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Abstract. In this paper, we introduce the Carleson measure space CMO? on
product spaces of homogeneous type in the sense of Coifman and Weiss [4], and
prove that it is the dual space of the product Hardy space H? of two homogeneous
spaces defined in [15]. Our results thus extend the duality theory of Chang and
R. Fefferman [2,3] on H!(R% x R%) with BMO(R?. x R ) which was estab-
lished using bi-Hilbert transform. Our method is to use discrete Littlewood-Paley
analysis in product spaces recently developed in [13] and [14].
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1. Introduction

The Hardy and BMO spaces play an important role in modern harmonic analysis
and applications in partial differential equations. In [7], C. Fefferman and Stein
showed that the space of functions of bounded mean oscillation on R”, BMO(R"),
is the dual space of the Hardy space H'(IR"). They also obtained a characterization
of the BMO space in terms of the Carleson measure. For the multi-parameter prod-
uct case, S.-Y. Chang and R. Fefferman in [3] proved using bi-Hilbert transform the
following:

Theorem 1.1. The dual space of H' (RZ+ X Ri) is BMO(R?F X Ri).

Recently, using a new version of Journé covering lemma, Ferguson and Lacey
in [10] gave a new characterization of the product BMO(R x R) by bicommutator
of Hilbert transforms (see also Lacey and Terwilleger [21]). Furthermore, Lacey,
Petermichl, Pipher and Wick established in [20] such a characterization of product
BMO(IR" x R™) using multiparameter commutators of Riesz transforms.
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However, the characterization of the dual space of H? (R" x R™) when 0 <
p < 1 appears to be an open question. One of the main purposes of this paper
is to establish such duality theory for p < 1. In fact, we will achieve this by
proving a more general theorem. Namely, we will establish the dual space of Hardy
spaces on the product of two homogeneous spaces which includes the dual space of
HP(R" x R™) forall 0 < p < 1 as a special case.

Spaces of homogeneous type were first introduced by R. Coifman and G.
Weiss [4] in the 1970’s in order to extend the theory of Calderén-Zygmund singular
integrals to a more general setting. There are, however, no translations or dilations,
and no analogue of the Fourier transform or convolution operation on such spaces.

In 1985, using Coifman’s idea on decomposition of the identity operator, G.
David, J. L. Journé and S. Semmes [5] developed the Littlewood-Paley analysis on
spaces of homogeneous type and used it to give a proof of the T'1 theorem on this
general setting.

Recently, the first and third authors of this paper, established in [13] theory
of the multi-parameter Hardy space H {; (R™ x R™) associated with the flag sin-
gular integrals, where the L” theory has been developed by Muller-Ricci-Stein
[24] and Nage-Ricci-Stein [25], and the Hardy space H; (R3) associated with the
non-classical Zygmund dilation in [14] using the discrete Littlewood-Paley analy-
sis and proved that the singular integral operators introduced by Ricci-Stein [27]
are bounded on such Hardy spaces. In these two papers [13] and [14], the Car-
leson measure spaces CMO‘} (R" x R™) and CMO1Z7 (R3) are introduced for all
0 < p < 1, and the duality of between H f; (R" x R™) with CMO[;, (R" x R™),
H 5 (R3) and CMO§ (IR3) are established. Such CMOP? spaces when p = 1 play the
same role as BMO space. Moreover, the authors of [13] and [14] established the
multiparameter Hardy space theory using discrete Littlewood-Paley analysis and
proved boundeness of singular integral operators on Hardy spaces H” and from
HP? to L? by bypassing the deep Journe’s geometric covering lemma. As a conse-
quence, they provided an alternative approach of proving boundedness of singular
integral operators on product Hardy spaces using rectangle atoms discovered by R.
Fefferman in [6] (see also Pipher [26]).

For the multi-parameter product spaces of homogeneous type, denoted by X’ x
X, the Hardy space HP (X x X)) for pg < p < 1 with some pg close to 1 was es-
tablished in [15], see more details in the next section. The boundedness of singular
integral operators on H? (X x X)) were proved in [17] without using Journe’s cov-
ering lemma. Subsequently, the boundedness from H? (X x X)) to LP (X x X') was
established in [12] by proving that the density result of LY(X x X) N HP (X x X)
in H?(X x X)forl < g <oocand0 < p < lclose to 1 and that || f||zr(xxx) <
Cllfllerxxx) for f € L1(X x X) N HP(X x X). However, the BMO space
and the duality theory of Hardy space H” (X x X) remain an open question on
X x X. The main purpose of this paper is to establish such a duality theory. We
will achieve this goal by introducing the Carleson measure space CMO? for p < 1
and sufficiently close to 1, on product spaces X x X of homogeneous type and
prove that it is the dual of the product Hardy space H” (X x X’) mentioned above.
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To be more specific, let pg < 1 and pg < p < 1. We will give the precise value of
po in Section 5. Then the main result of this paper is as follows.

Theorem 1.2. For py < p <1, (H?(X x X)) = CMOP(X x X). Namely, the
dual space for HP (X x X) is CMO? (X x X).

In particular, when p = 1 we obtain the duality of H' with BMO on product
spaces of homogeneous type.

Since the key tool that Chang and R. Fefferman used in establishing the dual
space BMO(]R%r X Ri) of Hardy space H' (]RZ+ X ]R%r) is the bi-Hilbert transform,
it is extremely difficult to apply their method to work on X' x X. Therefore, we will
follow the ideas recently developed by the first and third authors in [13] and [14].
The basic scheme is as follows.

First, the discrete Calder6n reproducing formula on the product of two homo-
geneous spaces will play a role in defining the Hardy spaces H? (X x X). The
continuous version of such a formula for space of homogeneous type was given by
the first author with E. Sawyer in [18], see [16] for the discrete Calderdn’s identity.
One of the essential parts of our paper is to verify the dual spaces CMO? (X x X))
is well defined. This is accomplished by using the Min-Max comparison principle
involving the CMO?” norms. We will establish the Min-Max comparison principle
by using the discrete Calder6n reproducing formula on X x X (See Theorem 3.2
and its proof in Section 3).

Second, we introduce the product sequence spaces s” and ¢” and prove that
the dual of s? is c?, i.e., (s?) = cP. Spaces sP and c? in one parameter case of R”
were introduced and studied by Frazier and Jawerth in [9]. Since the main tools they
used are the Fourier transform and the estimates on distribution functions, it seems
difficult to carry out their methods to product sequence spaces. We will give a con-
structive proof which applies to the product sequence spaces of two homogeneous
spaces.

Third, we prove that H” (X x X') can be lifted to s” and s” can be projected to
HP(X x X) and that the combination of the lifting and projection operators equals
the identity operator on H” (X x X). Similar results hold for CMO?”(X x X))
and c?.

Then, as a consequence, Theorem 1.2 follows from the second and third steps.

Since spaces of homogeneous type include compact Lie groups, C°° man-
ifolds with doubling volume measures for geodesic balls, Carnot-Caratheodory
spaces, nilpotent Lie groups such as the Heisenberg group, the d-sets in R”, and
many other cases, so our result includes the duality theory of Hardy spaces in these
cases.

A brief description of the contents of this paper is as follows. In Section 2, we
provide some preliminaries on spaces of homogeneous type and recall the prod-
uct Hardy space H”(X x X). In Section 3, we give the precise definition of
CMO? (X x X) and establish the Min-Max comparison principle for such spaces.
In section 4, we develop the product sequence spaces s” and ¢” and obtain the du-
ality of s” with c¢? by a constructive proof. Finally, Theorem 1.2 will be showed in
Section 5.



648 YONGSHENG HAN, J1 L1 AND GUOZHEN LU

2. Preliminaries

We begin by recalling some necessary definitions and notation on spaces of homo-
geneous type.

A quasi-metric p on a set X' is a function p : X x X — [0, co) satisfying
that:

1. p(x,y) =0ifand only if x = y;
2. p(x,y) =p(y,x) forallx,y € X;
3. there exists a constant A € [1, 0o) such that for all x, y and z € X,

px,y) < Alp(x,z) + p(z, Y]

Any quasi-metric defines a topology, for which the balls B(x,r) = {y € X :
p(x,y) < r} form a base. However, the balls themselves need not be open when
A > 1.

The following spaces of homogeneous type are variants of those introduced by
Coifman and Weiss in [4].

Definition 2.1. Let 6 € (0, 1]. A space of homogeneous type, (X, p, u)g, is a set
X together with a quasi-metric p and a nonnegative Borel regular measure p on
X and there exists a constant Cy > 0 such that for all 0 < r < diamX’ and all
X, x/, ye X,

u(B(x,r)) ~r, (2.1

| p(x,y) — p(x, y) 1< Cop(x, x ) [p(x, y) + p(x , »)I' 7. (2.2)

Through out the paper, we assume that ©(X) = oo.

We first recall the following construction given independently by Christ in [1]
and by Sawyer-Wheeden in [28], which provides an analogue of the grid of Eu-
clidean dyadic cubes on spaces of homogeneous type. We will follow the statement
given in [1].

