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On the space of morphisms into
generic real algebraic varieties

RICCARDO GHILONI

Abstract. We introduce a notion of generic real algebraic variety and we study
the space of morphisms into these varieties. Let Z be a real algebraic variety.
We say that Z is generic if there exist a finite family {Di }n

i=1 of irreducible
real algebraic curves with genus ≥ 2 and a biregular embedding of Z into the
product variety

∏n
i=1 Di . A bijective map ϕ : Z̃ → Z from a real algebraic va-

riety Z̃ to Z is called weak change of the algebraic structure of Z if it is regular
and its inverse is a Nash map. Generic real algebraic varieties are “generic” in the
sense specified by the following result: For each real algebraic variety Z and for
integer k, there exists an algebraic family {ϕt : Z̃t → Z}t∈Rk of weak changes
of the algebraic structure of Z such that Z̃0 = Z , ϕ0 is the identity map on Z
and, for each t ∈ R

k \ {0}, Z̃t is generic. Let X and Y be nonsingular irreducible
real algebraic varieties. Regard the set R(X, Y ) of regular maps from X to Y
as a subspace of the corresponding set N (X, Y ) of Nash maps, equipped with
the C∞ compact-open topology. We prove that, if Y is generic, then R(X, Y ) is
closed and nowhere dense in N (X, Y ), and has a semi-algebraic structure. More-
over, the set of dominating regular maps from X to Y is finite. A version of the
preceding results in which X and Y can be singular is given also.

Mathematics Subject Classification (2000): 14P05 (primary); 14P20 (sec-
ondary).

1. Introduction and main theorems

The aim of this paper is to study the topology of the space R of morphisms between
real algebraic varieties X and Y , and to prove the finiteness of the set D of dominat-
ing morphisms from X to Y , when the target space Y is generic in a suitable sense.
Our main idea is to reduce to the 1-dimensional case in which, via complexification,
it is possible to use classical results relating the genus of complex algebraic curves
and morphisms between them. This strategy leads to two invariants generalizing
the genus of an irreducible real algebraic curve, called curve genus and toric genus.
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A real algebraic variety is said to be generic if its toric genus is ≥ 2. We will show
that, given any real algebraic variety X , there exist algebraic families of generic
real algebraic varieties arbitrarily close to X both in an algebraic sense and in a
topological sense. We will prove that, when Y is generic, R is topologically small
in the set of continuous semi-algebraic maps from X to Y (or Nash maps if X and
Y are nonsingular) equipped with a suitable topology and it has a semi-algebraic
structure. Moreover, D is finite.

In what follows, by a real algebraic variety, we mean a positive dimensional
irreducible algebraic subset of some Rn . Regular maps and algebraic subvarieties
are understood in the sense of Serre [25, 4]. Moreover, algebraic subvarieties are
assumed to be irreducible and Zariski closed. By a real algebraic curve, we mean a
1-dimensional real algebraic variety. Unless otherwise indicated, all real algebraic
varieties we consider are equipped with the strong topology induced by the ordering
structure on R. We will use standard notions from real semi-algebraic geometry also
(see [4]).

Let X ⊂ Rn be a real algebraic variety. We indicate by Nonsing(X) the set
of nonsingular points of X . If X = Nonsing(X), then X is called nonsingular. Let
Y ⊂ Rm be another real algebraic variety. Indicate by R(X, Y ) the set of regular
maps from X to Y and by Dom(X, Y ) the set of all f ∈ R(X, Y ) such that f is
dominating, i.e., f (X) is Zariski dense in Y . A map f : X → Y is said to be Nash
if there exist an open semi-algebraic neighborhood V of X in Rn and an extension
F : V → Rm of f from V to Rm , which is Nash, i.e., semi-algebraic of class C∞.
Indicate by N (X, Y ) the set of Nash maps from X to Y and by S0(X, Y ) the set of
continuous semi-algebraic maps from X to Y .

Before presenting our invariants and related results, we need to recall some
well-known facts about morphisms between real algebraic curves.

Equip each projective space Pn(C) with its natural structure of complex al-
gebraic variety, indicate by σn : Pn(C) → Pn(C) the complex conjugation map
and identify Pn(R) with the fixed point set of σn . A subset S of Pn(C) is said to
be defined over R if it is σn-invariant and its real part S(R) is defined as the in-
tersection S ∩ Pn(R). By a complex algebraic curve (defined over R), we mean a
1-dimensional nonsingular irreducible Zariski closed algebraic subvariety of some
Pn(C) (defined over R). For each real algebraic curve D, there exists a unique (up to
complex biregular isomorphism) complex algebraic curve DC defined over R such
that DC(R), viewed in the natural way as a real algebraic variety, is birationally
equivalent to D. Such a curve DC is called nonsingular projective complexification
of D. The genus g(D) of D is defined to be the genus g(DC) of DC.

Let D and E be real algebraic curves, and let DC and EC be the nonsingular
projective complexifications of D and of E respectively. Suppose Dom(D, E) is
non-empty and fix f ∈ Dom(D, E). Let D f := Nonsing(D) ∩ f −1(Nonsing(E))

and let f ′ : D f → Nonsing(E) be the restriction of f from D f to Nonsing(E).
Identify D f and Nonsing(E) with Zariski open subsets of DC(R) and of EC(R)

respectively. By Zariski’s Main Theorem, we know that there exists a unique com-
plex regular map fC : DC → EC which extends f ′. This map is called complexifi-
cation of f . Since f is dominating, fC is dominating also. In particular, Hurwitz’s
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formula applies to fC. It follows at once that g(D) ≥ g(E). Furthermore, as ob-
served by Bochnak and Kucharz in [5], if g(E) = 1, then the restriction of f to D f
has at most 2g(D) − 2 critical points. Suppose now g(E) = g(EC) ≥ 2. Indicate
by �S the cardinality of the set S. The finiteness theorem of de Franchis [11] asserts
that the set DomC(DC, EC) of dominating complex regular maps from DC to EC

is finite. In [23], H. Martens improved this result showing first the existence of an
upper bound for �DomC(DC, EC) depending only on g(D) = g(DC). By com-
plexification, we infer that Dom(D, E) is finite and there exists an upper bound
for �Dom(D, E) depending only on g(D). Combining the preceding observations
with standard Nash approximation results, we obtain immediately the following two
theorems (see [5]).

Theorem R1. Let D and E be nonsingular real algebraic curves. Equip N (D, E)

with the C∞ compact-open topology (the weak C∞ topology in the terminology
used in [14]) and consider R(D, E) as a subspace of N (D, E). The following
holds:

(1) Suppose g(D) < g(E). Then every regular map from D to E is constant. In
particular, R(D, E) is closed and nowhere dense in N (D, E), and is homeo-
morphic to E.

(2) Suppose g(E) ≥ 1. Then R(D, E) is not dense in N (D, E).
(3) Suppose g(E) ≥ 2. Then R(D, E) is closed and nowhere dense in N (D, E),

and is homeomorphic to the disjoint topological sum of E and a finite discrete
space.

Theorem D1. Let D and E be real algebraic curves (not necessarily nonsingular).
Suppose g(E) ≥ 2. Then Dom(D, E) is finite and there exists an upper bound for
its cardinality in terms of g(D) and g(E) only.

The remainder of this section is subdivided into three subsections. In Sub-
section 1.1, we define the curve genus and the toric genus, and we give some their
properties and applications. The main result is Theorem 1.9. This theorem specifies
in which sense it is possible to assert that nonsingular real algebraic varieties with
arbitrarily high toric genus are generic. More precisely, given a nonsingular real
algebraic variety X , for each pair of integers k and N , we construct an algebraic
family {ϕt : X̃t → X}t∈Rk of regular maps from nonsingular real algebraic varieties
to X parametrized by Rk such that each map ϕt is a Nash isomorphism, X̃0 = X ,
ϕ0 is the identity on X and, for each t ∈ Rk \ {0}, the toric genus of X̃t is ≥ N . In
Subsections 1.2 and 1.3, we extend Theorems R1 and D1 to morphisms between
real algebraic varieties X and Y of any dimension. In substance, the curve genus of
X and the toric genus of Y will play the roles of g(D) and of g(E) respectively. In
this way, calling generic a real algebraic variety with toric genus ≥ 2, we infer the
following theorem, which is the most significant result of this paper.



