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On the shape of solutions of an asymptotically linear problem

MASSIMO GROSSI

Abstract. In this paper we study the problem

{ —Au=|ulfu inQ

u=20 on 0Q2 0.1

where € is a smooth bounded domain of RY ,N > 1, ¢ > 0. We will show
that, under some assumptions, the solutions to (0.1) are close to suitable linear
combinations of eigenfunctions of the problem

—Au =XAu in Q

u=20 ond2.

Mathematics Subject Classification (2000): 35J60.

1. Introduction and statement of the main results

Let us consider the following problem

—Au=|ul”'u inQ
{ u=20 on €2 (.
where p > 1 and  is a smooth bounded domain of R¥, N > 1. Problem (1.1)
has been extensively studied in the last years; there is a wide literature on existence,
multiplicity and qualitative properties of solutions to (1.1) as p and €2 vary. Let us
recall a classical result (see [7] for a proof).

Theorem 1.1. Let1 < p < NE2 Then there exist infinitely many pairs of solution

N-2
to (1.1).

In this paper we study (1.1) when p is close to 1, i.e. p = 1 + € with € positive
small enough and we try to characterize its set of solutions. Setting p = 1+4¢€ (1.1)
becomes

(1.2)

—Au = |ulu in Q
u=20 on 0€2.
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To our knowledge in this case there are not many results. One of them is due to
C. S. Lin (see [5]):

Theorem 1.2. Let Q2 be a convex domain and p sufficiently close to 1. Then the
positive solution to (1.2) is unique.

In [5] a crucial tool is the scaling invariance of the problem. Theorem 1.2
was extended by Dancer (see [3]) without assuming the convexity of the domain.
Another result for a similar problem can be found in [4].

In this paper we will use a different approach and we study the set of solutions
to (1.2) as e — 0. Roughly speaking, we show that, for € small enough, the problem
(1.2) is “close” to the eigenvalue problem

—Au = Au in 2
u=20 on 0%2.

Let us denote by o (—A) the set of the eigenvalues of —A with Dirichlet boundary
condition and, for any A € o(—A), by m(A) the multiplicity of the eigenvalue A.

Finally, for any A € o(—A), let W*® = span {eg’\) e } be the eigenspace

s €
associated to the eigenvalue A with [, ef)‘)e?) = 8; .

We have the following result:

Theorem 1.3. Let & € o(—A). Then there exists €y = eo(h, N, Q) > 0 such that
forany 0 < € < €g and for any . < A, . € o(—A), we have that (1.2) has the
solutions

L moy
Uje=Ehe (Z yIMeM Lo ) j=1,.,m0) (1.3)
i=1

where ¢ — 0 in C*(2) and (yl(j ’M, . yrflj&)) is a critical point of the functional
J:R"M) L R
mo) 2
( riei(“) (2 log - 1) (1.4)
i=1

Hence we have that any eigenspace W) associated to A generates at least
m(A) solutions to (1.2) provided that € is small enough. The proof of Theorem
1.3 uses a finite dimensional reduction of Liapounov-Schmidt type, a tool widely
used in perturbation problem. Note that we do not require any “non-degeneracy”
assumption on the critical points yl(l’k),..,yl(m(k)’”.

Our aim is now to show that, under an a priori estimate on the solutions, the

result in Theorem 1.2 is sharp. We have the following:

m(\)

Z Fiel.(k)

i=1

J (T s Tmny) =/

Q

forany j =1,..,m().
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Theorem 1.4. Let u, be a sequence of nontrivial solutions to

{ —Au = |ul*"u in Q

u=~0 on 02 (1.5)

with €, — 0 as n — 400 and suppose that there exist M > A (A is the first
eigenvalue in 6 (—A)) and C > 0 such that

/ lunl? < CMir . (1.6)
Q

Then there exists . € o (—A) such that, up to a subsequence again denoted by uy,

€n
(/ Iun|2> —> A€eo(—A), asn— 400, (1.7)
Q

and
) m(\) N
Uy = Ao (Z yie! )+¢n), (1.8)
i=1

with ¢, — 0in C*(Q) as n — +o0 and ()/1, o ym(,\)) is a critical point of the
functional (1.4).

At this stage a question arises: Does each W*) generate exactly m()) solu-
tions? The answer is affirmative under a non-degeneracy assumption on the critical
points of the functional (1.4).