Lemma 2.2. Let (X, p, 1) be a space of homogeneous type, then, there exists a
collection {Q('; C X :k €Z,a € I} of open subsets, where I}, is some index set,
and constant § = 1/2, and C1, C3 > 0, such that

(i) w(X\ U, 0%) = 0 for each fixed k and Q% N QIB =0ifa #B;
(ii) for any a, B, k, 1 with | > k, either Qfg C Qg or Qfg N Q{; = 0;
(iii) for each (k, o) and each |l < k there is a unique B such that Q]g[ - Qfg;

() diam(0%) < €1 (})';

k
(v) each Q{; contains some ball B (zfi, C (%) ), where zft e X.
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In fact, we can think of QX as being a dyadic cube with diameter roughly (%)k
centered at zX. As a result, we consider C Q¥ to be the dyadic cube with the same
center as Q(’; and diameter C diam(Q(’;). In the following, for k € Z and t € I,
we will denote by Q% v = 1,2, .-, N(k, 1), the set of all cubes Q¥*/ c QF,
where J is a fixed large positive integer, and denote by y’,"” a point in Q’;’”.

Now we introduce the approximation to identity on X.

Definition 2.3 ([15]). Let & > 0 be given in Definition 2.1. A sequence {Si}rcz
of operators is said to be an approximation to identity of order ¢ € (0, 6], if there
exists a constant C > 0 such that for all k € Z and all x, x", y,y" € X, Si(x,y),
the kernel of S, is a function from X x X into C satisfying

2—k8

Sete Il = C o e e @3

. ,O(x,x/) 3 2—[{8
Sk(x,y)—S , <C 2.4
S (2—’<+p<x,y>) o Y

1
for p(x, x’) < ﬂ@_k + p(x, y));

, p(y.y) \° ke
S ) _S 9 _C 2.5
Sk = Skl = (2—k+p(x,y>) PRETe

1
f )< —@7* L ));
or p(y y)_zA( + p(x,y))

/ / o ,o(x,x/) ¢
[Sk(x, y) — Sk(x, ) — Sp(x', y) + Se(x", y)| = C (m) (2.6)

( oy, y) >€ ke
27K+ p(x,y) ) Q@F+p(x, y))ite

1
for p(x,x), p(y,y) < ﬂa*" + p(x, ¥));

/Sk(x,y)du(y)z/ Sk (x, y)du(x) = 1. 2.7)
X X

We remark that by a construction of Coifman, in what follows, we will use an
approximation to the identity of order ¢ with ¢ = 6.

To recall the definition of H” (X x &X’), we need to introduce the space of
test functions on X x X. Before we do this, we shall introduce the space of test
functions on X.

Definition 2.4. Fix 8 > 0,y > 0. A function f defined on X is said to be a test
function of type (B, ) centered at xg with width » > 0 if f satisfies the following
conditions:

ryl

=+ p(x. x0)

@ [fn)l=C
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for p(x,x') <

3 N px,x) 1\’ r’

(i1) |JI(X) - f(x )N < <r+,0(x,X0)> ’ (r—I—p(x,xO))H_y
ﬁ(r+p(x,xo));

(iii) / S(x)du(x) =0.
X

If f is a test function of type (8, y) centered at xg € X with width r > 0, then we
write f € G(xp, r, B, y) and define the norm of f by

1 f1lGxo,r.p.y) = Inf{C = (), (ii) hold}.

We now introduce the space of test functions on X' x X,

Definition 2.5 ([17]). Fori =1, 2, fix y; > O and 8; > 0. A function f defined on
X x X is said to be a test function of type (81, B2; y1, y2) centered at (xg, yo) €
X x X with width r{, r, > 0if for any fixed y € X, f(x, y), as a function of x, is
a test function of type (81, y1) centered at xo € X with width r; > 0 and satisfies
the following conditions:
1%
c 7 :
(r2 + p(y, yo)' 72

’ B2
p(,y) ) ry?

m 11, y)”Q(xo,rl,ﬂl,Vl) =

I+y2

2 ) - ) ' X0, < C
@) FC = FC G017 (rz—l—p(y,yo) "2t 200

) 1
for p(y,y) = ﬁ[i’z + p(y, yo)l.
Similarly, for any fixed x € X, f(x, y), as a function of y, is a test function of type
(B2, y2) centered at yg € X with width , > 0 and satisfies the same conditions of
(1) and (2) above by interchanging the role of x and y, namely,

Y1
r
B3 1 IMGrpayn < C ! ;
(vo,r2,82,v2) (r1 —I—p(x,xo))Hyl
! B 71
p(x, x) rl
@ f @)= & NG00 payn <C
G(y0,r2,82,v2) r1 + p(x, x0) (r +p(x,x0))1+y'

, 1
fOr ,O(x,x ) S ﬂ[rl + p(xva)]-
If f is a test function of type (81, B2; y1, y2) centered at (xg, yo) € X x X with
width r1, r, > 0, then we write f € G(xo, yo; 1, r2; B1, B2; Y1, v2) and define the
norm of f by || flGxo.vo:r1.r2:61.2:71.72) = If{C : (1), (2), (3) and (4) hold}.

We denote by G(B1, B2; v1, y2) the class of G(xo, yo; r1, r2; B1, B2; ¥1, v2)
with r; = rp = 1 for fixed (xg, yp) € X x X. Itis easy to see that G(x1, y1; r1, 12;
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Bi. B2: i, v2) = G(Bi1, B2; v1, v2) with an equivalent norm for all (x1, y1) € X x
X. We can easily check that the space G(B1, B2; Y1, ¥2) is a Banach space with

respect to the norm in G(By1, B2; Y1, ¥2).

Forany 0 < By, B2, ¥1, ¥2 < 6, the space G(B1, B2; y1, y2) is defined to be the
completion of the space G(0, 0; 0, 0) in G(B1, B2; Y1, ¥2) when 0 < B1,y1 < €

and 0 < s < &. We define o = . . Then,
Br.y2 < & ”f||g(ﬁ1,ﬁ2;y1,y2) I f g B2iv1.72)

obviously, G(B1, B2; ¥1, ¥2) is a Banach space. Hence we can define the dual space
(G(B1, B2; v1, yz)), to be the set of all linear functionals £ from G(B1, B2; ¥1, ¥2) to
C with the property that there exists C > 0 such that for all f € G(B1, B2; V1, ¥2),

L <C o .
LDl = ”f“Q(ﬁl,ﬂz;)/l,Vz)

In [15], to define the product Hardy space H? (X x X), they first introduced the
Littlewood-Paley-Stein square function on X x X’ by

[e9) 0 1/2
NG =1 > > |Dlek2<f)(x1,xz)|2} ,

k1=—OO k2:—oo

where Dy, = Sy, — Sy;—1 with S, being an approximation to the identity for i =
1,2, and proved that ||g(f)ll, = [|fll, for 1 < p < oo. Then H?(X x X) is
defined as follows.

Definition 2.6. Let {Si, }x,cz be an approximation to the identity of order 6,i =
1,2.Set Dy, = Sg; —Sk,_, forallk; € Z. Forﬁ <p<l and%—l < Bi,vi <9,

’

the Hardy space H? (X x X) is defined to be the setof all f € (é (B1, B2, v1, )/2))

such that ||g(f)|lLrxxx) < 00, and we define

I flarexay = 18O Lrxxx)-

In order to verify that the definition of H? (X x X) is independent of the choice

of approximations to the identity, the following Min-Max comparison principle for
HP(X x X) was proved in [15].

Lemma 2.7. Let all the notation be the same as in Definition 2.6. Moreover, for
i = 1,2, let { Py, }x;ez be another approximation to the identity of order 6 and Ey, =

Py, — Py,—1 forallk; € Z. Andlet{Qrf’vi ckiel,tiely,vi=1--- Nk 1)}
and {Q]:/’Ui : k; € Z, Tl-/ € Ikl{, v; =1,---,N(k, rl./ } be sets of dyadic cubes of

1

X as mentioned in Lemma 2.2. Then for # < p < oo there is a constant C > 0
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’

such that for all f € (é(ﬂl, B2, v1, Vz)) with 1p =1 < Bi, vi <0,

N(ki,71) N(ka,72)

2> > > sup 1Dk, Dy ()1, 22)

kq,v ko, v
k1:—ook2:—oot161kl‘[2€]k2 v1=1 vy=1 Z]EQI} LI,ZZEQ‘L-% 2

12
XX k1o (‘)XQk2,v2 ) }
5]

0.l
LP (X xX)
o o N(ky,t))N (ky,Ty)
: 2
sclhy 2 222 Z 2 L JEE(D@ )
klz_OOkZ_ OO‘L'IEI /t261/2v1_1 1)2_1 ZleQ ZZEQ%U
7 )
1/2
XX 0 Ox s
ot 07
‘1 2 LP(XxX)

To prove Lemma 2.7, in [15] they established the following discrete Calderén re-
producing formula on X x X.

Lemma 2.8. Let all the notation be the same as_in Definition 2.6. Then there
are families of linear operators {Dy,}r,cz and {Dy,}k,cz such that for all f €

G(B1. Ba: v1. v2) with B, i € (0, 6),

N(ki,71) N(k2,72)

fanx)y= Y > Y > Z Z n(QE (™)

k1=700 k2=7OO rlelk] ‘EzEIkz v =

X Dy, Di, (x1, X2, Y1, ¥2) Di, Dy () (V1 ¥2)
N(ky,t1) N(k2,72)

oYY Y Y @

ki=—00 kp=—00 1€l nEl, vi=1 vy=1

x Dy, Di, (x1, X2, y1, ¥2) D, Diy, () (01, ¥2),

(2.8)

where y; is any point in ngj Yl for i = 1,2 and the series converges in both the

norm of G(B1, B2; Y1, ¥2) and the norm of L (X x X) with 1 < p < oo. Moreover,
Dy, (x, y), the kernel of Dy, satisfies the conditions (2.3) and (2.4) of Definition 2.3
with 0 replaced by any 68’ < 0 and

/ B, (x, »)du(y) = / D, (x. y)dp(x) = 0; 2.9)
X X
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similarly, Dki (x,y), the kernel of Dki satisfies the conditions (2.3) and (2.5) of
Definition 2.3 with 0 replaced by any 0’ < 0 and (2.9), forall k; € Z withi = 1, 2.

