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Rational fixed points for linear group actions

PIETRO CORVAJA

Abstract. We prove a version of the Hilbert Irreducibility Theorem for linear
algebraic groups. Given a connected linear algebraic group G, an affine variety
V and a finite map # : V — G, all defined over a finitely generated field «
of characteristic zero, Theorem 1.6 provides the natural necessary and sufficient
condition under which the set 7 (V (k)) contains a Zariski dense sub-semigroup
I' C G(x); namely, there must exist an unramified covering p : G — G and a
map 6 : G — V suchthat 7 00 = p. In the case k = Q, G = Gy, is the additive
group, we reobtain the original Hilbert Irreducibility Theorem. Our proof uses
a new diophantine result, due to Ferretti and Zannier [9]. As a first application,
we obtain (Theorem 1.1) a necessary condition for the existence of rational fixed
points for all the elements of a Zariski-dense sub-semigroup of a linear group
acting morphically on an algebraic variety. A second application concerns the
characterisation of algebraic subgroups of GLy admitting a Zariski-dense sub-
semigroup formed by matrices with at least one rational eigenvalue.

Mathematics Subject Classification (2000): 11G35 (primary); 14G25 (secondary).

1. Introduction

A general principle in the theory of diophantine equations asserts that if an equation
admits “many” rational solutions, there should be a geometric reason explaining
such abundance. We consider here a (multiplicative) semigroup of N x N matrices
with rational entries: we suppose that all of them admit rational eigenvalues and
deduce the natural geometrical consequences. Such consequences, stated in Theo-
rem 1.2 below, will concern the algebraic group generated by the given semigroup.
Consider the natural action of GLy on N — 1-dimensional projective space Py _1:
for a non-singular matrix with rational entries, the fact of having a rational eigen-
value amounts to having a rational fixed point in Py _;; hence we are naturally led
to consider a linear-group action on an arbitrary algebraic variety. We shall suppose
that each element of a given Zariski-dense semigroup has rational fixed points and
deduce again the natural geometric consequence (Theorem 1.1).
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More precisely, let « be a field of characteristic 0, finitely generated over the prime
field Q. From now on, by rational we shall mean x-rational, unless otherwise
stated. Let X be an algebraic variety, and G an algebraic group, both defined over
k. Suppose that G acts k-morphically on X [5, Section 1.7].

Our main theorem will be:

Theorem 1.1. Let the finitely generated field k, the algebraic group G, the variety
X and the action of G on X be as above. Suppose moreover that G is connected.
Let I' C G(x) be a Zariski-dense sub-semigroup. If the following two conditions
are satisfied:

(a) for every element y € I there exists a rational point x,, € X (k) fixed by y;
(b) there exists at least one element g € G with only finitely many fixed points;

then

(i) there exists a rational map w : G — X, defined over k, such that for each
element g in its domain, g(w(g)) = w(g).

If moreover X is projective, then:

(1) each element g € G (k) has a rational fixed point in X (k).

We remark at once that the stronger conclusion that the group G itself admits a
fixed point, i.e. the rational map w can be taken to be constant, does not hold in
general (see Examplel.9 below). Example 1.9 bis shows that to prove the second
conclusion (ii), the hypothesis that the variety X is projective cannot be omitted.
On the contrary, we do not know whether hypothesis (b) is really needed for (i) and
(i1) to hold.

As we mentioned, the starting point of this work was the investigation of semi-
groups of matrices, with rational entries and rational eigenvalues. The following
result gives a complete classification of such semigroups:

Theorem 1.2. Let « be a finitely generated field as above, 1 < r < N be two
natural numbers. Let G C GLy be a connected algebraic subgroup defined over
k, I' C G(k) a Zariski-dense sub-semigroup. Suppose that each matrix y € T" has
at least r rational eigenvalues (counting multiplicities). Then

(1) each matrix g € G(k) has at least r rational eigenvalues, counting multiplici-
ties;

(ii) there exists an algebraic group homomorphism G — G, , defined over k,

G3gr (x1(8),.... xr(8) € G},

such that for each g € G the characteristic polynomial of the matrix g is divisible
by the degree r polynomial (T — x1(g)) - (T — xr(g))-



RATIONAL FIXED POINTS FOR LINEAR GROUP ACTIONS 563

One of the motivations of the present work arises from a paper of Bernik [1] con-
cerned with semigroups of matrices whose spectra lie on a fixed finitely generated
field. Bernik’s result, which for simplicity we state below in a slightly weaker form,
will be easily deduced from the case r = N of Theorem 1.2:

Corollary 1.3 (Bernik). Let k be a finitely generated field as before, ' C GLy (k)
be a group of matrices such that each element of I" has its spectrum contained in k.
Then T contains a normal solvable subgroup of finite index.

For later convenience, we restate the case r = 1 of Theorem 1.2 in a slightly
stronger form:

Corollary 1.4. Let I' C GLy (k) be a semi-group of matrices with rational entries
and let G be the Zariski-closure of T (which is an algebraic subgroup of GLy).
Suppose G is connected. The following conditions are equivalent:

(1) every matrix in the semigroup I has at least one rational eigenvalue;
(ii) every matrix in the group G (k) has at least one rational eigenvalue;
(iii) there exists a character x : G — G, defined over k, such that for every
g € G, x(g) is an eigenvalue of g;
@iv) there exists a rational map w : G — Py_1, defined over k, such that for all
g in its domain the point w(g) is fixed by the projective automorphism defined

by g.

Here and in the sequel, by a character of an algebraic group G we mean an algebraic
group homomorphism (see [5, Chapter II, Section 5]), which might be the trivial
one. In the case G is semisimple and defined over the reals and ' ¢ G(R N k),
Corollary 1.4 is contained in a theorem by Prasad and Rapinchuk [16, Theorem 1]
(see also [15, Theorem 2]). Both these works and the one by Bernik [1] use p-adic
methods.

As an immediate application of the above corollary, we obtain that each
Zariski-dense subgroup of GLy () or of SLy (k) (for N > 2) contains a matrix
with no rational eigenvalue.

An interesting case of Theorem 1.1 arises from the natural action of GLy on
Grassmannians. We denote by F(r; N) the variety of r-dimensional subspaces
of a fixed N-dimensional vector space (say the group variety szv ); alternatively,
F(r; N) is the variety of r — 1-dimensional spaces in Py_1. Every algebraic group
G C GLy acts naturally on F(r, N); an element g € G fixes a point w € F(r; N)
whenever the subspace w is invariant for g. More generally, one can consider flag
varieties: givenintegers 0 < r; < ... <ry < Nlet F(ry, ..., rp; N) be the variety
classifying filtrations Vi C ... V) C Gé\’ formed by r;-dimensional subspaces V;;
in particular, whenever 7 = 1 we reobtain the Grassmannian. Of course the group
G C GLy acts naturally on the variety F(ry, ..., r; N) and the fixed points for
an element g € G are just the filtrations of invariant subspaces. Bernik’s theorem
(Corollary 1.3) is concerned with the action of an algebraic subgroup G C GLy on
the maximal flag variety (1,2, ..., N —1; N). As a corollary of Theorem 1.1 we
obtain the following general statement:
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Theorem 1.5. Let 0 < r| < ... < r, < N be integers as before; let G C GLy
be a connected algebraic group defined over the finitely generated field k as before.
Suppose that there exists a matrix g € G with N distinct eigenvalues. Let I" C
G (k) be a Zariski-dense semigroup. Suppose that each matrix y € ' admits a
filtration {0} C Vi C ... C Vj, C «N of invariant subspaces, defined over «, with
dim(V;) = r;. Then:

(1) every matrix g € G(x) admits such a decomposition;
(ii) there exists a rational map w : G — F(ry,...,rp; N), defined over k, such
that for each matrix g in its domain, w(g) is an invariant filtration for g.

Inthe case h =N — 1,50 (r1,...,rp) = (,..., N — 1), such a map can be taken
to be constant.

The condition that some matrix in G has distinct eigenvalues is probably not
necessary; for instance, it is not necessary in the case of the complete flag variety
((r1y...mm) =(,...,N —=1)).

As a corollary of Theorem 1.5, we obtain that every Zariski-dense semigroup
I' € SLy(x) (or ' C GLy (k)) contains a matrix whose characteristic polynomial
is irreducible. As an application of the Theorem 1.6 below, we could also prove that
its Galois group (over «) is infinitely often the full simmetric group on N letters (see
Corollary 1.12 for a general statement).

The proof of Theorem 1.2 and its corollaries, including Bernik’s theorem, are
reduced to certain diophantine equations involving linear recurrences, to be solved
in finitely generated groups. Such equations could be dealt with by rather elemen-
tary methods, involving height considerations.

On the contrary, the proof of Theorem 1.1, or even just Theorem 1.5 above,
makes use of completely different techniques from the theory of diophantine equa-
tions involving power sums. Such techniques, introduced by Zannier in [20] and
developed by Ferretti and Zannier in [9], lead to the results stated in Section 3. We
choose, for shortness, to use these diophantine results to derive all our main theo-
rems, including the more elementary Theorem 1.2. As a step in our proof, we shall
also obtain the following

Theorem 1.6. Let the field k and the connected linear algebraic group G be as
before. Let V be a smooth affine algebraic variety of the same dimension as G,
7wV — G a finite map, both defined over k. Let I' C G(k) be a Zariski-dense
semigroup. If T is contained in the set w(V (k)), then there exists an irreducible
component V' of V such that the restriction wyy: : V' — G is an unramified cover.
In particular, V' has the structure of an algebraic group over k.

The condition that V is smooth could be avoided, up to rephrasing the conclu-
sion, which would state the existence of an unramified covering p : G — G and a
morphism 6 : G — V with 7 0 6 = p.

In the case where G = Gg, k = Q, and I' = N is the semigroup of natural
numbers, the above statement is equivalent to the original form of Hilbert Irre-
ducibility Theorem [10, Theorem I, page 107] (see also [18, Chapter 9, Section 6]):
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since every connected unramified cover of GG, has degree one, the conclusion in this
case is the existence of a section for 7. Hence our Theorem 1.6 can be viewed as a
natural generalization of Hilbert Irreducibility theorem to linear algebraic groups.

When I is a cyclic group, or semigroup, (so in particular G is commutative)
our Theorem 1.6 is implicit in the main theorem of [9].

Theorem 1.6 is also linked with a conjecture of Zannier [21, last page], asking
for the same conclusion whenever G = GnA{ , but under the much weaker hypothe-
sis that I' is any Zariski-dense set of S-integral points, for a suitable finite set S of
places of k. (This last condition, that the elements of I" are S-integer points, can be
replaced by the assumption that I" is contained in a finitely generated subgroup of
G (k)). In the one-dimensional case, such problem can be solved using Siegel’s the-
orem on integral points on curves; see [7] or [21, Ex II1.10]. We note, however, that
such a strengthening is not possible for non-commutative groups, as the following
example proves: let V C Al x SL; be the subvariety {(y, g) : y> = Tr(g)} (where
Tr(g) is the trace of the matrix g) endowed with the projection w : V. — SL,. Itis
immediate to check that the set I" := 7w (V (Z)) (i.e. the set of matrices with integral
entries, whose trace is a perfect square) is dense in SL;, and nevertheless V — SL,
is a (connected) ramified cover of SL,.

For another result of the type of Theorem 1.6, see also [8, Theorem 1]; actually
the techniques introduced in [8] indirectly play a role in the present paper.

As we said, our results are connected with (and generalize) Hilbert Irreducibil-
ity Theorem, although they do not seem to be a direct consequence of it. To further
explore this connection we need a definition, drawn from [18, Chapter 9, Section 1].

Definition 1.7. Let « be a field of characteristic zero, X be an irreducible algebraic
variety defined over k. We say that a subset I' C X (k) is «-thin if there exists an
algebraic variety Y and a morphism 77 : ¥ — X defined over « such that

(a) T is contained in 7 (Y (x)),
(b) the generic fiber of 7 is finite and 7 has no rational section over «.

The attentive reader would note that Serre’s definition actually is the above one
with X = Py or X = AN A generalization of Hilbert Irreducibility Theorem [18,
Chapter 9] then states that Py (k) (and AN (k)) is not x-thin, when « is finitely
generated over Q).