Theorem 1.5. Let us suppose that for any A < A the function J defined in (1.4)
has exactly m(L) nondegenerate critical points yD, Ly ¢ RmA) - Then,
for € small enough, (1.2) admits exactly Zik:l m(A;) pairs of nontrivial solutions
satisfying

/ ucl?> < CM?, (1.9)
Q
for some M > Ay and C > Q.

Note that if the eigenvalue is simple (i.e. m(A) = 1) it is possible to prove that
any critical point of the functional J is nondegenerate (see proof of the Corollary
1.6). Then we have the following:

Corollary 1.6. Suppose that the any eigenvalue in o (—A) is simple. Then for any
Ak € 0 (—A) there exists €y = €g(A, N, 2) > 0 such that for any 0 < € < € (1.2)
has exactly k pairs of nontrivial solutions satisfying (1.9).

The last corollary can be applied to many situations; indeed, from a Michelet-
ti’s result (see [6]) we have that all eigenvalues of —A are simple for “generic”
domains close to 2 (see also [8]).
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After this result was completed we have learned that some ideas of the paper
can be found in [1] where the authors proved some qualitative properties of the
solutions to (1.1).

The paper is organized as follows: in Sections 2-3 we give the proof of Theo-
rem 1.3. In Section 4 we prove Theorem 1.4 and in Section 5 we prove Theorem 1.5
and its corollary.

2. The Lyapunov-Schmidt reduction

Let us denote by o (—A) the set of the eigenvalues of —A with zero Dirichlet bound-
ary condition and, for any A € o(—A), m(A) be the multiplicity of the eigenvalue A.

Finally, for any A € o (—A), denote by ka = span {eg’\), . e,(?f()k)} the eigenspace
associated to the eigenvalue A.
In this section we fix A € o(—A) and set k = m(}L), el.m = ¢j, fori =

1,..,m(}) and ka = Wi. Fory = (y1, .., v) € RF we look for solutions to (1.2)
as

k
e (x) = A€ (Z viei(x) + ¢(x)> with ¢ € H*(Q) N H} (Q) 2.1
i=l1

where H2(2) and HO1 (£2) denote the usual Sobolev spaces.

Set by |Ju|| = ||u||H2(Q)mH01(Q) and [lull2 = |lull 2(q). Moreover we require that
Yl = v (2.2)
where ) will be chosen later.
Set
Wi = {u e HX(Q) N Hy(Q) : / ue; = 0 foranyi = 1, k} . (2.3)
Q

Our first step is to derive the equation satisfied by the function ¢. Inserting (2.1) in

(1.2) we get
k €/ k
( m+¢> (Zy,-ei+¢), 2.4)
i=1 i=1

k
(S
i=1
and using the mean value theorem we get that ¢ verifies
—Ap —rp = A(d) 2.5

with A : H2(Q) — L3(Q),

k
> viei+ ¢
i=1

A(p) =4

€/ k k
(Z viei +¢> —) (Z viei +¢> : (2.6)
i=1 i=1
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Since the operator —A — A has a nontrivial kernel spanned by {ey, .., ex} we will
solve equation (2.5) in WkJ-. To this end let us denote by I : H*(Q)N HO1 () —>

Wy and l'[,ﬂ- CHX Q)N HO1 (Q) — WkL the projections on Wy and WkJ- respectively.
So we try to solve the problem

My [-A¢ — A@)] = 0. eX)
Let us introduce L : WkJ- — WkJ- defined by

L=T (A = Al). (2.8)

By classical results we get that

I£II=C. (2.9)

In this setting (2.7) is equivalent to find a function ¢ € WkJ- which verifies

¢ =L [nf @). (2.10)

Proposition 2.1. Let y # 0, y < yo. Then there exists ¢y > 0 such that for any
0 < € < €q there exists a unique ¢ € WkJ‘, de = ¢ (v, x) which verifies (2.10).
Moreover ||¢¢|| < §€ with § depending only on A, yy, N, Q2.

Proof. By the mean value theorem we can write A in the following way,

[

Since ¢ is bounded in H%() it is not difficult to show that A(¢) € L?(R). Let us
introduce the operator F : WkL — WkL

te

dr. (2.11)

k
Y viei+¢
i=1

k
A(¢) = e (Z yiei + ¢) log
i=1

k
Y viei+6
i=1

Fg) =L [ (A ] 2.12)

and let us show that F is a contraction from B, = {qb € WkL el < 86} into itself
(8 will be chosen later).