Forany f € (G(B1. Ba: y1. y2))'s (2.8) also holds in (G(B1. Ba: 1, 72)).

In this paper, we use notation a ~ b and b < ¢ for a, b, ¢ > 0 to mean that
there exists C > 0,sothata/C <b < C-aand b < C - ¢, respectively. The value
of C varies from one usage to the next, but it depends only on constants quantified
in the relevant preceding hypotheses. We use a v b and a A b to mean max(a, b)
and min(a, b) for any a, b € R, respectively.

3. CMO’”(X x X') and the Min-Max comparison principle

To characterize the dual space of H” (X x X), we introduce the Carleson measure
space CMO? on X x X, which is motivated by ideas of Chang and R. Fefferman [2].

Definition 3.1. Leti = 1,2, 0 < 8;, vi < 0, {8k, }x, <z be an approximation to the
identity of order 6. Set Dy, = Sy, — Sk, —1 for all k; € Z. The Carleson measure

space CMO? (X x X)) is defined to be the set of all f € (é(,Bl, B2, Vi, yz))/ such
that

N(k1,71) N(k2,12)

IfleMO? (xxa) = SuP ——1/9 Z Z Z Z

/_L(Q)P k1= —ookg——oorlelkl nel, v=

XX{Q'Q}’”le'%"’ch}(kl’ k., T1, T2, v1, v2)| DD, () (x1, x2)|

12
XXQ e (xl)Xka v (xz)d,u(xl)d,u(xz)> < 00,
3.1

where the sup is taken over all open sets 2 in X x X with finite measures.

In order to verify that the definition of CMO? (X x X) is independent of the
choice of the approximations to identity, we establish the Min-Max comparison
principle involving the CMO? norm. To this end and for the sake of simplicity, we
first give some notation as follows.

, k/ , / k/ ’ ’

We write R = le U Q%’Uz, R=0""x07%"

T )

N(ki,T1)N(k2,72)

00 00
Z_Z Z Z Z Z ZX{Q’;}’legﬁg’vzcg}(kl’k2’n’7:2’1)1’”2);

RCQ ki=—o0ky=—001i €l rEl vi=1  vp=1

Nk, 7N (Ky,Ty)

Y=y ¥ ZZZ Z ot gy oo 1 T 0 0
2

c
R'CQ kl_fookz_foorlel /1r261 ; Ul—l v2—1 fl }
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klz—oo k2=—OO'L' 1/ rzel/ vl_l v2_1

R(R) = p(QE"H(02™); (R = M(Qil’vl)u(Q?’vz);
1 2

/ ’

1+e ro 14¢

b ”1> @yt | w@r"

klvl M(Q
FR. K} = u(Q7 )

El

v k ) v k v
I’L(Qk 1) /’L(Qfl 1) M(Q 2) M(Qrz 2)

v(R, R) = <M(Q'§}””) v u(Qf}’”‘)) (M(Q'%’”Z) v u(Qf%’”%) :
1 2

k/ U/ —(1+6")
dlst(Qk1 e Q }’ D)
P(R,R)=|1+
u(Qkvy VM(Qk iy
) —(140")
dist(Q%22, 0'2'2)
1+ T .
k,, 7 )
w(Q2™) v u(Q 7™
2
Sp = sup | Dty Diy (f) (x1, x2)1%;
xeQi M e
Ty=  inf }D Dy (NG
’ k ’
yleQT V) Q

Now we state the main theorem of this section as follows.

Theorem 3.2. Let all the notations be the same as above. For ﬁ < p <lall
f € CMO?(X x &),

172 1/2
1
sup( . u(R)SR) < sup (—1 > u(R’)TR/) L(3.2)

n(£2) b ' keo n(2)r R
where Q ranges over the open sets in X x X with finite measures.

Proof. First, for each p satisfying ﬁ < p < 1, we choose € € (0, 8) such that
2 2
Then, for any f € CMO”(X x X), it is easy to see that the right-hand side of

(3.2) is finite and can be controlled by C|| f”CMO”(XxX)'



DUALITY OF MULTIPARAMETER HARDY SPACES 655

To prove (3.2), we need to show that for any open set 2 € X x X with finite
measure, the following inequality holds.

1 1 /
——5— > W(RSg Ssup——5— > u(R)Ty, (3.3)
M(Q)P T Q@ u()r - pca

where  ranges over all open sets in X x X with finite measures.
To begin with, for each fix €2, we first consider the estimate of the term Sg in

the left-hand side of (3.3) for every R = kl vl X ka "2 Q. To estimate this,
we recall the almost orthogonal property of Dk for i = 1,2, namely, for any
0<ée <0

2—(ki/\k;)€/

Dy, Dy (x, y)| < c27hihile ,
' @ ®MD 4 p(x, y)) 1+

(see [18] for more details).

Now for any (x1, x2) € R, using the discrete Calderén reproducing formula
(2.8), the above almost orthogonal property and the Holder inequality, we can obtain
that

N(k r)N(k r2) ,

> > 2 2 Z ZMQ”’W @

k =—00 kZ:—oo rlel/ ‘[261; vl_l v2_1

| D, Dy () (x1,%2) 1> <

2
X Dlekszleg(xL X2, yla yz)Dkka;(f)(yp )’2)

N(ky.T)

ZZZZZ

klz—oo kZ:—oo rlel/l ‘5261; ”1—1

N(k 12) k k
Z T a0 ”2>
v2:1

2~ (ki AkpO'
X

Q@ D 4 p(yy, yy )
o~k k)6’

: , ——— Dy Dy (). v
@ ark) | p(y, yyy i+
3.4
where &’ is chosen to satisfy € < &’ < 0’ < 0, and fori = 1,2, y; is the center of

!’ /
k‘ " and y is any point in Q it , respectively.

l
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From (2.1) and Lemma 2.2, we know that each dyadic cube Qf; satisfies that

k{ v{
kioviy  H(QT)
w(Qz™) o 7]

uigh'hy  mes™

'U“(Ql(;) ~ 27k which yields o~ lki—k;|
and 240D ~ (u(Q ) v u( @) fori = 1,2,

’ ) o kv . . .
Also note that p(y;, y;) > dlst(er’.’U’, (o U‘). Since the last inequality of (3.4) is
T.

1
independent of (x1, x3), then combining the above estimates, it follows that

N(k rl)N(k ‘52)

Sk S Z )3 > X Z )y u(Q’”“) (Q’“’Z)

l:—oo kzz—oo rleI; rzel/z vl_l 1)2_1

!
&

M(le Ul) M(Qk}’vl)
(Qk vl) M(le Ul)

(M(Qk‘ vy v u(Q"l’“l))e/

———— (3.5)
(o v M(Q ) 4 dist(gh, @1y 4

/
&

M(ka v2) M(Qk%’vz)

A k v
,U«(Qk%’UZ) /’L(Q-(z 2)

(r(Q2") v u(Q"%’”Z))G’

— Ty
(@™ v wQ; 50 4 disi@ln, 013
)

Now combining (3.5) and the following equality

2 ;o 2 rorN 2 ki, v M(Ql’ l)
), . (Qkm
[Tt '>=1‘[(M<Q’;;’”l>vu(Q"s ')) s N —|
i=l i i=l fi w(ofety  H(@)
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we obtain that the left-hand side of (3.3), namely, . — > w(R)Sg, is

2
w()r = RcQ

bounded by

1 ’ ’ /
7 Zv(R,R)r(R,R)P(R,R)TR/. (3.6)
()~ RcQ g’

Thus, to finish the proof of the theorem, we need to prove that (3.6) can be con-
trolled by

1 ,
sup ——— D u(R)Ty, (3.7)

- -2
Q@ u@)r - rea
where 2 ranges over the open sets in X x X’ with finite measures.
We first point out that the terms v(R, R/) and P(R, R/) characterize the geo-
metrical properties between R and R. Namely, when the difference of the sizes of
R and R’ grows bigger, v(R, R/) becomes smaller; when the distance between R

and R’ grows bigger, P(R, R') becomes smaller. Hence, what we should do next is
to that, for each R, decompose the set of all dyadic rectangles {R’} into annuli ac-

cording to the distance between R and R’. Next, for each annuli, we give a precise

estimate by considering the difference of the sizes of R and R. Finally, we add up
all the estimates on each annuli and then finish our proof.

. . o v ko
Now let’s go into the details. For the sake of simplicity, we denote Q];‘.’v’ ,O v’

by Qi, Q;., respectively, for i = 1, 2. Define
= | 34%Qix 0.
R=01x0,CQ
And for each R, let
Ago(R) = {R': 3AR N3A%R # p};
Ajo(R) ={R': 3A’RN3A%2/ Q| x Q) #0;
3A2RN3A227710| x 0)) = o)
Aox(R) = {R': 3A’RN3A%(Q, x 20y #0;
3A2RN3A%(Q, x 2¢71'05) = o)
Ajx(R)={R : 3A2RN3A%(27 Q| x2*0,) #0;
3A2RN3A2(2771Q| x 2F0,) = o;
3A2RN3A2(27 Q) x 21 0)) = o;
3A2RN3A2(271Q| x 2105 = 1y,

where j, k > 1.
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Since for each R' = Q/l X Q/Z, lim; ;- 00 3A2%(2/ Q/1 X ZkQ/Z) =X x X, we
can see that for any R C €, there must be some j and k such that R € A; x(R).
This implies that for each R C Q, {R'} € U; x>0A4k(R).