422 RICCARDO GHILONI

Theorem R + D. Let X and Y be nonsingular real algebraic varieties. Sup-
pose Y generic. Equip N (X, Y ) with the C∞ compact-open topology and consider
R(X, Y ) as a subspace of N (X, Y ). Then R(X, Y ) is closed and nowhere dense
in N (X, Y ), and admits a semi-algebraic structure. Furthermore, Dom(X, Y ) is
finite and there exists an upper bound for its cardinality in terms of the curve genus
of X, the curve genus of Y and the toric genus of Y only.

Remark R + D. Let X and Y be as above. Suppose X compact. The clas-
sical Stone-Weierstrass approximation theorem implies that R(X, Y ) is dense in
N (X, Y ) (or, equivalently, in C∞(X, Y )), equipped with the C∞ compact-open
topology, if Y is equal to some Rm . An important, but very difficult, problem is to
try to extend this result to other target spaces Y . General results are known only
when Y is S1, S2, S4, a grassmannian or, more generally, a rational real algebraic
variety. The most part of these results follows from the deep connections existing
between the notion of strongly algebraic vector bundle over Y introduced in [3],
the algebraic and topological K -theories of Y and the algebraic properties of the
Z/2-cohomology of Y . We refer the interested reader to Chapter 12, Section 13.3
and related references of [4], and to the papers [5, 6, 7, 8, 9, 16, 17, 18, 20, 21, 22].
Theorem R + D gives a justification of the difficulty of this algebraic approxima-
tion problem: “given a generic target space, such a problem has a negative solution”.

The proofs of all our results are given in Section 2.
In this paper, we work with the field R of real numbers only, but we shall deal

with arbitrary real closed fields. We have to be careful regarding one point only:
the notion of compactness. In the definitions of compact-open topology and of C∞
compact-open topology, one must replace “compact” with “closed and bounded”
(see Subsection 2.4 at the end of the paper). The theorems presented here were
announced in [12]. For further results concerning morphisms between real algebraic
varieties, we refer the reader to [13].

We wish to thank the referee for his precious advice regarding the presentation
of this paper. A special thank goes to E. Ballico, M. Shiota and A. Tognoli for
several useful discussions.

1.1. Curve genus and toric genus

Let X ⊂ Rn be a real algebraic variety. If an algebraic subvariety D of X is a real
algebraic curve, then we say that D is a real algebraic curve of X . Let N be the
set of all non-negative integers. For each k ∈ N and for each x ∈ X , we denote
by CX (k, x) the set of real algebraic curves of X of genus k and containing x .
Let us introduce the notion of complete intersection degree of X in Rn , which
gives a measure of the complexity of X . Let r := dim(X). First, suppose r <

n. We define the complete intersection degree cideg(X, Rn) of X in Rn as the
minimum integer c such that there exist a point p ∈ Nonsing(X) and polynomials
P1, . . . , Pn−r in R[x1, . . . , xn] vanishing on X with independent gradients at p and
c = ∏n−r

i=1 deg(Pi ). If r = n, then we consider cideg(X, Rn) equal to 1.
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Lemma 1.1. Let X ⊂ Rn be a real algebraic variety, let c := cideg(X, Rn) and let
e = (c−1)(c−2)/2. Then, for each x ∈ Nonsing(X), there exists k ∈ {0, 1, . . . , e}
(depending on x) such that

⋃
D∈CX (k,x) D is Zariski dense in X.

This result allows to give the following definition.

Definition 1.2. Let X be a real algebraic variety. We define the curve genus pc(X)

of X as follows:

pc(X) := min x∈Nonsing(X) min
{

k ∈ N

∣∣∣ ⋃ D∈CX (k,x) D is Zariski dense in X
}

.

From Lemma 1.1, we infer (see Remark 2.1 also):

Corollary 1.3. Let X ⊂ Rn be a real algebraic variety and let c := cideg(X, Rn).
Then it holds: pc(X) ≤ (c − 1)(c − 2)/2.

Let X ⊂ Rn be a real algebraic variety. Recall that a map ψ : X → Y from X
to a real algebraic variety Y is said to be a biregular embedding of X into Y if ψ(X)

is an algebraic subvariety of Y and the restriction of ψ from X to ψ(X) is a biregular
isomorphism. We denote by T (X) the set of all integers h ∈ N such that there exist
a finite family {Di }m

i=1 of real algebraic curves with min i∈{1,...,m} g(Di ) = h and a
biregular embedding of X into the product variety

∏m
i=1 Di . Since X is contained

in Rn and R is a real algebraic curve of genus 0, the set T (X) contains 0 and hence
it is non-empty.

Definition 1.4. Let X be a real algebraic variety. We define the toric genus pt (X)

of X by pt (X) := supT (X).

Lemma 1.5. Let X be a real algebraic variety. Then the toric genus pt (X) of X is
finite and it holds: pt (X) ≤ pc(X).

The curve and toric genera are biregular invariants on real algebraic varieties.
If X is a real algebraic curve, then pc(X) = pt (X) = g(X).

Example 1.6. (i) Let X be a rational real algebraic variety, i.e., a nonsingular real
algebraic variety birationally equivalent to some Rn . The definition of curve genus
and the preceding lemma imply that pc(X) = pt (X) = 0.

(ii) Let {Di }i∈I be a finite family of real algebraic curves and let T be the
product variety

∏
i∈I Di . Define a := min i∈I g(Di ) and b := max i∈I g(Di ). By

a simple argument based on Hurwitz’s formula (see the proof of Lemma 1.5), we
obtain that pc(T ) ≥ b and pt (T ) = a. It follows that, for each integer n ≥
2, there exist real algebraic varieties T of dimension n for which the difference
pc(T ) − pt (T ) is arbitrarily large (see Remark 2.9 also).

We give now a rigorous meaning to the following rough assertion: “Given a
nonsingular real algebraic variety X and an integer N , there exist many nonsingular
real algebraic varieties arbitrarily close to X whose toric genus is ≥ N”.

Definition 1.7. Let X and X̃ be real algebraic varieties. We say that a bijective map
ϕ : X̃ → X is a weak change of the algebraic structure of X if it is regular and ϕ−1

is a Nash map.
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Observe that, if ϕ : X̃ → X has the above properties, then ϕ−1 maps nonsingular
points into nonsingular points. In particular, if X is nonsingular, then X̃ is nonsin-
gular also.

Definition 1.8. Let X , Z and X∗ be real algebraic varieties, let z0 ∈ Z and let
π : X∗ → Z be a regular map. A map ξ : X∗ → X is called weak deformation
of X parametrized by (π, z0) if it is regular, the restriction of ξ to π−1(z0) is a
biregular isomorphism and, for each z ∈ Z \ {z0}, the restriction of ξ to π−1(z) is
a weak change of the algebraic structure of X .

Let M be an affine Nash manifold and let k ∈ N. We say that a Nash map
F : M × Rk → M is a Nash k-diffeotopy of M if, for each t ∈ Rk , the restriction
Ft of F to M × {t} is a Nash isomorphism and F0 is the identity map idM on M .
Equip N (M, M) with the C∞ compact-open topology and let U be a neighborhood
of idM in N (M, M). We say that F is in U if Ft ∈ U for each t ∈ Rk . In what
follows, for each m > n, we identify Rn ×Rm−n with Rm and Rn with the subspace
Rn × {0} of Rm .

Theorem 1.9. Let X ⊂ Rn be a real algebraic variety and let k, N ∈ N. Suppose
X nonsingular. Denote by π : R2n × Rk → Rk the natural projection and by 0
the origin of Rk . Choose a neighborhood U of idR2n in N (R2n, R2n) with respect
to the C∞ compact-open topology. Then there exist a real algebraic variety X∗ ⊂
R2n × Rk and a weak deformation ξ : X∗ → X of X parametrized by (π |X∗, 0)

such that:

(1) X∗ ∩ π−1(0) = X and ξ extends to a Nash k-diffeotopy of R2n in U .
(2) For each t ∈ Rk \ {0}, the toric genus of X∗ ∩ π−1(t) is ≥ N.