We divide the proof in two steps.
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Step 1: F maps Be into itself for a suitable § and € small enough.
We have that

/ AP

Q

:k262/ log
Q

1

< Azez/ /log
Q
0

2N
< (using that |10g|t|||x|1+’€§C (|t|% + |t|%> for some 2 <g < N 2)

te

dt

k
> viei+¢
i=1

k k |
Y viei +¢‘ (Z viei +¢) /
i=1 i=1 0

2.13)
1+te

dt

k
Y viei+¢
i=1

k
Y viei+¢
i=1

q) <cée (”/9 o1+ [ |¢|‘f>

k k
Ce2/ ( Y viei+d|+|d_viei+o
2 \[i=1 i=1
5 (2.14)
<Ce" (1+ ol + llpl?).
Then we have that
1 q
14@)l2 = Ce (14 1912 + 91 (2.15)
and from the definition of F we get
1L 1 q
IE@)I < ILIITT IA@) |2 < Coe (1 +llel2 + I|d>||2) . (2.16)
Assuming that ||¢]| < de with § = 2Cy by (2.16) we get
I1F (@) = 2Coe (2.17)

which gives the claim of this step.

Step 2: F is a contraction mapping from Be into itself for € small enough.
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Let us fix § = 2C as in the previous step. We have

IF (@1) — F(@)ll < ILIITIE A1) — Ag) 2

k €/ k
Z%’ei + @1 (Z viei +¢1) — (¢1 — ¢2)
i=1 i=1

k €/ k
Y viei + b (Z viei + ¢2>
i=1 i=1

(using the mean value theorem)

1
/ |:(1 +e)
0

Let us split 2 in the following way,

<C

2

=C

- 1} ds (¢1 — ¢2)

k
Y viei +s¢1+ (1 — )¢
i=1

2

Q= Dl,e,s ) Dl,e,s ) D3,e,s

56}7

<2

where
k

Y viei +s¢1+ (1 =)

i=1

Dl,e,sz x e R:

Dyes=1x€Q:€<

k
> viei +5h1 + (1= 5)
i=1

k
Z viei
i=1

J

2

J

D3cs=1x€: >2

k
3 e
i=1

k
> viei +s¢1+ (1= )
i=1

and also split the integral in (2.18) as

1 €
”/0 [ —1:|dS(¢>1—¢>2)
=/ . +/ - +/ . =h+h+h
Dl,e,s DZ.E,S D3.s,s

Estimate of I

k
> viei +s¢1+ (1= )
i=1

2

First let us estimate the measure of Dy ¢ ;. We want to show that
meas (D) —> 0 ase — 0Vs € [0, 1].
By contradiction let us suppose that there exists €9 > 0, § € [0, 1] such that

meas (Dlye,g) >8>0 Vee(0¢).

435

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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Set
D=(\D.1;. (2.26)
n>1 "
Of course we have that
meas(D) > § 2.27)
and
k
D = {er: y;ei+§¢1+(1—§)¢2=0}. (2.28)
i=1

2
Since ||¢1, ¢2|| <€ we derive from (2.28) that fQ ‘Zle yiei| <€ for any € <eo.

Then Zi‘: 1 Yiei = 0 almost everywhere in D with measD > §. Since Zf{: LYiei is
an eigenfunction of —A and y # 0 we reach a contradiction. So (2.24) holds. Then
we have that

1
n- (/ [(1+e>
Dlyw 0

€ 2
-1 ds) g1 — ¢l

k
> vieitspi+(1—s)¢n

i=1

1 k € N %
< (I+¢€) viei +s¢p1+ (1 —s)py| —1|ds
/Dl.m /o { ,; - } (2.29)
N-2
o N
: / |p1 — 2| V2
Dl,e,s
2
< C (meas (Dy.¢5))" llp1 — p2ll = o(1) llp1 — ¢l -
Estimate of I
Since x € Dj ¢ s we have that
k €
> viei + 51+ 1 —5)¢y| —1 0. (2.30)
i=1
Hence
1 k € 2
12=/ (/ [(H-E) > vieitsi+(1—5)¢ —1] dS> |1 — ol
Dy s \/0 i=1
N\ ¥ 2.31)

o1 —aall

€
—1:| ds

k
> vieitsgi+(1—s)¢n

i=1

1
([ | [H
D2,e,s 0

=o(l) |41 — 2.