Then, we have

1 ’ ’ !
(36 < ——5—Y Y (R R)R R)P(RR R)Ty
,u(Q)F_1 RCQ R'€Ago(R)

Y =2 D, VR RIRR)PRR)Ty

j>1 /L(Q)P RCQ R'€Ajo(R)

+Y ==, 2 R ER)RR)PR R)Ty

k>1 u(Q)/’ RCQR'EA()k(R)

+ Y =D > R RIRRIPR RO

Jik>1 ,u(Q)ﬂ RCQR/EA *(R)
=I1+0+MI+1v.

We first estimate term /. Define
Boo = {R': 3A’R' N Q" # ¢},
Then we claim that

I'= % > > (R, R)r(R, R)P(R,R)Ty. (3.8)

2
n(§2)7 " R'eBog (R: RCQ,R'€Ag0(R))
To show this claim, we only need to point out that for any R’ ¢ By, we have
3A2R'NQY = @. Thus, forany R C 2, we can see that 3A>R'N3A%R = @, which

implies that R" € Ag o(R). Hence, we can obtain that Ugcq Ao o(R) C Bo,o. This
yields that the claim (3.8) holds.

Now we continue to decompose By o. Let .7:,?’0 = {R/ : /L(3A2R/ nQY% >
SnGARRYY, DY’ = FYONFYO = 1, FO =0, and @) = Uy 0ok,
h

h > 1. From these definitions, we can see that

0,0
Boo = | DY
h>1

Then (3.8) can be rewritten as

l ! / 4
157;_12 > > v(R, R)r(R,R)P(R, R)Ty. (3.9)
w()r h=1R'ep0 (R: RCQ,R'€A,0(R))

To estimate the right-hand side of (3.9), we only need to consider

v(R, R)r(R, R) (3.10)
{R: RCQ,R'€Ago(R)}
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since P(R, R') < 1 for any R e Dg’o and R satisfying R" € Apo(R). In what
follows, we use a simple geometrical argument, which is a generalization of Chang
and R. Fefferman’s idea, see more details in [2].

Since 3A2R N 3A2R’ # ), we can split (3.10) into four cases:

Case 1: 11(Q)) > 1(Q1), 1(Q3) < p(Q2).
First, it is easy to see that £(Q1 x 340,) < t(3A2R N 3A%R’). So we have

n(Q1)

/

nGBAQ;)

which yields that 2"~ (Q1) < n(3AQ)) < w(Q)). Since all the Q; and Q,
(i = 1, 2) are dyadic cubes with measures equivalent to 27¢ for some a € Z, then
we have /L(Q/l) ~ 2"=1411(Q)), for some n > 0. For each fixed n, the numbers
of such Q1’s must be < % -5A-2".

As for Qo, u(Q2) ~ ZmM(Q/Z) for some m > 0. For each fixed m, the number
of such Qs is < & - 5A since 3402 N 3AQ, # #. Thus

/ ’ ’ 1 ’
wBAR) < u(BA’RN3A’R))<u(BA2R NQY) < FM(3A2R ),

/ ’

1+e / 1+e
Z r(R,R)v(R,R) = Z (”“(Ql)) <M) 1(Q)1(02)

Casel casel M(Ql) n(Q2)
S Z 2_(h—1+l1)(1+8 )an(Ql)z—m(l+E )2mM(Q2)
n,m=>0

5 2_h(1+8/),LL(R/).
Case 2: u(Q)) < u(01), 1(Qy) = n(Q2).

This can be handled in a similar way to that of case 1.

Case 3: 11(Q)) = 1(Q1), 1(Q3) = u(Q2).

Since

! ’ 1 ’
1(R) S w(BA*R N3A’R) < nBA’R NQY) < FM(MZR ),

we have 2~ 11(R) < /L(R/). Using the same idea as in Case 1, we can obtain that
/,L(R/) ~ 2h’1+",u(R) for some n > 0, and that for each fixed n, the number of

. O}
such R’sis <

ESZA2 - 2", Combining these results, we can get
2

!

(R) 1+
3 (“ ) m(Q)(Q))
case3

> r(R.R)v(R. R)

Case3 u(R)

< Z 2—(h—1+n)(1+8/)2nM(R/)

n>0

,S 27h(1+£,)/1,(R/).
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Case 4: 11(Q)) < 1(Q1), 1(Q3) < p(Q2).

From
’ !’ ! 1 /
HW(R) S RGBAR N3A°R) < pBA’R N Q) = S uBAR),

we have that ,u(R’) <C zh—l,lu(R,), where C is a constant depending only on A, Cj

and C,. This yields that h < hg = [logz(ZC)] + 1. Thus we can see that in this
case, there are at most % terms in (3.9) is nonzero.

Since u(R) > w(R’), we obtain that w(R) ~ Z"M(R,) for some n > 0. For

2
each fixed n, the number of such R’s is SJ 52A2%. Therefore
2

/

, 1+
! ’ R
3 R RWRE) =Y (%) w(R)

Case4 case4
5 Z 2—n(1+8 )2VlM(R/)
n>0
S u(R).

Now we have finished the estimate of (3.10). Then from (3.9), we have

s ly s (Y y s

= 2
21
,u,(Q) r h>1 R/ED,?’O Re Casel Re Case2

+ Y+ > )v(R,R/)r(R,R’)TR,

Re Case3  Re Case4
= h+L+1L+ 14

We first consider the terms I;, I and I3. Noting that we have chosen ¢ and &’
satisfying that ﬁ < ﬁ < ﬁ < ﬁ < p < 1 and combining with the fact
that 1(Q)") < h2"1u(Q) for h > 1, we have

1 _ ! 0.0.2-1 1 ’
L, L, I3 S — 2.2 A (") p 0021 w(R )Ty

w(Q)r " h=l (2 )r R )’

1 _ ! 2_1 2 1

5 — 22 h(1+¢ )(h2h)(p )M(Q)p
w(2)r " h=1
1 /
xsup ——— Y u(R)Ty
Q@ wu(Q)r " Rpco

1 ,
Ssup——— > u(R)Ty.
Q@ u()r " Rca
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As to 14, from the estimate in Case 4 we can see that

h
1 0 / /
L= ——— Z r(R,R)V(R,R)Tp.

n(2)r = h=1 R eD{0 RE cased

Thus, we have

1 2_ 1 /
Is § ——5= > @O e 3 (R Ty
w(Q)?™ " h=1 M(Qh’ )y R a0
h
1 o W (2-1) 2_q 1 ’
S D TV @ T xsup——— ¥ u(R)Ty
w()r " h=1 Q@ pu()r " Rpco

1 /
Q@ u@)r g

Combining the estimates from /; to 14, we can get

I < sup

—— > wR)Ty.
Q (L)

2_
P R'c

We now only need to estimate IV because the estimates of I and Il can be derived
from the same skills as in 7 and 7V First consider each term in IV as follows:

1 ! / 4
aj = ——5— > Y w(R.R(R.R)P(R.R)Ty  (3.11)
()P~ RCQR A ((R)

for some j, k > 1.
Define
Bjx={R: 34°(2/ 0, x2°0,) N Q° # 1)

for the above j, k.
Then we claim that

aj,kg%_l > > v(R, R)r(R, R)P(R, R)Ty. (3.12)

()P "R'eB; (R RCQ.R €A, 1 (R)}

In fact, this claim is similar to the former one (3.8). To see this, we point out that
for any R' & B, 3A2(2/ Q,1 x 2k Q,Z) N Q% = @. Thus, for any R C £, we have
that 3A2(2/ Q| x 2KQ,) N 3A2R = @, which implies that R' ¢ A;x(R). Hence,
we can obtain that UrcqA j (R) C Bj ;. This yields that the claim (3.12) holds.



662 YONGSHENG HAN, J1 L1 AND GUOZHEN LU

Now we continue to decompose Bj . Let f}{’k = (R : wn(3A%*2/ Q/1 X
’ N ’ i,k ik i,k i,k
260N QY = L u(BA221 Q) x 20, D = FINNF K h= L F =0

and Q{l’k = UR/GDj,k R’, h > 1. From these definitions, we can see that
h

R J.k
Bjr= U Dh .
h>1

Then (3.12) can be rewritten as

! > v(R.R)r(R.RYP(R, R)Ty. (3.13)

ajk= 2
“(Q)E*l h>1p/ ik /
='R ED/{ {R: RCQ,R €A (R)}

Now we consider

> v(R, R)r(R, R)P(R, R). (3.14)
{R: RCQL,R' €A i (R))

Note that when R’ € A ¢(R), we have 3A2R N 3A%(2/ Q| x 2 Q) # . Namely,
3A01N3A2/ Q) # Wand 3A0, N3A2KQ, # 0.

Also we remind that when R" € A; i (R), we have 3A2R N 3A%2 (27! Q/1 X
2Q,) = 8, 3A2R N 3A2(27 Q| x 2¢°1Q)) = ¥ and 3A%R N 3A2(2/71 Q] x
26=10)) = @. These imply that dist(Q}, Q1) > u(2/~'Q}) vV 1(Q1) and that
dist(Q5, 02) > £ (2*7105) v u(Q).

