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Rational singularities and quotients
by holomorphic group actions

DANIEL G REB

Abstract. We prove that rational and 1-rational singularities of complex spaces
are stable under taking quotients by holomorphic actions of reductive and compact Lie groups. This extends a result of Boutot to the analytic category and
yields a refinement of his result in the algebraic category. As one of the main
technical tools vanishing theorems for cohomology groups with support on fibres
of resolutions are proven.
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1. Introduction and statement of main results
Generalising the Hochster-Roberts Theorem [12], Jean-François Boutot proved that
the class of varieties with rational singularities is stable under taking good quotients
by reductive groups, see [2]. This result has found various applications in algebraic
geometry, symplectic geometry, and representation theory.
In this note we study singularities of semistable quotients of complex spaces
by complex reductive and compact Lie groups and prove a refined analytic version
of Boutot’s result.
The notion of semistable quotient or analytic Hilbert quotient is a natural generalisation of the classical concept of good quotient, as used in Geometric Invariant
Theory, to the holomorphic setup. Analytic Hilbert quotients play an important role
in the study of group actions of complex reductive and compact groups on Stein
and Kählerian complex spaces, cf. [8] and [9]. Here we show that the following
refinement of Boutot’s result holds for these quotients.
Theorem 1.1. Let G be a complex reductive Lie group acting holomorphically on
a complex space X . Assume that the analytic Hilbert quotient π : X → X//G
exists.
(1) If X has rational singularities, then X//G has rational singularities.
(2) If X has 1-rational singularities, then X//G has 1-rational singularities.
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