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What does a rate in a mean ergodic theorem imply?

ALEXANDER GOMILKO AND YURI TOMILOV

Abstract. We develop a general framework for the inverse mean ergodic the-
orems with rates for operator semigroups, thus completing a construction in the
theory initiated in [17] and [18].
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1. Introduction

In this paper we are concerned with the rates of convergence of Cesáro means

Ct (A) :=

1
t

Z t

0
T (s) ds, t > 0, (1.1)

for a bounded C0-semigroup (T (t))t�0 with generator �A on a (complex) Banach
space X. Recall that in general

{x 2 X : Ct (A)x strongly converges} = ker(A) � ran(A). (1.2)

Moreover, Ct (A)x converges to zero if and only if x 2 ran(A).
A mean ergodic theorem provides conditions under which the means in (1.1)

converge strongly on the whole of X . One of the most well-known mean ergodic
theorems says that if X is reflexive then

X = ker(A) � ran(A),

hence Ct (A), t > 0, are strongly convergent. Mean ergodic theorems are a classical
chapter of ergodic theory, and for its basic results one may consult [27] and [21].

If a mean ergodic theorem holds then it is natural to try to equip it with a
certain convergence rate. After a simple normalization, one can assume without
loss of generality that Ct (A), t > 0, converge to zero as t ! 1. Thus we will
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