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The open mapping theorem for regular quaternionic functions

GRAZIANO GENTILI AND CATERINA STOPPATO

Abstract. The basic results of a new theory of regular functions of a quaternionic
variable have been recently stated, following an idea of Cullen. In this paper
we prove the minimum modulus principle and the open mapping theorem for
regular functions. The proofs involve some peculiar geometric properties of such
functions which are of independent interest.
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1. Introduction

Let H denote the skew field of real quaternions. Its elements are of the form q =
x0 + i x1 + j x2 +kx3 where the xl are real, and i , j , k, are imaginary units (i.e. their
square equals −1) such that i j = − j i = k, jk = −k j = i , and ki = −ik = j.

After Hamilton’s discovery of quaternions, the richness of the theory of holo-
morphic functions of one complex variable, along with motivations from physics,
aroused interest in a theory of quaternion-valued functions of a quaternionic vari-
able. In fact several interesting theories have been introduced in the last century.
The most famous is the theory of regular functions introduced by R. Fueter, [4, 5],
the basic results of which are accurately summarized in [16]. Recent work on this
subject includes [1, 10] and references therein. Fueter also introduced the class of
holomorphic functions over quaternions, to which the works of M. Sce [3, 15] are
closely related. The latest advances in this theory (which extends to all Clifford
algebras) can be found in [9, 11, 12, 14].

A different theory of quaternion-valued functions of one quaternionic vari-
able has been recently proposed by G. Gentili and D. C. Struppa [7, 8]. The the-
ory is based on a definition of regularity for quaternionic functions inspired by C.
G. Cullen [2]. Several basic results of the theory are proven in [8], including the
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