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Evolution of hypersurfaces by powers
of the scalar curvature

ROBERTA ALESSANDRONI AND CARLO SINESTRARI

Abstract. We study the evolution of a closed hypersurface of the euclidean space
by a flow whose speed is given by a power of the scalar curvature. We prove that,
if the initial shape is convex and satisfies a suitable pinching condition, the solu-
tion shrinks to a point in finite time and converges to a sphere after rescaling. We
also give an example of a nonconvex hypersurface which develops a neckpinch
singularity.

Mathematics Subject Classification (2010): 53C44 (primary); 35K55, 58135,
35B40 (secondary).

1. Introduction

In this work we study the behaviour of a convex hypersurface of the Euclidean space
moving by powers of the scalar curvature. In particular, we find hypotheses under
which the so called “convergence to a round point” holds, that is, the hypersurface
shrinks to a point and converges to a sphere after rescaling.

The convergence to a round point was first proved for convex hypersurfaces
evolving by the mean curvature flow by Huisken [14]. Since then, many authors
have studied the same problem for flows where the speed is given by other symmet-
ric homogeneous functions S of the principal curvatures. For instance, B. Chow has
considered the cases S = /R, where R is the scalar curvature [10],and S = K#,
with 8 > 1/n, where K is the Gauss curvature [9]. More recently, B. Andrews
proved convergence to a round point for a wide class of speeds homogeneous of de-
gree one (see [2,6,7]). When the degree is greater than one, less results are known:
the papers in the literature concern particular flows and are often restricted to sur-
faces of dimension two, see [3,9,20,22]. The case where the degree is less than one
is even more difficult. In some case it is known that convex hypersurfaces shrink to
a point [4,21], but some counterexamples show that in general the profile does not
necessarily become spherical after rescaling.

The case we consider in this paper corresponds to S = R? with p > 1/2.
For this choice of powers the speed is a homogeneous function of the principal
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curvatures of degree greater than one. To state our main theorem it is useful to

introduce the function f = ”n;l — %, where H is the mean curvature. We have
the identity
1 2
fH? = ;Z(xi -7,

i<j

where A; are the principal curvatures, which shows that f is a nonnegative function
measuring how much the curvatures differ from each other. Our main theorem is
the following:

Theorem 1.1. Let Fy : M —> R™! be a smooth embedding of a closed n-
dimensional manifold, with n > 2, such that My = Fo(M) is uniformly convex.
Then the initial value problem

9
EF(I” t)=—R’(p, 1) v(F(p,1)) peM,t>0

F (p,0) = Fo(p) peM,

(1.1)

with p > 1/2, has a unique smooth solution in a finite time interval [0, T). If
the initial surface My satisfies at every point the pinching estimate f < y*(n, p)
for a suitable constant y*(n, p) (given in Definition 5.3), then the surfaces M; =
F (M, t) are convex for all t and converge to a single point yr ast — T.
Moreover, if we define the rescaled immersions and the new time parameter

Fo.0=( T —0) 77 F@.0)—yr). 1= _gm (1 - %)

where ¢’ = n?(n — 1)P(2p + 1), we have that E(-, T) — Foo as T — +ooin
the C™ topology with exponential speed, where ¥ is a smooth embedding of a
unit sphere.

The main step in the proof of this theorem consists of showing that the max-
imum of f is decreasing in time, and that the same property holds also for the
function f, = fH? for 0 > 0 small enough. The monotonicity of f is used to
show that the convexity and the pinching of the curvatures are preserved by the
flow. The estimate on f, implies that f tends to zero at those points where H be-
comes unbounded; thus, the shape of our hypersurface becomes spherical when a
singularity is approached.

We also show in this paper that our flow is well posed for initial hypersurfaces
with positive scalar curvature, and that positive scalar curvature is preserved under
the flow. In addition, we prove that for any n > 3 there exist nonconvex dumbbell-
shaped hypersurfaces developing a neckpinch singularity similar to the case of the
mean curvature flow.

As recalled above, this flow has been studied in the case p = 1/2 by B. Chow
in [10], who proved convergence to a round point if the initial hypersurface satisfies
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a pinching condition similar to ours. Recently, B. Andrews has extended this result
to any convex initial data, as a particular case of a theorem in [7]. Our results for
p > 1/2 are new, except for the case n = 2; in this dimension the scalar curvature
coincides with the Gauss curvature and some convergence results for p > 1/2
have already been obtained in [6,9]. In particular, it is known that in the case
n =2, p = 1 the convergence to a round point holds for all convex surfaces [3].

The degree of homogeneity greater than one in the speed of our flow changes
some features of the problem with respect to the case p = 1/2. One main differ-
ence is that the gradient terms in the evolution equation for the pinching function
f have a worse behaviour, and they can only be estimated if a condition of the
form f < p* is satisfied, as in the assumption of our theorem. A similar condi-
tion has been assumed in the papers [9, 22] that have dealt with other flows with
homogeneity greater than one. Here we also provide an explicit expression of the
pinching constant y*, in order to discuss its dependence on n, p (see Remark 5.4).
Another problem related to the higher degree of homogeneity arises in the analysis
of the rescaled flow, where the evolution equations become degenerate parabolic.
To deal with this difficulty we adapt a procedure developed by Schulze in [22],
which is based on a Holder estimate by Di Benedetto and Friedman [11]. On the
other hand, a good feature related to the higher degree of homogeneity is the pres-
ence of a nicely behaved reaction term in the equation satisfied by f. This allows to
bound from above the function f, = f H? by a direct application of the maximum
principle, without using integral estimates and iteration techniques as in [10, 14].

A natural conjecture is that the statement of our theorem holds for any initial
convex hypersurface without assuming the pinching condition. However, the dis-
cussion in [6] suggests that the pinching of the curvatures cannot be monotone on a
general convex hypersurface if the speed of the flow is homogeneous with a degree
greater than one. Therefore, different methods from the ones used here are needed.
Until now, however, this has been obtained only for certain flows in dimension
n = 2 [3,20]; for a general dimension, it remains an open problem.

Let us finally mention that flows similar to the one considered here, but in a
lorentzian ambient manifold, have been studied in [8, 13] to prove the existence of
hypersurfaces with prescribed scalar curvature. In these papers suitable barriers are
constructed, which ensure the long time existence of the flow and the convergence
to a limit hypersurface with the desired properties.

The paper is organized as follows. After fixing some notation in Section 2,
we prove the short time existence and regularity of the solution to (1.1) in Sec-
tion 3. Then in Section 4 we write the evolution equations for the main geometric
quantities associated to the surfaces M;. Section 5 is devoted to the proof of the
monotonicity of the pinching function f, whereas the following sections 6 and 7
concern the convergence to a round point. Finally, in Section 8 we give an example
of a nonconvex hypersurface developing a neckpinch singularity.
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2. Notation

Given an n—dimensional closed, orientable manifold M and a smooth embedding
in Euclidean space F : M — R"*!  we denote by g the metric on F(M) induced
by the standard scalar product (-, -) of R"*!. The inverse matrix of g is denoted by
g*. As usual, we denote by g;; and g"/ the components of g and g* respectively
in a given local coordinate system. The matrices g;; and g'/ are also used to lower
and raise the indices of the tensors. Throughout the paper we use the Einstein
summation convention.