Thus we can split (3.14) into four cases:

Case 1: 1(27 Q) > (Q1), 1(2°Q5) < 1(Q2).
First, it is easy to see that £ (Q1 x 3A2K Q,z) < ,u(3A2(2j Q,1 x 2k Q/z) N3AZR).
So we have

n(Q1)

i g ORI 0 X 20 S kBA 0, x 20y n3AR
M 1

n(3A2271 Q) x 2¢0;) N QY

1 2ni P
= FMGA (270, x2°0,)),

IA

which yields that 2/~1.(Q1) < n(342/ Q) < 2/u(Q)).
Now let us consider the measures of Q1 and Q/1 . We can see that there are two
subcases.

Subcase 1.1: 1(Q)) > 1 (Q1).

In this subcase, since 2"~1=/ . (Qy) < /,L(Q,l), we have that ,u(Q/l) ~
2h_1_j+”M(Q1) for some n > 0. And for each fixed n, the number of such Q;’s
must be < % <542,
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Subcase 1.2: ;1(Q)) < 1(Q1).

In this subcase, we have 1(Q)) < u(Q1) < w(2/ Q). So u(2°Q)) ~ n(Q1)
for some positive integer ¢ satisfies 1 < ¢ < j. And for each ¢, the number of

such Q1’s must be < % - 5A. Then, from the inequality 2"~ (01) < 2J'M(Q/1),
we can see that 2h_12‘5,u(Q/1) < ZjM(Q/I), which yields that 2#~1 < 2/=¢ Thus,
h < j —¢. This implies that for each £ < j, there are at most C(j — £) terms in the
right-hand side of (3.13).

Now let us consider Q» and Q/z- Since (2% Q/z) < u(Q2), we can get that
2k2mM(Q/2) ~ (Q») for some m > 0. And for each fixed m, the number of such
Q2’s mustbe < & - 5A since 3A(25Q;) N340 # 0.

Combining the above estimates, we have that

v(R, R)r(R, R)P(R, R)
Subcase 1.1

’ !

(Q ) 14¢ (Q/) 1+¢ dlst(Q Q/) —(1+9/)
> <“ ,1> (“ 2) u(Q&)u(Q2>(1+#>
Subcase 1.1 M(Q]) m(Q2) M(Q])

. o\ ()
" 1erlst(Qz, )
n(Q2)

,S Z 2—(h—1—j+n)(1+€ )2_(M+k)(1+€ )2nM(Q,1)2m+kM(Q/2)2—j(1+9/)

n,m=>0

S 2—h(1+8 )2—j(9,—£,)2—kS,M(R,)
and that

> w(R.R)r(R.R)P(R.R)

Subcase 1.2

W@\ ()" disor, 0\
— 1 2 1 1, &
sub;mz(le)) (M(Q2)> M(Ql)M(Q2)< e )

dist (02, @\ "
x (14 =222
11(02)

A

J / ’ , , . ’
Z Z o—t(+e )2*(m+k)(1+€ )ZZM(QI)2m+kM(Q2)2*(jfZ)(l+9 )
=1 m>0
J

A

~
—_
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Case 2: 1(27 Q') < p(Q1), n(2* Q) = n(Q2).
This can be handled similarly as Case 1. And we have that

> w(RR)IF(R,RYP(R,R) S 27 hIFe )7k =D=ie"y (R
Subcase 2.1

and that

k ! ’ P
Z U(R, R/)V(R, R/)P(R, R,) 5 22—58 2—(/(—0(1-‘1-9)2_]8 M(R/)
Subcase 2.2 =1

Also notice that in the subcase 2.2, for each £ < k, there are at most C(k — £) terms
in the right-hand side of (3.13).

Case 3: 1(2/ Q) = 1(Q1), n(2XQ3) = 1(Q2).
First, it is easy to see that w(R) < w(BAZR N 3A2(2/ Q/1 X ZkQ/z)). So,

. / ’ 1 H / ’
u(R) S nBA*2' 0, x20,) N QY% < FM(MZ(ZJ 0, x 2°0,)),

which yields that 2"~ .(R) < 2/2Fu(R').
Next we consider the measures of Q1, Q/1 and Q», Q/z- We can see that there
are four subcases.

Subcase 3.1: ;1(Q}) > u(Q1), n(Q5) > 1(Q).

In this subcase, we can see that 2/~ 1=/ —k+n (R) ~ ,u(R ) for some n > O.

And for each n, the number of such R’s must be < 1 52A2 2" Hence

> w(R.R)r(R.R)P(R.R)

Subcase 3.1

+e ;o\ —(149) —(1+6")
_y (u( )) (R)< dlst(Ql,Ql)) (1 dlst(Qz,Qz))
Subcase 3.1 u(R) /L(Ql) M(Qz)

< Z 2—(h—1—j—k—t—n)(l-'rs/)2nM(R’)z—j(l—t-é/)z—k(l-‘r@’)
n>0

5 2—h(1+8')2—j(9/—8/)2—k(9/—8/)M(R')'

Subcase 3.2: ;1(Q)) < w(Q1), 1(Q3) = p(Q2).

In this subcase, we first have that M(Q/l) < w(Qy) < @/ Q/l). Similar to
the estimate in Subcase 1.2, we have that (2% Q,]) ~ u(Qp) for some positive
integer £ satisfies | < £; < j. And for each £, the number of such Q1’s must be
<G .54

~ Cp
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As to Q; and Q/z, we can obtain that M(Q/z) ~ 2" u(Q») for some m > 0.
And for each fixed m, the number of such Q;’s must be SJ % -5A.

Then, from the inequality 2*~1j(R) < 2/ 2K1(R"), we can see that 2" <
2U—t0+k+m “which yields that & < (j — £1) 4+ k + m. This implies that in this
subcase, for each £, there are at most (j — £1) + k + m terms in the right-hand side
of (3.13).

So, we have

> w(R.R)(R.R)P(R.R)

Subcase 3.2
@)\ (uon\" disor, 0\
= Y (“ ‘) (“ ?) M(Ql)M(Q;)<1+#>
Subcase 3.2 (@) M(Qz) M(Ql)
. ’ —(1+6")
5 <H_dlst(Q2,/Q2))
M(QQ)

J / / ’ ’ . ’ /
< Z Z y—ti(l+e )y—m(l+e )251M(Ql)M(Qz)Z*(J*fl)(HQ )y —k(1+6")

l1=1m=>0

Subcase 3.3: 1(Q}) > n(Q1), 1(Q5) < u(Q2).
This subcase can be handled similarly as Subcase 3.2. And we have that

Y wR,R)r(R,R)P(R,R)
Subcase 3.3

k / / / / / ; /
g Z Z y—ta(l+e )y—n(l+e )2Z2M(Q1)M(Qz)z—(k—éz)(l-i-e )p—j(+6")
lr=1n>0

Also, we shall point out that in this subcase, for each {5, there are at most (k —£3) +
J + n terms in the right-hand side of (3.13).

Subcase 3.4: 1(Q)) < u(Q1), 1(Qy) < 1(Q2).
This subcase can be handled similarly by using the skills as in Subcase 3.1 and
Subcase 3.2. And we have that

v(R, R)r(R, R)P(R, R)
Subcase 3.4

J k 4 4 ’ ’ . ’ ’
< Z Z y—ti(l+e )y—Lla(1+e )221252M(Q])M(QZ)Q*(J*&)(1+9 )p—(k=£2)(1+6")
Li=14r=1

Also, we shall point out that in this subcase, for each ¢ and ¢, there are at most
(j — £1) 4 (k — £») terms in the right-hand side of (3.13).
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Case 4: 1(2/ Q) < w(Q1). 1(2XQ5) < 1(Q2).
Similar to Case 3, it is easy to see that u((ZjQ] x 2k Q/z)) < w(3A%RN
3A2(27 Q) x 2€0Q))). So, we have

w(2/ Q) x 203)) S uBA*Q2/ Q) x 2°0;) N Q°)

1 2i e
SFMGA (270, x2°0,)),

which implies that M(R/) <C 2,1%1 ,u(R/), where C is a constant depending only

on A, Cy and C3. This yields that h < hg = [logz(ZC)] + 1. Thus we can see that
in this case, there are at most A terms in the right-hand side of (3.13).
In this case, we can obtain that s (R) ~ 2"2/2%,(R’) for some n > 0. And

2 .,
for each fixed n, the number of such R’s is § 52A2%, since 3A2R N 3A2(2/ Q1 X

2£Q)) #0.

Hence

> v(R.R)r(R.R)P(R. R)
Case 4

sy 14 ) ;o\ —(1+6) ) ;o\ —(146")
_ Z “(R) W(R) 1+dlst(Q1, o) 1+dlst(Q2, 0,)
Cased.1 \W(B) 1(Q1) 1(Q2)

<y 2—(n+j+k)(l+s/)2n2j2kM(R’)
n>0
< 27k (R).
Now let us come back to (3.13). From the estimates of (3.14) we have

aj,kfézz (Z + >+ >+ Z)u(R,R’)

2
2
n(2)» hle/eD,j‘k ReCasel ReCase2 ReCase3  ReCase4
4
xr(R, R)P(R, R)Ty
=tajk1tajk2tajr3tajra.