Remark 1.10. (i) We conjecture that, in the statement of Theorem 1.9, it is possible
to add the following point: (3) For each t, s ∈ Rk with t 
= s, X∗ ∩ π−1(t) and
X∗ ∩ π−1(s) are birationally nonequivalent.

(ii) Our invariants can be defined as well in the complex setting. However, the
complex toric genus does not seem to be a significant notion. A reason is that the
preceding theorem cannot be extended to the complex case: for example, it is well-
known that the complex projective line P1(C) has a unique structure of nonsingular
complex algebraic variety.

Theorem 1.9 contains the following result.

Corollary 1.11. Let X be a nonsingular real algebraic variety and let N ∈ N.
Then there exists a weak change ϕ : X̃ → X of the algebraic structure of X such
that pt (X̃) ≥ N.

In the remainder of this subsection, we give some applications of the notions
and of the results presented above.

Theorem 1.12. Let X and Y be real algebraic varieties. If pc(X) < pt (Y ), then
every regular map from X to Y is constant.
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By combining this result with Corollary 1.11, we obtain:

Corollary 1.13. Let Y be a nonsingular real algebraic variety and let {Xi }i∈I be
a family of real algebraic varieties such that sup i∈I pc(Xi ) is finite (for example,
the family of rational real algebraic varieties). Then there exists a weak change
ϕ : Ỹ → Y of the algebraic structure of Y such that, for each i ∈ I , every regular
map from Xi to Ỹ is constant.

Remark 1.14. Let Y be a nonsingular real algebraic variety. Recall that the ho-
mology of Y is called totally algebraic if each Z/2-homology class of Y can be
represented by a Zariski closed subset of Y (see Chapters 11-14 of [4]). We say that
the homotopy of Y is algebraically trivial if, for each integer n ∈ N \ {0}, every
regular map from the standard n-sphere Sn to Y is homotopic to a constant. For
each n ∈ N \ {0}, Sn is rational so, by Corollary 1.13, there exists a weak change
ϕ : Ỹ → Y of the algebraic structure of Y such that the homotopy of Ỹ is
algebraically trivial. Evidently, if the homology of Y is totally algebraic, then
the homology of Ỹ is totally algebraic also. As an immediate consequence of
these facts, we infer that every connected compact smooth manifold of dimension
≤ 5 is diffeomorphic to a nonsingular real algebraic variety with totally algebraic
homology whose homotopy is algebraically trivial (see [4, Theorem 11.3.12]).

Remark 1.15. Theorem 1.9 has the following singular version: “Let X ⊂ Rn be
a real algebraic set (not necessarily irreducible, nonsingular and of positive dimen-
sion) and let k, N , π and U be as in the statement of the mentioned theorem. Then
there exist an algebraic subset X∗ of R2n × Rk and a regular map ξ : X∗ → X
such that: (1) X∗ ∩ π−1(0) = X and ξ extends to a Nash k-diffeotopy of R2n in
U . (2) For each t ∈ Rk \ {0}, X∗ ∩ π−1(t) can be biregularly embedded into a
finite product of real algebraic curves of genus ≥ N”. This result and Theorem
1.12 imply the following version of Corollary 1.13: “Let Y be a real algebraic set
(not necessarily irreducible, nonsingular and of positive dimension) and let {Xi }i∈I
be as in the statement of the mentioned corollary. Then there exist a real algebraic
set Ỹ and a regular map ϕ : Ỹ → Y such that ϕ is a Nash isomorphism and, for
each i ∈ I , every regular map from Xi to Ỹ is constant”.

1.2. Topology of morphism space

Let T be a topological space and let S be a subset of T . Recall that S is said to be
nowhere dense in T if the interior of the closure of S in T is empty. Indicate by
Is(T ) the set of isolated points of T . We say that S is nowhere dense up to isolated
points in T if S \ Is(T ) is nowhere dense in T . Observe that, if T is a real algebraic
variety, then Is(T ) may be non-empty. On the contrary, if T is a nonsingular real
algebraic variety, then Is(T ) is empty.

Let X and Y be fixed real algebraic varieties. We have:

Theorem 1.16. Equip S0(X, Y ) with the compact-open topology and consider
R(X, Y ) as a subspace of S0(X, Y ). The following holds:
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(0) Is(S0(X, Y )) = { f ∈ S0(X, Y ) | f (X) ⊂ Is(Y )} so Is(S0(X, Y )) is finite and
R(X, Y ) ∩ Is(S0(X, Y )) is equal to the set of all constant maps from X to Y
whose image is contained in Is(Y ).

(1) Suppose pc(X) < pt (Y ). Then every regular map from X to Y is constant.
In particular, R(X, Y ) is closed and nowhere dense up to isolated points in
S0(X, Y ), and is homeomorphic to Y .

(2) Suppose pt (Y ) ≥ 1. Then R(X, Y ) is nowhere dense up to isolated points in
S0(X, Y ).

(3) Suppose pt (Y ) ≥ 2. Then R(X, Y ) is closed in S0(X, Y ) and is homeomor-
phic to a closed semi-algebraic set. Furthermore, such a semi-algebraic set
can be choosen bounded if Y is bounded.

Suppose now X and Y nonsingular. We have:

Theorem 1.17. Equip N (X, Y ) with the C∞ compact-open topology and consider
R(X, Y ) as a subspace of N (X, Y ). The following holds:

(1) Suppose pc(X) < pt (Y ). Then every regular map from X to Y is constant. In
particular, R(X, Y ) is closed and nowhere dense in N (X, Y ), and is homeo-
morphic to Y .

(2) Suppose pt (Y ) ≥ 1. Then the interior of the closure of R(X, Y ) in N (X, Y ) is
contained in the set of all maps in N (X, Y ) whose fibers are finite. In particu-
lar, R(X, Y ) is not dense in N (X, Y ) and, when dim(X) > dim(Y ), R(X, Y )

is nowhere dense in N (X, Y ).
(3) Suppose pt (Y ) ≥ 2. Then R(X, Y ) is closed and nowhere dense in N (X, Y ),

and is homeomorphic to a closed semi-algebraic set. Furthermore, such a
semi-algebraic set can be choosen bounded if Y is bounded.

1.3. Finiteness of dominating morphism space

We need some preparations. Let A be a complex algebraic curve. By the de
Franchis-Martens finiteness theorem, we know that the set DomC(A, B) of dom-
inating complex regular maps from A to a fixed complex algebraic curve B with
genus ≥ 2 is finite and there exists an upper bound for �DomC(A, B) in terms
of g(A) only. Indicate by M : N × (N \ {0, 1}) → N the function which maps
(a, b) ∈ N×(N\{0, 1}) into the maximum integer k ∈ N such that there exist com-
plex algebraic curves A and B with g(A) = a, g(B) = b and �DomC(A, B) = k.
By Hurwitz’s formula, it follows that M(a, b) = 0 if a < b so we can define the
function M∗ as the smallest function f : N × (N \ {0, 1}) → N such that M ≤ f
and f (a, b+1) ≤ f (a, b) ≤ f (a+1, b) for each (a, b) ∈ N×(N\{0, 1}). Explicit
upper bounds for M∗ can be found in [24, 28].

Let us recall another finiteness result of complex algebraic geometry. Let
GC(A) be the set of dominating regular maps from A to some complex algebraic
curve B with genus ≥ 2. Define an equivalence relation HC on GC(A) as follows:
f ∈ DomC(A, B) is HC-equivalent to f ′ ∈ DomC(A, B ′) in GC(A) if and only if
there exists a complex biregular isomorphism h : B → B ′ such that f ′ = h ◦ f .
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Indicate by GC(A) the set of HC-equivalence classes of GC(A). The de Franchis-
Severi theorem [11, 26] asserts that GC(A) is finite. In [15], Howard and Sommese
proved that there exists an upper bound for �GC(A) in terms of g(A) only. Indicate
by F : N \ {0, 1} → N the function which maps a ∈ N \ {0, 1} into the maximum
integer k ∈ N such that there exists a complex algebraic curve A with g(A) = a
and �GC(A) = k. Observe that, by Hurwitz’s formula, we have that F(2) = 1.
Explicit upper bounds for F can be found in [1, 15, 19].