Consider for instance Corollary 1.4: let us show a deduction of a weak form
of property (iii) in the corollary from condition (ii), using Hilbert Irreducibility
Theorem. Let V C G x G, be the closed subvariety formed by the pairs (g, 1)
where A is an eigenvalue of g and let 7 : V — G be the projection on the first
factor. Note that V has the same dimension as G. Condition (ii) is equivalent to
the morphism p being surjective on the set of rational points, i.e. to the equality
7 (V(k)) = G(x). If G is a k-rational variety (it is always rational over a suitable
finite extension of «, see [5]), the set G (k) is not thin in the above sense; hence the
variety Y must have a component on which the morphism 7 has degree one, so &
admits a rational section g — (g, x (g)) defined over «: this is conclusion (iii), up
to the fact that x is a character; this last property, however, follows from general
algebraic group theory (see Proposition 4.9).
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The main novelty in Corollary 1.4 is that it suffices that 7 (V (k)) covers the
rational points in a Zariski-dense semigroup to deduce the existence of such a sec-
tion. To obtain such a conclusion, one can apply Theorem 1.1 (or Theorem 1.6,
as we shall do), although, as we already said, in this particular case the proof is
technically simpler than the proof of Theorem 1.1 in general.

A corollary of Theorem 1.6 reads:

Corollary 1.8. Let G be a connected simply connected (linear) algebraic group
defined over the finitely generated field k. Then no Zariski-dense semigroup I' C
G (k) is k-thin.

On the other hand, it is clear that non-simply connected linear algebraic groups
always admit thin Zariski-dense subgroups. In fact, if G is not simply connected,
it admits an unramified cover ¥ : G’ — G, with deg(sx) > 1, which is also a
morphism of algebraic groups over «. Since the group G’ (k) is Zariski-dense in
G’ [5, 18.3], the subgroup I' := 7 (G’(k)) is «-thin and Zariski-dense in G.

As we remarked, every subgroup of GLy acts naturally on the projective space
Py—_1. Corollary 1.4 states that if every element of the semigroup I' C G(x) has a
rational fixed point (where G is connected and I is Zariski-dense in G), then every
element of g € G (k) has a rational fixed point, and such a fixed point can be chosen
as the image at g of a given rational map. The following example shows that such
a rational map cannot be always taken to be constant, i.e. there might exist no fixed
point in [Py_; for the whole group G, so no vector which is an eigenvector for each
g€G.

Example 1.9. Let C C P, = X be a smooth conic defined over « and let G be the
group of projective automorphisms of [P, leaving C invariant (it is always isomor-
phic over the algebraic closure « of k to the linear group PGLy). Put I' = G(k)
and let y € T be one of its elements; we want to prove that y has at least one
rational fixed point in P;. Recall that C is isomorphic over i to [P, and each ele-
ment of G (i), apart from the identity, has exactly one or two fixed points on C(i).
If the automorphism y, which is defined over «, has just one fixed point on C (i),
such a point must be rational; if otherwise it has two fixed points x1, xa € C(k),
these points are either both rational or quadratic conjugates. In any case, the pair
of tangent lines to C through xp, x; is a singular conic defined over k, and invariant
under y. Its only singular point, which is the intersection of the two tangent lines, is
necessarely rational, and is fixed by y. So, in any case, y has a rational fixed point,
but of course there is no point on [P, which is fixed by the whole action of G.

A modification of the above example will be used to show that the hypothesis
of the projectivity of X cannot be omitted from Theorem 1.1, if one wants the
conclusion (ii):

Example 1.9 bis. Let ' C PSL,(R) be a finitely generated, discrete, Zariski-dense
subgroup with no parabolic elements. (Such subgroups exist: for instance they arise
as fundamental groups of hyperbolic compact Riemann surfaces. Indeed, such a
Riemann surface can be realized as the quotient of the Poincaré upper half-plane
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by the canonical action of a Fuchsian subgroup I" of PSL,(R). The compacteness
of the quotient implies that I has no parabolic elements.) We let I act both on
P, and on the symmetric square of P, which is isomorphic to P, so we embed it
into PGL3. Its action on [P, preserves the image C C P, of the diagonal of (Py)2,
which is a smooth conic in P;; we are then in a particular case of the situation of
Example 1.9 above. Since I' is a finitely generated group, there exists a finitely
generated field x over which every element of I', viewed as an element of PGL3
(or of PSL,), is defined. As observed in Example 1.9, each element of PSL;(«),
hence every element of I', has a k-rational fixed point in IP,. If y € PSL;(k) is not
parabolic, then it has a fixed point in the complement of C. Put X := [P, \ C. Since
I has only non-parabolic elements, each y € I' has a rational fixed point in X (k);
neverthless there are (parabolic) elements in PSL; (x) which have no (rational) fixed
points in X (but only in C(x)).

We now show that the hypothesis on the connectedness of the Zariski-closure
G of ' in Theorem 1.1 (or in Corollary 1.3) cannot be removed:

Example 1.10. Let « = Q be the field of rational numbers. Consider the discon-
nected subgroup G of GL;, defined over Q, formed by the matrices of the form

(3 2) or (2 8), for nonzero A, u. Let ' € G(Q) be the subgroup formed by

the matrices of G(QQ) whose entries are squares in Q. It is easily checked that I' is
indeed a subgroup, that it is Zariski-dense in G and that each matrix g € I" has its
eigenvalues in Q. Neverthless, G admits no character x such that x (g) is always
an eigenvalue of g.

An application of Theorem 1.5 concerns semigroups of endomorphisms of
compact tori RV /ZN , where as usual Z" denotes the lattice of integral points in N-
dimensional Euclidean space R"Y. An endomorphism of a torus R /ZV, viewed
as a topological group, is induced by the multiplication on RY by a N x N ma-
trix g with integral entries. Such an endomorphism is surjective if and only if
g € GLy(Q), and is an automorphism if and only if g belongs to GLy (Z). We
shall identify N x N matrices with integral coefficients with endomorphisms of the
torus, and shall denote by End(R" /ZN) the semigroup of such matrices (or endo-
morphisms). Let g € GLy (QQ) be such a matrix (so that g has integral coefficients);
the invariant circles on the torus R /Z" for g correspond to Q-rational fixed points
for the projective automorphism that g defines on Py _; (recall that Py _; is the set
of lines in a N-dimensional space, and that its Q-rational points correspond to lines
defined over Q). More generally, r-dimensional invariant subtori correspond to ra-
tional points in the Grassmannian F (r; N). A particular case of Theorem 1.5 can
be restated as follows:

Corollary 1.11. Let T C End(RN JZN) be a semigroup of surjective endomor-
phisms of the N-dimensional torus. Viewing I" as a sub-semigroup of GLy, let G
be its Zariski-closure, and suppose it is connected. Suppose also that at least one
matrix y € ' has distinct eigenvalues. Let r be an integer, with 0 < r < N. The
following conditions are equivalent:
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(1) each element of T admits an invariant r-dimensional subtorus;

(ii) there exist a rational map w : G — F(r; N), defined over Q, and a character
x : G — Gy, also defined over Q, such that for each point y € G(Q) on
which w is well defined, w(y) € F(r; N)(Q) is an invariant r-dimensional
torus; the determinant of the restriction of y to w(y) is x (y).

Once the semigroup I' € GLy(Q) is given, for instance via a finite set of genera-
tors, it is easy to check whether conclusion (ii) of Corollary 1.11 holds. Also one
can, for each pair (r, N), classify the algebraic groups G C GLy acting irreducibly
on QN satisfying conclusion (ii). For instance, for the pairs (1, 3) and (2, 3), the
corresponding algebraic groups can be reconducted to Example 1.9 (see [2]).

A classical application of Hilbert Irreducibility Theorem concerns Galois
groups (over number fields) attached to fibers of coverings of algebraic varieties
(see [18, Chapter 10]). Our Theorem 1.6, which, as we said, is a version of Hilbert
Irreducibility Theorem, also admits such applications, as showed by the statement
below. Let us first introduce a definition: with an algebraic subgroup G C GLy
we associate its characteristic polynomial, i.e. the characteristic polynomial of its
generic element. It is the polynomial P(T, g) € x[G][T], with coefficients in the
ring of regular functions of G, given by

P(T,g) =det(g — T -1y) = (=DN (TN = Tr(e) TV + ... £+ det(g)).

In the above formula 1, stands for the unit matrix in GLy and the coefficients of
the polynomial on the right-hand side are the invariants of the matrix g; they are
expressed by regular functions on the group variety G.

If, for instance, G = SLy, it is easily checked that the characteristic polyno-
mial is irreducible and its Galois group is the full simmetric group on N elements;
on the other hand, the characteristic polynomial of SO(3), or any group conjugate
to it over GL3(C), is reducible, being divisible by (7" — 1): this fact, remarked also
in [2], gives a further explanation for Example 1.9.

Corollary 1.12. Let G C GLy be a connected algebraic subgroup, defined over
the finitely generated field k. Let P(T, g) € k[G][T] be the characteristic polyno-
mial associated to the algebraic group G and let G be its Galois group over k[G].
For every Zariski-dense semigroup I' C G(k), there exists a matrix y € I whose
splitting field over k has a Galois group isomorphic to G.

The paper is organized as follows: the proof of our main theorems will be
given in Section 5. The next section, on specializations of finitely generated rings,
is purely technical. The key result of that section is a theorem of Masser, enabling
to reduce the general case of a finitely generated field to the number field case. In
Section 3, we present a new result on exponential diophantine equations which is
the main arithmetic ingredient in the proof of Theorem 1.1. It consists of a (sightly
more general) reformulation of a recent theorem of Ferretti and Zannier [9], which
in turn generalizes Zannier’s solution to the Pisot’s d-th root conjecture [20]. It is
the key step for the proof of Theorem 1.6, which in turn will be used to derive all the
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other statements. The geometric tools needed in the proofs of our main theorems
will be developped in Section 4.
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2. Specializations

Some of our proofs will need results from height theory, which will be used after
specializing to number fields.

First of all let us recall some standard notation on absolute values and heights
(see also [18, Chapter 2]). Let L be a number field, M/, its set of places and S C M,
a finite subset containing all the archimedean ones. We choose normalizations,
denoted | - |,,, of the absolute values at every place v € M in such a way that the

product formula
[T =1 @1

veMy

holds for every nonzero x € L (here the product runs over all the places of L) and
the absolute logarithmic Weil height reads

h(x) = ) log(max{l, x|,}), 2.2)

veMy,

the sum running over all places of L. We shall say that such absolute values are
normalized with respect to L. We denote by Oy the ring of S-integers of L, i.e.

Os:={xeL : |x|, <1 forall places v ¢ S}

and O the group of S-units, i.e. the unit group of Os.

As in the previous section, x C C denotes a subfield of the field of complex
numbers, finitely generated over the field QQ of rational numbers. If it is an algebraic
extension of QQ, then it is a number field; otherwise, it is a transcendental extension
of some number field L, regular over L, i.e. a function field over L. Let R C k be
an integrally closed finitely generated subring of «; then the subring of R formed by
the algebraic numbers in R is a ring of S-integers Og C L. The ring R is the ring of
regular functions on a (integral model of a) normal irreducible algebraic variety X
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defined over Og: R = Og[X]. Our first lemma is in Lang’s book [11, Corollary 7.5,
page 43].

Lemma 2.1. Let R be an integrally closed finitely generated ring as before. The
group of units R* is finitely generated.

Actually the condition that R be integrally closed can be omitted, as it is in [11],
the general case following easily from the particular case of integrally closed rings.

Every point x € X (L) gives rise to a specialization R — L, by putting f
S (x). Its image is a number field, written L(x), containing L. For this reason, an
algebraic point x € X (L) will also be called a specialization.

on the group R*.

Our aim is to prove the existence of a “large” set of good specializations. For
this purpose we use a result of Masser [13].

We imbedd the affine variety X in an affine space A", in such a way that its
projection on the first s coordinates is a finite map (of course s = dim(X)). The
imbedding X < A" defines a ( logarithmic) height function enabling to define the
height of every algebraic point in X (L): see [18, Chapter 2]. Such a height will
depend on the given imbedding, but its fundamental property, i.e. the finiteness of
points of bounded degree and height, will always hold (Northcott’s theorem [18,
Section 2.4]). We shall speak of a height function & : X (L) — R to mean the
height corresponding to some fixed imbedding as above.