We use the letter p for the generic point on M, and x, y for the points in R” and
R"*1 respectively. We denote by v the outer normal vector on F(M) and consider
the second fundamental form

1T (p) : T,F (M) x T,F (M) - R

2
whose elements are h;; (p) = <§—£ P, 837‘; (p)> = — <$Blij P),v (p)>. The el-
ements of the Weingarten map W : TpF (M) — TpF (M) are hi = h,-kgkj
and its eigenvalues, called principal curvatures, are denoted as (Ap, ..., A,) with
M. <Ay
If the surface F (M) is written locally as a graph F (p) =: (x, u (X)), then we
have

. Diu(x) Dju (x)

ii =38+ Diu(x)Du(x), g7 = 5% . 2.1
8ij (p) ij iu (X) j (%) g’ (p) | + |Du (X)|2 (2.1)
Moreover if the outer normal vector points below then
D ,—1
_ (Dum, -1 02

( R S A
vp V1+|Dux)?

while the elements of the second fundamental form and the Christoffel symbols
satisfy:

2
Dy iu (x)

V14 |Du (x)?

From now on we use the following notation: the mean curvature is H = Tr (W) =
A1 + -+ 4+ Ay, the squared norm of the second fundamental form is |A|?

=Tr (WWT> = )\% + -+ + A2 and the scalar curvature is

Dl?j u () Dyu (X)

k _
and T (p) = 1+ Du P

hij (p) = (2.3)

R=H*—|A?=2) 1ik;.

i<j

Let us consider a smooth hypersurface immersion Fy : M — R"*! as described
before, withn > 2 andletF : M x [0,T) — R"*! be the one parameter family of
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immersions defined by the initial value problem (1.1). Forall ¢ € [0, T) we setF; =
F (-, t) and M; = F;(M). In what follows we consider on every hypersurface M; the
quantities defined above without referring explicitly to their dependence on point
and time. For simplicity, we often use the word “surface” instead of “hypersurface”
to denote our evolving manifold, also if n > 2.

As in [2], we denote by V the covariant derivative on M, and by Hessy the
second derivative as a 2-covariant tensor. If Hessy is contracted with the standard
metric g it gives the standard Laplace Beltrami operator. More in general, if m =
{m i j} is another metric then we can associate to m the elliptic operator

AnT = Mg* (HessyT) = m"’V;V;T.

We use a similar notation for the inner product induced by a 2-covariant tensor:
given a symmetric bilinear form b;; we set (T;, V), = T;b' V;and |T; Ii = (T;, T;)p-
If the tensors 7' and V have more than one index, then the bilinear form b;; is used
only to contract the index i, while the other ones are contracted with the metric
tensor gj;j.

3. Existence results

In this section we prove the short time existence of the solution to (1.1) if the initial
hypersurface has positive scalar curvature and we give a regularity theorem ensuring
that the evolving surfaces M,’s remain smooth as long as the principal curvatures
are bounded. Here and in the next section the exponent p in the speed of our flow
can be any positive value.

We need the following elementary remark: if M is a closed surface, then

R > 0 everywhere on M = H > (O everywhere on M. 3.1

In fact, if R is positive everywhere, then H> = R + | A|? is also positive. Therefore
H has constant sign, otherwise we would have H 2 — (0 somewhere. Since on a
closed surface there is at least one point with H > 0, the sign of H has to be
positive. We also recall the following property, valid on any given point p € M,
(see e.g. [17, Lemma 2.4]):

H>0R>0 — H-—X >0, Vk=1,...,n. (3.2)

Theorem 3.1. Let My be a closed hypersurface with positive scalar curvature.
Then the initial value problem (1.1) has a unique smooth solution at least for a
short time interval [0, T).

Proof. Tt is well known (see [15, Theorem 3.1]) that the small time existence for a
flow driven by a speed S, with S a symmetric function of the curvatures, is ensured

provided the condition

oS
— >0 Vk=1,...,n
oAk
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holds at every point of the initial surface. Such a property holds in our case, because
we have

ORP
— =2pRP™V(H -
o P ( )
and the right-hand side is positive by (3.1) and (3.2). O

We now want to show that the solution remains smooth as long as the curvature are
bounded. To prove this, we use the following result (see [5, Theorem 6]):

Theorem 3.2. Let Q2 be a domain of R". Letu € C Q@ x[0,T) a Sfunction satis-
fying

ou 5

— =G (D u, Du)

at
where G_ € C?%is elliptic, i‘.e., there exist two constants A1 and Ay such that 0 <
AT < G < Ayl, where G is the matrix of the partial derivatives with respect to
D?u. Suppose that G can be written as G(D%u, Du) = ¢>(L(D2u, Du)), where ¢
is such that ¢' # 0 on the range of L and L is concave with respect to D*u. Then
in any relatively compact set Q' C Q and for any © € (0, T) we have

lull c2e @i xpe.ryy < Ko

where K depends on A1, Az, ullc2xo.1y)y T dist (€, 0Q) and the bounds on
the first and second derivatives of G.

The interest of the above theorem is that it allows to relax the concavity hypothesis
of the usual regularity theorem for fully nonlinear parabolic equations (see e.g. [18,
19]).

Theorem 3.3. Let M; be a solution of the flow (1.1) defined for t € [0, T). Suppose
that |A|?* is uniformly bounded, and that R is greater than some positive constant
on M; for allt € [0, T). Then any derivative of A is also uniformly bounded for
te€[0,T).

Proof. Let us take any point (po, fo) € M x [0, T') and set yo = Fy, (po). Consider
the tangent plane Tp, My, to our surface at that point. Then, for ¢ suitably small, the
surface M; can be locally written as the graph of a function u (x, #) with x €Q =
By, (yo) N Ty, My, and ¢t € [tg — &, tp + €]. Note that, since the principal curvatures
of M; are uniformly bounded, we can choose a uniform & > 0 such that the above
can be done for all pgp € M and ty € [¢, T — ¢), and such that the C? norm of u is
bounded by the same constant for the graph representation around any point. Here
we use also the correspondence between the second fundamental form A;; of M;
and the Hessian Dizju of u recalled in the previous section.

By (2.1) and (2.3), the scalar curvature of M; in these local coordinates has the
form R = R(D?u, Du) for a suitable function R. In addition, u evolves according

to
u 2 d ~ 2 2
o = —/ 1+ |Dul| <§F, v>=Rp(D u, Du)y/ 1+ |Dul|*. (3.3)
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To check that the right hand side of the above equation satisfy the requirements of
Theorem 3.2, we use some general facts about the functions of the eigenvalues of
a matrix. In fact, the property that dR? /0A; > O for every i implies the ellipticity
of RP as a function of D?u. Since our surfaces have positive scalar curvature,
properties (3.1) and (3.2) allow to show that our operator is uniformly elliptic. We
then recall that +/R is a concave function of A, ..., A, (see e.g. [19, Theorem
15.17]). This implies (see e.g. [7, Corollary 5.3]) that V'R is a concave function of
D?u. Therefore, the right hand side of (3.3) can be written as the 2 p-power of a
concave function. By Theorem 3.2 we derive a C>* estimate on u.

Once such an estimate is established, standard parabolic theory allows to derive
bounds on ||u||-« for any £ > 2, which imply estimates on any derivative of the
curvature. Since these bounds do not depend on (py, t9), the theorem follows. [J

We will see in the following that in the previous theorem it suffices to assume
the positivity of R at the initial time, because the minimum of R is nondecreasing
under the flow.