We can now present two extensions of Theorem D1.

Theorem 1.18. Let X and Y be real algebraic varieties. If pt (Y ) ≥ 2, then
Dom(X, Y ) is finite and there exists an upper bound for its cardinality in terms
of pc(X), pc(Y ) and pt (Y ) only. More precisely, it holds:

�Dom(X, Y ) ≤ M∗(pc(X), pt (Y ))F(pc(Y )).

Let X and Y be real algebraic varieties and let f ∈ R(X, Y ). We say that f is
weakly dominating if the interior of the closure of f (Nonsing(X)) in Y is non-
empty. Indicate by wDom(X, Y ) the set of weakly dominating regular maps from
X to Y . It is easy to see that if f is dominating or is open in the usual sense, then it
is weakly dominating also. However, in general, the converse is false. For example,
if X is the line R and Y is the Whitney umbrella {(x, y, z) ∈ R3 | y2 − zx2 = 0},
then the regular map, which sends x into (0, 0, x), is weakly dominating, but it is
neither dominating nor open.

Theorem 1.19. Let X and Y be real algebraic varieties. If pt (Y ) ≥ 2, then
wDom(X, Y ) is finite. In particular, there are only finitely many open regular maps
from X to Y .

2. Proofs

In this section, we will use some techniques and arguments contained in [13]. Since
the latter paper has not yet appeared in print, we repeat them here.

2.1. Results of Subsection 1.1

Proof of Lemma 1.1. Fix x ∈ Nonsing(X). Define r := dim(X). If r = n, then
the union of all lines of Rn containing x is equal to Rn = X so

⋃
D∈CX (0,x) D = X

and the lemma is proved. Suppose r < n. By using an affine automorphism of Rn

if needed, we may suppose that x coincides with the origin of Rn and the tangent
space of X at x is equal to the subspace Rr × {0} of Rn = Rr × Rn−r . Applying
the Implicit Function Theorem for Nash maps, we obtain an open ball Br (0, 2ε)

of Rr centered at 0 with radious 2ε > 0, an open semi-algebraic neighborhood V
of 0 in Rn−r and a Nash map f : Br (0, 2ε) → V such that X ∩ (Br (0, 2ε) × V )

is equal to the graph of f . Indicate by π : Rr × Rn−r → Rr the natural pro-
jection. Let P1, . . . , Pn−r be polynomials in R[x1, . . . , xn] vanishing on X with
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independent gradients at some q ∈ Nonsing(X) such that
∏n−r

i=1 deg(Pi ) = c and
let S be the Zariski closed subset of X formed by all points p ∈ X such that
∇ P1(p), . . . , ∇ Pn−r (p) are dependent in Rn . Since q 
∈ S and X is irreducible,
it follows that dim(S) < r . In particular, the Zariski closure S∗ of π(S) in Rr

has dimension < r also. Let W be a non-empty open semi-algebraic subset of
Br (0, 2ε) \ (S∗ ∪ {0}). For each w ∈ W , let Nw be the (n − r + 1)-dimensional
vector subspace of Rn generated by {(w, 0)} ∪ ({0} × Rn−r ) and let Dw be the
irreducible component of X ∩ Nw containing 0. Observe that, for each w ∈ W ,
Dw is a real algebraic curve of X containing {0, (w, f (w))}. We will show that,
for each w ∈ W , g(Dw) ≤ e. Let w ∈ W . For each i ∈ {1, . . . , n − r}, define
Xi := P−1

i (0). Identify Rn with a subset of Pn(R) by the affine chart which maps
(x1, . . . , xn) into [x1, . . . , xn, 1]. Consider X and each Xi as subsets of Pn(R)

and hence as subsets of Pn(C). Indicate by Dw,C, Nw,C, X1,C, . . . , Xn−r,C the
Zariski closures of Dw, Nw, X1, . . . , Xn−r in Pn(C) respectively. Observe that
Dw,C is an irreducible component of Nw,C ∩ ⋂n−r

i=1 Xi,C, (w, f (w)) ∈ Nw,C ∩⋂n−r
i=1 Nonsing(Xi,C) and Nw,C and {Nonsing(Xi,C)}n−r

i=1 are in general position in
Pn(C) locally at (w, f (w)). Under these conditions, Bezout’s theorem implies that
deg(Dw,C) ≤ ∏n−r

i=1 deg(Xi,C) ≤ c. By the Castelnuovo Bound Theorem (see the
following remark), we obtain that the geometric genus of Dw,C, which is equal to
g(Dw), is ≤ e as desired. Let us complete the proof. The set

⋃
w∈W Dw contains

{(w, f (w)) ∈ Nonsing(X) | w ∈ W } so it is Zariski dense in X . Since X is irre-
ducible and

⋃
w∈W Dw ⊂ ⋃e

k=0
⋃

D∈CX (k,x) D, there exists k ∈ {0, 1, . . . , e} such
that

⋃
D∈CX (k,x) D is Zariski dense in X . �

Remark 2.1. Define the function Castel : (N \ {0}) × (N \ {0}) → N as follows:
for each (d, n) with d or n equal to 1, Castel(d, n) := 0 and, for each (d, n) with
d ≥ 2 and n ≥ 2, Castel(d, n) := 1

2 a(a − 1)(n − 1) + ab where a and b are the
unique non-negative integers such that d − 1 = a(n − 1) + b and b ≤ n − 2. It
is easy to see that Castel(d, n) ≤ 1

2 (d − 1)(d − 2). Let A be a complex algebraic
curve of Pn(C) of degree d. Suppose A is not contained in any hyperplane of
Pn(C). The Castelnuovo Bound Theorem asserts that g(A) ≤ Castel(d, n) (see
page 116 of [2]). By modifying suitably the argument used in the preceding proof,
we obtain the following real version of the Castelnuovo Bound Theorem: “Let
X ⊂ Rn be a real algebraic variety of dimension r and let c := cideg(X, Rn).
Suppose X is not contained in any affine hyperplane of Rn . Then it holds: pc(X) ≤
Castel(c, n − r + 1)”. This result improves Corollary 1.3.

Proof of Lemma 1.5. We will prove that each element of T (X) is ≤ pc(X) com-
pleting the proof. Let h ∈ T (X). Then there exist real algebraic curves {Ei }m

i=1
with min i∈{1,...,m} g(Ei ) = h and a biregular embedding ψ : X → ∏m

i=1 Ei . Iden-
tify X with ψ(X). For each j ∈ {1, . . . , m}, let π j :

∏m
i=1 Ei → E j be the natural

projection. Choose a real algebraic curve D of X with g(D) = pc(X) (which ex-
ists by definition of curve genus) and j ∈ {1, . . . , m} such that π j |D : D → E j is
nonconstant. Applying Hurwitz’s formula to the complexification of π j |D , we infer
that g(D) ≥ g(E j ) ≥ h. �
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Remark 2.2. As an easy byproduct of the preceding proof, we obtain that, if D is
a real algebraic curve of a real algebraic variety X , then g(D) ≥ pt (X).