Following the notation of Masser [13], we denote by £(d, h) the set of points
x € X(L) with [L(x) : L] <d and h(x) < h which are NOT good specializations.
Also, for every finite set 7 C X we denote by w(7T) the degree of a minimal
hypersurface of A", not containing X, but containing 7. The Theorem in [13,
Section 5] reads:

Lemma 2.3. For each d there exists a number C, depending on R and d, such that
forevery h > 1,

w(EWd, h)) < Ch™kE)?,

We recall that in the particular case where X is a curve, a much stronger result is
known: Bombieri, Masser and Zannier proved a bound for the set of bad special-
izations, outside a proper Zariski closed set [3]. From the above Lemma 2.3 we
then obtain in particular the existence of infinitely many good specializations, as
proved also by Rumely [17]. In this work, however, we shall need the full strength
of Masser’s theorem, which goes beyond the existence of one (or infinitely many)
good specializations. We shall use Lemma 2.3 through the following:

Corollary 2.4. Consider as before the finite map p : X — A*. The set T C
A’ (L), formed by the points a € A’ such that p~'(a) contains at least one good
specialization, is not L-thin.



RATIONAL FIXED POINTS FOR LINEAR GROUP ACTIONS 571

Proof. We use a counting argument, combining Masser’s theorem with a quantita-
tive version of Hilbert Irreducibility Theorem given in [18, Section 13.1, Theorem
3] (we warn the reader that the letter H in [18, Section 13.1] denotes the exponential
height. We shall also make use of it, putting H (-) = exp(h(-))).

Recall that by Schanuel’s theorem [18, Section 2.5], for H > 1, the number
of points in A*(L) whose exponential height is < H grows asymptotically as ¢ -
HOTDILQ] for o positive constant c;. On the other hand, the already mentioned
quantitative version of Hilbert Irreducibility Theorem [18, Section 13.1, Proposition
11) asserts that every L-thin set contains at most ¢o HH1/2IL:Ql o0 H points of
height < H.

Let us denote by 7' (H) the set of points in 7 whose height is < H. Hence, to
prove that T is not thin it suffices to prove that:

For every positive number c the set T (H) contains at least CH(SH/Z)[L:Q]logH
points of height < H, provided H is large enough with respect to c.

We shall prove this claim.

Each point « € A*(L) has pre-images via p of degree < d := deg(p) and
height < ¢, H(«), for a constant ¢ (depending only on the map p). Consider
the set p~ (T (H)); it contains all the points of the form p~Ya), fora € AS(L),
H(a) < H, apart possibly those in a set £(d, log(co H)). Applying Masser’s The-
orem 2.3, with d = deg(p), we obtain that the set £(d, log(c2 H)) is contained in
a hypersurface S(H) C AN of degree < 3 log(H)’2 (where r = rank(R™)), not
containing X. The projection p(S(H)) on A* is still a hypersurface in A*, since
p : X — A is a finite map. Moreover, its degree cannot increase, hence it is

still bounded by c3 log(H)" ?. We then obtain that the complement of 7(H) (in
the set of points of A*(L) of height < H) is contained in a hypersurface of A* of

degree < c3(log(H ))’2. By Bezout’s theorem, the intersection of p(S(H)) with

every line in A* contains at most deg(p(S(H))) < c3(log(H ))’2 points. Consider
the set of lines parallel to the x-axis: they are given by the system of equations

X|] =ag,...,xs—1 = ag—1. For each point (ay, ..., as_1, as) of height < H, the
vector (ay, ..., ag—1) has also height < H. Hence the set of points of A* of height
< H is contained in the finite union of lines of equation x; = ay, ..., Xs—1 = a5_1,
for (ai,...,as—1) ranging over the set of points in As—1 of height < H. By

Schanuel’s theorem again, applied to A’~!, there are ~ ¢; H*[%Ql such lines. Each
of them containes at most c3(log(H))" : points outside 7 (H). Hence the num-

ber of points in 7 (H) is at least ca HOHTDILQ) _ () on sl (log H)’z, which is
> cHOH1/2ILQ] log H as soon as H is sufficiently large. O

3. Exponential diophantine equations

In the proof of our main theorems, we shall encounter diophantine equations in-
volving linear recurrence sequences. For the general theory of linear recurrence
sequences we refer to the survey paper by van der Poorten [14] and to the more
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recent one by Schmidt [19]; we just recall here that such sequences are given as
function y : N — C by an expression of the form

y(n) = pi(m)af + ...+ pr(n)a} (3.1
where the roots a1, ..., o are nonzero pairwise distinct complex numbers and the
coefficients p1, . .., pi are polynomial functions. Both the roots and the coefficients

are uniquely determined by the sequence. The “degree in n” of y is the maximum
of the degrees of the polynomials p; (X). We shall sometimes extend the domain of
a linear recurrent sequence to the set Z of all integers, by the same formula.

Due to the explicit expression (3.1), linear recurrence sequences are also named
exponential polynomials.

In case k = 1 and p; is a nonzero constant we say that y is a geometric pro-
gression; in that case it takes the form y(n) = 8 - «”, for o, B € C*.

The occurrence of linear recurrence sequences in this work is due to the fact
that for given matrices g, i € GLy, each entry of the product matrix & - g" is a lin-
ear recurrence sequence in n. Hence, for instance, the conditions that all matrices
of the semigroup generated by two matrices %, g have a rational eigenvalue implies
the existence of rational solutions to certain diophantine equations involving ex-
ponential polynomials. We shall later describe more deeply the relation between
algebraic groups and exponential polynomials.

Actually we shall eventually need a generalization of the above notion to ex-
ponential polynomials in several variables.

As in the previous section, we let k C C be a finitely generated field of char-
acteristic zero. The symbol i will denote the algebraic closure of « inside C. We
shall consider only exponential polynomial of the form (3.1) with coefficients in
k[X] and roots in i*. The Galois group Gal(ic /) acts canonically on the ring of
such exponential polynomials: namely, if y is an exponential polynomial given by
the formula (3.1) and o € Gal(k /x) then we define y° to be the exponential poly-
nomial

Y7 () = o (y(m) = (p)) () (0 (@1)" + ...+ (p{)(n) (o ()"

Here, for a polynomial p(X) € «[X], p? (X) denotes the polynomial obtained by
applying the automorphism o to the coefficients of p(X).
We have the following fact:

Lemma 3.1. Let k C C be a field, U C k* be a torsion-free multiplicative group
which is invariant for Galois conjugation over k; let y be an exponential polynomial
of the form (3.1) with roots a; € U and coefficients p;(X) € k[X]. The following
are equivalent:

(1) y is fixed by the Galois group Gal(ic /k);
(ii) the functiony : N — C takes values in k at each point n € N;
(iii) the functiony : N — C takes values in k at infinitely many points n € N.
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To explain the requirement that the roots belong to a given torsion-free multi-
plicative group, recall that the celebrated Skolem-Mahler-Lech theorem (see for
instance [14, 3.6.1]) asserts that if a linear recurrence sequence 'y, with roots in a
torsion-free group, has infinitely many zeros, than it vanishes identically. This fact
will be crucial in many parts of the proofs of our statements in this section.

Proof of Lemma 3.1. The implications (i)=>(ii)=-(iii) are trivial. Let us prove that
(iii) implies (i). Let o € Gal(k /«) be a Galois automorphism. Since the equation
y(n) — y?(n) = 0 has by hypothesis infinitely many solutions, the left-hand side is
identicaly zero by the Skolem-Mahler-Lech theorem. Hence y° = y as wanted. [J

Definition 3.2. Let «, U be as in the above lemma and suppose moreover that U is
finitely generated. We let R, iy be the ring of exponential polynomials satisfying
the equivalent conditions of Lemma 3.1.

The ring R,y turns out to be a domain. It is isomorphic to the «-algebra
k[G, x T1], for a suitable k-torus T. Such a torus is split, i.e. isomorphic to GJ,
(where r = rank(U)), if and only if U C «*. We notice at once that, for a field
extension k' /k, the tensor product R,y ®; «’ is isomorphic to the ring R,/ 7. In
particular

Riev @ k(U) = k(W[Gy x Gyl =k ()X, T1, ..., T, T T
The first result in this section (Theorem 3.3) concerns algebraic equations involving
exponential polynomials to be solved in the finitely generated field k. Theorem 3.6
is its natural generalization to several variables.

In the sequel, we shall often write y(n) to denote the functiony : N — «
sending n — y(n). Accordingly, we shall also write f (7, n) to denote a polynomial
in T, with coefficients in the ring R y: this notation is justified by the fact that
the elements of the ring R,y can be viewed as «-valued functions in the variable
n € N. Of course, whenever n is a given natural number, then (7, n) will be a
polynomial in «[7"]. We think that this ambiguity creates no problem, since it will
be clarified by the context.

The following statement will be derived from [9, Theorem 1.1] (which will be
explicitely stated later as Proposition 3.7):

Theorem 3.3. Let the finitely generated field k and the finitely generated torsion-
free multiplicative group U C k* be as before. Let (T, n) € Ry.ylT] be a monic
polynomial of the form

F(Ton) =T+ yi )T .+ ya(n) (3.2)

where yi, ...,Ya € Ry v are exponential polynomials.
Suppose that for every positive integer n € N there exists a solutiont € k* to
the equation

f(t,n)=0. (3.3)
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Then there exists an exponential polynomial t € R,y such that for each n € N
withn =0 (mod d!):
ft(n),n) =0.

In general the condition n = 0 (mod d!) cannot be omitted:

Example 3.4. Let « = Q be the field of rational numbers, U = {2" : n € Z} be
the cyclic multiplicative group generated by the integer 2. Take for f the reducible
polynomial

f(T,n):=T*=3.2"T? 424" = (T?> = 2")(T?* —=2.2M).

Clearly, it has a root in U N «* = U for all choice of an integer n € Z, but no
“functional root” in Rg,yy. On the contrary, it has four functional roots u; : n
\f2n, Uy : nr—> — 2”, Uz : n > \/5«/5” and uy : n — —\f2\/§n in the ring
RQ( U where U’ is generated by +/2. If one replaces n by 2n in f(T, n), then
one obtains functional solutions already in Rq v .

As we mentioned, we shall actually need a generalization to linear recurrence
sequences in several variables. Neverthless, the main technical points of the proof
appear already in the one variable case. From the above Theorem 3.3 we shall
deduce quite formally its natural generalization to several variables (Theorem 3.6
below). In order to state such a generalization we need some more notation. Let 7z >
1 be an integer; we denote by R®}l‘] the ring of polynomial exponential functions in
h variables, with roots in U. It can be formally defined as the /-fold tensor product

R®l;j _RKU®K o Qe RK,U;

its elements are polynomial exponential functions in / variables, i.e. expressions of
the form

k
n nh
y(nl’”"nh):ij(n],...,nh)aj’ll . jh’

for polynomials pi, ..., pp € k[X1,..., Xi] and roots o;; € U. Again, we re-
quire the invariance under Galois conjugation over k.

According to the previous notation, we shall write f (7, n) to denote a poly-
nomial in 7 with coefficients in a ring Rf";] of exponential polynomials in n =
(ny,...,ny) € N,

We shall repeatedly use the following remark:

Remark 3.5. With the above notation, the ring RE’},’J is an integral domain, iso-

morphic to the ring K[GZ x T = «[H], for a suitable «-torus T, i.e. to the ring
of functions of a commutative algebraic group H. For a positive integer D € Z,
the map Z" > (ny,...,n5) — (Dny, ..., Dny) € Z" induces an isogeny H —> H
defined (in multiplicative notation) by ¥ + 2. The units of the ring R??}(’] are of

the form u(n) = Ba’ ~-~aZh forBex*anday,...,ap € UNk*
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The above mentioned generalization of Theorem 3.3 is the following:

Theorem 3.6. Let «, U be as above, h a positive integer, f(T,n) € RI?},’][T] a
monic polynomial with coefficients in the ring of exponential polynomials in h vari-
ables. If for each vector (n1, ..., ny) € N" the equation

f,ny,....,n) =0 (3.4)

has a rational solution t € k, there exists an exponential polynomial t € R?Iz] such
that identically
ft(ny,...,np),d! -ny,...,d! -np) =0.

One could prove, under the hypotheses of Theorem 3.6, the existence of a functional
solution to equation (3.4), i.e. an exponential polynomial t’ satisfying f (t'(n), n) =
0 identically (without restricting to the subgroup d! - Z" c Z"). Neverthless, such
an exponential polynomial might not exist in the ring RI?}(’] (see Example 3.4).