We first consider the term a; 1. From the subcases in Case 1, we know that a; x
can be further divided in to two terms, namely,

1
Gri=———> > | 2+ X
w(2)» hle/epi.k ReSubcase 1.1 ReSubcase 1.2

-v(R, R)r(R, R)P(R, R)Tp

=!aji1.1+ajk1.2-
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Let us estimate aj,1.1. Noting that u(Q{;’k) < h2"u(Q) for b > 1 and that
1+¢ > % — 1, we have

1

_ N 7: YN N ik Z_l
aj,k,l.l g 7 2 h(l+e )2 j@ 8)2 ke M(Q;l )[1
n(€)? " h=t
1 ,
S R calt
1 —h(1+€ ) y—j (O’ ") n—ke' [ Hh\(3—1) 2
< — 2 ENTI=ENTRE (M2 T () P

2
n(€2)? = h=1

1 /
X Sl}p j Z ,LL(R )TR/
Q@ w(€)r R

As a consequence,

1 /
Z ajril S sup ——— Z W(R )Ty
J.k>1 Q M(Q)p Rco

Asto aj 1.2, we have that

1 Jj CG=0) o et e el
ajk,12 5 — o—te o= =O+0") y—ke M(Q;l, )7
w()r =1 h>1
1 ,

kI W(R) Ty
/L(Q'h )P R/Cgi,k

1 i cy-n o, o - -

S— 27t U=+ ke (o)1 (@) v ™

w(Q)r " =1 h>1

1 ,
xsup——— > w(R)Ty
Q@ u(€)r " Rea

" = 2]
=1 Q u(Qr gco
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Hence, noting that 1 + 6" > % — 1, we have

i
—ke! _/_ —'—619’—2_]
D ajuan S Y 2R Y o7t (j -2V OIHIEGED)
Jkz1 Jik=1 =1
1 :
sup———— ) w(R)Ty
Q u@r " geo

1 /
S Sup ——— Z M(R)Ty
Q u(Q)r - peg

Similarly, we can obtain the same result for a; x 2, namely,

1 ,
D @ik2 SSUp——— 3 w(R)Ty.
P

k=1 Q () R c&

As to aj 3, following the step of a;x 1, we can divide it into 4 terms, a; 3.1,

aj k32,433 and aj i 34. For the first term, using the same skills as in the esti-

mate of a; ;. 1.1, we can get that Zj’kzl aj k,3.1 can be controlled by supg %

771 '
n(€)?
dRcH M(R,)TR/. Now for the second term a x 3.2, we have:

1 J
aj k3.2 5 2,
w()r ~ L=1m>0

C(j—L1+k+m) , , . ) ) o,
o—=ti1(4e )g—m(l+e ) plin—( =€) (14+0) ) —k(1+6 )M(Q;l’k);—l

h>1

L > (R Ty

jky 21
Qja » ik
1€, Rcal

2=t p= (=040 3 ke’ (o) G=D ) ) 7!

I :
xsup———— D u(R)Ty
@ pu€)r - Rea

/ j ! —( — r_(2_ 1 /
SRy ot VO G D gy N (R T
= o w@r ' e
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Since 1 + 6" > % — 1, it follows that

) o,
Z ajrz2 S Z p—ke’ Zz e (j — 022~ U=00+'=G=D)

Jk>1 Jk>1

“Sup ———— > w(R)Ty
Q@ wu(€)r  rca

1 /
< sup ——— Z (R )Ty
Q pu€)r  rco

Then, a; ;3.3 and aj « 3.4 can be estimated in the same way and the two terms are
1 !
both bounded by supg, F DR caM(R)Ty.
nw
Finally, as to a; x 4, since 0 < h < h in this case, we have

ho
1 — k& — 1 ’
aj,k,4 < - 22 ]5 2 ke’ (QJ ) IT I’L(R )TR/
Y= W@ o
1

. ’ 2_ 2_
S ——= e @)
pn(€2)? ~ h=0
1 /
X Sl}pT_] Z [/L(R )TR/
Q@ u(r - gca

. / 1 ’
—j&' n—ke ,
<2782 sup ——— Zﬁ (R )Ty
Q pn(Qr - rco
Then,
1 /
D ks SSup———— 3 u(R)Ty.
k=1 Q M(Q)” '
Combining all the estimates above, we can obtain that
1 /
Q@ u()r  Rco
Using the same ideas in the estimates of / and /V, we can obtain that

1 ,
I, m < sup — Z (R Ty .
Q u@@r " rea
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The proof of the Min-Max comparison principle for CMO? (X x X&) is
complete. O

Remark 3.3. The operators D,/ D,/ in the right hand-side of (3.2) can be replaced

by any other operators E E / Wthh satisfy Ey, = Py, — Px,—1 fori =1, 2, where
1

{ Py; } are approximation to 1dent1ty of order € € (0, 8].

Then we can see that the Min-Max comparison principle established above
yields that the definition of CMO? (X x X) is independent of the choice of ap-
proximations to identity. More precisely, let {Sk,} and {Py,} be approximations to
identity of order € € (0, 6] and Dy, = Sy, — Sk;—1, Ex; = Pr, — Pry—1 fori =1, 2.
Suppose ”f”CMO”(XxX) is defined as (3.1) and ”f”CMOp(XxX),* is defined as
(3.1) with Dy, replaced by Ey, fori = 1, 2. Then by using the Min-Max comparison
principle, we can see that

”f”CMOP(XxX)

sw|——[ > T ¥

Q M(Q) P ki, kpy=—o00 1€l T2 €L,

N(ki,71) N(k2,72)

X{Q/;l.vl Qk2U2 Q}(kl k27t] 72, V1, Uz)
vi=1 v=1 !
1/2
X sup Dk Di (D 0 K gty (X gl (1) (e (x2)
kpsvq kg,vp
ueQ eQ
1 o¢] N(k],t])
sswl—— [ > ¥ ¥ ¥
Q /_,(,(Q)f’ Qk],kzI—OO‘[]GIkl szIk2 vi=1
N (kz,72)
{le U] ngUZCQ}(k]a k?.’ 71, T2, V1, U2)
v=1
1/2
Xl B Ei (D 0) PR g (10X s (e2)dgt () de(32)

ky,v
ueQe lveQ

= “f”CMOp(XxX),*'

And similarly, we have || fllcMO? (1 x )« < I lcMO? (v xx)-
This implies that the Carleson measure space CMO? (X x X)) is well-defined.
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4. Product sequence spaces and duality

We introduce the product sequence spaces s” and c” as follows.

Definition 4.1. Let 5o (x) = n(Q)~"/?xo(x). The product sequence space s?,
0 < p < 1, is defined as the collection of all complex-value sequences

r={ iR XQ’%’“Z}kl,kzeZ; 1€lyy 1€l vi=1,.N(ki,11),v2=1,..N (ka,2)
such that ||A||s»

N(ki,71)

x>y ¥

ki=—00 kp=—00 T1€lk 1€l vi=1
N(k2,12) 2)1/2
. Ak, kyovo |+ X kpovy (DX ks (¢ < 0.
2 (' Qi gyl Xolin OXglan ()
v=1 Ly

Similarly, ¢, 0 < p < 1, is defined as the collection of all complex-value se-
quences

1= { le U1 ng’”z }kl,kzeZ; t1€lyy, 1a€lky; vi=1,..N(k1,71), v2=1,..N(k2,72)

such that ||¢]|¢»

o0 o0

=sup| ——=— | D> ) D)

Y [L(Q) r Q k1=—00 kp=—00 f]EIkl ‘EzEIk2
N(ki,71) N(ka,72)
k. ko, ki, ky, 1, T2, V1,V
X{QT,‘”xQé”cQ}( 1, k2, 71, T2, U1, 12)

vi=1 v=1
1/2

2
X<Itka kal kal o (x1) X kzvz(x2)> du(xl)du(xz)> < 00.
13|

For simplicity, Vs € s?, we rewrite s = {sg}r, and
- 1/2
Isller = [{ D" Isxzrr x) P} . @1
R

similarly, V¢ € c?, rewrite t = {tg}r, and

1/2
||r||cp—sup( 5 va) : (4.2)

M(Q)" =

where R runs over all the dyadic rectangles in X x &’. The main result in this
section is the following duality theorem.
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Theorem 4.2. (sp)/ =cPforO<p<l.

Proof. First, we prove that for all ¢ € c?, let

L(s) = ZsR TR, Vs esP, 4.3)
R

then [L(s)| S lIsllsplltllcr.
To see this, let

QU ={(1.x2) e X x X : {Z(|SR|XR(XI x2))? }1/2
And define

1 1
By = {R (N R) > EM(R)’ w(Q+1 N R) < EM(R)

- 1
Q= {(thz) e X x X : Ms(xq,) > 5},

where M is the strong maximal function on X x X. By (4.3) and the Holder
inequality,

POIEE D < > |sR|2)g (Z |rR|2)g

k ReB; ReB;

==

]
~

IA

Zu(szk) <Z |sR|) ———— Y Il (4.4)

ReB; M(Qk)” RCQy

< Zu(szk) <Z|sR|) It ]cr.

ReBy

Combining the fact that [ Y. p (Isgl FrONZdp(x) < 224D L (Q\ Qg 1) <
U\ Q41
C2%k4 () and that

/Q Y UsrIZR()) dpx) = Y |sR|2u(R>*1u(Qk\s2k+1 mR)

c\S2%+1 ReBy ReBy

since R € By, then Ris contained in Qk

v

1
> IsePr(R) ™ Su(R)

REBk

Z skl

REBk

| \Y
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we obtain (Y gep, 817 < 2% 14(%) 2 . Substituting this back into the last term
of (4.4) yields that |L(s)| < ||s|lse |t ]lcr.