Proof of Theorem 1.9. Let X ⊂ Rn , k, N , π and U be as in the statement of
the theorem. Let d be an odd integer such that (d − 1)(d − 2)/2 ≥ N and let
ε be a positive real number. We denote points of R2n × Rk = Rn × Rn × Rk

by (x̃, ỹ, t̃) = (x1, . . . , xn, y1, . . . , yn, t1, . . . , tk). Define: the polynomial G in
R[x, y, t̃] by

G(x, y, t̃) := yd(1 + ∑k
j=1 t2

j )
d(1 + x2d) − εd(

∑k
j=1 t2

j )
d ,

the algebraic subset G∗ of R2n × Rk by

G∗ := ⋂n
i=1{(x̃, ỹ, t̃) ∈ R2n × Rk | G(xi , yi , t̃) = 0},

the Zariski closed subset X∗ of G∗ by X∗ := G∗ ∩ (X ×Rn ×Rk), the regular map
ξ : X∗ → X by ξ(x̃, ỹ, t̃) := x̃ , the Nash function f : R × Rk → R by

f (x, t̃) := ε(
∑k

j=1 t2
j )(1 + ∑k

j=1 t2
j )

−1(1 + x2d)−1/d ,

the Nash map f̃ : Rn × Rk → Rn by f̃ (x̃, t̃) := ( f (x1, t̃), . . . , f (xn, t̃)) and the
Nash k-diffeotopy F : R2n × Rk → R2n of R2n by F(x̃, ỹ, t̃) := (x̃, ỹ − f̃ (x̃, t̃)).
For each t̃ ∈ Rk \ {0}, let Dt̃ be the nonsingular real algebraic curve of R2 defined
by Dt̃ := {(x, y) ∈ R2 | G(x, y, t̃) = 0}, let Dn

t̃
⊂ R2n be the nth-power of Dt̃

and let X̃ t̃ := X∗ ∩ π−1(t̃). Identify Rn × Rk × Rn with R2n × Rk by the linear
isomorphism sending (x̃, t̃, ỹ) into (x̃, ỹ, t̃). By easy verifications, we infer that G∗
coincides with the graph of f̃ and the algebraic set G∗ \ π−1(0) is nonsingular.
It follows that the algebraic sets X∗ \ π−1(0) and {X̃ t̃ }t̃∈Rk\{0} are nonsingular.
Moreover, since X is irreducible, Lemma 1.1 of [3] implies that these algebraic sets
are irreducible. The set X∗ \ π−1(0) is Zariski dense in X∗ so X∗ is irreducible
also. Observe that X∗ ∩ π−1(0) = X × {0} × {0} and, if we identify X ⊂ Rn

with X × {0} ⊂ Rn × {0} ⊂ R2n , then F extends ξ . Furthermore, choosing ε

sufficiently small, we have that F is in U . The preceding facts ensure that ξ is a
weak deformation of X parametrized by (π |X∗, 0). Fix t̃ ∈ Rk \ {0}. It remains to
prove that pt (X̃ t̃ ) ≥ N . Since X̃ t̃ ⊂ Dn

t̃
, it suffices to show that g(Dt̃ ) ≥ N . Let E

be the real Fermat curve defined as {(x, y) ∈ R2 | xd + yd = 1} and let η : Dt̃ → E
be the regular map defined by η(x, y) := (−x2, εy−1(

∑k
j=1 t2

j )(1 + ∑k
j=1 t2

j )
−1).

The map η is nonconstant so, applying Hurwitz’s formula to its complexification,
we infer that g(Dt̃ ) ≥ g(E) = (d−1)(d−2)/2 ≥ N . This completes the proof. The
reader observes that the preceding argument proves the singular version of Theorem
1.9 presented in Remark 1.15 as well. �

Proof of Theorem 1.12. Let k := pc(X) and let x ∈ Nonsing(X) such that⋃
D∈CX (k,x) D is Zariski dense in X . Let us show that every regular map from X
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to Y is constant. Suppose that there exists a nonconstant regular map f : X → Y .
The Zariski closed subset f −1( f (x)) of X has dimension < dim(X) so there exists
D ∈ CX (k, x) such that D 
⊂ f −1( f (x)). It follows that the restriction of f to D is
nonconstant. Let E be the real algebraic curve of Y defined as the Zariski closure of
f (D) in Y . Applying Hurwitz’s formula to the complexification of the restriction
of f from D to E , we obtain that pc(X) = k = g(D) ≥ g(E). Moreover, by
Remark 2.2, we know that g(E) ≥ pt (Y ). It follows that pc(X) ≥ pt (Y ), which
contradicts our assumption. �

2.2. Results of Subsection 1.2

In this subsection, we assume that X is an algebraic subvariety of Rn and Y is an
algebraic subvariety of Rm .

We begin proving points (0), (1) and (2) of Theorem 1.16.

Proof of Theorem 1.16. (0) The inclusion Is(S0(X,Y ))⊃{ f ∈ S0(X,Y ) | f (X)⊂
Is(Y )} is evident. Since Y is an absolute neighborhood retract, it is easy to prove
that, if f is an element of S0(X, Y ) with f (X) 
⊂ Is(Y ), then f is not isolated in
S0(X, Y ) (see the proof of point (2) below). It follows that Is(S0(X, Y )) is equal
to { f ∈ S0(X, Y ) | f (X) ⊂ Is(Y )}. In particular, Is(S0(X, Y )) is finite because X
and Y have finitely many semi-algebraically connected components. The remainder
of point (0) is evident.

(1) By Theorem 1.12, R(X, Y ) coincides with the set of all constant maps from
X to Y . This fact implies that R(X, Y ) is closed in S0(X, Y ) and is homeomorphic
to Y . In order to prove that R(X, Y ) is nowhere dense up to isolated points in
S0(X, Y ), one can follow the argument used in the proof of point (2) below.

(2) The proof of this point is based on an idea of Bochnak and Kucharz (see
[5, page 1572]). By hypothesis, the toric genus of Y is ≥ 1 so we may suppose that
Y is an algebraic subvariety of some product variety

∏a
i=1 Ei ⊂ Rm where {Ei }a

i=1
are real algebraic curves with min i∈{1,...,a} g(Ei ) ≥ 1. For each j ∈ {1, . . . , a},
let π j :

∏a
i=1 Ei → E j be the natural projection. We must prove that, for each

f ∈ R(X, Y ) \ Is(S0(X, Y )) and for each neighborhood U of f in S0(X, Y ), there
exists g ∈ U , which is not approximable by regular maps in S0(X, Y ). Let f and
U be as above. Let 	 be an open semi-algebraic neighborhood of Y in Rm and let
ρ : 	 → Y be a continuous semi-algebraic retraction. Fix x ∈ Nonsing(X). Since
f 
∈ Is(S0(X, Y )), we have that f (x) is not an isolated point of Y . Define y :=
f (x) and choose a nonsingular real algebraic curve D of X containing x . By the
Nash curve selection lemma (Proposition 8.1.13 of [4]), we can find a real algebraic
curve E of Y such that y is contained in the (strong) closure of Nonsing(E) in Y .
Let U be a small open semi-algebraic neighborhood of x in Nonsing(X) and let V
be a small open semi-algebraic neighborhood of y in Rm such that f (U ) ⊂ V ∩ Y ,
U∩D is Nash isomorphic to R and V ∩Nonsing(E) contains an open semi-algebraic
subset V ′ of Nonsing(E) Nash isomorphic to R. Restricting V ′ if needed, we may
also suppose that the restriction of some projection π j to V ′ is a Nash isomorphism
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into an open semi-algebraic subset of Nonsing(E j ). By using an adequate semi-
algebraic partition of unity on X , it is now easy to construct a continuous semi-
algebraic map g∗ : X → 	 such that: g∗ = f on X \ U , g∗(U ) ⊂ V and there
exists a non-empty open semi-algebraic subset U ′ of U ∩ D such that g∗(U ′) ⊂ V ′
and the restriction of g∗ from U ′ to V ′ is a nonconstant Nash map with at least
� := max{0, 2g(D) − 1} critical points, each of multiplicity exactly 2. Define the
continuous semi-algebraic map g : X → Y by g := ρ ◦ g∗. Observe that the
restriction of the composition map (π j |Y ) ◦ g : X → E j to U ′ is a nonconstant
Nash map with at least � critical points, each of multiplicity exactly 2. Choosing
V (and hence U ) sufficiently small, we have that g ∈ U . It remains to show that
g is not approximable by regular maps in S0(X, Y ). Suppose this is false. Then
there exists ḡ ∈ R(X, Y ) such that the restriction η : D → E j of the composition
map (π j |Y ) ◦ ḡ : X → E j to D is a nonconstant regular map with at least � critical
points. Applying Hurwitz’s formula to the complexification ηC of η, we infer that
g(D) ≥ g(E j ) ≥ 1, � = 2g(D) − 1 and the degree ν(ηC) of the ramification
divisor of ηC is ≤ 2g(D) − 2 = � − 1. This is impossible because, by construction,
ν(ηC) ≥ �. �

In order to prove point (3) of Theorem 1.16, we need some preliminary results.