We now state, with our notation, a particular case of Theorem 1.1 in [9]:

Proposition 3.7. Let L C C be a number field, U C L* a finitely generated
torsion-free multiplicative group, invariant under Galois conjugation over L. Let
f(T,n) € RpylT] be a monic polynomial with coefficients in the ring of expo-
nential polynomials. Suppose that for all but finitely many integers n € N, the
diophantine equation

f,n) =0

has a rational solution t € L. Then there exists an exponential polynomial t with
algebraic roots and algebraic coefficients, such that identically f(t(n),n) = 0.

There are three main differences between the result above and our statements:
(1) we claim in Theorems 3.3, 3.6 that the functional solutions belong to the same
ring R, v, up to restricting to the arithmetic progression n = 0 (mod d!); (2) we
work with exponential polynomials in several variables; (3) we do not suppose that
our finitely generated field « is a number field.

We begin by solving the first problem, via the following three elementary lem-
mas; they will allow to deduce Proposition 3.12 below from Proposition 3.7; Propo-
sition 3.12 will represent the number field case of Theorem 3.6 for 4 = 1:

Lemma 3.8. Let k C C be an algebraically closed field, H, H' two connected
commutative algebraic groups defined over i of the same dimension. If p : H' —
H is an isogeny of degree d, then H is isomorphic to H' and there exists an isogeny
o H — H’ suchthat p o p is the isogeny sending y > y<.

Remark 3.9. In algebraic terms, Lemma 3.8 states that an unramified (étale) exten-

sion of the k-algebra k[ X, T1, T fl, oo T, Tfl] of degree d is always contained

in the extension of the form «[X, T, Tlfl, oo T, Tr’l][Tll/d, e, T,l/d], which

has degree d".
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Proof of Lemma 3.8. We know that H and H' are isomorphic to products of powers
of the additive group G, and the multiplicative group G,,. Since they are isogenous,
they must both be of the form G¢, x G/, , for the same exponents e, r, so in particular
they are isomorphic. Let us first consider the case e = 0, i.e. H = H' = G/,. Now
each isogeny p : G}, — G/, is given by an expression of the form

Tt t) = @ ),

for a non-singular matrix A = (a;;)1<;, j<r With integral entries. The degree d of
the isogeny p is the absolute value of the determinant of the matrix A. Then the
matrix B :=d - A7 = (b;, j)1<i,j<r has integral coefficients, hence determines an
isogeny p : G/, — G/, as above. Clearly the product p o p is the isogeny raising
to the d-th power every element of H = G/, .

Let us now consider the general case H = H' = G{ x GJ,. We shall use
coordinates (x, y) for points of H, H', with x € G¢ and y € G,,. Since G, is
simply connected, every connected unramified cover of the product G¢, x G/, must
be isomorphic (as a cover) to a product of the trivial cover of G¢ by a connected
unramified cover of G/,. Hence there exist an automorphism ¢ of H' = G¢ x G/,
such that p o ¢(x, y) = (x, p'(y)), where p’ : G}, — G/, is an isogeny of degree
d = deg(p). By what we have just proved, there exists an isogeny p’ : G, — G},
such that the product p’ o p’ sends y > y?. Putting p(x, y) 1= ¢(dx, p'(y)) we
obtain that p o p is the required isogeny. 0

Lemma 3.10. Let U C U C i* be finitely generated torsion free multiplicative
groups; let t € R ; be an exponential polynomial. If t is algebraic over the
(quotient field of the ) ring Ri v, then the group generated over U by the roots of t
has the same rank as U.

Proof. We decompose U as a direct sum U =U; & U,, where U has finite index in
U1 and UoNU = {1}. Then, letting s be the rank of U, the ring RE {7 is isomorphic to

Reo T, ..., Ty, T]_l, e, Ts_l]; in such an isomorphism, the elements of R; ¢/
are sent to elements of Rz y,, so the ring R v is identified to a subring of Ry v, .
Clearly every Laurent polynomial in the ring R,;,Ul [Ty, ..., Ty, Tl_l, R TS_I] 18
transcendental over the subring R y7, unless it is constant with respect to 71,. . . , T.
Hence, it t € RE,U is algebraic over Ri,y (so a fortiori over R y,) it must have
its roots in U]. ]

Lemma 3.11. Let k C C be any field, U C k™ be a finitely generated torsion-free
multiplicative group, invariant for the Galois action over k. Let f (T, n) € Ry y[T]
be a monic polynomial of degree d > 1. Suppose there exists an exponential poly-
nomial t, with arbitrary roots and coefficients, such that identically f (t(n),n) = 0.
Then there exists an exponential polynomial z € Ry y, with roots in U, such that
identically f(z(n),d!-n) =0.

Proof. Embedding « in its algebraic closure k we can view the polynomial f (7, n)
as having coefficients in the ring R¢ y; recall that this ring corresponds to the
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k-algebra of a split connected commutative algebraic group of the form H :=
Gq x GJ, (with r = rank(U)). Hence we can think of f(T,n) as a polyno-
mial in x[H][T], having its coefficients in the ring of regular functions on H;
we shall write accordingly f(7T, g) to denote such polynomial. Letting V :=
spec(k[H][T]/(f(T, g)) be the algebraic variety V C A' x H defined by the
equation f (¢, g) = 0. It is endowed with its natural projection w : V — H, which
is a morphism of degree d = deg(f).

Suppose there exists a functional solution t to the equation f(¢,n) = 0, as in
the statement of the lemma; let U’ be the multiplicative group generated by its roots
and let D be the order of the torsion part of the group generated by the two groups
U, U’. Then the exponential polynomial t’ defined by t'(n) := t(Dn) has its roots in
a finitely generated torsion-free group U” D U. The ring R y» corresponds to the

ic-algebra of a connected commutative group H’ of the form H' := G, x (Gf,;, where
r’ = rank(U"); also the inclusion Rg .y < R y» corresponds to a surjective
algebraic group homomorphism p : H' — H. Since t’ is algebraic over R v,
by Lemma 3.10 we can take U” such that the index [U” : U] is finite. Hence
r"=r,H = Hand p : H— H is an isogeny. Also, the exponential polynomial
t' € Re.y» gives amorphism 6 : H — V with po 6 = 7.

We want to bound the degree of a minimal isogeny p : H — H for which
there exists a morphism @ : H — V as above. Let V' be the image 6(H) of H
in V; it is an irreducible variety. Then we have the double inclusion of k-algebras:
p*(k[H]) C 0*([V']) C k[H]. We identify the ring p*(k[H]) with the ring
k[X, Ty, Tl_l, ..., T,, T7']. Let d’ be the degree of the extension [0*(k[V']) :
p*(k[H])]; d’ is the degree of an irreducible factor of the polynomial f(T,n) €
Ry vlT], so in particular d” < d. Since the ring 6*(k[V']) is contained in k[ H], it
is also contained, by Lemma 3.8 (see in particular the remark after the lemma), in
an extension of the form k[ X, 7], Tfl, oo T, Tfl][Tll/e, R T,l/e] for a suitable
integer e. We claim it is contained in an extension of that form with ¢ = d’. This last
fact can be proved by an argument from Galois theory: namely, the field extension
kX, T\,...,T,, )(Tll/e, e, Trl/e)//Z(X, 11, ..., T,) is Galois with Galois group
isomorphic to (Z/eZ)". Since the intemediate field 6* (i (V’)) has degree d’ over
kX, Ty,...,T.,),d mustdivide " and the field 0*(x (V")) must be the fixed field

of a subgroup of (Z/eZ)" containing the subgroup of the multiple of d’. Hence it
1/d' 1/d’

is contained in the sub-extension « (X, Ty, ..., T, )(T,"" , ..., T,"" ) as claimed.
Since d’ divides d!, it is also contained in the corresponding extension with e = d!.
This concludes the proof of the lemma. O

We finally arrive at the number-field version of Theorem 3.6, for 4 = 1;

Proposition 3.12. Let L be a number field, U C L* be a torsion-free multiplicative
group, invariant for the action of Gal(L/L). Let f(T,n) € Rp ylT] be a monic
polynomial of degree d > 1 with coefficients in the ring Ry, y. Suppose that for all
n € N, the equation f(t,n) = 0 has a rational solution t € L. Then there exists an
exponential polynomial z € Ry y such that identically f(z(n),d!-n) = 0.
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Proof. We first view the polynomial f(7,n) € Ry ylT] C RL y[T] as having co-

efficients in R 7 iU Remember that the latter is the L- algebra L[G, x G T, where
r = rank(U). By Proposition 3.7 and the above Lemma 3.11 there exists an ex-
ponential polynomial t € Rj ,, satisfying the equation f(t(n),d!-n) = 0. Its

coefficients are polynomials in L[ X].

The proof will be finished once we know that for at least one solution to
f(t(n),d!n) = 0, the exponential polynomial t lies in R, y. Suppose not; we
wish to obtain a contradiction. First notice that the Galois group Gal(L/L) acts on
the set of such solutions, which is so invariant. For every t € R iU let (t) be the
multiplicity of the solution t to the equation f(t(n), d!n) = 0. Then the product

h(T.n):=[](T -0 e R yITI.
t

ranging over all the solutions t, divides f (7, d!n) in the ring Rz y[T]. (Observe
that it has indeed its coefficients in R/ y, not only in Ri, u» because of the in-
variance of the set of solutions under Galois conjugation). By Lemma 3.1, each
such exponential polynomial takes values in L at only finitely many integral points
n € N. Now, putting
F(T, d'n)
T,n)=——cR T
g(T, n) ) LulT]
we arrive at a contradiction with Proposition 3.7: the equation g(¢, n) = 0 has, for
all large n, a rational solution, nevertheless it admits no functional solution, even
with arbitrary algebraic roots and coefficients. O

Our next goal is to pass from number fields to arbitrary finitely generated fields.
For this purpose, we shall use the results of the preceding paragraph, especially the
specialization Lemma 2.3 and its corollary.

Let U be a finitely generated torsion-free multiplicative group of rank r. Given
a basis (uy, ..., u,), it can be identified with the group Z”. For an element o € U,
written as o = u?l ---uy", the height of a, with respect to the given basis, is by
definition the integer |aj| + ... 4 |a,|. Of course, for each given basis and each
number K, there exist only finitely many elements of U of height < K, with respect
to the given basis. Also, for every basis, the height of a product is bounded by the
sum of the heights of the factors.

Lemma 3.13. Let U C C* be a finitely generated torsion-free group, endowed with
a basis. Letyy,...,yq be exponential polynomials with roots in U and consider
the monic polynomial

g(T.n) =T +yim)T " + ...+ ya(n).

Let K be an integer larger then the height of each root and the degree in n of each
exponential polynomial yy, ..., yq. Suppose t is an exponential polynomial, with
roots in U, satisfying g(t,n) = 0. Then the height of each root of tis < K. Also,
the degree in n of tis also bounded by K.
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Proof. Representing the elements of U as vectors in Z", consider the convex hull
of the set of roots of t. Let « be a vertex of this convex set which is also of maximal
height. Then the root o does appear in the expansion of t?. Since it simplifies in
g(t, n), it must be equal to some product &y - - - of j < d — 1 roots of t and a root
B of some y;. The height of each root «q, ..., «; is bounded by the height of «,
while f has height < K; then the height of & must also be < K. Having bounded
the height of each vertex by K, we obtain the same bound K for the convex hull,
containing all our roots. The argument to bound the degree in n follows the same
pattern (but is simpler since the totally ordered semigroup N replaces the group
7). O

We are now ready to prove Theorem 3.6, at least in the particular case where
(I)h=1land 2) U C «*.

Proposition 3.14. Let k be a finitely generated field, U C «k* be a torsion-free
multiplicative group. Let f(T,n) € Ry ylT] be a monic polynomial of degree
d > 1. Suppose that for each n € N the equation f(t,n) = 0 has a solution
in k. Then there exists an exponential polynomial t € R, y such that identically

f(tn),d! -n)=0.

