0 r k(o A Ty - )} @
where

Ii:/Rzlg/|ei(E’—n’)~§/eXp [t —)|¢"Plkr—r +1)%i (&3 + n3),/(k—1)r|;/|] de’.

Now let § ¢Oandsett:s+82. Then, & =n — O and (t —s)(kr —r +1) > 0.
Thus we have

lim 7+ 2/ |¢'| exp[—&*(kr — r + D¢/ |*1d¢’
540 R2

00
— 27_[/ p2€7(kr r+1)e2p? dp
0

3
1 2
- (—T g3,
2 <kr—r+1>

Therefore we have

N/

1. W+ ) 2; ) - 71—1
510 €. s +e%n.s) 167 /73
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where
k+Dr—k

1
= /0 e k(= — 7+ DAY

In order to estimate | H| from above and below, we note the following estimates:

—k<k+Dr—k=<l,1<r4+k—kr<k,1<kr—r+1c<k.

Then we have

1
k
|H|§/ —dr = 2k < 0.
0 T

To show that H # 0, we write H as the sum of the following terms

k
T+ k+Dr—k
Ho=[" (k+ r dr,
0  r(r+k(1—r))kr —r +1)3/2
1
k+Dr—k
H) = k+ Dr 3 2dr.
e+ k(= )k =7+ 1D
Then, we have
k
j=u} k—(k+1
_m +1 k+ Dr dr
0 AT +k(I—=r)kr —r+1)3/2
_ /kil k — (k+ yr K2k + 1)
r= ,
0 k)2 () 2(k% +1)32
(m) <k+1 )
and for H, we have
! k+r —k k+1
() / ()’ *=+1D
k+1 k+1
Thus, we have
K2k +1) k+1
H=H H, < —
VHR = ey T g g
kD -1
TR 1 T
since we assumed that k > 1. This completes the proof. O

By combining results in this section, we conclude that

ngliionf|w(y(,g),s>(y(a), s+e?)| > Ce3,

for some positive constant C which does not depend on ¢. That is, the reflected
solution blows up as the point approaches the boundary of the inhomogeneity. Fur-
thermore, to get the blow up property we only use the perturbation in time.
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A. Appendix

In this appendix, we will provide the proofs for the two facts which we need in
Section 3. They are

(i) W¥ solve the transmission problem (3.11),
(ii) formula (3.15).

1. Proof of the fact that W are the solution to (3.11).
To verify this, we apply the method used in [13]. Note that

o+ioo
W*@r)————/ W E, T)dr,

U-HOO (A.D
WoE D = o— f eTWT(E, T)dr,

where

1 1 0 —-kO - sl ’ 1 /
W+@JJ=g;?ézéayiﬁisﬁpPﬂf+N§-WH'§—(&+n9@hﬁ

o 8712

/'f@z 0z,

N _ 1 1 C o) / / /
14 (s,r)—4ﬂ2/Rz®+k®kexp[ STHIE —n) ¢ + &6 —m30]de

1 1

—/ —exp[—st+i¢E" —n) - '+ (& —n3)0]d’
R2 @

= F+ F.

Let 7 =0 +i6, where 7 € Iy, := {0 +i0 € C : 0 > ) > o9 > 0}. Then,

=[P +11"2 =112 +0)* + 67142,

where ¢ = tan™! .Since o > 0, (|')?> 4+ 0)? + 62 > max{|¢'|*, |t|*}. Thus

_0
¢/ 240
RO > Cmax{|¢/|, |7]'?) (A.2)

for some positive constant C. Moreover, since (|¢’|? 4+ 0)? 4+ 6% < 2(|¢'|* + |7/%),
we have

41 g = ()2

92
(67 + o) + AR i 1) < o2
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In another words, we have

gl it gl = el'?

NO <
I SR A R e

(A.3)

for some positive constant C1. So we will divide the domain of integration R? in
two parts {¢/ € R? : |¢/| = /[t]} and {¢’ € R? : |¢/] < /[t]}. For ©; =
VIZ'|2 + t/k, we can get similar results as those for ®.