Lemma 2.3. Let X be a real algebraic variety and let E be a real algebraic curve
with g(E) ≥ 2. Then Dom(X, E) is finite and it holds:

�Dom(X, E) ≤ M(pc(X), g(E)).

Proof. Let h := M(pc(X), g(E)). Suppose �Dom(X, E) > h and let f0, . . . , fh
be distinct elements of Dom(X, E). Let k := pc(X) and let x ∈ Nonsing(X) such
that

⋃
D∈CX (k,x) D is Zariski dense in X . Define

 := ⋃h
i=0 f −1

i ( fi (x)) ∪ ⋃
i 
= j {p ∈ X | fi (p) = f j (p)}.

Since  is a proper Zariski closed subset of X , there exists D ∈ CX (k, x) such that
D 
⊂ . It follows that the maps f0|D, . . . , fh |D are h + 1 distinct elements of
Dom(D, E). In particular, their complexifications are h + 1 distinct elements of
DomC(DC, EC). This contradicts the de Franchis-Martens theorem. �

We fix a convention: the dimension of the empty set is equal to −1.

Lemma 2.4. Let V and W be algebraic subsets of Rn and of Rm respectively and
let f : V → W be a regular map. For each k ∈ N, the set Tk( f ) := {w ∈
W | dim( f −1(w)) ≥ k} is semi-algebraic.

Proof. Fix k ∈ N. Let us proceed by induction on ν := dim(V ). The case ν = 0
is evident. Let ν ≥ 1. Indicate by V1, . . . , Vq the irreducible components of V .
Since Tk( f ) = ⋃q

i=1 Tk( f |Vi ), we may suppose that V is irreducible. Replacing W
with the Zariski closure of f (V ) in W , we may suppose that f is dominating also.
By Sard’s theorem, there exists a Zariski closed subset Z of W such that W \ Z ⊂
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Nonsing(W ), dim(Z) < dim(W ) and the restriction g of f from Nonsing(V ) \
f −1(Z) to W \ Z is a submersion. It follows that Tk(g) is semi-algebraic. In fact,
Tk(g) = f (Nonsing(V ))\ Z if k ≤ ν −dim(W ) and Tk(g) = ∅ if k > ν −dim(W ).
Let V ∗ := (V \ Nonsing(V )) ∪ f −1(Z). Since V ∗ is an algebraic subset of Rn of
dimension < ν and Tk( f ) = Tk(g) ∪ Tk( f |V ∗), by induction, it follows that Tk( f )

is semi-algebraic. �

Proof of Theorem 1.16, (3). By hypothesis, the toric genus of Y is ≥ 2 so there
exist real algebraic curves {Ei }a

i=1 with min i∈{1,...,a} g(Ei ) ≥ 2 and a biregular
embedding ψ of Y into the product variety T := ∏a

i=1 Ei . Identify Y with ψ(Y ).
By Lemma 2.3, we know that Dom(X, Ei ) is finite for each i ∈ {1, . . . , a}. Let L be
the set of all i ∈ {1, . . . , a} such that Dom(X, Ei ) is non-empty. If L is empty, then
every map from X to T (and hence to Y ) is constant. In this case, point (3) follows
from point (1). Let L be non-empty. We may suppose that L = {1, . . . , b} for some
b ∈ {1, . . . , a}. For each i ∈ {1, . . . , a}, let πi : T → Ei be the natural projection
and, for each i ∈ {1, . . . , b}, let fi,1, . . . , fi,ni be the elements of Dom(X, Ei ).
Indicate by C the set of all constant maps from X to Y . For each non-empty subset
χ of {1, . . . , b}, let F(χ) be the set of all functions η : χ → N such that η(i) ∈
{1, . . . , ni } for each i ∈ χ , let Tχ := ∏

i∈χ Ei , let χ ′ := {1, . . . , a} \ χ and let
πχ ′ : T → Tχ ′ be the natural projection (where T∅ is considered equal to a point).
For each non-empty subset χ of {1, . . . , b} and for each η ∈ F(χ), define

Sχ,η := { f ∈ R(X, T ) | πi ◦ f = fi,η(i) for each i ∈ χ, πχ ′ ◦ f is constant}
and Rχ,η as the set of all maps f ∈ Sχ,η with f (X) ⊂ Y , viewed as maps from
X to Y . It is immediate to see that C and all sets of the form Rχ,η cover R(X, Y ),
are pairwise disjoint and are open in R(X, Y ). In other words, they form an open
partition of R(X, Y ). Observe that C is closed in S0(X, Y ) and is homeomorphic
to Y . In this way, it suffices to prove that each Rχ,η is closed in S0(X, Y ) and
is homeomorphic to a closed semi-algebraic set, which turns out to be bounded if
Y is bounded. Fix a non-empty subset χ of {1, . . . , b} and η ∈ F(χ). The set
Rχ,η is closed in S0(X, Y ) because it is evident that its complement in S0(X, Y )

is open. Define h : Rχ,η → Tχ ′ by h( f ) := πχ ′( f (x)) for some (and hence for
every) point x ∈ X . By a standard verification, we infer that h is a homeomorphism
into its image. We will prove that h(Rχ,η) is a closed semi-algebraic subset of
Tχ ′ . Identify Tχ × Tχ ′ with T . Let F : X → Tχ be the regular map such that
πi ◦ F = fi,η(i) for each i ∈ χ , let V be the Zariski closure of F(X) in Tχ and let
ν := dim(V ). Observe that p ∈ h(Rχ,η) if and only if V × {p} ⊂ Y ∩ π−1

χ ′ (p)

or, equivalently, dim((V × {p}) ∩ (Y ∩ π−1
χ ′ (p))) ≥ ν. Let V ∗ := (V × Tχ ′) ∩ Y

and let ξ : V ∗ → Tχ ′ be the restriction of πχ ′ to V ∗. For each p ∈ Tχ ′ , the fiber of
ξ over p is equal to (V × {p}) ∩ (Y ∩ π−1

χ ′ (p)) so, applying Lemma 2.4 to ξ , we
obtain that h(Rχ,η) = Tν(ξ) is semi-algebraic. Let us prove that h(Rχ,η) is closed
in Tχ ′ . For each q ∈ Tχ ′ , let fq be the map in Sχ,η defined by fq(x) := (F(x), q).
Fix q ′ ∈ Tχ ′ \ h(Rχ,η). Then there exists x ∈ X such that fq ′(x) 
∈ Y . Since Y
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is closed in T (algebraic subvarieties are assumed to be Zariski closed, and hence
strong closed), there exists a neighborhood U of q ′ in Tχ ′ such that fq(x) 
∈ Y for
each q ∈ U . It follows that U ∩ h(Rχ,η) is empty. Finally, suppose Y bounded.
Since h(Rχ,η) ⊂ πχ ′(Y ), we have that h(Rχ,η) is bounded also. The proof is
complete. �

Suppose now X and Y nonsingular.