by the dominated convergence theorem.
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Estimate of I3
Let us remark that if x € D3¢ then [s¢1(x) + (1 — $)Pa(x)| > HZL yie;
Hence, using that ||¢1, ¢2| < d€ we get

o

meas (D3¢ ) > 0 ase — 0Vs € [0, 1]. (2.32)

Moreover, for x € D3 . ; we derive that

€

k
> viei+sor+ (1 —9)d| —1| =C (1410117 +1gal¥). @33)

i=1

(I+¢)

Let us estimate I3,

1 k € 2
L= /D ( fo [<1+e> > vieitspi+(1—s)¢| - 1} ds> |1 -2l
2 . (2.34)
<C | meas (D3.c.5) 7 + / 11| + f 6l / 61— ol 72
D3,e,.v 3,€,5 3,6,
=o(1) ¢1 — g2l
Finally, from (2.29), (2.31), (2.34) we have that (2.18) becomes
1
IF @) = F@2)ll = CA+ o) ¢ = dall < - ip1 — ol (2.35)

which proves that F' is a contraction from B¢ into itself with § = 2Cp . Hence the
contraction mapping theorem provides the existence of a unique fixed point for the
operator F which gives the claim. O

Remark 2.2. From the computation in Step 1 it follows that the constant § is inde-
pendent of y (it only depends on yp).

The proof of the previous Proposition does not hold if ¥y = 0. Our aim is
extend the definition of ¢ = ¢ (ay, .., ar, x) in order to cover this case.

Let us consider a sequence y, — 0, ¥, # 0 and set ¢, = ¢e(¥n, x). By
Remark 2.2 we deduce that there exists a subsequence y;,, (denoted again by y,,) and
a function ¢, such that

Pen — ¢ asn — +00 (2.36)

weakly in H2(Q)N HO1 (2) and strongly in L?(). If we show that ¢ = 0 we can
define
¢(0,x)=0. (2.37)

It will be proved in next lemma.
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Lemma 2.3. We have that ¢. = 0.

Proof. Let us write down the equation satisfied by ¢« ,,

€/ k
<Z Yié€i +¢e,n)

i=1

k
(Z viei + ¢en>

i=1

_A¢e,n_)t¢e,n —A |:
k k

— ) viei + ¢e,ni| =) Cineei inQ  (2.38)
i=1 i=1

k
Zyiei"'d)e,n:() on df2.

i=1

Let us show that (up to a subsequence)
Cine—>Cie asn— +oo foranyi =1, .., k. (2.39)
To prove (2.39) it is enough to multiply (2.38) by e; and integrate. We get

Cj,n&/ e?f)\/
Q Q

and since y; , are bounded and ||pe »|| < de we get (2.39). Passing to the limit in
(2.38) as n — 400 we get that ¢, satisfies

I4€

k k
D oviei@) +den| A+ D viei(x) +den| | (2:40)
i=1 i=1

_ _ _ k
~Ape — 1|¢e| pe = Y Cicei(x) inQ
i=1

(2.41)
¢ =0 ondQ.
We argue by contradiction and suppose that ¢, # 0. Define
Pe
Ye = —— (2.42)
AR
for some 2 < g < % Let us show that fQ |[Ve|?> < C where C is a positive

constant independent of €. Multiplying (2.41) by ¥, and using that fQ Yee; = 0 for
any i = 1, .., kK we have

2

/szxf !was(/ |q'>e|qqu) ! (/ |&e|q)" <C. (243)
Q Q Q Q

Hence we have that ¥ — 1 weakly in HO1 (2) and ||[YollLe() = 1. Finally,
multiplying (2.41) by e, where e is an eigenfunction of —A associated to ; # A we
get

1
M/ l/lee=)»/ |q_5€|€1//€e=)»/ <1+elog{¢3€|/ || dt) Vee (2.44)
Q Q Q 0
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which implies
1
(M—M/weezexf log|q3€|/ || dipee (2.45)
Q Q 0