At first, let us consider W+, Let & € [a, b] C (0, 00). Then,

R[(&3 + 13)0] = (&3 + n3)RO > Cmax{(a + )|, (@ + n3)|r|/%)

for some positive constant C. Thus, by (A.2), (A.3) and change of variables, we
have

Cla +n3)|¢'1dg’

WHE o) < Co/ £

1> 1212 1812

idn 129457
T e ey SXPLTSO0 — Clad )l EIde
<l

’ |z|1/2

oo
= Coe ™ o Catmrg, 0, —sop-Clarn)iel'” vdr
7|12 []1/2 A

—C 1 + |2 o—s00—Clatm)|e|'?
a-—+n3

For j € {1, 2}, we have

® — kO

%/ =getren

xp[—st+i¢E —n)- ' — (& +n3)0].

Thus, we can find some constant Cy such that

Colt| 12| e—500—Clatn3)|¢’| if || > |1:|1/2

3. ] < 2 -
&1 = Ifll /2 o—300—Clatm)lc'? / 172
Col¢'|—— 0 s it ¢/ < |7|'/2

Therefore, we obtain

3 flde’
| 10, r1ac
—so0—ClatnIt’| €0 —soo—Clatny)ie|? s
< CO 4 d; + 1/26 |§ |d§
¢/1=]e|1/? | ¢ <[ |12

1/2
=C/[( +1 nt |TJ|F/ + [gJesomClatmlel ™,
a3 a3
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When j,[ € {1, 2}, we have

O — kO
ey = UL G pom O ST HIE =) ¢~ @+ m)8).

Hence,
| 1o 30 510
R2
712 |§/| —sop—C(a+ ! /
< Co 1Z'] Se 0—C( ns)\(ldé—
[HENRCR [

12
+CO/ |§/|2|T| / efsaofC(a+n3)|r|1/2d{/
I <lz)1/2 I7|

1/2
_c 1 I | / + 7| + |_L_|3/2 e—sao—C(a-i-m)lf\l/z.
(@+mn3)  (a+m)?  a+n

Similarly, we get

1 |7|1/2 e 1/2
P de’ < ' soo—C(a+mn3)|7| ,
/1R2| B = La+n3)2 Tam T

1 |'5|1/2 IT| eon— 12
/RZwéf'd;/SC/[(a + 13)3 - (a+n3)? T 3 + 732 | eseo=Clatny)ltl =,

Consequently, for & € R2 x [a,b] C R? x (0,00) and T € I15,, we have

a—+ns

1 |'L'|1/2
5+

(@+m3) a+n

WHE o< [ + |t|1/2] e_SUO—C(a+n3)|rll/27

0, WH(E, )| < c/[ + |r|:| ¢—so0=Clatmy)lz|'/?

172

- 1 T T
|a§jw+<s,r>|sc[ SR L

4z e—500—Cla+n)fe|'/?
(a+m)?  (a+m)? a+ns

(A4
for j =1,2,3.

Next, we consider W™. Let & € [c¢,d] C (—o00,0). Then, there is a positive
constant C such that

R3Ok — 130] = ERO — 3RO < Cmin{(d — n3)|L'|,  (d —n3)|e]/?).
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Note that 3 > 0. If we carry out similar calculations as we did for W, we have

W@ T < C | 4 1|2 | ems0=COn=ir',
n3—d

1/2

V- ! ki ~s00~Clns—d)e|12
10, W (&, T)| < C’ + + || | e S0~ Cln=DIzl=
g —d?  m—d

- 1 |'L'|1/2 7] 32| —son—Cna—d)iz|\/?
02 W, 1) < C + + ¥ |2 |emso0-Cls=lr|
5 m3—d)3  (3—d)? n—d

(A.5)
for j =1,2,3.
Now, we show that W+ satisfy (3.11). Note that f‘_(é, ) = —F>(&, 7). Since
we know

* m _—oa1 1 3
r'e dr <oo form=0,-,1,-, «o>0,
o0 2 2

if we apply this fact to G(§,7) = W=, 3;, W=, 9 WE T, 0,1, agjf*—, then
we have

/ |G (&, t)|d]|T| < o0.

