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On Hölder regularity for elliptic equations
of non-divergence type in the plane

ALBERT BAERNSTEIN II AND LEONID V. KOVALEV

Abstract. This paper is concerned with strong solutions of uniformly ellip-
tic equations of non-divergence type in the plane. First, we use the notion of
quasiregular gradient mappings to improve Morrey’s theorem on the Hölder con-
tinuity of gradients of solutions. Then we show that the Gilbarg-Serrin equation
does not produce the optimal Hölder exponent in the considered class of equa-
tions. Finally, we propose a conjecture for the best possible exponent and prove
it under an additional restriction.
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1. Introduction and notation

Let � be a domain in R2, which will be henceforth identified with the complex
plane C. We consider the following second-order equation in non-divergence form

Tr(AD2u) = auxx + 2buxy + cuyy = 0 a.e. in �, (1.1)

where A = (
a b
b c

)
is a symmetric 2 × 2 matrix with measurable real coefficients and

D2u is the Hessian matrix of u. In what follows it is assumed that A is uniformly
elliptic, that is,

|ξ |2/√K ≤ 〈A(z)ξ, ξ〉 ≤ √
K |ξ |2, ∀ξ ∈ R

2, a.e. z ∈ � (1.2)

for some constant K ∈ [1, ∞). Kenig’s survey [26] is an excellent general reference
for such equations.

A key feature of solutions of many linear and nonlinear elliptic PDE is a “uni-
form spread” of the eigenvalues of the Hessian matrix [12, 2.2]. In fact, once this
property is established, the regularity of solutions can be studied without any further
references to the PDE itself [12, Ch. 4]. For this reason, our results concerning the
linear equation (1.1) are applicable to some nonlinear PDE as well. See [8, 9, 10, 23]
for examples of such equations.
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