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A nonhomogenizable linear transport equation in R2

ROBERTO PEIRONE

Abstract. In this paper I investigate the homogenizability of linear transport equa-
tions with periodic data. Some results on homogenizability and on the form of the
limit are known in literature. In particular, in [9], I proved the homogenizability
in the two-dimensional case for nonvanishing functions, and, on the other hand I
gave an example of a nonhomogenizable equation in the three-dimensional case.
In this paper, I describe an example of a nonhomogenizable equation in two di-
mensions. As in [9], I study the problem using an equivalent formulation in terms
of dynamical system properties of the associated ODEs.
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1. Introduction

The subject of this paper is that of linear transport equations, and more specially,
that of their homogenization. Let us consider the differential problem

∂u

∂t
(t, x) + f

( x

ε

)
· ∂u

∂x
(t, x) = 0, u(0, x) = ψ(x) (Pε

f,ψ )

where ε > 0, f is a C1 function from RN to RN , which is ZN -periodic, i.e.,
f (x + m) = f (x) for all m ∈ ZN , and ψ is of class C1. Also, ∂u

∂x denotes the
vector

(
∂u
∂x1

, ..., ∂u
∂xN

)
, and · denotes the scalar product in RN . The equation in Pε

f,ψ ,
denoted by Pε

f , is called linear transport equation and by homogenization of Pε
f we

mean in some sense, to find a sort of limit, for ε → 0+, of its solutions.
If N = 1 it is known and simple to prove that the solutions are strongly conver-

gent and if in addition, f does not vanish, we easily get a limit equation. However,
the strong convergence appears to be a very strong requirement in the general case.
In fact, if N > 1 the solutions may not strongly converge even in simple and natural
cases (cf. [3, Remark 2.2], and references therein). On the contrary, a sort of weak
convergence appears to be a natural requirement. So, we are lead to say that Pε

f is
homogenizable if the solutions uε, f,ψ of Pε

f,ψ are convergent in the weak∗ topology

of L∞
loc for every ψ of class C1.
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