Proof. Write f(T,n) = T + yl(n)Td_1 + ...+ yq(n); each exponential poly-
nomial y; (n) decomposes as a sum y; (n) = pl,,-(n)a’f’i + ...+ pki,,-(n)a;fi’i. Let
R C « be a finitely generated integrally closed ring containing all the coefficients
of all the polynomials p; ; withi € {1,...,d}, j € {1,...,k;}. Suppose also
that its group of units R* contains U. Then R is the ring of regular functions on
some affine normal variety X over some ring of S-integers of a number field L (see
Section 2). Accordingly, the exponential polynomials y;(n) can also be viewed,
for each n, as regular functions on X; alternatively, the elements of Re.u can be
viewed as functions on N x X. For x € X (L) we shall consequently write y; (1) (x)
to denote the corresponding specialized exponential polynomial (or, if 7 is a given
number in N, y; (n)(x) will be the corresponding algebraic number). The exponen-
tial polynomial y; (n)(x) will have its roots in U (x) := {a(x) : @« € U} C L(x)*.
(Here, as usual, L(x) C L denotes the residue field at the point x € X (L)). We
also write f (T, n)(x) to denote the polynomial

FTm@) =T +yim)@T " + .+ ya(n) (x).

Let x € X(L) be a given point (i.e. a specialization). Then Proposition 3.12,
applied with L(x) instead of L, assures that there exists a functional solution t, €
R, U to the equation f (¢, d!-n)(x) = 0.

Suppose from now on that x is a good specialization, i.e. one that is injective
on R* D U (see Definition 2.2). Observe that the basis uy, ..., u, of U gives
by specialization a basis u(x), ..., ur(x) of U(x); also, the specialization map
U — U(x) preserves the height (with respect to these bases). Since the heights of
the roots of t (n) are bounded independently of x, by the previous lemma, we have
only finitely many possibilities for the elements @ € U such that for some good
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specialization x, «(x) is a root of t,. For the same reason, the degree in n of the
polynomial coefficient of t, is also bounded independently of x. Let K be a bound
for the degree in n of t, and for the height of its roots, uniform in x € X, and let
o1, ..., o be all the elements of U having height < K.

We search for an exponential polynomial t € R, i of the form

t(n) = pr(m)af + ...+ pi(m)ay(n)

where deg p; < K fori = 1,...,1[, such that the f(t(n),d!-n) = 0. We can
view the coefficients of pi, ..., p; as unknowns (in the affine space AIKED ()
and the condition f(t(n), d!-n) = 0 corresponds to a system of algebraic equations
in ALK+D s X Let W ¢ A/K+D 5 X be the variety associated to such equation.
Finally, let 7 : W — X be the projection on the second factor; note that 7 has
finite degree < d, since for no specialization x € X (L) there can exist more than
d functional solutions t, to the equation f(ty,d!n)(x) = 0. The existence of a
solution 7, for each good specialization x € X (L) means that there exists a point
w € W(L(x)) with w(w) = x. Our aim (i.e. the proof of the existence of a solution
t € Ry, v) amounts to proving that 7w admits a section, defined over L; in other
words, the unknown coefficients of pi, ..., p; should be given by regular functions
on X. For this purpose, we shall use Hilbert Irreducibility Theorem.

Now consider, as in Corollary 2.4, a finite map p : X — A* (s = dim(X)),
defined over L. We shall consider the points of X (L) which are pre-images of some
L-rational point in A*. Due to Corollary 2.4, the set T C A’(L) defined by

T :={aeA’L) : p_1 (ov) contains a good specialization}

is not L-thin.

Since every point in T has a pre-image in W (L) of degree < deg(p), by Hilbert
Irreducibility Theorem in the form of [18, Section 9.2, Proposition 1], there exists
an irreducible component of W’ of W on which the restriction of p o 7 has degree
< deg(p): this means precisely that 7, when restricted to W', has degree one, so it
admits a rational section. ]

Finally we remove the hypothesis that U C «*, proving Theorem 3.6 with
h=1:

Proposition 3.15. Suppose k is a finitely generated field, U C k* a torsion-free
finitely generated multiplicative group, invariant under Galois conjugation. Let
f(T,n) € Re.ulT] be a monic polynomial. Suppose that for each n € N the equa-
tion f(t,n) = 0 has a solution in k. Then there exists an exponential polynomial
t € Ry v such that identically f(t(n), d!'n) = 0.

Proof. The deduction of Proposition 3.15 from 3.14 parallels the proof of Proposi-
tion 3.12. We only sketch the argument. We deduce from 3.14, applied with « (U)
instead of «, the existence of a functional solution t € R, (),y; if such a solution is
not in Ry, then it takes values in « only for finitely many values of n € N. Then
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dividing the polynomial f(7,d! - n) by the product of binomials (7" — t”), where
t? are the Galois conjugates of t, we apply again Proposition 3.14 to the quotient
polynomial. O

Before proving the full Theorem 3.6, in several variables, it will be useful to
give a geometric formulation of the just proved Proposition 3.15:

Proposition 3.16. Let H be a commutative algebraic group, defined over «, iso-
morphic to either a k-torus T or to a product G, x T. Let ' C H(x) be a Zariski-
dense cyclic semigroup. Let V be an affine algebraic variety, defined over k, with
each irreducible component of the same dimension as H; let w1 : V — H a finite
map defined over k of degree d > 1. Suppose that I' C w(V (k)). Then there exists
an isogeny i : H — H sending g — g%* (using multiplicative notation) and a
morphism 6 : H — V, also defined over k, such that w 0 0 = L.

Proof. First of all we can view H as an algebraic subgroup of GLy, for some
integer N > 2, defined over . So, its elements will be considered as N x N
matrices. In particular the elements of I" will be matrices in GLy («).

Let V1, ..., Vj, be the irreducible components of V;for j =1,..., mletg; €
k[V] be a generator of the function field (V) over 7*(k (H)); since 7 is by as-
sumption a finite map, ¢; is integral over 7*(k[H]). Put VJf = spec(m*(k[H])[¢;])
and V' = spec(k[V|] x ... x «[V,]) which corresponds to the disjoint union
V/ U...UYV,; it is an affine variety, birationally isomorphic to V. The min-
imal equation for ¢; is given by a monic polynomial f;(T,g) € «[H][T]; let
f(T,n) = fi(T,n)--- fiu(T,n) € k[H][T] be the product of the minimal poly-
nomials for ¢1, ..., ¢,. Let y € T" be a generator of I'; replacing if necessary y
by some power of it, we can suppose that its spectrum generates a torsion-free sub-
group in k* (and since H is connected, every power of y still generates a Zariski
dense semigroup). The polynomial f (T, y"), which will be denoted for simplic-
ity f(T,n), will have its coefficients in a ring R, y, for a suitable torsion-free
finitely generated group U C k¥, invariant under Galois conjugation. Proposi-
tion 3.15 assures the existence of a functional solution t € R,y to the equation
f(t,din) = 0. Consider the isogeny u : H — H sending g — g%'. Via the
identification k[H] ~ R, v, it acts on R, y by sending the exponential polyno-
mial y € R,y to the exponential polynomial y’, where y'(n) := y(d!n) (see Re-
mark 3.5). The functional solution t corresponds to a section 6 : H — V’ satisfying
o6 = . Also, since xk[H] is integrally closed, 6* can be continued to «[V], so
the morphism 6 lifts to a regular map H — V/, obtaining the required section. []

Lemma 3.17. Let «, U be as before; let H = G, x T be a commutative algebraic
group defined over k such that the ring R y is isomorphic to the k-algebra k[H].
Let Z be an affine algebraic variety, also defined over «, and let f(T,z,n) €
k[Z]1®x Ry,ulT] be a polynomial, monic in T, with coefficients in the ring k[ Z]®;
Rev = klZ x H]. Let {«y, ..., o} be a Galois invariant subset of U.
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There exists an affine algebraic variety W, defined over «, and a morphism p :
W — Z, of finite degree, with the following property: for each zo € Z(k), there
exists a functional solution t € Rg y, whose roots belong to the set {1, ..., o}, to
the equation

ft,z0,n) =0 (3.5)

if and only if the fiber p~'(z0) is not empty. Also, if zo is k-rational, the (possi-
ble) functional solutions t € R, y to the above equation are in bijection with the
rational points of the fiber p~'(z).

In another language, the polynomial f (7, z,n) defines a hypersurface V C
Al x Z x H, which is naturally endowed with projections 71 : V — Z and
mpy V. — H,soalsonr = (m,m) : V — Z x H. The lemma says that
the (possible) sections of 7 are parametrized by a «x-variety W, endowed with a
projection p : W — Z, whose rational points correspond to sections defined over
k. More precisely, the possible sections of 7, over |- "2 correspond to points of

P (@.

Proof. First of all, we know that the degree in n of any possible functional solution
is bounded by the degree in n of the polynomial coefficients of f (7T, z, n); let K be
such a bound.

Consider first the case where U C «*. In this case we argue as in the proof of
Proposition 3.14; write an unknown functional solution as

t(n) = t(z,n) = pi(z,n)af + ...+ pi(z, n)o (3.6)

where each polynomial p;(X, z) € «[Z][X] will be of the form

pi(X,2) =ao ;XX + .. +ax (2. (3.7)

The condition that for a given zg € Z(x) the exponential polynomial (3.6) be a
functional solution to (3.5) amounts to an algebraic condition on the unknown coef-
ficients ag, j(z0), ..., ak,j(zo) of the polynomial p;. Also, since we are supposing
for the moment that all the roots «q, ..., o are k-rational, the exponential polyno-
mial (3.6) will belong to the ring Ry (i.e. will be fixed by Galois conjugation
over k) if and only if the /(K + 1) coefficients g; ; are all k-rational. Hence the
requested variety W will be simply constructed as the closed subset of A/K+D 7
formed of the pairs

{((a;, )i j,2) € AIKHD 5 7+ the exponential polynomial (3.6) satisfies (3.5)}
The projection p : W — Z will be the natural projection on the second factor; it

is a morphism of finite degree since for each choice of zo € Z (i), the specialized
polynomial f (7T, zo, n) will admit at most deg; (f) functional solutions in Rz i .
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In the general case, when not all roots are rational, we must argue slightly differ-
ently. For each index 0 < i < K, write the (unknown) exponential polynomial
t(z, n) as

t(z, n) = to(z, n) + nty(z, n) +n*ta(z,n) + ...+ nKtx (z, n)
for suitable (unknown) exponential polynomials tg, ..., tx of the form
ti(z,n) = ai1()af +...+a;1(2)a]. (3.8)

Then t(z, n) is fixed by Galois conjugation if and only if each t; has this same
property. Now notice that each exponential polynomial t;(z, n) always satisfies a
linear recurrence relation defined over «, of order / (see [14, Section 2]); by this we
mean that such a recurrence holds independently of the unknown coefficients a; ;.
Hence, by Lemma 3.1, in order that t; (n, z) be fixed for the Galois action over «, it is
necessary and sufficient that it takes « -rational values at the [ consecutive points n =
0,1,...,1 — 1. Then define, foreachi = 0, ..., K, the vector (b; 1,...,b;;) =
(bi,0(2), - - bi—1(2)) by putting

)
j—1
b ;= Zam dim.
m=1

Since the Van der Monde matrix (a,],,_l) 1<1,j<! is non-singular, the coefficients a; ;
can be recovered from the b; ;; hence the exponential polynomial (3.6) is a function
of the b; ;. Now, an exponential polynomial of the form (3.8) will be fixed by Galois
conjugation if and only if b; ; all lie in «. We then define W C ATE+D 5 7 as the
closed set formed by the points (b; ;, z) such that the exponential polynomial (3.6)
satifies (3.5); as before this fact corresponds to an algebraic equation defining an
affine «-algebraic variety W. O

Proof of Theorem 3.6. We argue by induction on /; the case & = 1 is just Proposi-
tion 3.15. Then suppose Theorem 3.6 holds for exponential polynomials in 4 — 1
variables. Our argument mimics the one in the proof of Proposition 3.15. Namely,
we bound a priori the possible roots (and the degree) of a functional solution t with
respect to the last variable nj,. Again, we fix a basis for the torsion-free multiplica-
tive group U, so that we can speak of the height of any element in U. The crucial
observation is that, for every given vector (ny,...,n,_1) € N2~ the roots of the
exponential polynomial (n +— y;(ny,...,n_1,n)) belong to a fixed set, indepen-
dent of (n1,...,n,—1). So, by Lemma 3.13, the height of any possible functional
solution to (3.4) is bounded independently of (n1, ..., n,_1); the same holds for the
degree in ny, of its polynomial coefficients. Let {1, ..., «;} be the corresponding
set of possible roots; up to adding, if necessary, their conjugates, we can suppose
that the finite set {«1, ..., oq} is invariant by Galois conjugation over k. Let K be
a bound for the degree of the polynomial coefficients of t in nj (for any possible
functional solution). We search for exponential polynomials of the form

() =ty (W) = prmay + ... + pr(n)ay
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satisfying f(t(n),d!n) = 0. Here the polynomials pi(X),..., pi(X) € «[X]
have degree < K, and their coefficients depend on (ny,...,n,—1). We apply
Lemma 3.17, with Z = H"~!, constructing an affine x-algebraic variety W and
a morphism p : W — H’~! with the property of Lemma 3.17.