A N e
= 67/ log|¢e|/ |be| dtpee
e llLa(o) Ja 0

1
log || / 16e |

(using that

<c |¢3€}%> (2.46)

< C||€||L°°(Q)m/ i¢e|2 < CellPella) < Ce.  (2.47)
€

Passing to the limit in (2.45) we get [, Yoe=0. Since we also have that [, Yoe; =0
foranyi=1, .., k we derive that v = 0 and this is not possible since ||yl Ls() = 1.
So we reach a contradiction and then ¢, = 0. [

Corollary 2.4. For any y such that |y| < |yo| there exists a unique function ¢ =
¢e(y, x) € Be which satisfies

k k ‘ri
(e | B (G v
=k 1= l
= Ciecei inQ (2.48)
i=1
1 k
ﬁ(qu+@>=o on 9%
i=1

for some constants C; ¢ € R.

Proof. Writing down the equation satisfied by ¢, in (2.10) we get (2.48). The
uniqueness of the function ¢, follows by the contraction mapping theorem (see the
proof of Proposition 2.1). O

We end this section proving some properties of the function ¢ (y, x).

Lemma 2.5. The function ¢.(y, x) satisfies

be(=y.x) = =pe(y, x) . (2.49)

Proof. The claim is a consequence of the uniqueness of the function ¢.. Indeed we
have that —¢.(—y, x) satisfies the problem (2.48) and using again the uniqueness
of the solution we get the claim. O
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Lemma 2.6. The function ¢c(y, x) is Cliny fory # 0.

Proof. The claim follows by the implicit function theorem applied to Tc(y, u) :
(0, y0) x W- N H*(Q) N HY(Q) > W,

k k €/ k
Te(y,u) =TI+ {A (Z viei + u) +|Y viei +u (Z viei + u)} (2.50)
i=1 i=1 i=1

for € € (0, €g). We have that T (y, ¢c) = 0. If we show that T/(y, ¢¢) is invertible,
by the implicit function theorem we get the claim. We will show that

IT.(v,¢e)| = C >0 foranye € (0, €). (2.51)

By contradiction let us suppose that there exists a sequence €, — 0, v,, € WkL N
H?*(Q) N Hy () such that
lvall =1 (2.52)

and
|| Zgn(y, qben)vnH 20 —> 0 asnm — 4o00. (2.53)
L2(Q)

By (2.52) it follows that there exists vy € WkJ- NHZ(Q) N HOI(Q) such that
U, — g (2.54)

weakly in H2(2) and strongly in L?(2). Arguing as in Step 2 of Proposition 2.1
we can pass to the limit in (2.53) and then

=0. (2.55)

nt(a A —
H ( v0+ UO) L2(Q)

This implies that vy = 0. On the other hand, by (2.53) we get

k 2
/ mt (Avn a4 e | vier + o, vn> =o(l)  (256)
Q2 i=1
and since Av, € WkJ- and v, — 01in L?($2) we have
/ |Av, [ + o(1) = o(1), (2.57)
Q

a contradiction with (2.52). So T/(y, ¢¢) is an invertible operator and the claim
follows. [
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3. The reduced problem

In this section we prove Theorem 1.3. Let J («) : HO1 (2) — R defined by

1 1
Je(u) = 5/ |Vu|2—ﬁf |u|? €. 3.1)
Q € Jo

It is well known that critical points of (3.1) provides solutions to (1.2). For |y| <
1o let us consider the function ¢ = ¢.(y, x) defined in Corollary 2.4. Using
the same notation of the previous section let us introduce the reduced functional
I(I) : {T € R*: T'| < »} — R defined by

k
1.(T) = J. [xé (Z Tiei + e (T, x))i| : (3.2)

i=1
We have the following:
Lemma 3.1. A function ue = Al (f: viei + Qe (v, x)) is a solution to (1.2) if and
onlyify = (1, ... y) € Rfisa crll';clal point to I..
Proof. If u. is a solution to (1.2) we have that J/(u¢) = 0 and then

Al (y) e (¥, x)) —0
dan, dan, o

= Jl(u)nt (em + (33)

Conversely, let us suppose that y is a critical point to /.. Differentiating again (3.19)
we derive

k
0= 8[5()/) _ Jg/ <Z viei + ¢€(y’ x)) <€m + M) . (34)

dam, dan

i=1

From (2.48) we get that

k
J (Z viei + ¢ (v, X)) € Wi (3.5)

i=1

and then ;
00 (v,
J¢ (Z viei +¢>e(y,X)> (%) =0. (3.6)
i=1 m

Then (3.4) becomes

k
0= Je/ (Z viei + ¢e(y, x)) (em) - (3.7
i=1
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k
From (3.7) we get that J/ <Z yiei + ¢ (v, x)) € WkL and then we have

g

which gives the claim. O

||M»

viei + ¢c(y, X)> (3.8)

Next result concerns the expansion of the reduced functional.

