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Permutation groups with a cyclic two-orbits subgroup
and monodromy groups of Laurent polynomials

PETER MÜLLER

Abstract. We classify the finite primitive permutation groups which have a
cyclic subgroup with two orbits. This extends classical topics in permutation
group theory, and has arithmetic consequences. By a theorem of C. L. Siegel,
affine algebraic curves with infinitely many integral points are parametrized by
rational functions whose monodromy groups have this property. We classify the
possibilities for these monodromy groups, and we give applications to Hilbert’s
irreducibility theorem.
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1. Introduction

The aim of this paper is twofold: first, it provides the group-theoretic and arith-
metic classification results needed to obtain sharpenings of Hilbert’s irreducibility
theorem, like the following:

Theorem 1.1. Let f (t, X) ∈ Q(t)[X] be an irreducible polynomial with Galois
group G, where G is a simple group not isomorphic to an alternating group or C2.
Then Gal( f (t̄, X)/Q) = G for all but finitely many specializations t̄ ∈ Z.

More results of this kind are given in Section 6. The second purpose is to
obtain a group-theoretic classification result, namely to determine those primitive
permutation groups which contain a cyclic subgroup with only two orbits. This
classification completes and generalizes previous results about permutation groups.
The list of possibilities is quite long and involved, we give it in Section 3.2.

In the following we explain how these seemingly unrelated topics are con-
nected. Let k be a field of characteristic 0, and f (X) ∈ k[X] be a functionally
indecomposable polynomial. Let t be transcendental over k, and be A the Galois
group of f (X)− t over k(t), considered as a permutation group by its action on the
roots of f (X) − t . It is easy to see that this group action is primitive. Furthermore,
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