4. Evolution equations

As our hypersurface evolves according to the flow (1.1), the associated geometric
quantities change and satisfy suitable evolution equations that can be computed
following the procedure of [14] (see also e.g. [2, 10]). It is convenient to introduce
the tensor m;; := Hg;; — h;;. We recall that, by (3.1)-(3.2), m;; is positive definite
on any closed surface with positive scalar curvature. Then, by a straightforward
computation we find the following result:

Proposition 4.1. Let F, : M — R"*! be the solution to (1.1) for all t € [0, T).
Then the following equations hold

0gij av adu
—~ = _2RPh;;, — = VR?, —— = —RPHdu. 4.1
ot Y ot ot H “.D

In general, if P is a homogeneous function of degree o in the Weingarten map W,
the evolution equation for P is

P . .
= 2pRP—1{AmP —mg*g*P (VW, VW) + Pg* (VH,VH)
5 % p —11 *
—Pg" (VA, VA) + ———Pg" (VR, VR) (4.2)
2p—1

5, kP (W?) +a(H1aP -C) P},

where C = tt(WV3) =Y Af’.
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For the reader’s convenience, we write equation (4.2) also in the classical no-
tation with indices:

P 2 P _;
el 2pR”_1{AmP— ————Vih{Vh —V'HV;H
at dhyohY o',
P _; —11 93P _,
— Vi + L=~ ZViRVR
on’, 2 R,
2p—1 0P
_ p2p o hink + <H|A|2—C)P}.

As an application of (4.2), we obtain:

Corollary 4.2. We have the following evolution equations:

oH p—11
— = 2pRPVIA H + |VH|> — VA2 + =—— — |VR}?
o1 P { H + | | — VA" + 5 Rl |
2p — 1
_ZP R|A|2+<H|A|2—C)H}
2p
3 |AJ?
= 2pR" " A AP 421V, HI —2|ViAl,
1 2p—1
+(p—1)—|viR|§— 4 RC+2<H|A|2—C> |A|2}
IR 1
= = 2pR"” 1{AmR+(p—1)—|V RI% + <H|A|2—C)R}(4.3)
IRP
- = 2R {A,,,RP n (H A2 — c) RP}.

Corollary 4.3. Let My be a closed hypersurface with R > 0, and let M; be its
evolution under the flow (1.1), defined in a maximal time interval [0, T). Then M,
has positive scalar curvature for all t, T is finite, and we have

lim sup (n}/lax [|A]] ) = 400.

t—T

Proof. Let us first estimate from below the term H |A|*> — C which appears in the
evolution equation for R (4.3). From [16, Lemma 2.2] we have C < |A|3; if we use
in addition the inequalities H 2<pn|A®and R < n—=1 |A|*> we obtain
2 3
HIAR=C= AR (H - |A]) = -0 8 AIR K (44
= H+ Al — f+1 Vn=T(Jn+1)
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Now we define the function ¢ (¢) := nﬂl/lin R. Using the evolution equation (4.3)
t

for R and the maximum principle we obtain that ¢ satisfies in a weak sense the
inequality
do - 1
At = =1 (Ja+1)
This shows that ¢ is increasing, and that R remains positive on M; fort € (0, T).
In addition, since p + 3/2 > 1, a comparison with the corresponding o.d.e. shows
that ¢ becomes unbounded in finite time, and so the maximal time 7 must be finite.
The last assertion can be proved by contradiction. If | A|?> remains bounded, we
can use Theorem 3.3 and a standard argument (see [14, Theorem 8.1]) to show that
M, converges smoothly to a limit surface M, from which the flow can be restarted,
in contradiction with the maximality of T'. O

iaxs

5. Pinching of curvatures

To analyze the pinching of the curvatures of our evolving hypersurface, we consider

the function
f-——L4F 1
T H?2 n
also considered in [10, 14]. It is easily checked that

1 2
OSfHZZZZ()\.,'—Xj) .
i<j
Hence, at any point f gives a measure of how much principal curvatures differ
from each other. Let us first prove some relations between the value of f and the

properties of the curvatures, which will be crucial in deriving the main estimates of
this section.

Proposition 5.1. The following properties hold:

i) At any point where f < n(n—l_l) — ¢, for some ¢ > 0, we have A; > "—gleH-

mIWMan§(M%f+%>H

Proof. Let us isolate one eigenvalue, say A, and write H = H’ + A; and |A|? =
|A/|2 + Ai. We find

1
fH? = |A)P — -
n
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Thus we have

n—1

fH >

1
r——HY.
n n

In order to prove the first part we set Ay = A and assume f < ﬁ — ¢. Using
the inequality /1 —a < 1 — a/2 for any a < 1 we obtain

1 n—1 1—41—((m—Dne
A== = fH > H
n n n
- (n—1e H
- 2
For the proof of assertion ii) we take A; = X,, and we find
n—1 1
An < f+-]H. (5.1
n n

O

Corollary 5.2. If f < 1/n(n — 1) everywhere on M, then M is uniformly convex.
The converse implication holds only if n = 2.

Proof. The first statement is a direct consequence of part (i) of the previous propo-
sition. To see that if n = 2 the converse holds, it suffices to observe that if n = 2
then % — f =2xAH™2. If n > 2, instead, the positivity of the curvatures does
not imply that f < 1/n(n — 1). In fact, if A1, ..., A,_1 are positive, but very small

compared to A, then |A|?> ~ H?> andso f ~ 1 — 1/n > 1/n(n — 1). 0

The aim of this section is to prove that, if the maximum of f is smaller than
a suitable constant y* on the initial surface, then it is nonincreasing in time with
the flow. Furthermore, we will prove that the same holds for the function f H? for
o > 0 suitably small, showing that f tends to zero as t — T, at least at those points
where the mean curvature diverges. We are able to prove these results for a suitable
choice of y*, depending on n, p, which is given below.

Definition 5.3. For n > 4 and p > 1/2, n integer, we define y*(n, p) =
min {y;(n), y2(n, p)}, where

1 4(n—1 1 2
Y = —— and i p) = )( )

nn—1) n(n-|—2)2 2p—1
In the case n = 3, we define instead
3) £ 1 - 4
if — < -
Y1 3 P = 3
y*@.p=4 8 it o<
75p? 5
723, p) if p>1
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Finally, for n = 2 we set

9 4 o1 U3
2~ °F 2 =P =%

* _l3-2 33
Y (2, p) 8P iféipfl

72, p) if p>1

Remark 5.4. The above definition is given in such a way that some estimates
needed in the proofs of the next results (in particular, (5.4) in Lemma 5.6) are sat-
isfied. In fact, we could give an alternative definition of y*(n, p) as the largest
constant which fulfills certain inequalities, and this would give a slightly better
value for certain ranges of n, p. However, we prefer the above definition, which
is explicit (although somehow elaborate in the cases n = 2, 3) and allows us to
underline some interesting properties of this constant:

e For all values of n, p, we have y*(n, p) < 1/n(n — 1); hence, by Corollary 5.2,
the inequality f < y™* implies the convexity of M.

e Forn > 3 and p suitably close to 1/2, we have y*(n, p) = 1/n(n — 1). This is
the same constant obtained by B. Chow [10] in the case p = 1/2.

e For n = 2, we have y*(2,p) > 1/2 = 1/n(n — 1) for all p > 1/2; more
precisely, y*(2, p) | 1/2as p | 1/2.

e For any n > 2, y*(n, p) is a nonincreasing function of p and it decays like
0(1/p* as p — oo.