Proof of Theorem 1.17. The proofs of points (1) and (3) of Theorem 1.16 continue
to work if we replace S0(X, Y ) with N (X, Y ) equipped with the C∞ compact-open
topology. In this way, points (1) and (3) of Theorem 1.17 hold, except for the fact
that R(X, Y ) is nowhere dense in N (X, Y ) when pt (Y ) ≥ 2. The proof of the latter
fact can be easily obtained by the argument used in the proof of point (2) below.
Let us prove such a point following the proof of point (2) of Theorem 1.16. Since
pt (Y ) ≥ 1, we may suppose that Y is an algebraic subvariety of

∏a
i=1 Ei ⊂ Rm

where {Ei }a
i=1 are real algebraic curves with min i∈{1,...,a} g(Ei ) ≥ 1. For each j ∈

{1, . . . , a}, let π j :
∏a

i=1 Ei → E j be the natural projection. We must prove that,
for each f ∈ N (X, Y ) such that dim( f −1(y)) ≥ 1 for some y ∈ Y and for each
neighborhood U of f in N (X, Y ), there exists g ∈ U , which is not approximable
by regular maps in N (X, Y ). Define r := dim(X) and s := dim(Y ). Let f , y and
U be as above, let E be a nonsingular algebraic curve of Y containing y and let D
be a real algebraic curve of X such that f −1(y)∩Nonsing(D) contains a non-empty
open semi-algebraic subset 	 of Nonsing(D). Fix x ∈ 	. Choose an open semi-
algebraic neighborhood U of x in X and an open semi-algebraic neighborhood V
of y in Y such that U ∩ D ⊂ 	, f (U ) ⊂ V and there exist Nash isomorphisms
α : U → Rr and β : V → Rs with the following properties: α(U ∩ D) =
R×{0} ⊂ R×Rr−1 = Rr , β(y) = 0 and β(V ∩ E) = R×{0} ⊂ R×Rs−1 = Rs .
We may also suppose that the restriction of some projection π j to β−1((0, 3)×{0})
is a Nash isomorphism into an open semi-algebraic subset of Nonsing(E j ). Let k
be a positive integer and let ε be a real number contained in (0, 1). Choose a semi-
algebraic function gk : Rr →R of class Ck such that gk vanishes on Rr \ (−2,2)r ,
gk((−1,1)×{0}) ⊂ (1,2) and the restriction of gk to (−1, 1)×{0} is nonconstant
and has at least � :=max{0, 2g(D) − 1} critical points, each of multiplicity exactly
2. Define the semi-algebraic maps f ∗, g∗

k and f ∗
k,ε from Rr to Rs of class Ck as

follows: f ∗ := β ◦ f |U ◦ α−1, g∗
k (p) := (gk(p), 0, . . . , 0) for each p ∈ Rr and

f ∗
k,ε := f ∗ +εg∗

k . Observe that f ∗
k,ε =εg∗

k on (−1, 1)×{0} and f ∗
k,ε((−1, 1)×{0})⊂

(0, 3)×{0}. Let fk,ε : X → Y be the semi-algebraic map of class Ck defined by
setting fk,ε := f on X \U and fk,ε :=β−1 ◦ f ∗

k,ε ◦α on U . By [27, Theorem II.4.1],

we can find a map g in N (X, Y ) arbitrarily close to fk,ε with respect to the Ck

compact-open topology (see [14, 27] and [10, page 351]). Choosing k sufficiently
large, ε sufficiently small and g sufficiently close to fk,ε, we have that g ∈U and the
restriction of the composition map (π j |Y ) ◦ g : X → E j to α−1((−1, 1)×{0}) has
image contained in Nonsing(E j ), is nonconstant and has at least � critical points.
In order to prove that g is not approximable by regular maps in N (X, Y ), it suffices
to repeat word for word the last part of the proof of point (2) of Theorem 1.16. �
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2.3. Results of Subsection 1.3

We need some preparations.

Definition 2.5. Let X be a real algebraic variety. The toric dimension tdim(X) of X
is the minimum integer n ∈ N such that there exist real algebraic curves D1, . . . , Dn
with min i∈{1,...,n} g(Di ) = pt (X) and a biregular embedding of X into

∏n
i=1 Di .

The toric dimension is a biregular invariant on real algebraic varieties. If X is a
real algebraic curve, then tdim(X) = 1. More precisely, if X is the product variety
of n real algebraic curves, then tdim(X) = n (see Example 1.6,(ii)).

Lemma 2.6. Let X and Y be real algebraic varieties. If pt (Y )≥2, then Dom(X,Y )

is finite and it holds:

�Dom(X, Y ) ≤ M∗(pc(X), pt (Y ))tdim(Y ).

Proof. Define n := tdim(Y ). Let {Di }n
i=1 be real algebraic curves such that

min i∈{1,...,n} g(Di ) = pt (Y ) ≥ 2 and there exists a biregular embedding ψ of Y
into

∏n
i=1 Di . Identify Y with ψ(Y ) and indicate by e : Y ↪→ ∏n

i=1 Di the in-
clusion map. For each j ∈ {1, . . . , n}, let π j :

∏n
i=1 Di → D j be the natural

projection. Identify R(X,
∏n

i=1 Di ) with
∏n

i=1 R(X, Di ) in the natural way and
define the injective map ξ : Dom(X, Y ) → ∏n

i=1 R(X, Di ) by ξ( f ) := e ◦ f .
By Lemma 2.3, we know that, for each i ∈ {1, . . . , n}, Dom(X, Di ) is finite and
�Dom(X, Di ) ≤ M(pc(X), g(Di )) ≤ M∗(pc(X), pt (Y )). In this way, it suffices
to prove that the image of ξ is contained in

∏n
i=1 Dom(X, Di ). On the contrary,

suppose this is false. Let f ∈ Dom(X, Y ) such that ξ( f ) 
∈ ∏n
i=1 Dom(X, Di ).

Then there exist j ∈ {1, . . . , n} and q ∈ D j such that π j ◦ e ◦ f is constantly
equal to q or, equivalently, f (X) ⊂ π−1

j (q). Since f is dominating, it follows

that Y ⊂ π−1
j (q). Up to rearrange the indices, we may suppose that j = n.

Identify π−1
j (q) with

∏n−1
i=1 Di . By the definition of toric genus, we have that

pt (Y ) ≥ min i∈{1,...,n−1} g(Di ) so it holds: pt (Y ) = min i∈{1,...,n−1} g(Di ). This
fact and the inclusion Y ⊂ ∏n−1

i=1 Di contradicts the definition of n. �
In the next two lemmas, we show that, if a real algebraic variety X has toric

genus ≥ 2, then tdim(X) ≤ F(pc(X)). This result and Lemma 2.6 prove Theo-
rem 1.18.

Let X be a real algebraic variety and let G(X) be the set of dominating reg-
ular maps from X to some real algebraic curve D with g(D) ≥ 2. Define an
equivalence relation H on G(X) as follows: f ∈ Dom(X, D) is H-equivalent
to f ′ ∈ Dom(X, D′) in G(X) if and only if there is a biregular isomorphism
h : D → D′ such that f ′ = h ◦ f . Indicate by G(X) the set of all H-equivalence
classes of G(X).

Lemma 2.7. Let X be a real algebraic variety with pt (X) ≥ 2. Then G(X) is finite
and it holds: �G(X) ≤ F(pc(X)).
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Proof. We will follow the proof of Lemma 2.3. Let h := F(pc(X)). Suppose
�G(X) > h and let f0 : X → E0, . . . , fh : X → Eh be elements of G(X) rep-
resenting distinct H-equivalence classes. Let k := pc(X) and let x ∈ Nonsing(X)

such that
⋃

D∈CX (k,x) D is Zariski dense in X . Let A be the set of all pairs (i, j)
of integers in {0, 1, . . . , h} such that i < j and Ei is biregularly isomorphic to E j .
For each (i, j) ∈ A, let Bi j be the set of all biregular isomorphisms from Ei to
E j . By Lemma 2.3, we know that each Bi j is finite. For each (i, j) ∈ A, let
ψi j1, . . . , ψi, j,ni j be the elements of Bi j . Define

 := ⋃h
i=0 f −1

i ( fi (x)) ∪ ⋃
(i, j)∈A

⋃ni j
�=1{p ∈ X | (ψi j� ◦ fi )(p) = f j (p)}.

Since  is a proper Zariski closed subset of X , there exists D ∈ CX (k, x) such
that D 
⊂ . It follows that the maps f0|D, . . . , fh |D represent h + 1 distinct H-
equivalence classes of G(D). In particular, their complexifications represent h + 1
distinct HC-equivalence classes of GC(DC). This contradicts the improved version
of the de Franchis-Severi theorem due to Howard and Sommese [15], which we
have recalled in Subsection 1.3. �
Lemma 2.8. Let X be as above. Then it holds: tdim(X) ≤ F(pc(X)).

