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Bilinkage in codimension 3 and canonical surfaces of degree 18 in P5

GRZEGORZ KAPUSTKA AND MICHA L KAPUSTKA

Abstract. We study the behavior of the bilinkage process in codimension 3.
In particular, we construct a smooth canonically embedded and linearly normal
surface of general type of degree 18 in P5; this is probably the highest degree
such a surface may have. Next, we apply our construction to find a geometric
description of Tonoli Calabi-Yau threefolds in P6.
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1. Introduction

Let S be a minimal surface of general type defined over the field of complex num-
bers. Then, by the inequality of Noether and Bogomolov-Miyaoka-Yau, we have

2�(OS)� 6  K 2S  9�(OS).

On the other hand, if we assume that the canonical system of S gives a birational
map, then by the Castelnuovo inequality we deduce 3�(OS) � 10  K 2S . Note
that we know from [2] that 5KS always gives a birational morphism for surfaces of
general type. In this context, it is a natural problem (cf. [1, 4]) to construct surfaces
of general type with birational canonical map in the range 3�(OS) � 10  K 2S 
9�(OS). Many works are related to this problem [1, 9, 20]; however, the part with
�(OS)  7 seems out of reach with those methods. The general surface of general
type with �(OS) = 7 and h1(OS) = 0 should admit a birational canonical map to
P5. The image of such a map is a subcanonical surface of codimension 3 in P5.

On the other hand, it was proven in [23] that submanifolds X ⇢ PN of codi-
mension 3 in projective spaces with N � 3 not divisible by 4 that are subcanonical
are Pfaffian, i.e., their ideal sheaf admits a Pfaffian resolution of the form

0! OPN (�2s � t)! E⇤(�s � t) '
�! E(�s)
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