Hence, the surfaces satisfying f < y*(n, p) are a strict subset of the class of convex
surfaces, and the condition becomes more restrictive as the homogeneity degree of
the speed increases.

As a first step in our analysis, we write the evolution equation for f in a suitable
form for the application of the maximum principle.

Lemma 5.5. The function f satisfies the evolution equation

W _aprr-tla f— —1)£|V-f|2 +4i(v-fv-H>
ar P m P R Vi ape—mn g Vil Vitlim

2p—1 R
LA

1
+4(p = 1) 23 (Vi f Vi) jppg i — HC —|A[*)(52)

2R |A|? 2p—1
—m<|VA|2+2<p—1>?|VH|2— — IViHI7 | t -

Proof. The evolution equation for f is deduced from (4.2) using
2

1§ = =5 (1418 — Hig)
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and 2 3
L opP Pl I 4P
M= (hszq — Hs! 5q) — =1l

Hence we have

9 2 2
a_{ = 2pRP~HA { Anf + 5 (ViH, AViA), — — |V,~A|,2n
3
—(p—1)—— |ViR] +2p——(|A|4—HC)
RH3 |Al>g—Hh p H3 :

Let us observe that |A|2g — Hh = H (Hg — h) — Rg and that
R 2
VR =V HH —HVf+2 VH,
then
2

(VR,VR) = HYVf,Vf)—4RH(Vf, VH) + 4%(VH, VH).

The same identity holds with (-, -)‘ APg—Hh" Thus the equation for f becomes

af 2 3
=2pRP71 1A (ViH, AV; A Vif, ViH
o { mf+ 3 b+ 7 Vi, dm
R 2
2w lez )= 2o VAR = (p =) 2 IV, f|‘A,2g o
+4(p—1) 5 (Vif,ViH) g0y —4 (P — ) |VH||A|2
2 1 R
+— (1Al - H )}
p
To obtain equation (5.2) we apply the equality
2 1 | AP oo
o3 Vil AViA), = — (Vif. Vil), + 272 Vil [,
1
== E(Vlf, V1H> 4|VH|h+ 3|VH||A‘2g Hh

and we rewrite the quadratic terms in VH as

R
_4(p—1) |VH||A‘2g n 2F|VH|%1

|A|? 2 1 2
:_2ﬁ(2( ~ DS IVHP = @p— DI ViHTE ).
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In the next lemma we estimate the gradient terms in the evolution equation (5.2) not
containing V f.

Lemma 5.6. Let f < y*(n, p) — sfor some ¢ > (.

(i) Suppose that either n > 2 or p > Z. Then there exists k = (¢, n, p) > 0such
that

A2
VAP +2(P_1)| | IVH|? —(2p—1)—IV H|; > «|VH|*.

(i) Ifn =2and% <p< %then
A2 , & )

VA2 +2(p—1)—|VHI —(2p—1) IViHIh > §|VH| +H(Vf,VH).
Proof. (i) We recall that, by Lemma 2.2 in [14], |[VA|?> > 3/(n + 2)|[VH|*>. In
addition, we have

\ViH|} = h'/V;HV;H < A, [VH|*.

Therefore, by Proposition 5.1 ii) we have

A?
IV AP t2p =07 = |IVHI> —2p— 1)— IViHIﬁ

( 3 n—1_ 1 5

> ——=+2(p-—-1 <f+—)—(217—1) —f+—||IVH|" (5.3)
n—+2 n n n

= (n(n+2) +2(p—Df - (2P—1)\/ )IVHI

It is convenient to set

® _ 2n —2 ) ! ) ] n—1
(n,p,f)—er (p—Df—-QCp-— )\/Tf,

where f is considered as an independent variable. We claim that, for any n > 2 and
p > 1/2 (except the case n = 2, p < 33/62), we have

@@, p, f)>0  Vfel0y*(n p). (5.4)

Consider first the case p > 1. Then 2(p — 1) f > 0 and we have, by the definition
of y2,

@ 2—1,/ _ =2 (L
(n,p, )= (+2) -@2p—-1) nn T2 vk
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By definition we have y* < y, if n > 4 and y* = y» if n = 2, 3. Therefore (5.4) is
proved in this case.

The case 1/2 < p < 1 requires a longer analysis. Let us first show that ® is
strictly decreasing with respect to f as f varies in [0, 1/n(n — 1)]. In fact, we have

9d 5 | 1 n—l<2 ! 1 |

ﬁ— (P—)—<P—§> 7_ (p— )—<P—§)(H—)
( 1> 1 1

=—(p—=)W=3)—-1<p—-—1<—, (5.5)

2 2
v 071
fe[’nm—l)]

It follows that, for any f € [0, 1/n(n — 1))

2n —2 2p—1) 2p—1
nn+2) n(mn—-1)  n

B2 (o)
nn+ 2) nn—1) n n
n—4 2(1 — p)(n —2)

nn+2) nn—1)

@, p, f) >

If n > 4 the above expression is positive. If n = 3, it is convenient to consider its
exact value. We find that

| 0 ifn>4

O0<f<—>F = Q0p.fl>14-5p

n(n — 1) ifn=3.

By definition, if n > 4, orif n = 3 and p < 4/5, then y* = 1/n(n — 1). Thus, we
have proved (5.4) also in these two cases.

We next consider the case when n = 3, p € (4/5, 1). Let us observe that, if
0 < f < 1/6, then by definition of ® we have

—+2<p—1>f (2—1>\/7
()

Since 8/(75p%) = y*(3, p) < 1/6 for all p € (4/5, 1), we conclude that (5.4)
holds also in this case.

Let us now consider the case n = 2, 33/62 < p < 1. Observe that (3 —
2p)/8 < 15/62 < 1/n(n — 1). Therefore, by (5.6), ® is decreasing in f for 0 <

3, p, f)

v
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f < (3—2p)/8, and to prove (5.4) it suffices to check that ® (2, p, 3—2p)/8) > 0
for all p € [33/62, 1). By the definition of ®, this means that

I+ (r=DG=2p) = 2p—13=2p =0, £§p<1- (5.6)

Now, a direct computation shows that the left hand side can be also written as

(-

Using this expression we immediately see that (5.6) holds. This completes the
verification of (5.4).

To conclude the proof of part (i), let us fix any =, p, ¢ as in the assertion. By
(5.4), the function f — ®(n, p, f) is positive for f € [0, y*(n, p) — ¢]. By com-
pactness, it has a minimum « = k (n, p, &) > 0. The lemma follows applying (5.4).

(ii) We consider now the remaining case, where n = 2 and 1/2 < p < 33/62.
Using the identity

|HVA — AVH|> = H?>|VA]> — H*> (Vf,VH) — |A]? |VH|?,

we rewrite our gradient terms in the form

IVAI? + 2(p — 1)ﬁ|w|2 - Q2p - 1>i|viH|,%
H?2 H
1
= — <|HVA —AVH]> + 2p — 1)|V,-H||2A|2g_Hh> (5.7)
+H(Vf, VH).

