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The deformation theory of sheaves of commutative rings II

JONATHAN WISE

Abstract. We show that the obstructions to infinitesimal deformation of sheaves
of rings defined in our earlier work are equivalent to those originally defined by
Illusie. We also give sheaf-theoretic proofs of several fundamental properties of
the cotangent complex, including the transitivity triangle and flat base change,
avoiding simplicial methods.
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1. Introduction

Infinitesimal deformation theory seeks intrinsic descriptions for tangent and ob-
struction spaces to moduli problems. Perhaps the most important such deformation
question concerns the deformation theory of schemes, which translates immedi-
ately to the deformation theory of sheaves of commutative rings, and was treated
definitively by Illusie [11].

Illusie gave a cohomological obstruction to the existence of deformations of a
given sheaf of rings as the coboundary of a connecting morphism in a long exact
sequence. Following a line of thought initiated by Quillen [12], Rim [10, VI.3],
and Gaitsgory [6, 7], the author defined another obstruction to the same deforma-
tion problem [13] as the cohomology class of a gerbe naturally associated to it.
Moreover, it was also shown in [13] that the obstruction groups of in which the
obstructions lie coincide with those defined by Illusie [11]. However, it was left
unresolved in [13] whether the obstruction classes defined there agree with those
defined in [11]. We shall answer this question in the affirmative in Section 4.

Illusie’s definition of the obstruction classes relies on the connecting homo-
morphism in the transitivity sequence [11, II.2.1] associated to a sequence of ring
homomorphisms A ! B ! C . Our comparison relies on an interpretation of the
connecting homomorphisms in terms of torsors and banded gerbes, that is proved
in Section 3. Along the way, we obtain a proof of the exactness of the transitivity
sequence that does not rely on simplicial homotopy theory.
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