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The entropy of Nakada’s ↵-continued fractions: analytical results

GIULIO TIOZZO

Abstract. We study the ergodic theory of a one-parameter family of interval
maps T↵ arising from generalized continued fraction algorithms. First of all, we
prove the dependence of the metric entropy of T↵ to be Hölder-continuous in the
parameter ↵. Moreover, we prove a central limit theorem for possibly unbounded
observables whose bounded variation grows moderately. This class of functions
is large enough to cover the case of Birkhoff averages converging to the entropy.
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1. Introduction

Let ↵ 2 [0, 1]. Let us define the map T↵ : [↵ � 1,↵] ! [↵ � 1,↵] as T↵(0) = 0
and

T↵(x) =

1
|x |

� a↵(x) (1.1)

with a↵(x) :=

j
1
|x | + 1� ↵

k
. These systems were introduced by Nakada [13]

and are known in the literature as ↵-continued fractions, or Japanese continued
fractions. By taking xn,↵ = T n↵ (x), an,↵ = a↵(xn�1,↵), ✏n,↵ = Sign(xn�1,↵), the
orbit under T↵ generates the generalized continued fraction expansion

x = a0,↵ +

✏1,↵

a1,↵ +
✏2,↵

a2,↵+...

.

The algorithm, analogously to the Gauss map in the classical case, provides rational
approximations of real numbers. The family T↵ interpolates between well-known
continued fraction algorithms: namely, T1 is the usual Gauss map, while T1/2 gen-
erates the continued fraction to nearest integer, and T0 generates the backward or
by-excess continued fraction expansion (see [17] for a general reference).
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