We recall that [14, Lemma 2.3] states that
1
|[HVA — AVH|*> > EA%HZWHF.

In addition, Proposition 5.1 (i) for n = 2 implies

2
—f) H*|VH|?

A%

-y + e) (% — f) H?|VH|? (5.8)

1

8

2p—1 ¢ 1 5 9
= - |\z—f)HIVH|".
(57 5) (3 ) o
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On the other hand, when n = 2 we have

1
AP =0 H =23 —Mha > —Aho = — (Z — g) H>.

Therefore
ViH|? > (|A]> = 2 H)|VH*> > (L H?*|VH/? (5.9
|l |\A|2g—Hh_| |_n | |__§ E_f | | )

We recall that f < y* — e < 1/2 — ¢. Thus, from (5.8) and (5.9) we conclude that

|[HVA — AVH[> + 2p — 1)|VZ~H||2A|2

g—Hh
1 2 (5.10)
> (5= F)HAVH? = S HY\VH],
8\2 8
which, together with (5.7), yields the conclusion. O

The next corollary establishes the monotonicity of f.

Corollary 5.7. If f < y* on the initial surface My of the flow (1.1), then the same
holds on My as long as it exists. Therefore, the solution remains uniformly convex.

Proof. We consider the evolution equation (5.2). If we have f < y* on My, then by
compactness we also have f < y* — ¢ for some ¢ > 0. Then, the previous lemma
shows that the gradient terms not containing V f give a negative contribution. Let us
analyze the zero order terms. Proposition 5.1 i) implies that #;; > (n—1)(e/2)Hg;j
and we can apply [14, Lemma 2.3] to obtain

n(n — 1)2%¢2
4

Thus, we can conclude by the maximum principle. O

HC —|A* > fH*>0. (5.11)

Before proceeding further, it is convenient to define

1
S 0. 5.12
0= =D %Xf> (5.12)

By the previous result, we have f < 1/n(n—1)—e&g on M, for any ¢t > 0. Therefore

—1 -2
R:(—f+” >H22<n—1+80>H2280H2.
L

n

Taking into account that |A|> < H? on any convex hypersurface, we conclude that

2 »_R
A" < H® = —, (5.13)
€0
which shows that a bound on R implies a bound on all principal curvatures.
We can now prove a stronger invariance result satisfied by our function f.
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Theorem 5.8. If we have f < y*(n, p) on My, then there exist two constants
o > 0andc| > 0such that f <ciH™° on M, that is

1
|A> — —H?> <ciH*® Vie[0,T).
n

Proof. We will study the evolution equation for f; := fH? with o > 0 and prove
its monotonicity for o small enough. Since we are interested in small values of o,
it is not restrictive to assume that o < 1. .

The evolution equation for H° can be obtained from (4.2) using that H° =
oH° '1d, H° = o (6 — 1) H°~2Id ® Id and applying formula (5):

0H°
ot

=2pRP! {AmH“ +o0(1—0)H 2 |V;H|?,

p—l o+3

+oH  \VH? —ocH° ' |VA)? + ik

o
RR (5.14)
—2(p—1)oH° (Vf,VH)+2(p — 1)(;1110—1m |VH|?

2p—1

cH 'RIAP + o (H A2 — c) H"}.

Let us first estimate from above the terms in the right hand side. Observe that, by
definition of m;;, we have |ViH|,%1 < H|VH|2. Observe also that |p — 1| < p for
p > 1/2. In addition, we can use inequality (5.13) and

|2H°(Vf,VH)| < H*TYV >+ H ' \VH|?

in order to obtain, after neglecting some negative terms,

e

< 2pRP—1{AmH“ Yo +3p)H " |VH]?
(5.15)

We restrict ourselves to the values of n, p covered by case (i) of Lemma 5.6, since
the computations in the other case are completely analogous. Then, we obtain from
(5.2), (5.15), and Lemma 5.6-(i) that f, satisfies

an p—1 o—1

a7 = 2pR Amfo + @ —20)H" " (V; f,ViH),,

o+1
= (=) = Vil [y gy + 40 = DH Vi, Vil a2,
— 2% RH|\VH> + TopfH [VHI> + (1 + 65 Yopf HO TV £
2p—1 R

—H° (Hc — |A|4) +ofHOH AP }
p
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where we have also used 2 + 3p < 7p which follows from p > 1/2. Let us denote
by F the terms involving V f, that is,

| HU+
= 4 =20)H" " (Vi L Vi) = (p = D) === Vi f [} 2o
+4(p — DH > (Vi f, ViH) 42, Hh—l—(l—I—s YopfHOT V2.

Keeping into account also (5.11), (5.13) and the property that |[A|> < H? on a
convex surface, we can write

9
Yo < 2pRP" YA, fo +F =260k H Y VH|?> + TopfH° " |VH|?
ar

2
—nn — 1)2 3 p4

1H3+U +O_fH3+J}

To apply the maximum principle, it is convenient to write F in terms of V f,
keeping into account that

Vf=V(f,H°)=H°Vf, —ofH 'VH.
Therefore, denoting by Z quantities that vanish when V f; = 0, we obtain

_ f?
F=Z—-0@—20)fH  2|V;H|2, — (p— 1)a?H"~ 1—|v H||A‘2g i

—do(p— D fH 3 |IViH|? +(1+ey o pfPHO VH?

< Z+p0’2H1+G%|VH|2

|Ag—Hh

+dopfH T \VHP? + (1 + ey Yo’ pfPHO I VH|?
< Z+7Tpoey 'H ' |VHI?,

where we have used (5.13) and the inequalities |[p — 1| < p, f < 1,0 < 1l,g0 < 1

and ‘ ViH P, ‘ < H2|VH|% Thus

% < 2pRp1{ A fo +Z =260k H Y VHI* +7(1 + ¢5 HopH ' |VH|?

_ _12317
n(n ) 1

1H3+J +afH3+a’}

Now if we choose o > 0 small enough to have

2 1
T(1 + 80_1)Gp < 2¢gok, o<nmn-— 1)2 3 p4 ,
p
we can apply the maximum principle to conclude that f,; is nondecreasing, hence
f=aH™. O
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6. Convergence to a point

In this section we prove the first part of Theorem 1.1. We largely follow the method
of Tso [23] and Andrews [2], based on the analysis of the behaviour of the inner and
outer radius of the surface (see the next definition). We show, on one hand, that the
inner radius tends to zero at the singular time; on the other hand, as a consequence
of the pinching estimate, the outer radius is comparable to the inner radius and also
tends to zero, implying the convergence to a point.

Definition 6.1. We define the inner and outer radius of M, respectively as:

p—(t) = sup {r > 0| By (y) is enclosed by F; (M) for somey € R”+l}

p+(t) = inf {r > 0| B, (y) encloses F; (M) for somey € R”H}

where B, (y) is the ball of radius r centered at y.

Let us observe that, since the speed of the flow is always directed towards
the interior of the surface, any ball which encloses (rispectively is enclosed by)
F;, (M) at some time fg also encloses (rispectively is enclosed by) F; (M) fort > #g
(rispectively ¢t < fp). It follows that p_(¢) and p (¢) are decreasing functions of ¢.
It was observed by Andrews [2], that the pinching of the curvatures implies a bound
on the ratio p4/p—, as stated in the next lemma. In the following, we denote by ¢;,
i > 2 constants depending on n, p and on the initial surface, but independent on #
(like the constant ¢ in the statement of Theorem 5.8).