Then, up to changing W by a variety birationally equivalent to it, we can
suppose W C Al x H"! is given by a single monic equation of the form
g(T.n1,....mu—1) = 0, where g(T.ny,...,np—1) € REYV[T]. The hypoth-

esis of Theorem 3.6 implies that for every (ny,...,n,—1) € N1 there exists a
rational solution s € « to the equation

gls,ni,...,np—1) =0.

The inductive hypothesis implies the existence of a functional solution s € R,?(L};_]),

for (ny,...,np_1) €d!- Z"=1. This corresponds to a section for p: in other words,
the unknown coefficients of p1, ..., p; can be written as exponential polynomials in
h—1 variables (ny, ..., np—_1), which implies that t can be written as an exponential
polynomial in A variables, as wanted. 0

4. Auxiliary results on linear algebraic groups

We collect and prove in this section some lemmas of geometric nature to be used
in the proof of our main theorems. As in the previous sections, k¥ will be a fixed
finitely generated field imbedded in the field C of complex numbers.

Lemma4.1. Letr I' C GLy(C) be a semigroup of invertible matrices. Then its
Zariski closure in GLy is an algebraic subgroup of GLy.

This is already known; a proof can be found for instance in [1, Section 1].
We give here an alternative proof, closer in spirit to the techniques involved in the
present paper.

Proof. Let T' be the Zariski closure of I' in GLy. Clearly it is a semigroup; to
prove it is a group, it suffices to show that it is closed under the map g — g~ .
Let g € T; then its positive powers all belong to T'; we now show that under this
hypothesis its negative powers too belong to I'. This amounts to showing that every
regular function on GL y, vanishing on the positive powers of g, also vanishes on the
negative ones. Now such a function can be written as a polynomials function of the
entries of the matrices of GLy, possibly divided by the determinant function. Since
the entries of the powers g" of g are linear recurrent sequences in n, every regular
function on GL, calculated in the sequence g”, is a linear recurrent sequence of the
variable n. Hence, if it vanishes for all positive 7, it also vanishes for negative n. [J

Lemma 4.2. Let G be a linear algebraic group, H C G an algebraic subgroup,
both defined over the finitely generated field k. There exists an integer m =
m(G, H, k) > 0 with the following property: for every matrix g € G(k) such
that some positive power of g belongs to H, we have g™ € H.
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Proof. By [5, Theorem 5.1], H is the stabilizer of a point P € [Py, () for a suitable
immersive linear representation of G in GLj;41 defined over «. Then, considering
G imbedded in GLys41 and acting canonically on the projective space Py, each
element g € G such that g" € H for an integer n corresponds to a matrix g such
that g" fixes the point P. Let n = n(g) be the minimal positive integer with such
property and suppose it is > 1. Then g does not fix P, nor does any power g"”* with
1 < m < n, but its n-th power g" does fix P. So g admits two eigenvalues whose
ratio is a primitive n-th root of 1. If g is defined over «, this implies that the n-th
roots of unity have degree < (M + 1)2 over «, and this facts gives a bound on n,
since k is finitely generated. Letting m be the least common multiple of the possible
values of n we obtain an integer with the sought property. O

Given an algebraic subvariety Z C G of an algebraic group G and an element
g € G, we shall denote by Z - g the image of Z under the right-translation by g. The
following result is a generalization of Schur’s theorem on finitely generated matrix
groups [6, Theorem 36.2]; indeed Schur’s theorem can be easily recovered from the
case Z = {15} below:

Lemma 4.3. Let G be a linear algebraic group defined over the finitely generated
field k, Z C G be a closed algebraic subvariety defined over k of strictly inferior
dimension. Let I' C G(k) be a semigroup, Zariski-dense in G. There exists an
element y € T such that the algebraic group generated by y is connected and no
positive power y" of y satisfies Z - y" = Z.

Proof. Let H be the subgroup of G formed by the elements g € G such that Z -
g = Z. Clearly H is an algebraic subgroup of G. Moreover H has dimension
< dim(G) if Z satisfies the same condition (which we assumed). Let us first prove
the existence of an element y € I' such that Z - y" # Z for all n > 0. Thanks
to the previous lemma, it suffices to prove that for every m > 1 there exists an
element y € I" such that y” ¢ H. Assume the contrary, so y™ does belong to
H for some fixed m > 1 and all y. Hence I" would be contained in the algebraic
subvariety of G defined by the condition g” € H; since I" is Zariski dense, G itself
would be contained in such a variety, so every element of g would satisfy such
a relation. To see that this is impossible, just consider a one-parameter subgroup
of G not contained in H, which exists due to the hypothesis dim(H) < dim(G).
Such a subgroup contains only finitely many elements whose m-th powers lie in H,
obtaining a contradiction. Replacing y by a suitable power, the previous condition
still holds and we obtain moreover an element generating a connected algebraic
group. 0

All the previous lemmas were meant to prove the following proposition, for

which we introduce one more definition: for a h-tuple (g1, ..., gn) € GO", G
being as usual an algebraic group, we let S(g1, ..., gn) C G(C) be the set

S(grs .- gn) =g g (1, ...,np) e Nty 4.1
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Proposition 4.4. Let G be a connected linear algebraic group defined over the
finitely generated field k, I' C G(k) a Zariski-dense semigroup. There exist an
integer h > 1 and elements y1, ..., yn € I with the following property: for every
positive integer D the set S (le S, hD ) is Zariski-dense in G. Moreover, letting,

foreach indexi =1, ..., h, Z; denote the Zariski closure of S(le, cees ]/iD), the
algebraic varieties Z; are irreducible and pairwise distinct (and Z;, = G). Also,
foreachi =1, ..., h, the algebraic subgroup generated by yI.D is connected.

Note that Proposition 4.4 fails if one omits the arithmetic condition on the field
k. For instance if G = G, and I' C G, (C) is the torsion subgroup of G, i.e. the
group of roots of unity, then I" is Zariski dense in G but every set of the form (4.1),
with g; € I, is finite.

Proof of Proposition 4.4. 1f G is zero dimensional, then I' = G = {15} and we
are done. Suppose G has positive dimension. By the Lemma 4.3, applied with
Z = {1}, there exists an element y| of infinite order. Then the Zariski closure
Z of the cyclic group generated by y; has positive dimension. Replacing y; by
a suitable power of it if necessary, we can suppose that Z; is irreducible. If the
dimension of Z; coincides with the dimension of G we are done, since G is con-
nected. Otherwise, by the preceding lemma, there exists an element y» € I" such
that the sets Z - y;' forn = 1, 2, ... are pairwise distinct. Again by taking a suitable
power of y», we can suppose it generates a connected algebraic group H,. Then the
Zariski closure Z; of the set S; = S(yy, y2) has strictly larger dimension (since
it contains infinitely many pairwise distinct subvarieties isomorphic to Z1) and is
connected (since it is the image of the connected variety Z; x H> under the map
(g, h) — g - h). Note that Z;, unlike Z1, need not be an algebraic subgroup. Af-
ter at most dim(G) steps we reach a variety Zj; which has the same dimension as
G, hence coincides with G; we also obtain a sequence Hi, ..., H, of connected
algebraic groups of positive dimension generated by y1, ..., y, respectively. We
now observe that given such y1, ..., ys, the varieties Z1, . .., Zj, and the subgroups
Hy, = Zi, ..., H, do not change if we replace the y; by any positive power yl.D ;
this follows from the fact that if the connected algebraic group H; is generated by
an element y;, it is also generated by any positive power yl.D . O

We shall later choose the integer D in the above lemma in such a way that the
spectra of the matrices le e th generate a torsion free group (compare with the
notion of “sous-groupe net” in [4]). We shall prove

Proposition 4.5. Let G be a connected linear algebraic group defined over the
finitely generated field k, ' C G(k) a Zariski-dense sub-semigroup of G. There
exist an integer h > 1 and elements y1, ..., yn € I' with the following properties:
letting, fori =1, ..., h, H; be the Zariski closure of the group generated by v;,

(1) the algebraic groups H; are irreducible;
(1) the map Hy X ... x Hy, — G sending (x1, ..., Xp) > X1 -+ - Xy, is surjective;
(iii) the spectra of the matrices yi, ..., yy generate in C* a torsion free subgroup.



RATIONAL FIXED POINTS FOR LINEAR GROUP ACTIONS 587

Proof. Having choosen y;, ..., y; as in Proposition 4.4 we let D be the order of the
torsion subgroup of the multiplicative group generated by the spectra of y{, ..., ;.

Then putting y; := yl/ D we obtain the all the conditions (i), (ii), (iii) are satisfied. [

We are interested in the Stein factorization of the surjective map H; X ... X
Hj, — G appearing in Proposition 4.5. In the sequel of this paragraph, x denotes
any field.

Put H := Hy x ... x Hp and let ¥ : H — G be the surjective map

v H>((X,...,xp) > Y(x1,...,xp) =x1---x, €G.

Definition 4.6. We say that an automorphism o of H (in the sense of «-algebraic
varieties) preserves the fibers of 1 if there exists an automorphism ¢ of G (as an
algebraic variety) such that ¥ o 0 = ¢ o 1. Clearly, such an automorphism is
uniquely determined by o.

The fiber preserving automorphisms of H form a group; they are characterised
by the following property: for every choice of points o1, @y € H, V(1) = ¥ (2)
if and only if ¥ (o (1)) = ¥ (o (2)).

The next lemma garantees that the group of automorphisms of G of the form
o, forsome o : H — H preserving the fibers of i, acts transitively on G.

Lemma 4.7. Let G be a connected linear algebraic group defined over a field «,
Hy, ..., Hy be connected subgroups, also defined over k. Let ¥ : Hy x ... x Hp, =
H — G be the map defined above, and suppose it is surjective. Then the fibers of ¥
are all isomorphic. Also, given two points g1, g2 of G, there exists an automorphism
of H, preserving the fibers of yr, and sending ¥~ (g1) to ¥~ (g2).

Proof. Let g € G be a point. Write g = a; - ay - - - aj,, so that ! (g) contains the
point (ay, az, ..., ap). We first prove that the fiber of g is isomorphic to the fiber
of g’ := ay - - - aj,, and that such an isomorphism can be chose to preserve all fibers:
clearly the automorphism o of H: o (xy, ..., xp) (al_lxl, ..., Xp) preserves the
fibers and defines by restriction to ¥ ~'(g) an isomorphism between ¥ ~!(g) and
w_l(g’ ). (Note that ¢ : G — G is the left-translation by al_l). For the same
reason, there is a fiber preserving automorphism sending the fiber of g’ to the fiber
of g¢” := a3 ---ay. After h — 1 steps we obtain that the fiber of g is isomorphic, via
a fiber preserving automorphism of H, to the fiber of the neutral element 1. By
transitivity, we obtain the lemma. O

Proposition 4.8. Let the subgroups Hy, . .., Hy and the map v be as in Lemma 4.7.
Put H := H\ x ...x Hj. Then there exists a connected algebraic group G’, defined
over k, such that the map vV : H — G factors as ¥ = {ri oo, where Y, : H — G’
has irreducible fibers and | : G' — G is an isogeny.

The above factorization of i will be referred to as the Stein factorization.
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Proof of Proposition 4.8. The surjective morphism ¢ : H — G induces an injec-
tion ¥* : k[G] < k[H] of k-algebras; let G’ be the affine variety corresponding
to the integral closure of ¥*(x[G]) in the function field x (H). Since H is a normal
variety, it is a subring of x[ H]. We then have a factorization H — G’ — G of the
map v, where the second arrow, 1 : G’ — G, is a finite map.

