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Continuity of solutions to a basic problem
in the calculus of variations
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Abstract. We study the problem of minimizing
∫
� F(Du(x)) dx over the func-

tions u ∈ W 1,1(�) that assume given boundary values φ on � := ∂�. The La-
grangian F and the domain � are assumed convex. A new type of hypothesis on
the boundary function φ is introduced: the lower (or upper) bounded slope con-
dition. This condition, which is less restrictive than the familiar bounded slope
condition of Hartman, Nirenberg and Stampacchia, allows us to extend the clas-
sical Hilbert-Haar regularity theory to the case of semiconvex (or semiconcave)
boundary data (instead of C2). We prove in particular that the solution is locally
Lipschitz in �. In certain cases, as when � is a polyhedron or else of class C1,1,
we obtain in addition a global Hölder condition on �.
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1. Introduction

In this article we study the following problem (P) in the multiple integral calculus
of variations:

min
u

∫
�

F(Du(x)) dx subject to u ∈ W 1,1(�), tr u = φ (P)

where � is a domain in R
n , u is scalar-valued, and tr u signifies the trace of u on

� := ∂�. The function F : R
n → R is said to be strictly convex if for any two

distinct points z1, z2 in R
n and λ ∈ (0, 1) we have

F(λz1 + (1 − λ)z2) < λF(z1) + (1 − λ)F(z2),

and coercive of order p > 1 if for certain constants σ > 0 and µ we have

F(z) ≥ σ |z|p + µ ∀ z ∈ R
n.
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