Lemma 6.2. Let M; be a solution of the flow (1.1). If the initial surface satisfies
the hypotheses of Theorem 5.8, then there exists c; > 0 such that

p+ (1) < c2p— (1) Viel0,T). (6.1)

Proof. Thanks to Corollary 5.7, we have f < 1/n(n — 1) — g for all times ¢t €
[0, T), where &g is given by (5.12). Using Proposition 5.1 (i), we have on M,

. (n_l)SOHZ (n — Deo,

A
! 2 2

ne

This allows us to apply Theorem 5.1 and Theorem 5.4 of [2] to prove the sta-
tement. O

We now prove that the principal curvatures of the evolving surfaces stay boun-
ded as long as the inner radius is positive. As in [2,23], we derive this result by
studying the properties of the function

R?

V= ———
2(F,v) —r
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for some r > 0. It can be checked by a straightforward computation that, if F is a
solution of our flow, then v satisfies

0 4(V; (F,v),V;

ov _ 2pRp_1 Apv + (Vi (F,v) iV)m

ot 2(F,v) —r 62)
r(H2|A]2 — C)v? ‘

+2@2p + ?

R
Proposition 6.3. Given any T' € (0, T), we have

1
R < 1+ —— vt 0,7
s C“( i p_(T')z) clo.r]

for some c4 > 0 (independent of r, T').

Proof. Let us take (p*, t*) such that n%ax ]R = R (p*, t*). f wesetr = p_ (t%),
Mx[0,T’

there exists yo € R”*! such that the sphere B, (yo) is enclosed in M; for any
t e [O, t*]. Now we call Y : = F — yg the position vector field with origin yg and
we note that

2(Y,v)—r>r>0, (6.3)
on M, for any ¢t € [O, t*], as a consequence of the convexity of M;. Thus the
quantity v := RP/ (2(Y,v) —r) is well defined on M x [0, t*], and satisfies the
evolution equation (6.2) with F replaced by Y. In order to apply the maximum
principle we use formula (4.4) to estimate

4 <Vl (Yv U> ’ vlv)l’l’l
2(Y,v)—r

— < 2pR! 1 A
p v+
St — m

where we have set

) +202p+1) [1 - LR%} 2,
Cc3

3= 2p;1Vn—1(ﬁ+1).

Assume that v attains a local maximum at (pg, o) with 7o > 0. Then at (pg, tp) we
have A,,v <0, Vv =0 and %—'; > 0. Thus,

1 c3
R2 (po, t9) < —
We deduce that

2p
G
max v <max {maxv(-,0), o7 (-
Mx[0,%] My ript+

Let us first consider the case where max v(-,0) < cgp / r2Pt1  Since we have
|F(p*, t*)—yo| < diam(M;+) < 2p4(t*), we obtain, recalling (6.1),

2
CP

R? (p*, t*) = (p*, t*) (2 (F(p*, *)—¥o» v) — r) < ﬁ (4p+ (t*) — r)
. 2 r (6.4)

C C
< —r2;+1 (4c2p- (1) —r) = ,,3—,, ey —1).
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. 2
If we have instead max v(-, 0) > c3p / r2P+1 we observe that

1
max v (-, 0) < —max R”.
My r My

Then, similarly as before, we find

R? (p*,1*) = <1max Rp) (4p4 (%) —r) < (H]};IX Rp) (4ea—1).  (6.5)
0

r My
Since r = p_(t*) < p_(T"), the assertion follows from (6.4) and (6.5). ]

Now we can apply the regularity result from Section 3 to prove that the evolv-
ing surfaces converge to a point as they approach the singular time.

Theorem 6.4. The solution to the problem (1.1) exists in a finite time interval [0, T)
and the M,’s converge to a pointast — T.

Proof. We know from Corollary 4.3 that the maximal existence time 7 of the solu-
tion is finite and that |A|> becomes unbounded as ¢t — T. By estimate (5.13), the
scalar curvature R also becomes unbounded as t — 7. We deduce from Proposi-
tion 6.3 that p_(¢), which is a decreasing quantity, tends to zero as t — T. Finally,
inequality (6.1) implies that also the outer radius tends to zero. Hence, the evolving
surfaces shrink to a point. O

7. Convergence to a sphere

In order to prove the second part of Theorem 1.1, we consider the rescaled maps
F(p,t) = ¥ (¢t) (F(p,t) — yr) where yr is the point to which M, converges as
t — T and

V() = [¢ (T — )],

where ¢/ = n? (n — 1)? 2p + 1). The factor ¥ is chosen in such a way that a
sphere shrinking to yr as ¢t — T in the original flow becomes a sphere with constant
radius one after rescaling. In addition, we introduce a new time parameter 7, defined

as
d 1 , 1 t
T(t):= ——dtt=——In(1—-=).
o ¢/ (T —=1) c T

Thent — +ooast — T.
Let us denote with a tilde the geometric quantities associated with the rescaled
RP-flow. A straightforward computation yields:

Lemma 7.1. The rescaled immersions satisfy the equation

0 ~ ~ ~
a—F:—Rpf)-i-np (n—1)PF. (7.1)
T
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The associated volume element dji = " du evolves according to

d(dp)

5 = —RPHdjp+n"™ (n — D? dja. (7.2)
T

In general, if P is a homogeneous function of degree « in the curvatures satisfying
the equation

oP
o =R (AP +0),
for some function Q, then the rescaled quantity P= WY P satisfies
e =2pR? (A,;,P+Q)—omp n—1DPP (7.3)
T

where é =y 230,

In this section we denote with cl’., i > 1, constants associated with the rescaled
flow which are independent of t. Following the proof of [2, Theorem 7.1], we can
prove the estimate

<p-(1) =1 = pp(n) <, 7 € [0, +00). (7.4)

O =

This implies in particular that the area of the surfaces M, :=F (-, 7), by convexity,
is uniformly bounded both from above and from below. Using Proposition 6.3 we
can also estimate from above the rescaled scalar curvature

maxR (/2 maxR = ¢4 |:1// + =
M, M,

0 )2] =alyO2+ @] @

Taking into account (5.13), we deduce that on the rescaled surfaces all curvatures
are bounded: - ~ _
AP <ch,  H*<dc,, R<d (7.6)

On the other hand, we do not have an estimate showing that the rescaled scalar
curvature is uniformly positive; thus, the principal curvatures of our hypersurface
may a priori become arbitrarily small for large values of 7. Observe that the operator
RP~'A;, which appears in the equations of the form (7.3), has coefficients which
are homogeneous of degree 2p — 1 in the curvatures. Therefore, we cannot ensure
that the coefficients are bounded away from zero, and the corresponding equations
should be treated as degenerate parabolic. Following the procedure of Schulze [22],
we will derive a Holder estimate on the scalar curvature using a result due to Di
Benedetto and Friedman [11, Theorem 1.3] for solutions of equations of porous
medium type in domains of the euclidean space. Roughly speaking, the result in
[11] is the following: let v(x, #) be a nonnegative solution of

g—;}—D(af(x t,Dv)Djv™) = f(x,t,v, Dv), (x,t)€ B, x[0,T], (7.7)
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where m > 1 and the coefficients ¢’/ are uniformly elliptic. Suppose in addition
that v satisfies

|f(x,t, v, Dv)| < ki|DV™| + ko, (7.8)
sup [[v(-, D172z, + 1DV 13205 0.7 < K3 (7.9)
0<t<T ’

for suitable constants ki, k», k3. Then v satisfies an interior C* estimate with a
constant depending only on the ellipticity of the a’/ and on the constants k; .

