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Self-similarly expanding networks to curve shortening flow

OLIVER C. SCHNÜRER AND FELIX SCHULZE

Abstract. We consider a network in the Euclidean plane that consists of three dis-
tinct half-lines with common start points. From that network as initial condition,
there exists a network that consists of three curves that all start at one point, where
they form 120 degree angles, and expands homothetically under curve shortening
flow. We also prove uniqueness of these networks.
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1. Introduction

We consider networks in R
2 consisting of three curves with common start points

that evolve under curve shortening flow. As curve shortening flow is the L2-gradient
flow for the length functional, it is natural to assume that each pair of curves en-
closes an angle of 120◦ at their common start points. If such is the case, we say that
the curves fulfill the balancing condition. In this paper, we investigate curve short-
ening flow of networks for which the balancing condition may be violated initially.
More precisely, we study three half-lines with common start points. We prove that
there exists a self-similarly expanding network that approaches the union of the
three half-lines for small times, evolves under curve shortening flow, and fulfills the
balancing condition for positive times. Moreover, we show that such a solution is
unique.

In order to formulate our existence and uniqueness result more precisely, let l1, l2,
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