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Stability of the Calabi flow near an extremal metric

HONGNIAN HUANG AND KAI ZHENG

Abstract. We prove that on a Kähler manifold admitting an extremal metric ω
and for any Kähler potential ϕ0 close to ω, the Calabi flow starting at ϕ0 exists for
all time and the modified Calabi flow starting at ϕ0 will always be close to ω. Fur-
thermore, when the initial data is invariant under the maximal compact subgroup
of the identity component of the reduced automorphism group, the modified Cal-
abi flow converges to an extremal metric near ω exponentially fast.
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1. Introduction

Let M be a Kähler manifold and# be the Kähler class in H2(M, R)∩H1,1(M,C).
By the ∂∂̄-lemma, any Kähler metric ωϕ in # can be written as

ωϕ = ω +
√

−1∂∂̄ϕ

for some smooth real-valued Kähler potential ϕ. The space of Kähler metrics is
defined by

H = {ϕ ∈ C∞(M, R)|ω +
√

−1∂∂̄ϕ > 0}.
Donaldson [17], Mabuchi [20] and Semmes [21] independently defined a Weil-

Peterson type-metric onH, under whichH becomes a non-positively curved infinite
dimensional symmetric space. Chen [5] proved that any two points in H can be

connected by a C1,1 geodesic and that H is a metric space, which verifies two of

Donalson’s conjectures.

In order to tackle the existence of a constant scalar curvature Kähler metric

(cscK) problem, Calabi [2, 3] introduced a well-known functional

Ca(ϕ) =
∫

M

S(ϕ)2 ωn
ϕ,
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