<2 log

Lemma 3.2. We have that

1) = AW /‘(Zre,)

uniformly with respectto I as € — 0.

X 2
V(;Fiei‘f"pe) 2+€/
_ . ) L
A (; Fiei) + 2V (; Fl’e,’> - Ve + |V¢e|2 (3.10)

1 _e u ’ :

—A <§_Z+0<€2)>L (;Fie,) +2<;Fiei>¢é +¢52

k 1 k te
Y Tiei + ¢ Y Tiei + 6.
i=1

i=1

Zre,

—1>+O(e) (3.9)

Proof. We have

+e

I(T)
A

+¢e

LIS

I
N —
5

-|:1+610g

dt] (3.11)

k
Recalling that ¢, € Wkl we have that fQ \Y% <Z F,~e,~> - V¢ = 0. Moreover since
i=1
ll¢c]l < §e with § independent of I we get that
I(T)
2
Le

:)\/ = [iei] log
o|2\i5 i=1

ZF,-e,-
+ 0 <€2> .

te k 2
€
dr= z(; F"e") o

T
Y Tiei+¢.
i=1
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Since the function x? |x|¢ — x? uniformly on the compact set as € — 0 for any

t € [0, 1], arguing as in Step 2 of Proposition 2.1, we get

k 2 1]k te k 2
(Z F,‘E,‘) ZF,-e,- + ¢c| dt — (Z F,-e,-) (3.13)
i=1 i=1 i=1

and the claim follows. O

The main result of this section follows by a classical result of critical point theory
due to Clark ( [2]). Here we mention a slightly different statement (see [7]).

Theorem 3.3. Let E a Banach space, I € C'(E,R) with I bounded from below
and satisfying the Palais-Smale condition. Suppose 1(0) = 0, there is a set K C E
such that K is homeomorphic to S/~ by an odd map and sup k! < 0. Then I
possesses at least j distinct pairs of critical points.

Remark 3.4. From the proof of previous theorem it is possible to see that the criti-
cal points x of I satisfy 7 (x) < 0. Hence it is enough to require the differentiability
of the functional just for x # 0 and we only need the validity of the Palais-Smale
condition for negative values of /.

We will apply Theorem 3.3 to find at least j pairs of critical points to the
functional I, for € small enough.

Proposition 3.5. For yg sufficiently large and for € small enough the functional I,
admits at least j distinct pairs of critical points.

Proof. We will apply Theorem 3.3 with [ = %Ie and E = {y eRF: ' < yo} .

AE
Note that by Lemma 2.5 we have that /. is an even functional and by Lemma 2.6 it is
differentiable in E \ {0}. Let us show that / is bounded from below. By Lemma 3.2
it is enough to show that the functional
> Tiei| - 1) (3.14)

k
Ip(T) = /‘(Zw) <2log
i=1

is bounded from below. Since the function g(¢) = 22 log |t| — 1) satisfies g(¢) >
—1 we derive that

[Io(I")| > —meas €2 (3.15)

which gives the claim.

Let us prove that [ satisfies the Palais-Smale condition. Since [ is defined for
IT'| < |yo] we have to check any Palais-Smale sequence is far away from the sphere
IT'| = y0. By Remark 3.4 this leads to prove that

I(T) >0 if|T] = . (3.16)
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We will show that (3.16) is verified if |yy| is large enough. By Lemma 3.2 it is
enough to prove
2
<2 log

k
10(r>=f ‘(Zriei)
2] \i=1

Let I" satisfying |I'| = |yp| and suppose that I'; = 'maxk I';. We have that I'; >