We first prove that the variety G’ is smooth. Let us first observe that the
fiber preserving automorphisms o of H induce automorphisms of G’; in fact, from
Y oo = & o, it follows that o™ preserves the subring ¥*(x[G]), so also its in-
tegral closure ¥} (k[G']). We shall denote by ¢’ the induced automorphism of G’,
which satisfies 0’ o | = | o . Let Z be the singular locus of G’ and suppose by
contradiction that it is nonempty. We shall prove that 1 (Z) = G, which is impos-
sible since dim(Z) < dim(G’) = dim(G). Suppose then that z € Z is a singular
point of G; let g € G be any point. Choose a pre-image a € v, L(2) for z and let &
be a fiber preserving automorphism of H sending z to a point in 1/~ (g). Then the
induced automorphism ¢’ of G’ sends z to a point o’(z) such that ¥ (c'(z)) = g.
Since o is an automorphism, o’ (z) is also a singular point, so it belongs to Z, thus
proving that g € ¥1(Z).

We now prove that the finite map | : G’ — G is an unramified cover, i.e.
its differential is surjective at every point of G’. The proof is very similiar to the
previous one. Let W C G’ be the (closed, proper) subset of points where the
differential of 11 is not surjective and suppose by contradiction it is nonempty. We
shall prove that 1 (W) = G, obtaining a contradiction, since at each point of the
variety W the differential of ¥; has rank < dim(G). Let as before g € G be any
point of G and w € W be a point of W. As before, there exists an automorphism o’
of G’, induced by a fiber preserving automorphism o of H, satisfying ¥ (¢’ (w)) =
g. This proves that g € 11 (W), obtaining the sought contradiction.

It remains to prove the second part of the proposition, namely the irreducibil-
ity of the fibers of yr,. The generic fiber of v, : H — G’ is irreducible, since
Vi (k (G")) is algebraically closed in x (H). Every point of G has deg(v) preim-
ages in G'(k). Hence there exists a point g € G such that w_l(g) has deg(vr1)
preimages in G’, and each of such preimages has irreducible fiber with respect to
Y2 (actually an open dense subset of G of such points with this property). Then the
number of irreducible components of ¥ ~!(g) of such a point g equals the degree
of 1. We shall prove that it is so for every other point of G. Now, since the vari-
ety ¥ (g) = ¥ ' (¥ ' (g)) is isomorphic to ¥~ (x) = ¥; ' (¥, (x)), the fibers
have the same number of irreducible components. But now, since ¥~ ! (), ¥y ! (2)
have the same cardinality deg(v/|), each fiber, with respect to yr,, of each point in
v !(x) must be irreducible, concluding the proof. O

We end this section with a result of different nature, which will be used in
the proof of Theorem 1.2: it is probably well known, and can be proved in several
different ways, but we cannot locate any reference to it in the literature. The proof
given below follows a suggestion by U. Zannier.
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Proposition 4.9. Let G be a connected linear algebraic group, x € k[G] be a
regular function. Suppose that x has no zeros in G () and that x(1g) = 1. Then
X is a character.

Proof. Let G be a normal compactification of G, i.e. a normal complete variety
containing G as an open subset (in the Zariski topology). Let Dy, ..., D; be the
components of the divisor at infinity, i.e. of the hypersurface G \ G. For each
g € G(k), denote by x¢ the regular function x +— x8(x) = x(gx). All the zeros
and poles of x$, if any, are contained in the hypersurfaces Dy, ..., D;. Hence, for
each g € G, the divisor of poles of the rational function x& € «(G) can be written
as

(X%)oo = a1(g)D1 + ...+ ar(g) Dy =: A(g)

for suitable non-negative integers aj(g), ..., a;(g). The same holds for the divisor
of zeros, namely

(x*)o =b1(8)D1 + ... + b (g) Dy =: B(g),

for non-negative integers b(g),...,b;(g). Since G is an irreducible variety, the ef-
fective divisors A(g), for g € G, are all algebraically equivalent, so in particular they
have the same degree with respect to a projective imbedding G < Py ; the same
is true of the divisors B(g). So the coefficients a;(g), ..., a;(g), b1(g), ..., b:(g)
have only finitely many possibilities. Hence there exists a Zariski open set 2 C G
such that for every g € Q the (principal) divisor (x8) = B(g) — A(g) is fixed,
equal to the divisor of a function x8°, for a fixed go € G. Then for all g € Q
the ratio x8/x 8% is a constant function on G, say p(g). But the equality x(gh) =
p(g)x(goh), valid for all (g, h) € Q x G, immediately implies the same equality
for all (g, h) € G x G. This, and the fact that y (1) = 1, easily implies that x is a
character. O

5. Proof of the main theorems

Recall that « C C always stands for a fixed finitely generated field of characteristic
Zero.

We now begin the proof of Theorem 1.6, which is the crucial ingredient in
the proofs of Theorems 1.1 and 1.5. We shall first consider a slightly different
statement, which will be proved to be equivalent to Theorem 1.6:

Proposition 5.1. Let V be an affine variety, with dim(V) = dim(G). Suppose that
each irreducible component of V has the same dimension, equal to the dimension
of G. Let w : V — G be a morphism, such that its restriction to each irreducible
component of V is dominant; let ' C G(k) be a Zariski-dense semigroup with
[' C w(V(k)). Then there exists an algebraic group G, an isogeny p : G — G and
a rational map 0 : G — V, all defined over «, such that T o 6 = p.
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Proof. Denote by Vi, ..., V,, the irreducible components of V. The morphisms
my;:Vi—>G correspond to inclusions of «-algebras nl*;,j :k[G]<> «[V/]. For each
Jell,...,m},lett; €k[V;] be a generator for the field extension K(Vj)/nl*vj (x(G)),
which is integral over ”ﬁ/j (k[G]). Putting W; = spec(n"‘},j (k[GDt;]) we obtain
affine varieties Wy, ..., Wy, endowed with finite mappings 7; : W; — G and
birational morphisms w; : V; — W;, with 7; o w; = my;. The hypothesis that
I' C 7(V(x)) implies that

' c ﬂj(Wj(K)).

m
j=1

Letting W be the disjoint union of Wy, ..., W,,so W = Wi U...UW, =
spec(k[W1] x ... x k[Wy,]), we are then reduced to a finite mapping, denoted again

by m : W — G with the property, moreover, that on each irreducible component
W, the ring extension k[W,] of n}k (k[G]) is generated by a single element #;. Of

course, if we prove that on a suitable unramified (connected) cover G — G there
exists a regular section for the map W — G, we can deduce the same conclusion
for V, which is birationally isomorphic to W, up to the fact that the section to V
would be only rational (not necessarely regular). Since this is exactly our thesis, we
shall be content to prove the existence of a section G—W.

For each j € {1, ..., m}, let the minimal equation for 7; be

T + o1 j (T + ...+ ¢4, j(g) = 0.

Here d; = deg(mvj) = deg(m;) and ¢j 1, ..., ®jd; are regular functions on G,
identified via 7 * to regular functions on V.

The hypothesis that I' C 7 (V (k)) implies that for each g € I', there exists
at least one index j € {1, ..., m} and a rational specialization of ¢; > t;(y) € «
satisfying the above displayed equation. Taking the product of the polynomials
T + <,01,j(g)Td-i_1 + ...+ gadj,j(g) € k[G][T], for j = 1,...,n, we obtain a
polynomial f(T, g) € k[G], of degree d := d; + ... + d,,, which we write as

f(T,8) =T+ 01T+ ...+ 9a(g)

for suitable regular functions ¢1, . .., ¢4 € k[G]. By hypothesis, such a polynomial
has a root in « for each specialization g € I'.

Let now y1,..., v, as well as Hy, ..., Hy,, H := H; x ... x Hp, be as
in Propositions 4.5, 4.8. Denote by v : H — G, as in Lemma 4.7, the map
sending the A-tuple H > (g1,...,8n) — ¥ (g1,..-,8n) = &1 - gn. Putting, for
i=1,...,d,

np

yi(nlin.-,nh)z(pi()/ln]...yh )

we obtain d exponential polynomials in T\’,,‘?}é,, where U is the torsion-free group
generated by the spectra of yi, ..., y,. We remark at once that each «k-algebra
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k[H;] imbeds canonically into RI?}Z/ Apply Theorem 3.6 to the polynomial
f(T,ny,...,np) € RE}ZJ[T] defined by

f(T,ny,...,ny) = Td-i—yl(nl,...,nh)Td_1 + ..ot ya(ny, ..., np)

np

=T+ 01" T o eay .

We obtain a functional solution in the ring Rff’h , after replacing if necessary

Y1y ---5 VY by yf“, R yf ' This corresponds geometrically to an unramified cov-
ering H of H := H; X ... X H,:

n:H — H

and aregularmap A : H' — W withm oA = ¥ o .

Consider the morphism ¥ o n : H — G. We want to investigate its Stein
factorization. Recall (Proposition 4.8) that v factors as ¥ = vy o ¥, where
Yp : H — G’ has irreducible fibers and ¥y : G’ — G is an isogeny (connected
unramified covering). Let now G be the affine variety corresponding to the inte-
gral closure of (Y o n)*(k[G’]) in k[H']; we obtain a factorization of v, o 1 as
Yo on = ny ony where ny : G — G’ has finite degree and n; : H' — G has con-
nected fibers. Now, since n : H' — H is unramified, the morphism 7 : G— G
is also unramified, so G admits an algebraic group structure such that 7, becomes
an isogeny. Let p : G — G be the composite p = | o 77; it is an isogeny with
respect to the above mentioned algebraic group structure on G.

Our next goal is to prove that the map A : H' — W factors as A = 6 o i, for
a morphism 6 : G — W, so that we can obtain the commutative diagram:

W <«— G «— H'

Vool
G «— G «— H

This amounts to saying that A is constant on every fiber of 7,; now this is clear since
(1) the fibers of 1, are connected and (2) on each fiber of 7, the value of A has only
finitely many possibilities, since it must belong to the fiber with respect to 7 of a
single point in G. O

The above proposition can be generalized to reducible varieties V of mixed
dimension. The crucial point is the following:

Lemma 5.2. Let G be a normal irreducible affine variety, Y C G a proper irre-
ducible closed subvariety, both defined over k. There exists an affine variety W,
with dim(W) = dim(G), and a finite map & : W — G of degree > 1 such that
Y (k) C m(W(k)), 7 is ramified (over a hypersurface in G).

We remark at once that our Lemma 5.2 implies in particular that, in the notation
of [18, Chapter 9, page 121], thin sets of type 1 are also of type 2.
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Proof. By imbedding Y in a hypersurface defined over k we can reduce to the
case Y is a hypersurface in G. Let f € «[G] be a regular function having a zero
of multiplicity one in Y (such a function exists since G is normal). Put W :=
spec(k[G][v/f]). We obtain a degree two cover 7 : W — G, defined over «,
ramified over the hypersurface Y; note that it is an isomorphism on 7~ (¥). In
particular Y () C w(W (x)). O

Proof of Theorem 1.6. (We shall prove at the same time that in Proposition 5.1 one
can omit the hypothesis that all components of V have the same dimension.)
Suppose the hypotheses of Theorem 1.6 hold. By Lemma 5.2, we can con-
struct a variety W from V as follows: consider the irreducible components of V
of dimension < dim(G) = dim(V); for each such component V', remark that
(V') is contained in a proper closed subvariety of G; let W’ be an irrreducible
affine variety with dim(W’) = dim(G), endowed with a map 7y such that (1)
aw (W (k) D m(V'(k)) and (2) my- is ramified; the existence of such varieties
and maps is assured by Lemma 5.2. Let W be a normalization of the disjoint union
of the irreducible components of maximal dimension of V and the varieties W', ob-
tained as explained from the components of lower dimension of V. The new affine
variety W is endowed with a morphism ry : W — G, satisfying the hypotheses of
Proposition 5.1; namely w (W (k)) D I'. Also, mw coincides with v on the union of
the irreducible components of V' of maximal dimension. By Proposition 5.1, there
exists an isogeny p : G — G and a rational map 6 : G — Wwithmo8 = p.
Consider the image V' = Q(G) of the map 0; it is an irreducible component of W.
To end the proof, we must show that it is a component of V. Now, since 7 o 6 is
unramified, V' cannot be one of the components of W constructed via Lemma 5.2
from those of lower dimension in V, otherwise 7w (hence 7w o ) would be ramified,
at least over the smooth locus of the ramification divisor of 7. So V"’ is a component
of V. Also, the map 6 : G — V' must be unramified, so V' admits the structure of
an algebraic group in such a way that 7 : V' — G is an isogeny. O

To prove Theorem 1.1, we begin by formulating (and proving) a weaker ver-
sion.