The application of this result to our problem requires some additional work
compared to [22], mainly because of the presence of the operator A, rather then
A in the evolution equations. Let us first derive an integral bound on |V R?| which
will be used later in the verification of (7.9).

Lemma 7.2. For any 12 > 11 > 0, the rescaled scalar curvature R of the evolving
surfaces M satisfies the estimate

%) -~
/ /~ IVRP|%djidt < cj,(1+ 1 —11),
71 T

for a constant cﬁl independent of 1, 1.

Proof. From (4.3) and (7.3) we deduce that
R R 1 _mn  lommy oo ~
— = 2pR? AsR+(p—1)=|ViR|: +—(H|A|" = C)R} —2nP(n — 1)’ R.
T R P
Using the identity
AyRP = p(p—1) RP2|V;RI% + pRP ™' AR
the above equation can be written as a porous medium equation:
9 ~ ~ ~ ~ N\~ -
E—RzzAmRﬁ+2QﬂAF—chP—2M%n—nPR (7.10)
T

Now we observe that the tensor m;; is divergence-free, as a consequence of the
Codazzi equations:

Vimij=V'Hgi; —V/hy; =V;H—V;H =0. (7.11)

Therefore the operator A, satisfies the following identity, for any two functions
a,b e C*H(M):

/ alApbdu = —/ (Va, Vb),, du.
M M
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The same properties hold for the rescaled tensor m. Hence we have, taking into
account also (7.2),

- p+1d/1 = (P+1)/Rp—Rdﬁ+/Rp+l—dla
dl' 8-[ 8'[
=20+0) [ RanRrai2 ) [ (137 - €) Rrai
—2¢p+ ar - [ Retlai - [ B
+n" (0 = 1>I’/§f’“dﬁ=—2<p+1>/|vﬁp|3hdﬁ
+2(p+1)f(ﬁ|2|2_5) ﬁzl’d,a_/EZp-i-lﬁdﬂ
+nP n -1 n—-2p— 2)/§”+1d;1.

Now, estimate (7.6) shows that ﬁ, H , |Z |2 are all uniformly bounded. It follows

that
- 1 d -
VRP|2dji < —7—/R1’+1d~ +/c/a’~.
/' = e S Bt
Since the area of M. ¢ 1s also bounded, the statement follows integrating in time. [

We are now ready to complete the proof of our main Theorem 1.1. We will
explain in detail the steps of the procedure which are different from [22], omitting
the parts which are analogous.

Theorem 7.3. The rescaled hypersurfaces 1\7, converge to a sphere in C* norm
with exponential speed as T — o0.

Proof. The crucial step of the proof consists of deriving a uniform Holder estimate
for R. To this purpose, we write locally M; as a graph, as in the proof of Theorem
3.3. We consider the equation (7.10) satisfied by R in the local coordinates of
the graph representation. If we denote by D; the derivatives with respect to the
coordinates, we can write the second order operator in divergence form

A RP = il (D,-Djl?f’ . Ffjl)ll?l’)
= D; (" D; R?) = Dy D; R? — i T Dy RP .
However, this expression is not yet satisfactory: in fact, the coefficients m' are

functions of degree one of the curvatures and therefore tend to zero if if R tends to
zero. Thus, we cannot ensure the uniform ellipticity of the m'/’s. For this reason,
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we rewrite the operator as

- 2
MiRP = 5 ilD,- (R_" D, RP+2>
p

2p
2p+1

R™3Dim" D;RP2 — T Dy RP.
Now the coefficients R—2/i are both bounded and uniformly elliptic. In fact, by
definition of m"/, we have
Mg’ < (H =g <m' < (H =)' < Hg'.
Taking into account Proposition 5.1-(i) and (5.13), we see that Ié_%nﬁ"f is compa-

rable to '/, which in turn is comparable to the identity matrix in our local graph
representation. In this way we can rewrite (7.10) as

ﬁﬁ_ 4p Di(ﬁ_%r;liijﬁp+%>
aT 2p+1
AP mlp i Re osii Bl p RP
= —3, 4R DIDRY =2 IE DR 0. (112)

with Q uniformly bounded by (7.6). Such an equation is of the type (7.7) with
m=p-+ % Let us check properties (7.8) and (7.9). By property (7.11), we have

i g i) T il T~ T o~il i~
Dim" =V;m Lym Lym’ = —T;m rym’.

Since the Christoffel symbols are uniformly bounded in the local graph represen-
tation, we have that D'/ ~ @/ ~ R'/2 and we obtain an estimate on the right

hand side of (7.12) in terms of DRP +2, as required in (7.8). On the other hand,
Lemma 7.2 implies

T0+¢€ T0+¢€
[ R e [T [ wRER <
e(pO)mTpOM'[O

Keeping into account also (7.6), we see that condition (7.9) is satisfied. Thus, The-
orem 1.2 of [11] gives the desired C* uniform interior estimate on R.

The rest of the proof can be now done by the same arguments as in [22, Lemma
3.4 and Theorem 3.5]. We just sketch some ideas of the procedure to explain the
role of the Holder estimate proved above, and also of Theorem 5.8, which has not
been used yet. First we notice that the upper bound on gy in (7.4) implies that
at any time t there is some point where the curvature of M; is greater than some
fixed positive constant. The Holder estimate for R then shows that there is a whole
neighbourhood where the curvature is uniformly positive. At any point where the
rescaled curvature remains uniformly positive as T — 400, the unrescaled curva-
ture becomes unbounded: then Theorem 5.8 implies that f tends to zero, so that in
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the limit the point is umbilical. These arguments easily imply the existence of a se-
quence 7 — 00 such that suitable parts of M:; converge to a portion of a sphere.
The above procedure can then be repeated in a larger neighbourhood, so that af-
ter finitely many iterations one proves the convergence to a sphere of the whole
surfaces My, . Standard techniques then allow to prove that the whole flow M- con-
verges to a sphere, and to show that the speed is exponential. We refer to [22] for
the details. O

8. Neckpinch singularities

In this last section we show that the conclusions of Theorem 1.1 are false in dimen-
sion n > 2 if one considers arbitrary nonconvex initial surfaces with positive scalar
curvature. As in the case of mean curvature flow, we prove that there are suitable
surfaces with the shape of dumbbell which develop a neckpinch singularity in finite
time under the scalar curvature flow, and thus do not shrink to a point.

In the counterexample we are going to construct we will use a suitable family
of rotationally symmetric surfaces as a barrier; to this purpose it is useful to estimate
the norm | - |, as shown by the next lemma.

Lemma 8.1. Let M C R**! be a hypersurface with H > 0 and R > 0. If M is
rotationally symmetric with .o = ... = A,, then at any point we have X\, < %H
and the norm associated to the metric mj; = Hg;j — h;j can be estimated by the
standard norm |-|,:

n—2 2(n—1)
H g <y < =———H ;.