=1,..,

k
Zf‘iei

i=1

—1>>o ifI0 = |wl.  (3.17)

ol and

JN

k 2
IO(F):Z/ <Zriel-) log
2 \i=I

2
_)/O

k
D _Tie
i=

k 2 k
1".
=2log|T" 2+2/ Tie; | logler + Y —ei| —vd 3.18
JINTT Q; g ;Fllyo (3.18)
E 2 oy,
:|y|2 210g|1"1|—|—2/ e log el—i—Z—te,- -1,
Q@ \i=1 1 iz
and since 2 logt > —%e‘i (3.18) becomes
Iozyoz[210g|F1|—e7%measQ—l]2y02 [ZIOgM—elllmeasQ—l]. (3.19)
VN
Choosing
1
e 4meas2 + 1
lyol > exp {W—z } (3.20)

we have that Ip(I") > 0. So the Palais-Smale condition is satisfied.

We end our proof by showing that there exists a sphere K C E such that supg I <0.
To do this let us observe that the function g(¢) = 22 log |t| — 1) satisfies g(t) < O
if|r] < e2.

k

D€

i=1

1
e2
k
23 leillo
i=l

() (2o

which gives the claim.

. 1
Hence, choosing |I'| = we deduce that < %ez and then

k
>
i=1

— 1) <0, (3.21)

Proof of Theorem 1.3. It follows by Lemma 3.1 and Proposition 3.5.
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4. The asymptotic behavior of the solution

In this section we study problem (1.2) and, under some suitable conditions, we try
to show that the set of its solution is the same prescribed in the previous section.

Proof of Theorem 1.4. Set v, = ”u”ﬁ Then v, solves
—Av, = ||un||§nlvn|evn in
lunlla =1 4.1)
v, =0 on 0%2.

By assumption we have that, up some subsequence again denoted by ¢, — 0,
lunlls" — A. 4.2)

Moreover, by mean value theorem we get
1
[vp | vy = vy + €0, log |vn|/ lv,|"erdt . 4.3)
0

Since ||v,ll2 = 1 we get that v, log |vy,| fol |v,|'érdt is bounded in L' (). Hence
using the standard regularity theory we get the existence of vy € C%(£2) such that

[va|€ vy — vo  in LY(R) (4.4)
and
—Avg = Avg in Q
lvollz =1 4.5)
vo=0 on d€2.

Since ||vg|l2 = 1 we derive from (4.5) that A € o(—A) and then (1.7) follows by
(4.2). Moreover, again by (4.5) we have that

m(\) .
v =Y e, (4.6)
i=1

which gives (1.8)
Let us show that y; is a critical point of the function (1.4). Setting z,, = —%

we have that z,, satisfy

_AZG == )\-|Z5|€Z€ in Q
2e=0 on a2

Multiplying (4.7) by e; € Wy we get

1
A/ Zne; =>~/ 20" zne; =A/ (1 +6n10glzn|/ A dt) znej (4.8)
Q Q Q 0
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which implies
1
O:/loglznlf |z, | €n dtzpe; . 4.9)
Q 0

From (4.9) we derive

1 te tey
n u
0 /(log 17 log ”un”2>/ |”n|t€ Il n|[| di Up e (4.10)
Q e ll2 An 0 ||Mn|| oA lleen Il

Since Ta "” — Zl 1vieiand meas{x € Q:¢;(x) =0} =O0foranyi = 1,..., k,

|”n|
7€
lunlly”

we get that — lase, — Oforanyt € [0, 1] and almost everywhere in €.

Passing to the hmlt in (4.10) we have

k
= / log
Q2 i=1

3 e

k
> vieie; . 4.11)
i=1

Observing that [, log‘Zle viei

k 3J (T
Y i1 vieiej= %]) F:yWC getthat (y1,...,Ymu))

is a critical point of the functional (1.4).
In order to finish our proof we have to prove (1.8) (note that our argument only
gives that

n m(\)
tn = O+ 0(1) (Z vie” +¢c | (4.12)
i=1
that is a weaker statement that (1.8).
In order to show (1.8) we need the following estimate,
lunll5 — A = o(en). (4.13)

To prove (4.13) let us multiply (4.1) by e; € Wy and integrate. Here j is chosen so
that a; # 0. We have

)‘/Unej— ”un” / [V, | Un€; +)\/ |vn|€nvnej
Q

(4.14)
=(|Iun||§”—k)/ |U6|€nveej+)\/ (1+€, log |val) vnej+0(65 ,
Q Q
which implies
||un|| -

0= —— |vn|vnej+k loglvnlvne]+0(en) 4.15)

Passing to the limlt in (4.15) and using (4.1 1) we get

Nl — A

@, e 16

and since a; # 0 we derive (4.13).
So from (4.13) we get that (4.12) becomes (1.8). O]
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5. The uniqueness result

In this section we prove Theorem 1.5 and its corollaries.

