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A simple proof of the propagation of singularities for solutions
of Hamilton-Jacobi equations

YIFENG YU

Abstract. In Albano-Cannarsa [1] the authors proved that, under some condi-
tions, the singularities of the semiconcave viscosity solutions of the Hamilton-
Jacobi equation propagate along generalized characteristics. In this note we will
provide a simple proof of this interesting result.
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1. Introduction

Let � be a bounded open subset of R
n . Throughout this note we assume that

u ∈ C(�̄) is a semiconcave viscosity solution of the following Hamilton-Jacobi
equation

H(Du, u, x) = 0 in �. (1.1)

For x ∈ � we set

D+u(x) = {p ∈ R
n| u(y) ≤ u(x) + p · (y − x) + o(|x − y|)}.

As in [1], we assume that H ∈ C1(Rn × R × �) and satisfies

(A1) H(·, z, x) is convex for each (z, x) ∈ R × �;
(A2) For each (z, x) ∈ R×�, the 0-level set {p| H(p, z, x) = 0} does not contain

any line segment.

We want to remark that under the convexity assumption (A1), u is a semiconcave
viscosity solution of equation (1.1) if and only if u is semiconcave and satisfies
equation (1.1) almost everywhere. For K ⊂ R

n , we denote co(K ) as the convex
hull of K . Using some results in Albano-Cannarsa [2] about the propagation of the
singularities for semiconcave functions, Albano and Cannarsa proved the following
interesting theorem in [1].
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