0

Note that W+ satisfy (3.12). Taking into account (A.4) for W™ which allow to put
the operator d; — A¢ in the integrand of the improper integral, we have

o+ioco
O — AW (&, 1) = (3 — AE)L/ TW(E, T)dt

2mi —ioco
1 o+ioco .
=— e'T(t — Ap)WH(E, T)dr = 0.
270 Jo—ico

Similarly, from the facts (A.5), we have

3 1 o+ioco o
(0 —kA)W(§,1) = (0, — kAs)%/ W, dr
o —100
1 o+ioco R
=5 ' e’ (t — kAW (§, T)dt
o —100
1 o+ioco N
=5 . e'T(kAg — DT (§, 1)dt
o—100
1 o+ioco o
=(kAg—3t)T/ e'T' (& ndr
Tl Jo—ioco

= (kA =) (5, 1) = (k = DA (£, 1).
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To verify that W satisfy the boundary condition, it is necessary to take the limit
& — 0 in the integrand of (A.1). (For precise explanation, see [13, page 465].)

) N 1 o+ioo oo .y
Iim W'(&,t) = — et lim WT(, r)dr

&5—0F 270 Jo_ico £—0*F
1 o+4i0co .
= — e’ lim W (&, r)dt = lim W (&, 1).
270 Jo—ico &0~ £3—0~
: 9 + . 1 oHieo tt d = +
Iim —W7(¢,t) = lim — et —WT(, r)dr
£—0t 083 &0 271 Jo_ico 083
1 o+i0co

d .
= '’ lim —WT (&, r)dr
270 Jo—ico &0 083

1 o+4i0co , 9 A 9
= — e'’ lim k—W_(é,‘L’)+(k—1)—F_(§,I))d1’
270 Jo—ico 53—>0‘< 983 983

o+ioco
— lim L/ e’ (kivi/—(g,r)ﬂk—1)%ﬁ—(s,z)) dr
3

60" 271 Jo_jno 03

. a 0 __
:‘5315%* |:k8_§-'3W &, 1)+ (k— 1)8_{;‘3F (“;‘,r)].

To verify that w* satisfy the initial conditions, we consider, for N > 0, the integral

Wr(E, 1) = %/ STWHE, Tdr,

Y
where y = —I'yy 4+ Cy is a closed contour given as Figure A.1.
St
iN e
Cn
I'n
Nt
v o+ N
—iN

Figure A.1. Contour y.

By Cauchy’s theorem, we have

if W, v)dr = 0.

2mi y
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Note that
WHE ol < ¢’ [—1 + 1z 2] gso=Clatmiel”
B a-+n3

for a, n3, C > 0. Thus

. z 1
/ IWHE, o)ldt < C” / ( +v2(02 + N2)> ¢=00=Cla+m)N'2 N g
Cy +n3

%
C///N (

— 0 asN—>oo.

N < |t| = o + Ne'?| < V2(62 + N2).

Here we used

Hence we have

1 N
hm WrE, 1) = hm —/ Wt t)de
2mi 'y

1 “
= lim — f W, t)dr =0.
N—oo 2mi Jcy
By the same argument, we can also get
lim W™ (&,¢t) =0.
t—0
2. Proof of formula (3.15).
W was given by formula (3.13):

1 H / / ’
W+($, 1) = W ‘/Rz el(%' -n')¢ h(é./’ l‘)d{/,

where

o+i
’ 4 o —i00 ®(®+k®k) '

with ¢ > 0 and
O’ =0¢ )= +1, RO >0,
O =0, 0 =P +1/k, RO > 0.

We denote the integrand in h(¢’, 1) by g(t). That is,

VT A+ 12 = VT + kISP
VT+HIT P T+ 10 R + VT + k)

-expl(t — $)T — (&3 +m3)/ T +1¢/1].

g(r) =
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Because of the square root, g(t) is a multi-valued function and its branch points
are —|¢’|> and —k|¢’|>. A convenient choice for the branch cut is the line segment
lying along the real axis running between t = —k|’)* and T = —|C)%.