Proof. At any point of the surface M, the eigenvalues of the matrix m’} are H — A;
fori =1, ..., n. Werecall that, under the hypothesis H > 0 and R > 0, Lemma 2.4
in [17] implies H — A, > O;thenwecanset H — A, = e¢H,ie. ., = (1 —¢)H,
with0 < e < 1.

In addition, A1 can be expressed as A; = ¢H — (n —2) A, and the scalar
curvature R becomes

R=xMH—-12)+0n—-1D)r, (H—2Ay)
=[eH-—mn—2D ]l —DAr,+m—1)r,eH
=m—-1)1=-¢)[ne—(n—2)]H.

Since ¢ < 1, we deduce that ”n;z < &. Hence

n—2 2

H—)\,=¢H > H, M <-H
n

n

and 5 |
-1,
n
which proves the assertion. O

H-—M=m-1)l—-¢)H <

El
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The example we are going to define is inspired by the construction of Ecker
[12] for the mean curvature flow. We first introduce a suitable family B; of hy-
perboloids which are an outer barrier for our flow in the sense given by the fol-
lowing proposition. We denote by y = (y1, ..., Yn+1) the points of the ambient
space R+,

Proposition 8.2. Let My be a closed hypersurface of dimension n > 2 with positive
scalar curvature everywhere, rotationally symmetric with respect to the y,1-axis,
and let M;, witht € [0, T), be its evolution under the flow (1.1) for some p > 1/2.
Suppose that My is contained in the strip —N < y,+1 < N, for some N > 0, and
that it is enclosed by the hyperboloid By of equation

20y1* = (n = B)ypy —20* =0,

where 0 < B <n—2and 0 < n < 1. Then there exists ko = ko(N, B) such that
M; is enclosed in the hyperboloid B; of equation

21y = (1 = B) iy + 2kot = 211° =0,
for any 0 < t < min{T, n?/ko}. If we assume in addition that My is symmetric
with respect to the hyperplane y,1+1 = 0, it follows that its singular time T satisfies

T < n?/ko.

Proof. Let us consider the hyperboloids B, as in the above statement for a general
ko > 0. The equation of B; can be written as

~12
205" = m—2—B)y2,, + 20 — 2kot

where y = (57, yn+1) and B; can also be regarded as the rotation around the y, 4|
axis of the graph of the function

n—2-—25
sH (Yn+1) = \/7y3+1 + n? — kot.
The principal curvatures of a rotationally symmetric surface are
_s// 1
=—-"1 - Ak

[1+ 6] suf1+ )]

Hence the principal curvatures of B, are

Il
byl
Il
»
3

(n—2— B)4m* — kot)
[((n=2—B)(n—B)yy | +4®> —ko)]

AM=—

3
2
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and
2

1
[ =2—=B)(n = B) yi, +40% — kot)]?

Note that A' > =F 2 B This implies that H = A1 + (n — 1)A,, > O on B;. In
addition, smce the scalar curvature is given by

Ap =

= — DA 241 + (n —2) An] 8.1)

we have

4(n—1)p8
(n—2—B)(n—B)y2, +4n> —kot)

Since we assume 0 < 1 < 1, it follows that on any point of B, such that y,4+; €
[—N, N] we have

R>(n—1)pA, =

R~ 4(n—1B
T (m—=2—-B)(n—pP)N2+4

Now let us consider the function

—: o (B, N). 8.2)

h=2ly* — (n— B) y2, +2kot — 21°

vanishing on B; and negative inside. An easy computation shows that on the evolv-
ing surface M, the function # satisfies

0
(5 —RPIA )h =2ko—4(n—1)HR"™ " +2(m - B) R”™ |Viyu1l?

Using Lemma 8.1 and the inequalities |V y, 41 |2 <1, R < H?, we can estimate:

(a _RrIA >h<2k0—4(n DT - ) 19y R
at n (8.3)
4(n—1) 4(n—1)

BHRP™! <2kg— 2 gRr—3.
n

<2ko—

If M; does not remain enclosed by B; for all times under consideration, there exists
a first time 7 at which M; touches B; from inside. If p is a contact point, we have
h(p,t) =0, while h(p,t) < 0forp € M and ¢t < f. Therefore we have

0 -
<5 — RPlAm) h(p,?) = 0.

On the other hand, the curvatures of M; at a contact point are larger than the ones
of B;. Since R is increasing with respect to any A; on the convex cone

{A,..., ) eR" : H>0,R >0}
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(see e.g. [17, Lemma 2.4]), we deduce that at a contact point also R is larger on M;
than on B;. In particular, by (8.2), we deduce that R(p, f) > co. Then (8.3) implies

that A | 1
7(’1 — )ﬁc{;ii.

9 i}
<5 — R”_lAm> h(p, ) < 2ko —

If we choose

— 1
h): %Sﬁ__}lﬂcg_f
we find a contradiction; therefore, for such a choice of kg, the surfaces M; remain
enclosed by the hyperboloids.

Since the hyperboloids B, converge to a cone as t — 12/ ko, the singular time
of M, can be larger than this value only if at t = n?/kg the surface M, is entirely
contained in the half space y,+1 > 0 or y,4+1 < 0. If we assume symmetry with
respect to the hyperplane y,; = 0 this is impossible; this proves the last part of
the assertion. O

Corollary 8.3. Foranyn > 3 and p > 1/2 there exists a closed nonconvex surface
Mo C R"1 with positive scalar curvature such that the corresponding solution of
(1.1) does not shrink to a point as the singular time is approached.

Proof. A standard comparison argument with a shrinking sphere shows that, if My
encloses a sphere of radius rg, then M, can only shrink to a point if its singular time
is larger than the one of the sphere, which is equal to

2p+1

T*(r0) = 0
O ep s Dt (- )P

Combining this property with Proposition 8.2, we can find examples of closed hy-
persurfaces which develop a neckpinch singularity for any dimension n > 3. We
can take any M which satisfies the properties of the proposition, including the sym-
metry with respect to the hyperplane y,4+; = 0, and which encloses two spheres
with a certain radius r¢ lying in the half space y,+; > 0 and y,+; < O respectively.
Then, if the parameters are chosen in such a way that 772 /ko < T*(rg), we see that
the evolving surface M; becomes singular at a time T < n?/ ko while still enclosing
two spheres with positive radius.

It is easy to see that hypersurfaces My satisfying the above requirements exist.
One can fix the parameter 8 € (0, n — 2) arbitrarily and pick any two spheres B4 of
radius ro centered at (0, £L) for suitable Lo which lie inside the cone 2|y|> — (n —
;3)y3+1 = 0. In this way, the hyperboloid 2|y|> — (n — ,B)yIEJrl = 27?2 also contains
the two spheres for any > 0. We then set N = Lg—+rg-+ 1, so that the two spheres
are contained in the strip —N + 1 < y,41 < N — 1. We consider the constant kg
associated with 8, N by Proposition 8.2 and fix n > 0 so that n%/ky < T*(ro).
It is easily checked that we can find a rotationally symmetric closed surface My
enclosing the spheres and contained both in the hyperboloid and in the strip. Since
the hyperboloid has positive scalar curvature, it is also clear that such a surface can
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be chosen in such a way that it also has positive scalar curvature everywhere. An
explicit construction can be found in [1]. ]
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