We point out that an idea similar to the one used in the above proof was used
earlier to get an atomic decomposition from a wavelet expansion by Meyer in [22].

Conversely, we need to verify that for any L € (s? )/, there exists ¢ € ¢? with
Itllce < |IL|| such that for all s € s”, L(s) = )_ sgtg. Here we adapt a similar
idea in one-parameter case of Frazier and Jawerth in [9] to our multi-parameter
situation. 4

Now define s = 1 when R = R; and sﬁe = 0 for all other R. Then it is easy to
see that || Sy|ls» = 1. Now forall s € s7, s = {sg} = }_; 5§, 5% » the limit holds in
the norm of s”, here we index all dyadic rectangles in X x X by {R;};cz. For any
L € (sP), let fr, = L(s'), then L(s) = L, sr,s') = Y iSRIR, = ) _RSRIR.
Let t = {tg}. Then we only need to check that ||¢||.» < ||L].

For any open set 2 C X x X with finite measure, let it be a new measure

such that i(R) = %; when R C ©, i(R) = 0 when R ¢ Q. And let 12(j2) be

a sequence space such that when s € (), Q- rea |sR|2A,,)1)1/2 < oo. Itis
w2

easy to see that (I2(j1)) = [*(jt). Then,

1/2
= |r@®) ™
{mml Pl } )i,
- u(R)
= swp Y (rlu®T) s
s: sz =t |RcQ n(2)r
R)'/2|s
< sup (L XRgQ(R)Eﬁ—l—jgﬁl
s lsll 2y <1 p(€2)2
w(R)'|sg]
= sup HL“ XRgQ(R)iﬁ_l
s llsllzegy =1 u(2)2 5P

By (4.1) and the Holder inequality, we have

(R) 2
‘ <Z sk ) .
sP RCQ

ltller < sup LI - sz =< LI O
st ”5”12(M) <1

w(R)?|s|
w@s!

Xrca(R)

Hence,
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5. Duality of H? (X x X) with CMO? (X x X)

In this section, we prove Theorem 1.2. First, we define the lifting and projection
operators as follows.

Definition 5.1. Let {S, }«, <z be an approximation to the identity of order 6, Dy, =

Si; — Siy—1 fori = 1,2. Forany f € (G(B1, B2 1, v2) with 0 < B,y < 6,
define the lifting operator Sp by

SD(f)Z{M(QIE}’UI)I/ZM(Q’%’W)I/ZDMDkz(f)()’by2)}k L 6D
o glg

where y; is the center of ng’v",ki €Z,ti€ly,v=1,--- ,N(t, k;) fori =1, 2.

Definition 5.2. Let all the notation be the same as above. For any sequence s,
define the projection operator T by

N(ki,71) N(ka,72)

Ty(s)(x1, x2) = Z Z Z Z Z Z SQJH,UIXQJ%,UZ 5.2)

k1=—00 k2=—OO T]EIk] T2€1k2 v1=1 vz:l

ki,viy1/2 k2, vN1/2 7 7Y
xpu(QE V2 (@82 v) V2 Dy Dy, (x1, x2, 31, y2),
where y; is the center of Q7" and ﬁki is the same operator as in the Calderén
reproducing formula (2.8) associated with Dy, fori =1, 2.

To work at the level of product sequences spaces, we still need the following
two propositions.

Proposition 5.3. Let all the notation be the same as above. Then for any f €
HP (X x X), gz <p =<1,

ISp(Hllse S N f Il Er <) (5.3)
Conversely, for any s € sP?,

1T N mraexaxy S lsllse- (5.4
Moreover, T, o Sp equals the identity on HP (X x X).

Proposition 5.4. Let all the notation be the same as above. Then for any [ €
CMO? (X x X), ﬁ <p<l,

ISp(Nller S NFleMO? (e ) (5.5)
Conversely, foranyt € c?,

1750 leMO? ey S leller- (5.6)
Moreover, Ty, o Sp is the identity on CMO? (X x X).
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Assume the above two propositions first, then we give the proof of Theorem
1.2 with py = 525.

Proof of Theorem 1.2. First, let {S, }x,ez be an approximation to the identity of

order 6, Dy, = Sy, — Sk,—1 fori = 1,2. For any g € G(B1, B2; v1, y2) with
%—1 < Bi,yi <@fori =1,2and f € CMO? (X x X), from the two propositions
above, we have

< f.g>=<Tj508p(f). g >=<Sp(f), Sp(8) >,

ki, ko, ~
where §5(¢) = {1(Qn"") 2 1(Q3™) 2 Diy ks (&) (91, ¥2)} gy ghan-

By the Definition 4.1 and the Min-Max comparison principle in Lemma 2.7,

we obtain || S5 () lls» S lgllarxxx). Hence | < f,g > | < | < Sp(f), Sp(g) >
| < |If lcmo” (XxX) llg |l rxxx), where the last inequality follows from Propo-

sition 5.3 and 5.4. Since G(B1, B2; Y1, ¥2) is dense in H? (X x X)), it follows from
a standard density argument that CMO? (X x X) C (HP (X x X))/.

Conversely, suppose [ € (H? (X x X))/. Thenly =10Tj € (s”)’ by Propo-
sition 5.3. So by Theorem 4.2, there exists ¢ € c¢? such that [;(s) =< ¢,s > for
all s € s?, and ||t|lcr ~ ||l1|| < ||l since Tp is bounded. We have [} o Sp =
loTpoSp =1 hence

l(g) =1oTp(Sp(g)) =<t,Sp(g) >=<Tp(t), g >,
where

N(t1,k1) N(m2,k2)

ToO=30 3 3 D D gt g n(QHIR(QE™):

k1=—ook2=—00 T1€1k1 ‘[zelkz v1=1 vy=1

X Dy ey (X1, X2, ¥1, ¥2).

By Definition 4.1 and the Min-Max comparison principle in Theorem 3.2, we obtain
that [ Tp(DllcMoO? (v xxy = lItller < IIZ]l. Hence (HP(X x X)) € CMO?(X x
X). O

Now we give brief proofs to the above two propositions.

Proof of Proposition 5.3. To show this Proposition, we first point out that the proof
is closely related to the Min-Max comparison principle for H? (X x X'), namely,
Lemma 2.7. (5.3) is a direct consequence of Lemma 2.7 and the proof of (5.4)
follows the same routine as the proof of Lemma 2.7.
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Now let us go into the details. We first prove (5.3). By Definition 4.1 and 5.1,
we can see that for any f € HP (X x X),

I1Sp(f)llsp
o0 00 N(z1,k1)N(12,k2) 5
shoe 2 22 2 2 s [PuDe(D )
kl——ookz——oorlelklrzelkz V= vy=1 uerl 1 UGQ%’UZ
1
XXle (DX kzvz()}
LP
0 o0 N(t1,k1)N(12,k2) 5
Sy X XX X X it Dy De(Hw )
k]—-OOkzZ—OO‘E]EIkITQEIk2 vi=1 vy=1 ute 1, Q.[%’Z
1
XX kpvp vy (0
o' 1()XQ1% 2()}
Lr
<11 > D IDuDL(HE )|
k1=700k2=700 Lr
S W lae.

Now let us turn to (5.4). For simplicity, we only need to work with the dyadic cubes
of the form {Q];’ D ki €2, T € lyqy} fori=1,2.

To simplify our notation, let mok o 4 (x1,x2) = M(Qk')l/ (Qfg)l/zﬁk1 (x1,
7]
y’;;) Dy, (x2, ylfzz). Now we first estimate D]l Dj, (ka1 XQ/Q)(xl, Xx2).
7 ©

According to the relations between j; and k; for i = 1,2, we split D; D,

K k) (x1, x2) into four cases as follows.

(m <02

O

Case 1: j] > ki, j2 > k».

Using the cancellation condition on Dj, and Dj,, we have

|D11Dj2(m 1‘1 ka)(xl X2)|

'(/ +/ +/ +/>Djl(x1’y1)Dj2(x2vy2) [kalekz(xl,xz)
1% %3 V3 V4 1 ]

M oM o (1, x2) — Mo g2 (x1, y2) Gl gl (1, yz):| de(y1)du(y2)
I+114+111+1V,
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where

L
Vi = {(yl,yz) tp(xr, y1) < ﬂ(Z St o, YED). p(x2, y2)

ok ko | .
S ﬂ(z 2+,0(x2’y722))}»

1
Vo = {(yl,yz) sp(x1, 1) < ﬂ@ Mo, ylf{l')), p(x2, y2)

> Lo 4w vyt
2A 9 ‘[2 b

o
V3 = {(yl,yz) PP ) > (2 S o, YED), p(x2, 2)

< L@ 4 pi
= 2A 1 )T ’

r
Vy = {(yl,yz) LpG ) > (2 St o, yED). p(x2, )
o
>0 +p<xz,y’;§>>}.