Proof. Let n := tdim(X) and let m := �G(X). By Lemma 2.7, it suffices to
show that n ≤ m. On the contrary, suppose m < n. Let {Di }n

i=1 be real algebraic
curves such that min i∈{1,...,n} g(Di ) = pt (X) ≥ 2 and there exists a biregular
embedding ψ of X into

∏n
i=1 Di . Identify X with ψ(X). For each j ∈ {1, . . . , n},

let f j : X → D j be the restriction to X of the natural projection of
∏n

i=1 Di onto
D j . Let ρ : G(X) → G(X) be the natural projection and let α1, . . . , αk be the
elements of the set ρ({ f1, . . . , fn}). Up to rearrange the indices, we may suppose
that there exist integers {ni }k+1

i=1 such that 1 = n1 < n2 < · · · < nk < nk+1 = n +1
and, for each i ∈ {1, . . . , k}, ρ−1(αi ) = { fni , fni +1, . . . , fni+1−1}. For each i ∈
{1, . . . , k} and for each j ∈ {ni , ni + 1, . . . , ni+1 − 1}, let ψi j : D j → Dni be a
biregular isomorphism such that fni = ψi j ◦ f j (where ψi,ni is considered equal to
the identity map on Dni ). For each i ∈ {1, . . . , k}, indicate by si the positive integer
ni+1 − ni and by Dsi

ni the sth
i -power of Dni , and define the real algebraic curve

i by i := {(x1, x2, . . . , xsi ) ∈ Dsi
ni | x1 = x2 = . . . = xsi }. Identify

∏n
i=1 Di

with
∏k

i=1
∏ni+1−1

j=ni
D j . Let � :

∏k
i=1

∏ni+1−1
j=ni

D j → ∏k
i=1 Dsi

ni be the biregular

isomorphism defined by � := ∏k
i=1

∏ni+1−1
j=ni

ψi j . Identify X with �(X). Since
fni = ψi j ◦ f j for each i ∈ {1, . . . , k} and for each j ∈ {ni , ni + 1, . . . , ni+1 − 1},
it follows that X is contained in the subset

∏k
i=1 i of

∏k
i=1 Dsi

ni . By the defini-
tion of toric genus, it follows that pt (X) ≥ min i∈{1,...,k} g(i ). On the other hand,
min i∈{1,...,k} g(i ) ≥ min i∈{1,...,n} g(Di ) = pt (X). Summarizing, we have that
X ⊂ ∏k

i=1 i and min i∈{1,...,k} g(i ) = pt (X). Since k ≤ m < n, the latter facts
contradict the definition of n. �
Remark 2.9. Let X be a r -dimensional real algebraic variety with pt (X) ≥ 2.
Since r ≤ tdim(X), it follows that r ≤ F(pc(X)). Recall that F(2) = 1. In this
way, if pc(X) = 2 (and hence pt (X) = 2 also), then r = 1.
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Before giving the proof of Theorem 1.19, we fix some notations. Let X be a real
algebraic variety, let S be a subset of X and let Z be a Zariski closed subset of X .
We denote by ZclX (S) the Zariski closure of S in X and by Cent(Z) the (strong)
closure in Z of the set of nonsingular points of Z of maximum dimension.

Proof of Theorem 1.19. Define two families {Yi }k
i=1 and {Y ′

i }k
i=1 of subsets of Y

as follows:


Y1 := Y, Y ′
1 := Cent(Y ),

Yi+1 := ZclY
(

Yi \ ⋃i
j=1 Y ′

j

)
, Y ′

i+1 := Cent(Yi+1) \ ⋃i
j=1 Y ′

j ,

Yk 
= ∅, Yk+1 = ∅.

Observe that, for each i ∈ {1, . . . , k}, dim(Yi+1) < dim(Yi ) so the preceding defini-
tion is consistent. It is easy to verify that {Y ′

i }k
i=1 is a partition of Y and, for each i ∈

{1, . . . , k}, Y ′
i is non-empty,

⋃i
j=1 Y ′

j is closed in Y and Yi \⋃i−1
j=1 Y ′

j = Y \⋃i−1
j=1 Y ′

j

where
⋃0

j=1 Y ′
j is considered equal to the empty set. For each i ∈ {1, . . . , k}, let

Yi1, . . . , Yi,ni be the irreducible components of Yi of maximum dimension. Let
f ∈ wDom(X, Y ) and let U be the interior of the closure of f (Nonsing(X)) in
Y . Define h as the minimum integer i ∈ {1, . . . , k} such that U ∩ Y ′

i 
= ∅ and let

V := U ∩ (Yh \ ⋃h−1
j=1 Y ′

j ). Since ∅ 
= U ∩ Y ′
h ⊂ V = U ∩ (Y \ ⋃h−1

j=1 Y ′
j ), we

have that V is a non-empty open semi-algebraic subset of Y contained in Yh and
f −1(V ) ∩ Nonsing(X) is a non-empty open semi-algebraic subset of Nonsing(X).
In particular, we infer that f −1(Yh) = X or, equivalently, f (X) ⊂ Yh . Let A be
the Zariski closure of f (X) in Yh . Since the interior of A in Yh contains V and V
intersects Cent(Yh), it follows that A = Yhj for some (unique) j ∈ {1, . . . , nh}.
Let f∗ : X → Yhj be the restriction of f from X to Yhj . Define the injective map
ξ : wDom(X, Y ) → ⊔k

i=1
⊔ni

j=1 Dom(X, Yi j ) (the symbol “
⊔

” indicates the dis-
joint union) by ξ( f ) := f∗. Observe that, for each i ∈ {1, . . . , k} and for each
j ∈ {1, . . . , ni }, pt (Yi j ) ≥ pt (Y ) ≥ 2 because Yi j is an algebraic subvariety of
Y . By Theorem 1.18, we know that each set Dom(X, Yi j ) is finite. It follows that
wDom(X, Y ) is finite also. �

2.4. Final remark

Let R be a real closed field and let X and Y be affine algebraic varieties over R. In-
dicate by S0(X, Y ) the set of continuous semi-algebraic maps from X to Y and by
N (X, Y ) the corresponding set of Nash maps. Let us define the “compact”-open
topology on S0(X, Y ) as follows. For each closed and bounded semi-algebraic sub-
set K of X and for each open semi-algebraic subset U of Y , indicate by W (K , U )

the set of all maps g ∈ S0(X, Y ) such that g(K ) ⊂ U . The family of finite inter-
sections of sets of the form W (K , U ) is a base of the “compact”-open topology.

Let M be a Nash submanifold of Rm of dimension d, let U be an open semi-
algebraic subset of M , let V be an open semi-algebraic subset of Rd and let ϕ :
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U → V be a map. If ϕ is a Nash isomorphism, then (U, ϕ) is called Nash chart
on M . Suppose now X and Y nonsingular. Let r := dim(X) and s := dim(Y ).
Let us define the C∞ “compact”-open topology on N (X, Y ) following Chapter 2
of [14]. Let f ∈ N (X, Y ), let (U, ϕ) and (V, ψ) be Nash charts on X and on
Y respectively, let K be a closed and bounded semi-algebraic subset of X con-
tained in U such that f (K ) ⊂ V , let ε ∈ {t ∈ R | t > 0} and let h ∈ N. De-
fine N ( f ; (U, ϕ), (V, ψ), K , ε, h) as the set of all maps g ∈ N (X, Y ) such that
g(K ) ⊂ V and

‖Dα(ψ ◦ g ◦ ϕ−1)(x) − Dα(ψ ◦ f ◦ ϕ−1)(x)‖s < ε

for each x ∈ ϕ(K ) and for each α = (α1, . . . , αr ) ∈ Nr with |α| = ∑r
i=1 αi ≤ h,

where Dα indicates ∂ |α|/∂xα1 · · · ∂xαr and ‖v‖s := (
∑s

i=1 v2
i )1/2 for each v =

(v1, . . . , vs) ∈ Rs . The family of finite intersections of sets of the form
N ( f ; (U,ϕ), (V,ψ), K , ε, h) is a base of the neighborhood system of f in N (X,Y )

for the C∞ “compact”-open topology.
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