Now we shall convert the line integral running from o — ioco to o + oo into
a closed contour so that we can apply the residue theorem. Figure A.2 shows the
contour which we will use. The contribution from the arcs ABC and JK L are
negligibly small by Jordan’s lemma. The contribution from the line segment C D
cancels the contribution from 7/ J. Consequently the dumbbell-shaped contour inte-
gral shown in Figure A.3 is equivalent to the contour ABCDEFGHIJKL shown
in Figure A.2. Because there are no singularities inside the closed contour, the value
given by the contour integral shown in Figure A.3 must equal the negative of the
integral from o — ico to o + ioo.

ST
A
g
Nt
—I¢'?
L
K
Figure A.2. Contour.
Ris
C C3

16))

=N AN\

%
—k|¢'| =1’ Rt
Cy

Figure A.3. Dumbbell-shaped contour.
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Along Cy, T + k|¢'|> = g€'?, and dt = ige'?d so that

/ g(r)dr
Cy

/0 \/—k|§‘/|2—|—6‘ei9 + |§/|2 _ \/];\/geie/Z
2w /P eel? + ¢/ PV P teel? 40P+ VkEel?2)

=lim
e—0

x expl(t — )(—kIg' > + e€®) — (&5 + n3)y/ —KI¢12 + el + ¢/ Plieei”do

tim [ iee (Veel + (k — DIg'Pem — Vhy/ee"?)
= um
e~0Jox \Jeel® + (k= DIg'Pem (Voo + (k — DI/Pem + VEJeei?/2)

x exp[—(t — ) (k|¢'|* — ee'®) — (&3 + ns)\/eeie + (k= D¢’ Pemi]do

=0.
Along C3, 7 + |¢']? = ee'? and dt = ice!?d so that
- i0/2 _ k 0 _ |57 kle’|12
/ o(v)dr = Tim el Viyee 121+ k1L
Cs e—0 ) \/geIG/Z(ﬁelG/Z_Fﬁ\/Seze — 7| +k|§/|2)

x expl(t — $)(—|¢'1> + ee'”) — (& + n3)/ee??lice®do

[ e — o+ = DIED
=1l
e—0 ), Jeeit2 + Jk\/eel® + (k — 1)|¢']

x exp[—(t — $)(|¢']* — ee'®) — (&3 + n3)V/ee'"?1do = 0.
Along Ca, T+ k|| = re%, t +1¢'|> = ((k — 1)) — r)e™ and dt = dr so that

/ g(r)dr
(0))

_/(k‘”“ JE&—DICP —rem? — JRJF
o V&= DIZ = remi2(J k= DT — remil? + k)

x expl(t — 5)(—KI¢'[2 + 1) — (& + 1)y (k — DIS = re™1dr
_ (VA 4 iV T =)
0 r(Jr—ivkJT=r)
x exp[—(t — $)[¢' (1 + (k — D)r) — i (& + n3)y/(k — Drl¢'1dr.
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Along Cy, T + k|| = re¥, t +|¢'> = ((k — D|¢')? = r)e ™™, dt = dr and

/ g(r)dr
Cy

B /0 JE=DITE —re ™2 — JkJr
k=D k= DIC'PR — re=mi2(/(k — DI'[? — re=Ti/2 4 JkJr)
x expl(t — $)(=k|¢' 1> +7) — (& + U3)me_”i/2]dr
_ fl VE=T8I(Jr = ivkyT=T)
0 rWr+ivkJ/1=r)
x expl—(t = $)IZ'IP(1 + (k = Dr) (& +m3)y/(k — Dr|¢'1dr.

Thus, we have

k=1 (!
h(' 1) = / I§ | exp —(t = )| Plhr —r + 1)]
ﬁ—zm . —
X |:\/’7+lmexp{l(é3+n3) (k 1)r|§ |}
Jr+ivkd=r)
+ﬁ_lW6Xp{—l(§3+n3)v (k—=Drl¢ I}}
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