For term I, we use smoothness condition (2.4) on both Dkl and Dkz with the first
variable; for term 7/, we use smoothness condition (2.4) on Dkl with the first vari-
able, and size condition (2.3) on Dkz; similarly, for term /11, we use size condition
(2.3) on ﬁkl and smoothness condition (2.4) on Dkz with the first variable; for
term 1V, we use size condition on both bkl and Dkz. Together with the fact that
;L(QI;’.') ~ 27k fori = 1,2, we can get that four terms above can be controlled by

2—Ci—kDe’ 2~ (2—ka)é

: - (5.7)
(1 + 28 p(xr, Yy (1420 p(xa, yl2)) 14

kiy—3 kay—3

n(Q7) 2u(Q%)
Case 2: j| > ki, j» < k. _
By the cancellation condition on D}, and Dy,, we have

XQ/%)(XI,X2)|

= ‘([ +/ +/ +/ >[Dj1(X1,y1)Dj2(x2, yz)—Djl(xlayl)Djz(xz,y’g)]
vi Jw Jvy Ju

x[m 0415 gl W1 2) =1 jia o (X1, y2)]du(yndu(y2)

|Djl DJZ(mQI;}

=I1+114+1114+1V,
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where

1
Vi= {(yl, ¥2) £ Gt 1) = @78+ p(an, i), P32, 32

1
<@k ;
= 54¢ +P(x2,y2))},

1
V,= {(yl, y2) s P, y) < @7 pn, ye)), P2, 37))

1 —ky .
> ﬁ(2 + p(x2, yz))} ;

1
Vs = {(yl, 32) 1 p1 ) > 5@ 4 pr D). P02, 32)

1
< (2 k .
< 2A( +p(x2,y2))},

1
Vy = {(yl, ¥2) 1 P, y1) > Q7+ p, ), p (2, vE)

1
> ﬂ(ﬂ + p(x2, yz))} :

For term I, we use the size condition on D}, and Dy,, the smoothness condition

on Dj, and Dy, ; for term 11, we use the smoothness condition on Dy, and the size
condition on others; for /11, we use the smoothness condition on D, and the size
condition on others; finally, for term 7V, we only use the size conditions. Similarly,
the four terms above can be controlled by

P fre 1 72— —kp)e’ 2(j2*k2)(1+s/)

(@7 2pu(Q7) 2 7 . 7 (3.8)
k B+ 2Ry, YR (1 4 272 p (g, yE2)) e

Case 3: j] < ki, j2 > ko.
Similarly as Case 2, Dj, D, (m oM x o )(x1, x2) can be controlled by
71 2

ol el Gt —k 1+ 2= (a—kp)e’

w(@E) "2 u(0) (5.9)

(14271 pCrr, Yy (1 4 222 p (g, yl2y) 127

Case d: j| < ki, jo < kp.
Similarly as Case 1 with only a change of the positions of Dj; D;, and

szg . Ql%’ we can see that D, D, (m Q’i} >(Q/%)(xl , X2) can be controlled by
U=k (+e) 2(a—k2)(1+¢)

w(@E) 2 pu(08)

1 2]1 ki 14¢’ 1 2]2 ko\y14¢" " (510)
(I +27p(x1, y7 ) (1 +22p(x2, y77))
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From Definition 2.6 and 5.2, we have

H TB(S)(X], XZ)HI;”;(XXX) = ”g(Tb(s))Hip()(XX)

Pa(IPoRE NS s ol

JisJ2 ki>ji.ka>jp  ki>ji.ko<jp  ki<jike>j2  ki<ji,.ke<ja

S

2y 1727

XD Dl gt gD Dnm g o)1)

T1€0k ) T2€lky 40,
LP(XxX)

STHIT+III+1V.

We now first estimate /. From (5.10), we can see that

D;D; :
Z Z Z |s kl kg“ J1 jz(mQ/;}XQ’;%)(xlaXZN

ki>ji.ko>jo 1€k 1) T2€ Ky 4,

SEDIDD

ki>j1.ka>jop 1€l 47

Z 2(jl_kl)(1+€,)2(j2_k2)(1+€,)|s

0€lky 47

kiy—1/2 ko\—1/2
0 gla (D™ A (o)™

1 1
X - 7 . 7
(1+ 27 p(xr, YR (1422 (xa, yk2)) 1+

< Z 2(jl—k1)(1+8 —*)2(J2 ko) (146 -b M, Z

k1> j1.ka> jo T1€ly 47

r

Mol D Isghga Q)T 2@ ™ gt O [ gy (| 1)

€+

where 535 6 <r < pand M;, i = 1,2, is the Hardy-Littlewood Maximal function

with respect to the first and the second variable, respectively. The last inequality
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follows from an iteration of the the result which can be found in [9, pages 147-
148], for R" and [18, page 93], for spaces of homogeneous type.
Letk = (k1, k2), j = (J1, j2), x = (x1, x2) and

a(x) = {ar (x)}k

=(Mi] Y Mo D s klXQI%MQ&})*“%(Q’;;)*”%’XQ@%(-)

Oy
1€l +J 1€y 47

1
-(xz)kal(o} <x1>) ;
7
‘1 ‘1
b= (b = {20 2R Dy g k) <0 ()

(axb); = Zakbj—k-
k

By the Young inequality and an iterative application of the Fefferman and Stein
vector-valued maximal function inequality in [8] on L 5 (X), we have

1/2||P
1V < {ZHa*b)j |2} S H“a*b“ﬂ”il’()(xé’()
J LP(XxX)
< Mall2 160 175 ey
P
S H lallp ||LP(X><X)
< llslig.
Using the same skills, we can get that 71, I11, 1V < |is||”,. Thus

IT5) (1, x2) e xexx) S lsllse-

Finally, it is easy to check that from the Calderon reproducing formula, 7 o Sp
equals identity on H” (X x X). The proof of proposition is complete. O

Proof of Proposition 5.4. This proposition is similar as the above one since its
proof is closely related to the Min-Max comparison principle for CMO? (X x X)),
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namely, Theorem 3.2. (5.5) is a direct consequence of Theorem 3.2 and the proof
of (5.6) follows the same routine as the proof of Theorem 3.2.

Now we give the details of the proof. We first prove (5.5). According to
Definition 4.1 and 5.1, for any f € CMO?” (X x X), we have

ISp(f)ller

1 o N(ki,71)
S sup 7;_1/9 > X2 X

Q M(Q)p ki ,kp=—00 T]EIkl ‘EzEIkz vi=l1

N(kz, )

kp.vy (k1, k2, 71, T2, V1, V2)

Xl w022 cq

=1

172

2
X sup | D Dy, () (u, v)| X (M)XQ/%vz (x2)dp(x1)dp(x2)

kp.v ko v
MEQIIEQZZ

Nky,71)
< sup I/Q Z Z

kl kz——OO rlelkl szIkz U1=1

XQf%’UZCQ}(kl’ k2a 71, T2, V1, v2)

172

2
X inf | Die, Diey () (s )| X ooy (XD X ppovy (x2)dpt (1) dpe (x2)
MEle 1’ Q_[%‘UZ QI] Q'[2

swl——[ > ¥ ¥

Q /,L(Q)p ky,kp=—00 ‘Elelkl rzelkz

N(ki,71) N(ka,72)

X k11 Hkav2 (k1, ka2, T1, T2, V1, V2)
{Q Q2 CQ} 9 9 9 9 9

vi=1 v=1

12
2
X | Dk, Diy (f)(x1, x2) | Xl (Xl)Xka,vz (xz)dM(Xl)dM(x2)>
Tl T2

< Iflcmor-
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Now let us prove (5.6). For any ¢t € c”, by the definition of norm of CMO”, we
have

00 00 N(ky,t1)
Ty lemorren S| ——= [ 3 3 X ¥ ¥

,LL(Q) P ki=—00 kp=—00 1€l 1€l vi=1
N(k2,12)
ki, X k, X
P XQ:} oy ( I)XQé vy (X2)

XX{Qk] sU] QkZ-UZCQ}(klv k29 Tl7 T27 vy, v2)
2

Dt i, (T50) @1, 52 dre(r)dpa ()

From the definition of 7 (¢) and the same skill as in the estimate of (3.5), we can
obtain that

sup |Dy, Di, (T (1)) (x1, x2) |2

k1,01 kp,vp
x1€07 1 xeQd

00 00 N(k rl

ZZZZZ

klz—oo k2:—oo tlelk/ r2elk/ Ul—l

N(k rz)
Z 2 I 0! 0! ) (5.11)
v2_1
(ki Ak)e’ 2~k nky)e!
X

@M oy, y )T @O (3, )
Vi\—1/2 Ky, vy —12?
/ (Q ) M(Qr/ ) ’
2

! !

. k;,v; .
where y; is the center of Q7" and y; is the center of Q' "l fori = 1,2.
T.

Comparing (5.11) with (3.5), we can see that the onlly thing different is that the
last term in the right-hand side of(3.5) is Tg’, while the last term in the right-hand
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Qké,v;
1.'1 T

proving the Theorem 3.2, we can see that the term T is fixed throughout the whole

proof. This implies that we can prove this proposition just following the proof of

Theorem 3.2 without any changes.

Thus, we can obtain that

. ) k/7 ’ B k/’ ’ B
side of (5.11) is |t o w(Q T2 (0" 1/2|2. However, when
0 }’le T 7,

IT5OIcMO” (x x)

N(ki,t1)

swl—— ¥ YT Y ¥

Q /_L(Q)p k1= —ookz_—oorlelkl nel, vi=1

N(kz,72)

ky,vp (k17 k25 71, T2, V1, UZ)

Xl g2 2 cqy

=1

N 1/2

x (@I (k) by QR TI2 (Rl

tkl”l

x Q)

S ltller.

Finally, we can easily get that from the Calder6n reproducing formula T o Sp is
the identity operator on CMO? (X’ x X'). We finish the proof of the proposition. []
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