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Twists, Euler products and a converse theorem
for L-functions of degree 2

JERZY KACZOROWSKI AND ALBERTO PERELLI

Abstract. We prove a general result relating the shape of the Euler product
of an L-function to the analytic properties of the linear twists of the L-function
itself. Then, by a sharp form of the transformation formula for linear twists, we
check the required analytic properties in the case of L-functions of degree 2 and
conductor 1 in the Selberg class. Finally we prove a converse theorem, showing
that ⇣(s)2 is the only member of the Selberg class with degree 2, conductor 1 and
a pole at s = 1.
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1. Introduction

In this paper we deal mainly with the L-functions of degree 2 and conductor 1 from
the Selberg class S . We refer to Selberg [26], Conrey-Ghosh [5], to our survey
papers [7, 10, 23–25] and to our forthcoming book [19] for the basic information
and results on the class S and on the extended Selberg class S] of L-functions.
Moreover, we refer to the beginning of Section 3 for the definition of such classes,
in particular for the data !, Q, r , � j andµ j which appear in the functional equation;
see (3.1) below. Here we recall that degree and conductor of F 2 S] are defined
respectively by

dF = 2
rX
j=1

� j qF = (2⇡)dF Q2
rY
j=1

�
2� j
j ,

This research was partially supported by the Istituto Nazionale di Alta Matematica and by grant
N N201 605940 of the National Science Centre.
Received January 11, 2013; accepted April 23, 2013.