Proposition 5.3. Assume (a) and (b) of Theorem 1.1. Then there exists an algebraic
group G', an isogeny p : G' — G and a rational map 0 : G' — X, all defined over
K, such that for all g’ in its domain,

pEHO(g)) =0(g).

Proof. Welet V C X x G be the variety of fixed points for the given action of G
to X:
Vi={x,8)eXxG: gkx)=ux}

It is endowed with a projection 7 : V — G. The hypothesis (a) assures that 7 is
dominant, and hypothesis (b) assures that its generic fiber is finite (say of degree n).
The hypothesis (a) of Theorem 1.1 states that I' C 7w (V (k)). Then Proposition 5.1
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provides the existence of an unramified covering p : G’ — G and a morphism
0 : G' — V suchthat w 06" = p. Letting 71 : V — X be the projection on
the first factor, we obtain the rational map 6 := m; o 6’, which has the required
property. O

Hence the first conclusion of Theorem 1.1 would be proved once we show that
G’ can be taken to be G and p to be the identity map. This is the content of the next
result, of purely geometric nature.

Proposition 5.4. Let G be an algebraic group, X an algebraic variety, both defined
over a field k of characteristic zero. Suppose G acts k-morphically over X in such
a way that some element of G has only finitely many fixed points in X (k). Suppose
there exists an algebraic group G', an isogeny p : G' — G and a rational map
0 : G' — X, defined over k, such that p(g)(0(g)) = 0(g) for all g in the domain
of 0. Then such a map 0 is constant on the fibers of p, i.e. is of the form0 = w o p
for a rational map o : G — X. Automatically w satisfies g(w(g)) = w(g), for all
g in its domain.

The proof of Proposition 5.4 will make use of analytic methods. Recall that
the Lie algebra g of G’ (which is isomorphic to the Lie algebra of G) is endowed
with the exponential map exp : g — G’(C), whose image is an open neighborhod
of the origin (possibly the whole Lie group G’(C)). An intermediate result toward
the proof of Proposition 5.4 is

Lemma 5.5. Under the hypotheses of Proposition 5.4, there exists a set U C
G'(C), open in the euclidean topology and dense in the Zariski topology, such that
for each g’ € U, there exists an element a € g such that g’ = exp(a) and the map
C >t +— O(exp(ta)) is constant.

Proof. Let n be the generic number of fixed points for an element g € G in X (C)
(such a number is finite by assumption). Let U C G’(C) be the set of elements
g’ € G’ with the properties that:

(1) there exists a point « in the Lie algebra of G’ such that g’ = exp(@);

(2) exp(r) belongs to the domain of 6 for all but finitely many ¢ € C;

(3) each element g of G of the form g = p(exp(ta)), for all but finitely many
t € C, fixes at most n points in X (C);

clearly U is Zariski-dense and open in the euclidean topology.

Let g € U and let @« € g with exp(a) = g’. Let us show that the map
t — exp(tw) is constant, as claimed in the lemma. Assume by contradiction it
is not so. Then, by continuity, the set exp(f) for t € Q would be an infinite
set. Now, take n + 1 rational points f1,...,t,+1 € Q such that their images
0(exp(tja)) are pairwise distinct. There exist integers djy, ..., dy4+1 such that the
products d;t; are all equal and none of them belong to the exceptional finite set of
complex numbers ¢ such that p(exp(#«)) has more then n fixed points. Neverthless,
the point p(exp(d;t;«)), which is independent of i and is a power of p(exp(t;«))
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foralli = 1,...,n + 1, leaves fixed all the fixed points for p(exp(t;«)), for
i =1,...,n 4 1. This contradiction proves the lemma. O

Proof of Proposition 5.4. Let Z C G’ be the kernel of the projection p : G' — G.
It is a finite (normal) subgroup contained in the center of G’; let e be its order.
Recall that 6 associates to a point g’ € G’ (in its domain) a fixed point in X for the
element p(g’) of G. We have to show that this fixed point is the same for g’ and
g -z, whenever z € Z (at least for all g’ in an open dense subset of G’). It suffices
to consider the points g’ such that g’z € U for all z € Z (they form a dense set in
the Zariski topology, since Z is finite). Let then ¢’ = exp(a) € U be an element
with this property. Then 6(g’) = 6(g’®), since 6 is constant on the one-parameter
subgroup 7 — exp(fa). For the same reason, we also have 0((g'z)¢) = 6(g'z); on
the other hand g’ - (g'2)¢, since z is central of order finite dividing ¢; so we have
0(g') = 0(g'z) as wanted. O

Proof of Theorem 1.1. Conclusion (i) of the theorem follows immediately combin-
ing its the weak form given in Proposition 5.3 with Proposition 5.4. So we know
there is a kx-morphism w : U — X, where U C G is an open dense subset of G,
satisfying (ii) of Theorem 1.1. Let us prove that, under the assumption that X is
projective, every element of G (k) has a rational fixed point. Let g € G(k). We
can find a smooth curve C C G, defined over «, passing through g and not lying
entirely in the complement of U. Then the restriction of @ to C can be continued to
every point of C, since it is a map from a smooth curve to a projective variety. The
value of such continuation at the point g is then a rational fixed point for g. O

Proof of Theorem 1.2. We shall apply Theorem 1.6, in its equivalent form given in
Proposition 5.1.
Let V C G), x G be the variety defined by the condition

Ody..shr,g) €V ifandonlyif (T —A1) (T — A)|P(T, g),

where as usual, for g € G C GLy, P(T, g) € «[T] denotes the characteristic
polynomial of the matrix g. Denoting by 7 : V — G the projection onto the
factor G, hypothesis (i) of Theorem 1.2 garantees that I' C 7 (V (x)). Hence, by
Proposition 5.1 there exist an algebraic group G, an isogeny p : G — G and
rational functions xi, ..., xr € K(G) such that for all g’ in an open dense set of G,
the polynomial (T — x1(g")) -+ - (T — x,(g")) divides the characteristic polynomial
of w(g’). To obtain the full Theorem 1.2, it remains to prove that: (1) the rational

functions xp, ..., X are in fact regular; (2) one can take for G the group G and for
p : G — G the identity; (3) the (regular) functions xi, ..., X, are characters of
G=0G.

To prove our first claim, just observe that each function ; € « (G) satisfies the
monic equation P(x, p(g)) = 0 over K[G], so is integral over the ring K[é]. Since
G is smooth, the corresponding regular function ring «[G] is integrally closed, so
X 1is a regular function.
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To prove both our second and third claims, we shall make use of the Propo-
sition 4.9. Since X1, ..., Xr are regular and never vanishing, they are characters
of G, by Proposition 4.9. Let now x € {x1,..., Xr} be one of them. We shall
show that ¥ is constant in the pre-image p~!(g) of each point g € G, thus prov-
ing that one can take G = G and for p the identity map, as wanted. Let Z C G
be the kernel of p; it is a finite central subgroup of order equal to the degree of
p. From 5(zg)) = %(2)%(g), valid for all z € Z, g’ € G, it follows that the
ratio x (zg)/x (g) is a fixed root of unity x (z). Now, since x (z) is an eigenvalue of
p(z) = 1¢, it follows that x(z) = 1, so x(zg) = x(g) as wanted. O

Proof of Corollary 1.3. Let G be the Zariski closure of the group I' in GLy, let G°
be the neutral component of G and put '’ := I' N G°. The subgroup I'’ C T has
finite index in I" and is Zariski-dense in the connected algebraic group G°; we shall
prove it is solvable, obtaining the Corollary. The hypothesis of Theorem 1.2 are
satisfied with r = N, with G” instead of G and I'? instead of I". Then by conclusion
(ii) of Theorem 1.1 there exists an algebraic-group homomorphism x : G — Gf,\{
whose kernel is composed of matrices all of whose eigenvalues are equal to 1. Such
a subgroup is known to be solvable; since the group G is also solvable, it follows
that GV is solvable, hence so is I'°. O

Proof of Corollary 1.4. The equivalence between conditions (i), (ii), and (iii) is
contained in Theorem 1.2. It then suffices just to prove just that (iii) implies (iv)
and (iv) implies (ii).

Let us suppose that (iii) holds, so there is a character x : G — (,,, defined
over k, such that, for every g € G, x(g) is an eigenvalue of g. Letr € {1, ..., N}
be the “generic” value for the dimension of the kernel of g — x(g) - 15, where as
usual 1 denotes the unit-matrix in GL . This number r is also the minimal of such
dimensions, for g € G (k). Then we can define a rational map @ : G — F(r; N),
to the Grassmanniann of r-dimensional subspaces in Gflv , by sending g to w(g) :=
ker(g — x(g)1n). Let H be any subspace of codimension » — 1 in Gflv , defined over
Kk, intersecting transversally at least one r-dimensional subspace of the form w(g).
Then the map w : g — @(g) N H sends a generic element of G to a line in Gév ,
i.e. to a point of Py _1; clearly such point is fixed for the projective automorphism
induced by g. Hence we have proved (iv) (assuming (iii)).

Let us now assume (iv) and want to prove (ii). It suffices to remark that a
fixed point certainly exists for all g in an open dense set U of G (where w is well-
defined). For any other point g € G(k), letting C be a smooth curve on G passing
to g and not lying entirely on G \ U, the restriction of the rational map  to C can
be continued to the whole curve C, hence in particular to the point g; its value in g
provides a fixed point for g. O

Proof of Theorem 1.5. This is an easy consequence of Theorem 1.1. Actually, the
condition that some matrix of G has distinct eigenvalues, appearing in the hy-
pothesis of Theorem 1.5, assures that the natural action of G on the flag variety
F(ri, ..., rp; N) satisfies condition (b) in Theorem 1.1. Note that flag varieties



596 PIETRO CORVAJA

are projective, so both conclusions of Theorem 1.1 hold. Now, (i) of Theorem 1.1
coincides exactly with (ii) of Theorem 1.5, while conclusion (i) of Theorem 1.1
gives (i) of Theorem 1.5. It only remains to prove the stronger conclusion in the
particular case (ry,...,rp) = (1,..., N — 1), of the maximal flag variety. In
this case we can apply Corollary 1.3, obtaining that G is solvable. Then the Lie-
Kolchin theorem [5, 10.5] assures the existence of a fixed complete flag for the
whole group G. O

Proof of Corollary 1.12. We follow closely [18, Section 9.2], in particular the proof
of Proposition 2 therehin. We first show that the points y € G such that the Galois
group (over k) of the polynomial P (T, y) is not isomorphic to G is a k-thin set. Let
V C GY x G be the variety

Vi={.... AN, €GN x G : P(T,g) = (T — A1) (T — An)}.

It is irreducible if and only if the characteristic polynomial of G is irreducible. Let
m : V. — G be the projection on the second factor. It is a (possibly disconnected)
Galois cover of G with Galois group isomorphic to G. Let v o vO < N)
be the irreducible components of V; each V() defines a connected cover of G,
where the covering map is naturally the restriction of 7 to V). Let GY) be the
subgroup of G formed by the automorphisms acting trivially on V). The cover
Tyo) V) — G is Galois with automorphism group G/G; in particular it has
degree > 1 whenever G/) # G. Let now y € G(x) be a given matrix. Saying
that the Galois group of the splitting field of y is not isomorphic to G amounts to
the existence of an index j € {I,...,r} such that: (1) GY) # G, (2) there exists
a subgroup H with GY c H c G, H # G, such that H fixes a Galois invariant
subset of the fiber of y in V(). Consider now, for each index j=1,...,r, the
(possibly empty) set {H"};<;j, of subgroups G¥) ¢ H' c G with HY # G;
there are no such subgroups if G =g ,Le if v — Gisan isomorphism.
Let W be the union of the varieties of the form V/)/ Hl.(J ). Consider the in-
duced projection # : W — G. By construction, it has no sections. Then the
set of y € G(x) whose splitting field has a Galois group not isomorphic to G is
just the image 7w (W («)) of the rational points in W, hence a k-thin set. By Proposi-
tion 5.3, if such a set contains a Zariski-dense subgroup, then there exists a covering
p: G — G and a rational map 6 : G — W with p = mw o 6. As in the proof of
Theorems 1.1 and 1.2, it is easy to see that one can then choose G’ = G and p the
identity map, concluding that 7w admits a section, which we excluded. 0
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