Proof of Theorem 1.5. From Theorem 1.3 we have the existence of at least

Zik:l m(A;) pairs of nontrivial solutions to (1.2). By contradiction let us suppose
that there exists another solution v, satisfying (1.9). From Theorem 1.4 we have
that, for some sequence €, — 0, there exists A € o (—A) such that

([

Corresponding to this eigenvalue A we have that (again by Theorem 1.3) there ex-
ist at least k = m(A) pairs of nontrivial solutions %u 1, .., Zu, x verifying (1.3).
In this way we have constructed a solution ve, = v, different from fu, 1, .., £uc

l .
such that v, = A& (Zle yi(J)e,- +¢n) with ¢, — 0 in CQ(Q) for some

Jj = 1,..., k. Itis not restrictive to assume that j = 1. Set ue,,1 = u,. Since
v, # u, we can define

én
2) —> A eo(—A), asn— 400. 5.1

Up — Up

(5.2)

wy = ———
lvn — ”n”[}(g)

which satisfies

—Aw, = (1+ &) fy 1o, + (1 = Dy | dt w, in Q
w, =0 on 9 (5.3)

||wn||L2(Q) =1.

By (1.8) and since meas {x € Q2 :¢;(x) =0} = 0 forany i = 1, .., k we get that
|v, |7 — A, lu, | — A almost everywhere in Q. Then,

1
/ ltv, + (1 — Duy,|™"dt — A almost everywhere in 2. 5.4
0

From the standard regularity theory we get that there exists w € HO1 (£2) such that
w, — w weakly in Hol(Q) and w satisfies

{—Aw:)\w in

w=0 on 92 (5-5)

k
Hence w = )_ Bje;. Next step is to prove that 8; = 0 for any i = 1, .., k. To show

i=1
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it let us multiply (5.3) by ¢;, j = 1, .., k and integrate. We have

1 €
xfw,,ejzx(uen)// t2 (=02 dr wye;
Q QJO | A Aen
1 1 €ns
Un Un
=A(1+en)/ <1+en// t—+ 0 —1)— ds (5.6)
Q 0 JOo | A Aen
dog |t 4+ (1— )2 dt) whe;
Aen Aen
which implies
1 1 €ns
0=/(1+/ / (A= s
Q 0 Jo en en
* * (5.7)
Un Un
doglt— + (1 —1)— dt) wpej + O(€)
Aen Aen
and passing to the limit we get
k LI
Zﬂi/ <1+10g >y )e,> eie; =0. (5.8)
i=1 /€ I=1

A straight-forward computation shows that

327 (y (D k
IIr ) = 2/ 1 + log Zyi(l)e,-
9yidy; Q =

By the non-degeneracy of the critical point y () we get that the matrix

k
/ (1 + log Zfi(l)ei) eje;
Q2 i=1

is invertible and then the linear system (5.8) admits only the trivial solution §; = 0
foranyi = 1, .., k. Hence w = 0. Last step of our proof is to show that w = 0
leads to a contradiction.. Multiplying (5.3) by w, we get

f Vun? < Cf w2 . (5.10)
Q Q

Then w, — 0 in H(} (), w, — O strongly in L?(2) and this is a contradiction
with ||lwp [l 2(q) = 1. This ends the proof. O

) eiej . (59)
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Proof of Corollary 1.6. Let us consider a simple eigenvalue A and e be denoted the
associated eigenfunction. By Theorem 1.5 we had to show that the function

J(F):FQ/ e? (2log|Te| — 1) s (5.11)
Q

admits only one pairs of critical points +y verifying J”(+y) # 0. A straight-
forward computation shows that

J'(y)=0%y = +texp (—/ % log |e|> . (5.12)
Q
Corresponding to these values of y we get

J"(£y) :2/ (ezloglye| —l—ez) =2log|y| —|—2/ e’ log le| + 2
Q Q

=2+£0.

(5.13)

which proves the claim. O
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